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Preface 


The ninth edition of Electric Circuits represents a planned revision designed 
to incrementally improve this introductory circuits text used by more than 
700,000 students worldwide during the past 28 years. While the book has 
evolved over the years to meet the changing learning styles of students, the 
fundamental goals of the text remain unchanged. These goals are: 


¢ To build an understanding of concepts and ideas explicitly in terms of 
previous learning. Students are constantly challenged by the need to 
layer new concepts on top of previous concepts they may still be 
struggling to master. This text provides an important focus on helping 
students understand how new concepts are related to and rely upon 
concepts previously presented. 


* To emphasize the relationship between conceptual understanding 
and problem-solving approaches. Developing problem-solving skills 
continues to be the central challenge in a first-year circuits course. In 
this text we include numerous Examples that present problem- 
solving techniques followed by Assessment Problems that enable 
students to test their mastery of the material and techniques intro- 
duced. The problem-solving process we illustrate is based on con- 
cepts rather than the use of rote procedures. This encourages 
students to think about a problem before attempting to solve it. 


* To provide students with a strong foundation of engineering prac- 
tices. There are limited opportunities in a first-year circuit analysis 
course to introduce students to realistic engineering experiences. We 
continue to take advantage of the opportunities that do exist by 
including problems and examples that use realistic component values 
and represent realizable circuits. We include many problems related 
to the Practical Perspective problems that begin each chapter. We 
also include problems intended to stimulate the students’ interest in 
engineering, where the problems require the type of insight typical of 
a practicing engineer. 


WHY THIS EDITION? 


The ninth edition revision of Electric Circuits began with a thorough 
review of the text by instructors who currently use Electric Circuits and 
those who use other texts. This review provided a clear picture of what mat- 
ters most to instructors and their students and led to the following changes: 


* Problem solving is fundamental to the study of circuit analysis. 
Having a wealth of new problems to assign and work is a key to suc- 
cess in any circuits course. Therefore, existing end-of-chapter prob- 
lems were revised, and new end-of-chapter problems were added. 
The result is a text with approximately 75% new or revised problems 
compared to the previous edition. 


¢ Both students and instructors want to know how the generalized 
techniques presented in a first-year circuit analysis course relate to 
problems faced by practicing engineers. The Practical Perspective 
problems provide this connection between circuit analysis and the 
real world. We have expanded the use of the Practical Perspectives so 
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that they now appear at the start of every chapter. Each Practical 
Perspective problem is solved, at least in part, at the end of the chap- 
ter, and additional end-of-chapter problems can be assigned to allow 
students to explore the Practical Perspective topic further. 


* Examples embedded in the text that illustrate the application of con- 
cepts just presented are an important tool to improve student under- 
standing. The ninth edition adds new examples and now all chapters 
except Chapter 12 have a minimum of four examples. Chapter 12, 
which presents an introduction to Laplace transform techniques, is 
comprised of a collection of examples, but does not follow the format 
of concept-example employed by the other chapters. 


« Previous editions of Electric Circuits contained many end-of-chapter 
problems with circuits comprised of components with standard val- 
ues. These circuits could actually be constructed and tested in a labo- 
ratory. New to the ninth edition is Appendix H, which lists standard 
values for resistors, inductors, and capacitors. Also new are end-of- 
chapter problems for most chapters that ask students to use compo- 
nents from Appendix H to construct circuits that meet particular 
requirements. The use of standard components is another effort to tie 
circuit analysis concepts to real-world circuits. 


* Previous editions of Electric Circuits have been published with an 
optional separate paperback manual presenting an introduction to 
PSpice and its use in simulating circuits a student encounters in their 
study of linear circuits. With the ninth edition, students and instruc- 
tors can choose from two circuit-simulation manuals—PSpice, or 
Multisim. Each manual presents the simulation material in the same 
order as the material is presented in the text. These manuals continue 
to include examples of circuits to be simulated that are drawn 
directly from the text. The text continues to indicate end-of-chapter 
problems that are good candidates for simulation using either PSpice 
or Multisim. 


e Students who could benefit from additional examples and practice 
problems can use the Student Workbook. This workbook has exam- 
ples and problems covering the following material: balancing power, 
simple resistive circuits, node voltage method, mesh current method, 
Thévenin and Norton equivalents, op amp circuits, first-order cir- 
cuits, second-order circuits, AC steady-state analysis, and Laplace 
transform circuit analysis. 


e Instructors and students benefit greatly from thoughtful methods of 
assessing student learning. The ninth edition makes PowerPoint pre- 
sentations available to instructors that include embedded assessment 
questions. During a lecture, the instructor can present material using 
PowerPoint, pose a question to the students concerning that material, 
and allow students to respond to the question. Using a Classroom 
Response System, results from student responses are immediately 
available to the instructor, providing real-time information about the 
students’ comprehension of the material. This immediate feedback 
allows the instructor go back and revisit material the students did not 
comprehend, or to continue presenting new material if comprehen- 
sion is satisfactory. 


e Every new copy of the book now comes with access to Video 
Solutions and a Pearson etext. Video solutions are complete, step-by- 
step solution walkthroughs of representative homework problems. 
The Pearson etext is a complete on-line version of the book that 
includes highlighting, note-taking and search capabilities. 


HALLMARK FEATURES 
Chapter Problems 


Users of Electric Circuits have consistently rated the Chapter Problems 
as one of the book’s most attractive features. In the ninth edition, there 
are over 1300 problems with approximately 75% that are new or revised 
from the previous edition. Problems are organized at the end of each 
chapter by section. 


Practical Perspectives 


The ninth edition continues the use of Practical Perspectives introduced 
with the chapter openers. They offer examples of real-world circuits, taken 
from real-world devices. Every chapter begins with a brief description of a 
practical application of the material that follows. Once the chapter mate- 
rial is presented, the chapter concludes with a quantitative analysis of the 
Practical Perspective application. A group of end-of-chapter problems 
directly relates to the Practical Perspective application. Solving some of 
these problems enables you to understand how to apply the chapter con- 
tents to the solution of a real-world problem. 


Assessment Problems 


Each chapter begins with a set of chapter objectives. At key points in the 
chapter, you are asked to stop and assess your mastery of a particular 
objective by solving one or more assessment problems. The answers to all 
of the assessment problems are given at the conclusion of each problem, so 
you can check your work. If you are able to solve the assessment problems 
for a given objective, you have mastered that objective. If you need more 
practice, several end-of-chapter problems that relate to the objective are 
suggested at the conclusion of the assessment problems. 


Examples 


Every chapter includes many examples that illustrate the concepts 
presented in the text in the form of a numeric example. There are 
nearly 150 examples in this text. The examples are intended to illus- 
trate the application of a particular concept, and also to encourage 
good problem-solving skills. 


Fundamental Equations and Concepts 


Throughout the text, you will see fundamental equations and concepts 
set apart from the main text. This is done to help you focus on some of the 
key principles in electric circuits and to help you navigate through the 
important topics. 


Integration of Computer Tools 


Computer tools can assist students in the learning process by providing a 
visual representation of a circuit’s behavior, validating a calculated solu- 
tion, reducing the computational burden of more complex circuits, and 
iterating toward a desired solution using parameter variation. This compu- 
tational support is often invaluable in the design process. The ninth edition 
includes the support of PSpice® and Multisim®, both popular computer 
tools for circuit simulation and analysis. Chapter problems suited for 
exploration with PSpice and Multisim are marked accordingly. 
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Design Emphasis 


The ninth edition continues to support the emphasis on the design of cir- 
cuits in many ways. First, many of the Practical Perspective discussions 
focus on the design aspects of the circuits. The accompanying Chapter 
Problems continue the discussion of the design issues in these practical 
examples. Second, design-oriented Chapter Problems have been labeled 
explicitly, enabling students and instructors to identify those problems 
with a design focus. Third, the identification of problems suited to explo- 
ration with PSpice or Multisim suggests design opportunities using these 
software tools. Fourth, new problems have been added to most chapters 
that focus on the use of realistic component values in achieving a desired 
circuit design. Once such a problem has been analyzed, the student can 
proceed to a laboratory to build and test the circuit, comparing the analy- 
sis with the measured performance of the actual circuit. 


Accuracy 


All text and problems in the ninth edition have undergone our strict hall- 
mark accuracy checking process, to ensure the most error-free book possible. 


RESOURCES FOR STUDENTS 


Companion Website. The Companion Website, located at www. 
pearsonhighered.com/nilsson, includes opportunities for practice and 
review including: 


¢ Video Solutions — Complete, step-by-step solution walkthroughs of 
representative homework problems for each chapter. 


¢ Pearson etext — A complete on-line version of the book that includes 
highlighting, note-taking and search capabilities. 

¢ On-Line Study Guide — Chapter-by-Chapter notes that highlight key 
concepts of electric circuits 


An access code to the Companion Website is included with the purchase 
of every new copy of Nilsson/Riedel, Electric Circuits 9e and can be 
redeemed at www.pearsonhighered.com/nilsson. Access can also be pur- 
chased directly from the site. 


Student Study Pack. This resource teaches students techniques for solv- 
ing problems presented in the text. Organized by concepts, this is a valu- 
able problem-solving resource for all levels of students. 


Introduction to Multisim and Introduction to PSpice Manuals— Updated 
for the ninth edition, these manuals are excellent resources for those wish- 
ing to integrate PSpice or Multisim into their classes. 


RESOURCES FOR INSTRUCTORS 


All instructor resources are available for download at www.pearsonhigh- 
ered.com. If you are in need of a login and password for this site, please 
contact your local Pearson representative. 


Instructor Solutions Manual—Fully worked-out solutions to end-of- 
chapter problems 


PowerPoint lecture images— All figures from the text are available in 
PowerPoint for your lecture needs. 


Custom Solutions—New options for textbook customization are now 
available for Electric Circuits, Ninth Edition. Please contact your local 
Pearson representative for details. 


PREREQUISITES 


In writing the first 12 chapters of the text, we have assumed that the 
reader has taken a course in elementary differential and integral calculus. 
We have also assumed that the reader has had an introductory physics 
course, at either the high school or university level, that introduces the 
concepts of energy, power, electric charge, electric current, electric poten- 
tial, and electromagnetic fields. In writing the final six chapters, we have 
assumed the student has had, or is enrolled in, an introductory course in 
differential equations. 


COURSE OPTIONS 


The text has been designed for use in a one-semester, two-semester, or a 
three-quarter sequence. 


* Single-semester course: After covering Chapters 1-4 and Chapters 6-10 
(omitting Sections 7.7 and 8.5) the instructor can choose from 
Chapter 5 (operational amplifiers), Chapter 11 (three-phase circuits), 
Chapters 13 and 14 (Laplace methods), and Chapter 18 (Two-Port 
Circuits) to develop the desired emphasis. 


+ Tivo-semester sequence: Assuming three lectures per week, the first 
nine chapters can be covered during the first semester, leaving 
Chapters 10-18 for the second semester. 


* Academic quarter schedule: The book can be subdivided into three 
parts: Chapters 1-6, Chapters 7-12, and Chapters 13-18. 


The introduction to operational amplifier circuits in Chapter 5 can be 
omitted without interfering with the reading of subsequent chapters. For 
example, if Chapter 5 is omitted, the instructor can simply skip Section 7.7, 
Section 8.5, Chapter 15, and those assessment problems and end-of- 
chapter problems in the chapters following Chapter 5 that pertain to oper- 
ational amplifiers. 

There are several appendixes at the end of the book to help readers 
make effective use of their mathematical background. Appendix A reviews 
Cramer’s method of solving simultaneous linear equations and 
simple matrix algebra; complex numbers are reviewed in Appendix B; 
Appendix C contains additional material on magnetically coupled coils 
and ideal transformers; Appendix D contains a brief discussion of the deci- 
bel; Appendix E is dedicated to Bode diagrams; Appendix F is devoted to 
an abbreviated table of trigonometric identities that are useful in circuit 
analysis; and an abbreviated table of useful integrals is given in Appendix G. 
A new Appendix H provides tables of common standard component values 
for resistors, inductors, and capacitors, to be used in solving many new 
end-of-chapter problems. Selected Answers provides answers to selected 
end-of-chapter problems. 
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J CHAPTER OBJECTIVES 


1 Understand and be able to use SI units and the 
standard prefixes for powers of 10. 

2 Know and be able to use the definitions of 
voltage and current. 

3 Know and be able to use the definitions of 
power and energy. 

4 Be able to use the passive sign convention to 
calculate the power for an ideal basic circuit 
element given its voltage and current. 


4. SSL. 


Circuit Variables 


Electrical engineering is an exciting and challenging profession 
for anyone who has a genuine interest in, and aptitude for, 
applied science and mathematics. Over the past century and a 
half, electrical engineers have played a dominant role in the 
development of systems that have changed the way people live 
and work. Satellite communication links, telephones, digital com- 
puters, televisions, diagnostic and surgical medical equipment, 
assembly-line robots, and electrical power tools are representa- 
tive components of systems that define a modern technological 
society. As an electrical engineer, you can participate in this ongo- 
ing technological revolution by improving and refining these 
existing systems and by discovering and developing new systems 
to meet the needs of our ever-changing society. 

As you embark on the study of circuit analysis, you need to 
gain a feel for where this study fits into the hierarchy of topics 
that comprise an introduction to electrical engineering. Hence we 
begin by presenting an overview of electrical engineering, some 
ideas about an engineering point of view as it relates to circuit 
analysis, and a review of the international system of units. 

We then describe generally what circuit analysis entails, Next, 
we introduce the concepts of voltage and current. We follow these 
concepts with discussion of an ideal basic element and the need 
for a polarity reference system. We conclude the chapter by 
describing how current and voltage relate to power and energy. 


Practical Perspective 


Balancing Power 
One of the most important skills you will develop is the 
ability to check your answers for the circuits you design 
and analyze using the tools developed in this text. A com- 
mon method used to check for valid answers is to balance 
the power in the circuit. The linear circuits we study have 
no net power, so the sum of the power associated with each 
circuit component must be zero. If the total power for 
the circuit is zero, we say that the power balances, but if 
the total power is not zero, we need to find the errors in 
our calculation. 

As an example, we will consider a very simple model for 
the distribution of electricity to a typical home, as shown 


below. (Note that a more realistic model will be investigated 
in the Practical Perspective for Chapter 9.) The components 
labeled a and b represent the electrical source to the home. 
The components labeled c, d, and e represent the wires that 
carry the electrical current from the source to the devices in 
the home requiring electrical power. The components labeled 
f, g, and h represent lamps, televisions, hair dryers, refriger- 
ators, and other devices that require power. 

Once we have introduced the concepts of voltage, current, 
power, and energy, we will examine this circuit model in detail, 
and use a power balance to determine whether the results of 
analyzing this circuit are correct. 
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Figure 1.1 A A telephone system. 


1.1 Electrical Engineering: An Overview 


Electrical engineering is the profession concerned with systems that 
produce, transmit, and measure electric signals. Electrical engineering 
combines the physicist’s models of natural phenomena with the mathe- 
matician’s tools for manipulating those models to produce systems that 
meet practical needs. Electrical systems pervade our lives; they are found 
in homes, schools, workplaces, and transportation vehicles everywhere. 
We begin by presenting a few examples from each of the five major class- 
ifications of electrical systems: 


* communication systems 

* computer systems 

* control systems 

* power systems 

* signal-processing systems 


Then we describe how electrical engineers analyze and design such systems. 

Communication systems are electrical systems that generate, trans- 
mit, and distribute information. Well-known examples include television 
equipment, such as cameras, transmitters, receivers, and VCRs; radio tele- 
scopes, used to explore the universe; satellite systems, which return images 
of other planets and our own; radar systems, used to coordinate plane 
flights; and telephone systems. 

Figure 1,1 depicts the major components of a modern telephone sys- 
tem. Starting at the left of the figure, inside a telephone, a microphone turns 
sound waves into electric signals. These signals are carried to a switching 
center where they are combined with the signals from tens, hundreds, or 
thousands of other telephones. The combined signals leave the switching 
center; their form depends on the distance they must travel. In our example, 
they are sent through wires in underground coaxial cables to a microwave 
transmission station. Here, the signals are transformed into microwave fre- 
quencies and broadcast from a transmission antenna through air and space, 
via a communications satellite, to a receiving antenna. The microwave 
receiving station translates the microwave signals into a form suitable for 
further transmission, perhaps as pulses of light to be sent through fiber-optic 
cable. On arrival at the second switching center, the combined signals are 
separated, and each is routed to the appropriate telephone, where an ear- 
phone acts as a speaker to convert the received electric signals back into 
sound waves. At each stage of the process, electric circuits operate on the 
signals. Imagine the challenge involved in designing, building, and operating 
each circuit in a way that guarantees that all of the hundreds of thousands of 
simultaneous calls have high-quality connections. 

Computer systems use electric signals to process information rang- 
ing from word processing to mathematical computations. Systems range 
in size and power from pocket calculators to personal computers to 
supercomputers that perform such complex tasks as processing weather 
data and modeling chemical interactions of complex organic molecules, 
These systems include networks of microcircuits, or integrated circuits— 
postage-stampsized assemblies of hundreds, thousands, or millions of 
electrical components that often operate at speeds and power levels close 
to fundamental physical limits, including the speed of light and the thermo- 
dynamic laws. 

Control systems use electric signals to regulate processes. Examples 
include the control of temperatures, pressures, and flow rates in an oil 
refinery; the fuel-air mixture in a fuel-injected automobile engine; mecha- 
nisms such as the motors, doors, and lights in elevators; and the locks in the 


Panama Canal. The autopilot and autolanding systems that help to fly and 
land airplanes are also familiar control systems. 

Power systems generate and distribute electric power. Electric power, 
which is the foundation of our technology-based society, usually is gener- 
ated in large quantities by nuclear, hydroelectric, and thermal (coal-, oil-, 
or gas-fired) generators. Power is distributed by a grid of conductors that 
crisscross the country. A major challenge in designing and operating such 
a system is to provide sufficient redundancy and control so that failure of 
any piece of equipment does not leave a city, state, or region completely 
without power. 

Signal-processing systems act on electric signals that represent infor- 
mation. They transform the signals and the information contained in them 
into a more suitable form. There are many different ways to process the 
signals and their information. For example, image-processing systems 
gather massive quantities of data from orbiting weather satellites, reduce 
the amount of data to a manageable level, and transform the remaining 
data into a video image for the evening news broadcast. A computerized 
tomography (CT) scan is another example of an image-processing system. 
It takes signals generated by a special X-ray machine and transforms them 
into an image such as the one in Fig. 1.2. Although the original X-ray sig- 
nals are of little use to a physician, once they are processed into a recog- 
nizable image the information they contain can be used in the diagnosis of 
disease and injury. 

Considerable interaction takes place among the engineering disci- 
plines involved in designing and operating these five classes of systems. 
Thus communications engineers use digital computers to control the flow 
of information. Computers contain control systems, and control systems 
contain computers. Power systems require extensive communications sys- 
tems to coordinate safely and reliably the operation of components, which 
may be spread across a continent. A signal-processing system may involve 
a communications link, a computer, and a control system. 

A good example of the interaction among systems is a commercial 
airplane, such as the one shown in Fig. 1.3. A sophisticated communica- 
tions system enables the pilot and the air traffic controller to monitor the 
plane’s location, permitting the air traffic controller to design a safe flight 
path for all of the nearby aircraft and enabling the pilot to keep the plane 
on its designated path. On the newest commercial airplanes, an onboard 
computer system is used for managing engine functions, implementing 
the navigation and flight control systems, and generating video informa- 
tion screens in the cockpit. A complex control system uses cockpit com- 
mands to adjust the position and speed of the airplane, producing the 
appropriate signals to the engines and the control surfaces (such as the 
wing flaps, ailerons, and rudder) to ensure the plane remains safely air- 
borne and on the desired flight path. The plane must have its own power 
system to stay aloft and to provide and distribute the electric power 
needed to keep the cabin lights on, make the coffee, and show the movie. 
Signal-processing systems reduce the noise in air traffic communications 
and transform information about the plane’s location into the more 
meaningful form of a video display in the cockpit. Engineering challenges 
abound in the design of each of these systems and their integration into a 
coherent whole. For example, these systems must operate in widely vary- 
ing and unpredictable environmental conditions. Perhaps the most 
important engineering challenge is to guarantee that sufficient redun- 
dancy is incorporated in the designs to ensure that passengers arrive 
safely and on time at their desired destinations. 

Although electrical engineers may be interested primarily in one 
area, they must also be knowledgeable in other areas that interact with 
this area of interest. This interaction is part of what makes electrical 


1.1. Electrical Engineering: An Overview 


Figure 1.2 A A CT scan of an adult head. 


Figure 1.3 A An airplane. 
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Circuit Variables 


engineering a challenging and exciting profession. The emphasis in engi- 
neering is on making things work, so an engineer is free to acquire and 
use any technique, from any field, that helps to get the job done. 


Circuit Theory 


In a field as diverse as electrical engineering, you might well ask whether 
al] of its branches have anything in common. The answer is yes—electric 
circuits. An electric circuit is a mathematical model that approximates 
the behavior of an actual electrical system. As such, it provides an impor- 
tant foundation for learning—in your later courses and as a practicing 
engineer —the details of how to design and operate systems such as those 
just described. The models, the mathematical techniques, and the language 
of circuit theory will form the intellectual framework for your future engi- 
neering endeavors. 

Note that the term e/ectric circuit is commonly used to refer to an 
actual electrical system as well as to the model that represents it. In this 
text, when we talk about an electric circuit, we always mean a model, 
unless otherwise stated. It is the modeling aspect of circuit theory that has 
broad applications across engineering disciplines. 

Circuit theory is a special case of electromagnetic field theory: the study 
of static and moving electric charges. Although generalized field theory 
might seem to be an appropriate starting point for investigating electric sig- 
nals, its application is not only cumbersome but also requires the use of 
advanced mathematics. Consequently, a course in electromagnetic field 
theory is not a prerequisite to understanding the material in this book. We 
do, however, assume that you have had an introductory physics course in 
which electrical and magnetic phenomena were discussed. 

Three basic assumptions permit us to use circuit theory, rather than 
electromagnetic field theory, to study a physical system represented by an 
electric circuit. These assumptions are as follows: 


1. Electrical effects happen instantaneously throughout a system. We 
can make this assumption because we know that electric signals 
travel at or near the speed of light. Thus, if the system is physically 
small, electric signals move through it so quickly that we can con- 
sider them to affect every point in the system simultaneously. A sys- 
tem that is small enough so that we can make this assumption is 
called a lumped-parameter system. 


2. The net charge on every component in the system is always zero. 
Thus no component can collect a net excess of charge, although 
some components, as you will learn later, can hold equal but oppo- 
site separated charges. 


3. There is no magnetic coupling between the components in a system. 
As we demonstrate later, magnetic coupling can occur within a 
component. 


That’s it; there are no other assumptions. Using circuit theory provides 
simple solutions (of sufficient accuracy) to problems that would become 
hopelessly complicated if we were to use electromagnetic field theory. 
These benefits are so great that engineers sometimes specifically design 
electrical systems to ensure that these assumptions are met. The impor- 
tance of assumptions 2 and 3 becomes apparent after we introduce the 
basic circuit elements and the rules for analyzing interconnected elements. 

However, we need to take a closer look at assumption 1. The question 
is, “How small does a physical system have to be to qualify as a lumped- 
parameter system?” We can get a quantitative handle on the question by 
noting that electric signals propagate by wave phenomena. If the wave- 
length of the signal is large compared to the physica] dimensions of the 


system, we have a lumped-parameter system. The wavelength A is the 
velocity divided by the repetition rate, or frequency, of the signal; that is, 
A = c/f.The frequency f is measured in hertz (Hz). For example, power 
systems in the United States operate at 60 Hz. If we use the speed of light 
(c = 3 x 10° m/s) as the velocity of propagation, the wavelength is 
5 x 10° m. If the power system of interest is physically smaller than this 
wavelength, we can represent it as a lumped-parameter system and use cir- 
cuit theory to analyze its behavior. How do we define smaller? A good rule 
is the rule of 1/10th: If the dimension of the system is 1/10th (or smaller) 
of the dimension of the wavelength, you have a lumped-parameter system. 
Thus, as long as the physical dimension of the power system is less than 
5 X 10° m, we can treat it as a lumped-parameter system. 

On the other hand, the propagation frequency of radio signals is on the 
order of 10’ Hz. Thus the wavelength is 0.3 m. Using the rule of 1/10th, the 
relevant dimensions of a communication system that sends or receives radio 
signals must be less than 3 cm to qualify as a lumped-parameter system. 
Whenever any of the pertinent physical dimensions of a system under study 
approaches the wavelength of its signals, we must use electromagnetic field 
theory to analyze that system. Throughout this book we study circuits 
derived from lumped-parameter systems. 


Problem Solving 


As a practicing engineer, you will not be asked to solve problems that 
have already been solved. Whether you are trying to improve the per- 
formance of an existing system or creating a new system, you will be work- 
ing on unsolved problems. As a student, however, you will devote much of 
your attention to the discussion of problems already solved. By reading 
about and discussing how these problems were solved in the past, and by 
solving related homework and exam problems on your own, you will 
begin to develop the skills to successfully attack the unsolved problems 
you'll face as a practicing engineer. 

Some general problem-solving procedures are presented here. Many 
of them pertain to thinking about and organizing your solution strategy 
before proceeding with calculations. 


1. Identify what's given and what’s to be found. In problem solving, you 
need to know your destination before you can select a route for get- 
ting there. What is the problem asking you to solve or find? 
Sometimes the goal of the problem is obvious; other times you may 
need to paraphrase or make lists or tables of known and unknown 
information to see your objective. 

The problem statement may contain extraneous information 
that you need to weed out before proceeding. On the other hand, it 
may offer incomplete information or more complexities than can be 
handled given the solution methods at your disposal. In that case, 
you'll need to make assumptions to fill in the missing information or 
simplify the problem context. Be prepared to circle back and recon- 
sider supposedly extraneous information and/or your assumptions if 
your calculations get bogged down or produce an answer that doesn’t 
seem to make sense. 


2. Sketch a circuit diagram or other visual model. Translating a verbal 
problem description into a visual model is often a useful step in the 
solution process. If a circuit diagram is already provided, you may 
need to add information to it, such as labels, values, or reference 
directions. You may also want to redraw the circuit in a simpler, but 
cquivalent, form. Later in this text you will learn the methods for 
developing such simphfied equivalent circuits. 


1.1 
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3. Think of several solution methods and decide on a way of choosing 
among them. This course will help you build a collection of analyt- 
ical tools, several of which may work on a given problem. But one 
method may produce fewer equations to be solved than another, 
or it may require only algebra instead of calculus to reach a solu- 
tion. Such efficiencies, if you can anticipate them, can streamline 
your calculations considerably. Having an alternative method in 
mind also gives you a path to pursue if your first solution attempt 
bogs down. 


4. Calculate a solution. Your planning up to this point should have 
helped you identify a good analytical method and the correct equa- 
tions for the problem. Now comes the solution of those equations. 
Paper-and-pencil, calculator, and computer methods are all avail- 
able for performing the actual calculations of circuit analysis. 
Efficiency and your instructor’s preferences will dictate which tools 
you should use. 


5. Use your creativity. If you suspect that your answer is off base or if the 
calculations seem to go on and on without moving you toward a solu- 
tion, you should pause and consider alternatives. You may need to 
revisit your assumptions or select a different solution method. Or, you 
may need to take a less-conventional problem-solving approach, such 
as working backward from a solution. This text provides answers to all 
of the Assessment Problems and many of the Chapter Problems so 
that you may work backward when you get stuck. In the real world, 
you won’t be given answers in advance, but you may have a desired 
problem outcome in mind from which you can work backward. Other 
creative approaches include allowing yourself to see parallels with 
other types of problems you’ve successfully solved, following your 
intuition or hunches about how to proceed, and simply setting the 
problem aside temporarily and coming back to it later. 


6. Test your solution. Ask yourself whether the solution you’ve 
obtained makes sense. Does the magnitude of the answer seem rea- 
sonable? Is the solution physically realizable? You may want to go 
further and rework the problem via an alternative method. Doing 
so will not only test the validity of your original answer, but will also 
help you develop your intuition about the most efficient solution 
methods for various kinds of problems. In the real world, safety- 
critical designs are always checked by several independent means. 
Getting into the habit of checking your answers will benefit you as 
a student and as a practicing engineer. 


These problem-solving steps cannot be used as a recipe to solve every prob- 
lem in this or any other course. You may need to skip, change the order of, 
or elaborate on certain steps to solve a particular problem. Use these steps 
as a guideline to develop a problem-solving style that works for you. 


1.2 The International System of Units 


Engineers compare theoretical results to experimental results and com- 
pare competing engineering designs using quantitative measures. Modern 
engineering is a multidisciplinary profession in which teams of engineers 
work together on projects, and they can communicate their results in a 
meaningful way only if they all use the same units of measure. The 
International System of Units (abbreviated SI) is used by all the major 
engineering societies and most engineers throughout the world; hence we 
use it in this book. 


TABLE 1.1 The International System of Units (SI) 


Quantity Basic Unit Symbol 
Length meter m 
Mass kilogram kg 
Time second s 
Electric current ampere A 
Thermodynamic temperature degree kelvin K 
Amount of substance mole mol 
Luminous intensity candela cd 


The SI units are based on seven defined quantities: 


« length 

* mass 

* time 

¢ electric current 

¢ thermodynamic temperature 
* amount of substance 

¢ luminous intensity 


These quantities, along with the basic unit and symbol for each, are 
listed in Table 1.1. Although not strictly SI units, the familiar time units of 
minute (60 s), hour (3600 s), and so on are often used in engineering cal- 
culations. In addition, defined quantities are combined to form derived 
units. Some, such as force, energy, power, and electric charge, you already 
know through previous physics courses. Table 1.2 lists the derived units 
used in this book. 

In many cases, the SI unit is either too small or too large to use conve- 
niently. Standard prefixes corresponding to powers of 10, as listed in 
Table 1.3, are then applied to the basic unit. All of these prefixes are cor- 
rect, but engineers often use only the ones for powers divisible by 3; thus 
centi, deci, deka, and hecto are used rarely. Also, engineers often select the 
prefix that places the base number in the range between 1 and 1000. 
Suppose that a time calculation yields a result of 10™ s, that is, 0.00001 s. 
Most engineers would describe this quantity as 10s, that is, 
10° = 10 X 107° s, rather than as 0.01 ms or 10,000,000 ps. 


TABLE 1.2 Derived Units in SI 


Quantity Unit Name (Symbol) Formula 
Frequency hertz (Hz) o 
Force newton (N) kg - m/s? 
Energy or work joule (J) N-m 
Power watt (W) J/s 
Electric charge coulomb (C) A-s 
Electric potential volt (V) J/C 
Electric resistance ohm (Q) V/A 
Electric conductance siemens (S) A/V 
Electric capacitance farad (F) C/V 
Magnetic flux weber (Wb) V-s 


Inductance henry (H) Wb/A 


1.2. The International System of Units 


TABLE 1.3 Standardized Prefixes to Signify 


Powers of 10 


Prefix 


atto 
femto 
pico 
nano 
micro 
milli 
centi 
deci 
deka 
hecto 
kilo 
mega 


giga 


tera 


Symbol 


3CUCO 


Aa ZTe 


Power 
1078 
197 
107 !2 
10°? 
10~¢ 
10-3 
10<< 
107! 
10 
10? 
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Example 1.1 illustrates a method for converting from one set of units 
to another and also uses power-of-ten prefixes. 


Using SI Units and Prefixes for Powers of 10 


If a signal can travel in a cable at 80% of the speed of Therefore, a signal traveling at 80% of the speed of 
light, what length of cable, in inches, represents 1 ns? light will cover 9.45 inches of cable in 1 nanosecond. 
Solution 


First, note that 1 ns = 107’ s. Also, recall that the 
speed of light c = 3 X 10° m/s. Then, 80% of the 
speed of light is 0.8c = (0.8)(3 x 10°) = 
2.4 X 10° m/s. Using a product of ratios, we can 
convert 80% of the speed of light from meters-per- 
second to inches-per-nanosecond. The result is the 
distance in inches traveled in 1 ns: 


2.4 x 108 meters ; 1 second 100 centimeters 1 inch 
1 second 10° nanoseconds 1 meter 2.54 centimeters 
(2.4 x 10°)(100) 
=... = 9.45 inches/nanosecond 
(10°)(2.54) 


J ASSESSMENT PROBLEMS 


Objective 1—Understand and be able to use SI units and the standard prefixes for powers of 10 


1.1 Assume a telephone signal travels through a 1.2 How many dollars per millisecond would the 
cable at two-thirds the speed of light. How long federal government have to collect to retire a 
does it take the signal to get from New York deficit of $100 billion in one year? 

City to Miami if the distance is approximately 
1100 miles? Answer: $3.17/ms. 


Answer: 8.85 ms. 


NOTE: Also try Chapter Problems 1.2, 1.3, and 1.4. 


1.3 Circuit Analysis: An Overview 


Before becoming involved in the details of circuit analysis, we need to 
take a broad look at engineering design, specifically the design of electric 
circuits. The purpose of this overview is to provide you with a perspective 
on where circuit analysis fits within the whole of circuit design. Even 
though this book focuses on circuit analysis, we try to provide opportuni- 
ties for circuit design where appropriate. 

All engineering designs begin with a need, as shown in Fig. 1.4. This 
need may come from the desire to improve on an existing design, or it may 
be something brand-new. A careful assessment of the need results in 
design specifications, which are measurable characteristics of a proposed 
design. Once a design is proposed, the design specifications allow us to 
assess whether or not the design actually meets the need. 

A concept for the design comes next. The concept derives from a com- 
plete understanding of the design specifications coupled with an insight into 


the need, which comes from education and experience. The concept may be 
realized as a sketch, as a written description, or in some other form. Often 
the next step is to translate the concept into a mathematical model. A com- 
monly used mathematical model for electrical systems is a circuit model. 

The elements that comprise the circuit model are called ideal circuit 
components. An ideal circuit component is a mathematical model of an 
actual electrical component, like a battery or a light bulb. It is important 
for the ideal circuit component used in a circuit model to represent the 
behavior of the actual electrical component to an acceptable degree of 
accuracy. The tools of circuit analysis, the focus of this book, are then 
applied to the circuit. Circuit analysis is based on mathematical techniques 
and is used to predict the behavior of the circuit model and its ideal circuit 
components. A comparison between the desired behavior, from the design 
specifications, and the predicted behavior, from circuit analysis, may lead 
to refinements in the circuit model and its ideal circuit elements. Once the 
desired and predicted behavior are in agreement, a physical prototype can 
be constructed. 

The physical prototype is an actual electrical system, constructed from 
actual electrical components. Measurement techniques are used to deter- 
mine the actual, quantitative behavior of the physical system. This actual 
behavior is compared with the desired behavior from the design specifica- 
tions and the predicted behavior from circuit analysis. The comparisons 
may result in refinements to the physical prototype, the circuit model, or 
both. Eventually, this iterative process, in which models, components, and 
systems are continually refined, may produce a design that accurately 
matches the design specifications and thus meets the need. 

From this description, it is clear that circuit analysis plays a very 
important role in the design process. Because circuit analysis is applied to 
circuit models, practicing engineers try to use mature circuit models so 
that the resulting designs will meet the design specifications in the first 
iteration. In this book, we use models that have been tested for between 
20 and 100 years; you can assume that they are mature. The ability to 
model actual electrical systems with ideal circuit elements makes circuit 
theory extremely useful to engineers. 

Saying that the interconnection of ideal circuit elements can be used 
to quantitatively predict the behavior of a system implies that we can 
describe the interconnection with mathematical equations. For the mathe- 
matical equations to be useful, we must write them in terms of measurable 
quantities. In the case of circuits, these quantities are voltage and current, 
which we discuss in Section 1.4. The study of circuit analysis involves 
understanding the behavior of each ideal circuit element in terms of its 
voltage and current and understanding the constraints imposed on the 
voltage and current as a result of interconnecting the ideal elements. 


1.4 Voltage and Current 


The concept of electric charge is the basis for describing all electrical phe- 
nomena. Let’s review some important characteristics of electric charge. 


* The charge is bipolar, meaning that electrical effects are described in 
terms of positive and negative charges. 


+ The electric charge exists in discrete quantities, which are integral 
multiples of the electronic charge, 1.6022 x 107!’ C. 


- Electrical effects are attributed to both the separation of charge and 
charges in motion. 


In circuit theory, the separation of charge creates an electric force (volt- 
age), and the motion of charge creates an electric fluid (current). 
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Figure 1.4 A A conceptual model for electrical engi- 
neering design. 
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Definition of voltage > 


Definition of current > 


The concepts of voltage and current are useful from an engineering 
point of view because they can be expressed quantitatively. Whenever 
positive and negative charges are separated, energy is expended. Voltage 
is the energy per unit charge created by the separation. We express this 
ratio in differential form as 


_ dw 


0 dq’ 


(1.1) 


where 
v = the voltage in volts, 


Ww 
q 


The electrical effects caused by charges in motion depend on the rate 
of charge flow. The rate of charge flow is known as the electric current, 
which is expressed as 


N 


the energy in joules, 


the charge in coulombs. 


i= (1.2) 


where 
i = the current in amperes, 


q = the charge in coulombs, 
t = the time in seconds. 


Equations 1.1 and 1.2 are definitions for the magnitude of voltage and 
current, respectively. The bipolar nature of electric charge requires that we 
assign polarity references to these variables. We will do so in Section 1.5. 

Although current is made up of discrete, moving electrons, we do not 
need to consider them individually because of the enormous number of 
them. Rather, we can think of electrons and their corresponding charge as 
one smoothly flowing entity. Thus, / is treated as a continuous variable. 

One advantage of using circuit models is that we can model a compo- 
nent strictly in terms of the voltage and current at its terminals. Thus two 
physically different components could have the same relationship 
between the terminal voltage and terminal current. If they do, for pur- 
poses of circuit analysis, they are identical. Once we know how a compo- 
nent behaves at its terminals, we can analyze its behavior in a circuit. 
However, when developing circuit models, we are interested in a compo- 
nent’s internal behavior. We might want to know, for example, whether 
charge conduction is taking place because of free electrons moving 
through the crystal lattice structure of a metal or whether it is because of 
electrons moving within the covalent bonds of a semiconductor material. 
However, these concerns are beyond the realm of circuit theory. In this 
book we use circuit models that have already been developed; we do not 
discuss how component models are developed. 


1.5 The Ideal Basic Circuit Element 


An ideal basic circuit element has three attributes: (1) it has only two ter- 
minals, which are points of connection to other circuit components; (2) it is 
described mathematically in terms of current and/or voltage; and (3) it 
cannot be subdivided into other elements. We use the word ideal to imply 


that a basic circuit element does not exist as a realizable physical compo- 
nent. However, as we discussed in Section 1.3, ideal elements can be con- 
nected in order to model actual devices and systems. We use the word 
basic to imply that the circuit element cannot be further reduced or sub- 
divided into other elements. Thus the basic circuit elements form the build- 
ing blocks for constructing circuit models, but they themselves cannot be 
modeled with any other type of element. 

Figure 1.5 is a representation of an ideal basic circuit element. The box 
is blank because we are making no commitment at this time as to the type 
of circuit element it is. In Fig. 1.5, the voltage across the terminals of the 
box is denoted by v, and the current in the circuit element is denoted by #. 
The polarity reference for the voltage is indicated by the plus and minus 
signs, and the reference direction for the current is shown by the arrow 
placed alongside the current. The interpretation of these references given 
positive or negative numerical values of v and i is summarized in 
Table 1.4. Note that algebraically the notion of positive charge flowing in 
one direction is equivalent to the notion of negative charge flowing in the 
opposite direction. 

The assignments of the reference polarity for voltage and the refer- 
ence direction for current are entirely arbitrary. However, once you have 
assigned the refcrences, you must write all subsequent equations to 
agree with the chosen references. The most widely used sign convention 
applied to these references is called the passive sign convention, which 
we use throughout this book. The passive sign convention can be stated 
as follows: 


Whenever the reference direction for the current in an element is in 
the direction of the reference voltage drop across the element (as in 
Fig. 1.5), use a positive sign in any expression that relates the voltage 
to the current. Otherwise, use a negative sign. 


We apply this sign convention in all the analyses that follow. Our pur- 
pose for introducing it even before we have introduced the different 
types of basic circuit elements is to impress on you the fact that the selec- 
tion of polarity references along with the adoption of the passive sign 
convention is not a function of the basic elements nor the type of inter- 
connections made with the basic elements. We present the application 
and interpretation of the passive sign convention in power calculations in 
Section 1.6. 

Example 1.2 illustrates one use of the equation defining current. 


TABLE 1.4 Interpretation of Reference Directions in Fig. 1.5 


1.5 The Ideal Basic Circuit Element 


Figure 1.5 A An ideal basic circuit element. 


<¢ Passive sign convention 


Positive Value Negative Value 
v_ voltage drop from terminal | to terminal 2 voltage rise from terminal 1 to terminal 2 
or or 
voltage rise from terminal 2 to terminal | voltage drop from terminal 2 to terminal 1 
i positive charge flowing from terminal 1 to terminal 2 positive charge flowing from terminal 2 to terminal 1 
or or 


negative charge flowing from terminal 2 to terminal 1 negative charge flowing from terminal 1 to terminal 2 
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Relating Current and Charge 


No charge exists at the upper terminal of the ele- 
ment in Fig. 1.5 fort < 0. Att = 0,a5 A current 
begins to flow into the upper terminal. 


a) Derive the expression for the charge accumulat- 
ing at the upper terminal of the element fort > 0. 


b) If the current is stopped after 10 seconds, how 
much charge has accumulated at the upper 
terminal? 


/ ASSESSMENT PROBLEMS 


Objective 2—Know and be able to use the definitions of voltage and current 


1.3. Thecurrent at the terminals of the element in 
Fig. 1.5 is 


i= 0, t < 0; 


i= 20 e720004 A t=0 


Calculate the total charge (in microcoulombs) 
entering the element at its upper terminal. 


Answer: 4000 uC. 
NOTE: Also try Chapter Problem 1.10. 


Solution 


a) From the definition of current given in Eq. 1.2, 
the expression for charge accumulation due to 
current flow is 


q(t) = ‘ i(x)dx. 
0 


Therefore, 


t 
g(t) = [sax = 5x 
0 


b) The total charge that accumulates at the upper 
terminal in 10 seconds due to a 5 A current is 
q(10) = 5(10) = SOC. 


f 
= 5t — 5(0) = 5tC fort > 0. 
0 


1.4 The expression for the charge entering the 


upper terminal of Fig. 1.5 is 


1 t 1 
ita as ES — ++ — at : 
q ar € *)e . 


Find the maximum value of the current enter- 
ing the terminal if a = 0.03679 s7/. 


Answer: 100A. 


1.6 Power and Energy 


Power and energy calculations also are important in circuit analysis. One 
reason is that although voltage and current are useful variables in the analy- 
sis and design of electrically based systems, the useful output of the system 
often is nonelectrical, and this output is conveniently expressed in terms of 
power or energy. Another reason is that all practical devices have limita- 
tions on the amount of power that they can handle. In the design process, 
therefore, voltage and current calculations by themselves are not sufficient. 

We now relate power and energy to voltage and current and at the 
same time use the power calculation to illustrate the passive sign conven- 
tion. Recall from basic physics that power is the time rate of expending or 


absorbing energy. (A water pump rated 75 kW can deliver more liters per 
second than one rated 7.5 kW.) Mathematically, energy per unit time is 
expressed in the form of a derivative, or 


dt : : 


the power in watts, 


w = the energy in joules, 


= the time in seconds. 


om. 


Thus 1 W is equivalent to | J/s. 
The power associated with the flow of charge follows directly from 
the definition of voltage and current in Eqs. 1.1 and 1.2, or 


_ deo _ 


Gales 
Pat dq/\ dt)’ 


so 
(1.4) 


where 


p = the power in watts, 
v = the voltage in volts, 


the current in amperes. 


~, 
Il 


Equation 1.4 shows that the power associated with a basic circuit element 
is simply the product of the current in the element and the voltage across 
the element. Therefore, power is a quantity associated with a pair of ter- 
minals, and we have to be able to tell from our calculation whether power 
is being delivered to the pair of terminals or extracted from it. This infor- 
mation comes from the correct application and interpretation of the pas- 
sive Sign convention. 

If we use the passive sign convention, Eq. 1.4 is correct if the reference 
direction for the current is in the direction of the reference voltage drop 
across the terminals. Otherwise, Eq. 1.4 must be written with a minus sign. 
In other words, if the current reference is in the direction of a reference 
voltage rise across the terminals, the expression for the power is 

p=-v (1.5) 

The algebraic sign of power is based on charge movement through 
voltage drops and rises. As positive charges move through a drop in volt- 
age, they lose energy, and as they move through a rise in voltage, they gain 
energy. Figure 1.6 summarizes the relationship between the polarity refer- 
ences for voltage and current and the expression for power. 


1.6 Power and Energy 


< Definition of power 


< Power equation 
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(d) p = vi 


(c)p=—wvi 


Figure 1.6 A Polarity references and the expression 
for power. 
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We can now state the rule for interpreting the algebraic sign of power: 


If the power is positive (that is, if p > 0), power is being delivered to 
the circuit inside the box. If the power is negative (that is, if p < 0), 
power is being extracted from the circuit inside the box. 


Interpreting algebraic sign of power > 


For example, suppose that we have selected the polarity references 
shown in Fig. 1.6(b). Assume further that our calculations for the current 
and voltage yield the following numerical results: 


i=4A and v=-l10 V. 
Then the power associated with the terminal pair 1,2 is 
p = —(-10)(4) = 40 W. 


Thus the circuit inside the box is absorbing 40 W. 

To take this analysis one step further, assume that a colleague is solv- 
ing the same problem but has chosen the reference polarities shown in 
Fig. 1.6(c). The resulting numerical values are 


i=-4A, v=10V, and p=40W. 


Note that interpreting these results in terms of this reference system gives 
the same conclusions that we previously obtained—namely, that the cir- 
cuit inside the box is absorbing 40 W. In fact, any of the reference systems 
in Fig. 1.6 yields this same result. 

Example 1.3 illustrates the relationship between voltage, current, 
power, and energy for an ideal basic circuit element and the use of the pas- 
sive sign convention. 


Relating Voltage, Current, Power, and Energy 


Assume that the voltage at the terminals of the ele- 
ment in Fig. 1.5, whose current was defined in 
Assessment Problem 1.3, is 


v=0 b= 0; 
v = 10e" kV, r=0. 
a) Calculate the power supplied to the element 
at 1 ms. 


b) Calculate the total energy (in joules) delivered 
to the circuit element. 


Solution 


a) Since the current is entering the + terminal of the 
voltage drop defined for the element in Fig. 1.5, 
we use a “+” sign in the power equation. 


p = vi = (10,000e7 "(207 ") = 200,000e7 1°" W. 


p(0.001) = 200,000e7 1:00.01) = 299,000e7 ' 
= 200,000(45.4 x 107°) = 0.908 W. 


b) From the definition of power given in Eq. 1.3, 
the expression for energy is 


w(t) = [ p(x)dx 
0 


To find the total energy dclivered, integrate the 
expresssion for power from zero to_ infinity. 
Therefore, 


7 OO 


‘ 200,000e7 1.900 | 2 
Wrotal = | 200.000e7 10:000* fen as \ nie a 
0 


— 10,000 0 
= —20e"° — (-20e) = 0 + 20 = 20J. 


Thus, the total energy supplied to the circuit ele- 
ment is 20 J. 


vu ASSESSMENT PROBLEMS 


Practical Perspective 


Objective 3—Know and use the definitions of power and energy; Objective 4—Be able to use the passive sign 


convention 


1.5 Assume that a 20 V voltage drop occurs across 
an element from terminal 2 to terminal 1 and 
that a current of 4 A enters terminal 2. 


a) Specify the values of v and i for the polarity 
references shown in Fig. 1.6(a)-(d). 


b) State whether the circuit inside the box is 
absorbing or delivering power. 


c) How much power is the circuit absorbing? 
(a) Circuit 1.6(a):v = —20 V,t = —4A; 
circuit 1.6(b): v = —20 V,i = 4A; 
circuit 1.6(c):v = 20 V,i = —4A; 

circuit 1.6(d):v = 20 V,i = 4A; 
(b) absorbing; 
(c) 80 W. 


1.6 The voltage and current at the terminals of the 
circuit element in Fig 1.5 are zero for t < Q. For 
t = 0, they are 


v = 80,000re~™ V, 


b= 1526790 A. 


Answer: 


NOTE: Also try Chapter Problems 1.14, 1.18, 1.25, and 1.26. 


Practical Perspective 


Balancing Power 


a) Find the time when the power delivered to 
the circuit element is maximum. 


b) Find the maximum value of power. 


c) Find the total energy delivered to the cir- 
cuit element. 


(a) 2 ms; (b) 649.6 mW; (c) 2.4 mJ. 


1.7. A high-voltage direct-current (dc) transmission 
line between Celilo, Oregon and Sylmar, 
California is operating at 800 kV and carrying 
1800 A, as shown. Calculate the power (in 
megawatts) at the Oregon end of the line and 
state the direction of power flow. 


Answer: 


Celilo, 
Oregon 


Sylmar, 
California 


800 kV 


Answer: 1440 MW, Celilo to Sylmar. 


A model of the circuitry that distributes power to a typical home is shown in 
Fig. 1.7 with voltage polarities and current directions defined for all of the 
circuit components. The results of circuit analysis give the values for all of 
these voltages and currents, which are summarized in Table 1.4. To deter- 
mine whether or not the values given are correct, calculate the power asso- 
ciated with each component. Use the passive sign convention in the power 


calculations, as shown below. 

Pa = Veiga = (120)(-10) = —1200 W 
Pe = Vdc = (10)(10) = 100 W 

Pe = Uglie = (—10)(-9) = 90 W 

Pg = Upig = (120)(4) = 480 W 


Pp = —VUpip = —(120)(9) = —1080 W 
Pa = ~Vgiq = —(10)(1) = -10 W 
py = —v¢ig = —(-100)(5) = 500 W 
Ph = Vpin = (—220)(—-5) = 1100 W 


The power calculations show that components a, b, and d are supplying 
power, since the power values are negative, while components c, e, f, g, and 
h are absorbing power. Now check to see if the power balances by finding 


the total power supplied and the total power absorbed. 
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Circuit Variables 


Psupplied = Pa + Pp + Pa = —1200 — 1080 — 10 = —2290 W 


Pabsorbed = Pe + Pe + Pr + Pg + Pp 


= 100 + 90 + 500 + 480 + 1100 = 2270 W 


Psupplicd + Pabsorbed = —2290 + 2270 = —20 W 


Something is wrong—if the values for voltage and current in this circuit are 
correct, the total power should be zero! There is an error in the data and we 
can find it from the calculated powers if the error exists in the sign of a sin- 
gle component. Note that if we divide the total power by 2, we get —10 W, 
which is the power calculated for component d. If the power for component 
d was +10 W, the total power would be 0. Circuit analysis techniques from 
upcoming chapters can be used to show that the current through component 
d should be —1 A, not +1 A given in Table 1.4. 


TABLE 1.4 Volatage and current 
values for the circuit in Fig. 1.7. 


Component 


To > © aA Ft DB 


—220 =3 


ae tae 


v(V) i(A) 
120 ~—10 
120 9 
10 10 
10 1 
—10 -9 
—100 5 
120 4 Figure 1.7 A Circuit model for power 
distribution in a home, with voltages and 


—.-—-- Currents defined. 


Note: Assess your understanding of the Practical Perspective by trying Chapter 
Problems 1.31 and 1.32. 


Summary 


The International System of Units (SI) enables engineers 
to communicate in a meaningful way about quantitative 
results. Table 1.1 summarizes the base SI units; Table 1.2 
presents some useful derived SI units. (See pages 8 and 9.) 


Circuit analysis is based on the variables of voltage and 
current. (See page 11.) 


Voltage is the energy per unit charge created by charge 
separation and has the SI unit of volt (v = dw/dgq). 
(See page 12.) 

Current is the rate of charge flow and has the SI unit of 
ampere (i = dq/dt). (See page 12.) 

The ideal basic circuit element is a two-terminal compo- 
nent that cannot be subdivided; it can be described 
mathematically in terms of its terminal voltage and cur- 
rent. (See page 12.) 


The passive sign convention uses a positive sign in the 
expression that relates the voltage and current at the 
terminals of an element when the reference direction 
for the current through the element is in the direction of 
the reference voltage drop across the element. (See 


page 13.) 

Power is energy per unit of time and is equal to the 

product of the terminal voltage and current; it has the SI 

unit of watt (p = dw/dt = vi). (See page 15.) 

The algebraic sign of power is interpreted as follows: 

¢ If p > 0, power is being delivered to the circuit or 
circuit component. 

* If p < 0, power is being extracted from the circuit or 
circuit component. (See page 16.) 


Problems 


Section 1.2 


| 


1.2 


1.3 


1.4 
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1.6 


Some species of bamboo can grow 250 mm/day. 
Assume individual cells in the plant are 10 xm long, 


a) How long, on average, does it take a bamboo 
stalk to grow | cell length? 


b) How many cell lengths are added in one week, 
on average? 


One liter (L) of paint covers approximately 10 m? 
of wall. How thick is the layer before it dries? (Hint: 
tL= 1 * 10° mm.) 


There are approximately 260 million passenger 
vehicles registered in the United States. Assume 
that the battery in the average vehicle stores 
540 watt-hours (Wh) of energy. Estimate (in 
gigawatt-hours) the total energy stored in U.S. pas- 
senger vehicles. 


The 16 giga-byte (GB = 2’ bytes) flash memory 
chip for an MP3 player is 11 mm by 15 mm by 1 mm. 
This memory chip holds 20,000 photos. 


a) How many photos fit into a cube whose sides 
are 1 mm? 


b) How many bytes of memory are stored in a cube 
whose sides are 200 4m? 


A hand-held video player displays 480 x 320 picture 
elements (pixels) in each frame of the video. Each 
pixel requires 2 bytes of memory. Videos are dis- 
played at a rate of 30 frames per second. How many 
hours of video will fit in a 32 gigabyte memory? 


The line described in Assessment Problem 1.7 is 
845 mi in length. The line contains four conductors, 
each weighing 2526 Ib per 1000 ft. How many kilo- 
grams of conductor are in the line? 


Section 1.4 


1.7 


1.8 


How much energy is imparted to an electron as it 
flows through a 6 V battery from the positive to the 
negative terminal? Express your answer in attojoules. 


In electronic circuits it is not unusual to encounter 
currents in the microampere range. Assume a 
35 wA current, due to the flow of electrons. What is 
the average number of electrons per second that 
flow past a fixed reference cross section that is per- 
pendicular to the direction of flow? 


1.9 


1.10 


Problems 19 


A current of 1600 A exists in a rectangular (0.4-by- 
16 cm) bus bar. The current is due to free electrons 
moving through the wire at an average velocity of 
v meters/second. If the concentration of free elec- 
trons is 10°’ electrons per cubic meter and if they 
are uniformly dispersed throughout the wire, then 
what is the average velocity of an electron? 


The current entering the upper terminal of Fig. 1.5 is 
i = 20 cos 5000t A. 


Assume the charge at the upper terminal is zero at 
the instant the current is passing through its maxi- 
mum value. Find the expression for q(t). 


Sections 1.5—1.6 


1.11 


1.12 


1.13 


When acar has a dead battery, it can often be started 
by connecting the battery from another car across its 
terminals. The positive terminals are connected 
together as are the negative terminals. The connec- 
tion is illustrated in Fig. P1.11. Assume the current i 
in Fig. P1.11 is measured and found to be 30 A. 


a) Which car has the dead battery? 


b) If this connection is maintained for 1 min, how 
much energy is transferred to the dead battery? 


Figure P1,11 


One 12 V battery supplies 100 mA to a boom box. 
How much energy does the battery supply in 4 h? 


The manufacturer of a 1.5 V D flashlight battery 
says that the battery will deliver 9 mA for 40 con- 
tinuous hours. During that time the voltage will 
drop from 1.5 V to 1.0 V. Assume the drop in volt- 
age is linear with time. How much energy does the 
battery deliver in this 40 h interval? 


1.14 Two electric circuits, represented by boxes A and B, 


are connected as shown in Fig. P1.14. The reference 
direction for the current / in the interconnection and 
the reference polarity for the voltage v across the 
interconnection are as shown in the figure. For each 
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1.15 


1.16 
1.17 


PSPICE 
MULTISIM 


1.18 


1.19 


Circuit Variables 


of the following sets of numerical values, calculate 
the power in the interconnection and state whether 
the power is flowing from A to B or vice versa. 


a) i= 10A, v= 125V 
b) i=5A, v= —240V 
c) i= —-12A, v= 480V 
d) i=-25A, v= -660V 


Figure P1.14 


The references for the voltage and current at the 
terminal of a circuit element are as shown in 
Fig. 1.6(d). The numerical values for v and i are 40 V 
and —10A. 


a) Calculate the power at the terminals and state 
whether the power is being absorbed or deliv- 
ered by the element in the box. 


b) Given that the current is due to electron flow, 
state whether the electrons are entering or leav- 
ing terminal 2. 


c) Do the electrons gain or lose energy as they pass 
through the element in the box? 


Repeat Problem 1.15 with a voltage of —60 V. 


The voltage and current at the terminals of the cir- 
cuit element in Fig. 1.5 are zero for ¢ < 0. Fort = 0 
they are 


v= 75 — eV, 


i = 50e7!00' mA. 


a) Find the maximum value of the power delivered 
to the circuit. 


b) Find the total energy delivered to the element. 


The voltage and current at the terminals of the cir- 
cuit element in Fig. 1.5 are zero fort < 0. Fort = 0 
they are 


y= 50e7 1600 _ 50e7 700 V, 


i= 5e7 16008 = 5 e400 mA. 


a) Find the power at t = 625 ps. 


b) How much energy is delivered to the circuit ele- 
ment between 0 and 625 ys? 


c) Find the total energy delivered to the element. 


The voltage and current at the terminals of the cir- 
cuit element in Fig. 1.5 are shown in Fig. P1.19. 
a) Sketch the power versus ¢ plot for0 = ¢ = 10s. 


b) Calculate the energy delivered to the circuit ele- 
ment at¢ = 1, 6,and 10s. 


1.20 


PSPICE 
MULTISIM 


1.21 


PSPICE 
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1.22 


PSPICE 
MULTISIM 


Figure P1.19 
i(A) 
20 


6 7 8 9 10 t(s) 


7 8 9 10 £(s) 


(b) 


The voltage and current at the terminals of the cir- 
cuit element in Fig. 1.5 are zero for ¢ < 0. Fort = 0 
they are 


v = 40007!" sin 200t V, 
i = Se! sin 200t A. 


a) Find the power absorbed by the element at 
t= 10 ms. 

b) Find the total energy absorbed by the element. 

The voltage and current at the terminals of the cir- 


cuit element in Fig. 1.5 are zero for ¢ < 0. Fort = 0 
they are 


v = (16,000¢ + 20)e* V, 
i = (128¢ + 0.16)e%™ A, 
a) At what instant of time is maximum power 
delivered to the element? 


b) Find the maximum power in watts. 


c) Find the total energy delivered to the element in 
millijoules. 


The voltage and current at the terminals of the cir- 
cuit element in Fig. 1.5 are zero for’ < 0. For’ = 0 
they are 


v = (10,000r + 5)e™ Vv, 
i = (40¢ + 0.05)e™ A, 


t = 0; 
t= 0. 


a) Find the time (in milliseconds) when the power 
delivered to the circuit element is maximum. 


b) Find the maximum value of p in milliwatts. 
c) Find the total energy delivered to the circuit ele- 
ment in millijoules. 


1.23 The voltage and current at the terminals of the ele- 
pspce ment in Fig. 1.5 are 


MULTISIM 
v = 250 cos 8007t V, i = 8 sin 800mt A. 


a) Find the maximum value of the power being 
delivered to the element. 


b) Find the maximum value of the power being 
extracted from the element. 


c) Find the average value of p in the interval 
0O=¢=2.5 ms. 

d) Find the average value of p in the interval 
0 <¢t = 15.625 ms. 


1.24 The voltage and current at the terminals of an auto- 
pspice =m obile battery during a charge cycle are shown in 
MulTisIN Fig. P1.24. 


a) Calculate the total charge transferred to the 
battery. 


b) Calculate the total energy transferred to the 
battery. 


Figure P1.24 
v (V) 


0 4 8 12 16 20. t(ks) 


0 4 8 12 16 20. ft(ks) 


1.25 The voltage and current at the terminals of the circuit 
espice element in Fig. 1.5 are zero fort < Oandt > 40s.In 
musi the interval between 0) and 40s the expressions are 


v = t(1 — 0.0252) V, 
4—0.2rA, 0<t< 40s. 


0O<t< 40s: 


i 


Problems 21 


a) At what instant of time is the power being deliv- 
ered to the circuit element maximum? 


b) What is the power at the time found in part (a)? 


c) At what instant of time is the power being 
extracted from the circuit element maximum? 


Q 
wa 


What is the power at the time found in part (c)? 
e) Calculate the net energy delivered to the circuit 
at 0, 10, 20, 30 and 40s. 


1.26 The numerical values for the currents and voltages 
in the circuit in Fig. P1.26 are given in Table P1.26. 
Find the total power developed in the circuit. 


Figure P1.26 


TABLE P1.26 


Element Voltage (kV) Current (mA) 
a 150 0.6 
b 150 —1.4 
c 100 —-0.8 
d 250 —0.8 
c 300 =2.0) 
f —300 1.2 


1.27 The numerical values of the voltages and currents 
in the interconnection seen in Fig. P1.27 are given in 
Table P1.27. Does the interconnection satisfy the 
power check? 


Figure P1.27 
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Circuit Variables 


TABLE P1.27 


Element Voltage (V) Current (mA) 
a 990 =220 

b 600 —30 

c 300 60 

d 105 52.5 

e —120 30 

f 165 82.5 

g 585 52.5 

h —585 82.5 


1.28 Assume you are an engineer in charge of a project 


and one of your subordinate engineers reports that 
the interconnection in Fig. P1.28 does not pass the 
power check. The data for the interconnection are 
given in Table P1.28. 


a) Is the subordinate correct? Explain your answer. 


b) If the subordinate is correct, can you find the 
error in the data? 


Figure P1.28 


TABLE P1.28 


Element Voltage (V) Current (A) 
al 46.16 6.0 

b 14.16 4.72 

c —32.0 —6.4 

d 22.0 1.28 

e 33.6 1.68 

f 66.0 —0.4 

g 2.56 1.28 

h —0.4 0.4 


1.29 a) The circuit shown in Fig. P1.29 identifies volt- 


age polarities and current directions to be used 
in calculating power for each component. 
Using only the voltage polarities and current 
directions, predict which components supply 
power and which components absorb power, 
using the passive sign convention. 


b) The numerical values of the currents and volt- 
ages for each element are given in Table P1.29. 
How much total power is absorbed and how 
much is delivered in this circuit? 


c) Based on the computations in part (b), identify 
the components that supply power and those 
that absorb power. Why are these answers dif- 
ferent from the ones in part (a)? 


Figure P1.29 


TABLE P1.29 


Element Voltage (V) Current (mA) 
a 5 2 
b l 3 
c 7 =2 
d -9 1 
e —20 5 
f 20 Z 
g 3 =2 
h 12 —3 


1.30 One method of checking calculations involving 


interconnected circuit elements is to see that the 
total power delivered equals the total power 
absorbed (conservation-of-energy principle). With 
this thought in mind, check the interconnection in 
Fig. P1.30 and state whether it satisfies this power 
check. The current and voltage values for each ele- 
ment are given in Table P1.30. 


Figure P1.30 


TABLE P1.30 


Element 


a 
b 
c 
d 


G 


Voltage (V) 
1.6 
2.6 
—4,2 
1.2 
1.8 
-1.8 
—3.6 
a2 
—2.4 


Current (mA) 


80 
60) 
—50 
20 
30 
—40 
=30 
=20 
30 


1.31 


1.32 


Problems 23 


Show that the power balances for the circuit shown 
in Fig. 1.7, using the voltage and current values 
given in Table 1.4, with the value of the current for 
component d changed to —1 A. 


Suppose there is no power lost in the wires used to 
distribute power in a typical home. 


a) Create a new model for the power distribution 
circuit by modifying the circuit shown in Fig 1.7. 
Use the same names, voltage polarities, and cur- 
rent directions for the components that remain 
in this modified model. 


b) The following voltages and currents are calcu- 
lated for the components: 


v, = 120 V i, = -10A 
Vy = 120 V in = 1OA 
vy = —120V ip = 3A 
Vp = 120 V 

Vp = —240 V i, = -7A 


If the power in this modified model balances, 
what is the value of the current in component g? 
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Understand the symbols for and the behavior of 
the following ideal basic circuit elements: 
independent voltage and current sources, 
dependent voltage and current sources, and 
resistors. 


Be able to state Ohm’s law, Kirchhoff’s current 
law, and Kirchhoff’s voltage law, and be able to 
use these laws to analyze simple circuits. 


Know how to calculate the power for each 
element in a simple circuit and be able to 
determine whether or not the power balances 
for the whole circuit. 
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Circuit Elements 


There are five ideal basic circuit elements: voltage sources, 
current sources, resistors, inductors, and capacitors. In this chap- 
ter we discuss the characteristics of voltage sources, current 
sources, and resistors. Although this may seem like a small num- 
ber of elements with which to begin analyzing circuits, many prac- 
tical systems can be modeled with just sources and resistors. They 
are also a useful starting point because of their relative simplicity; 
the mathematical relationships between voltage and current in 
sources and resistors are algebraic. Thus you will be able to begin 
learning the basic techniques of circuit analysis with only alge- 
braic manipulations. 

We will postpone introducing inductors and capacitors until 
Chapter 6, because their use requires that you solve integral and 
differential equations. However, the basic analytical techniques 
for solving circuits with inductors and capacitors are the same as 
those introduced in this chapter. So, by the time you need to 
begin manipulating more difficult equations, you should be very 
familiar with the methods of writing them. 


1.) SE 
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Practical Perspective 
Electrical Safety 


“Danger—High Voltage.” This commonly seen warning is mis- 
leading. All forms of energy, including electrical energy, can 
be hazardous. But it’s not only the voltage that harms. The 
static electricity shock you receive when you walk across a 
carpet and touch a doorknob is annoying but does not injure. 
Yet that spark is caused by a voltage hundreds or thousands 
of times larger than the voltages that can cause harm. 

The electrical energy that can actually cause injury is due 
to electrical current and how it flows through the body. Why, 
then, does the sign warn of high voltage? Because of the way 
electrical power is produced and distributed, it is easier to 
determine voltages than currents. Also, most electrical 
sources produce constant, specified voltages. So the signs 
warn about what is easy to measure. Determining whether 
and under what conditions a source can supply potentially 
dangerous currents is more difficult, as this requires an under- 
standing of electrical engineering. 

Before we can examine this aspect of electrical safety, we 
have to learn how voltages and currents are produced and the 
relationship between them. The electrical behavior of objects, 


such as the human body, is quite complex and often beyond 
complete comprehension. To allow us to predict and control 
electrical phenomena, we use simplifying models in which sim- 
ple mathematical relationships between voltage and current 
approximate the actual relationships in real objects. Such mod- 
els and analytical methods form the core of the electrical engi- 
neering techniques that will allow us to understand all electrical 
phenomena, including those relating to electrical safety. 

At the end of this chapter, we will use a simple electric 
circuit model to describe how and why people are injured by 
electric currents. Even though we may never develop a com- 
plete and accurate explanation of the electrical behavior of 
the human body, we can obtain a close approximation using 
simple circuit models to assess and improve the safety of 
electrical systems and devices. Developing models that pro- 
vide an understanding that is imperfect but adequate for solv- 
ing practical problems lies at the heart of engineering. Much 
of the art of electrical engineering, which you will learn with 
experience, is in knowing when and how to solve difficult 
problems by using simplifying models. 
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26 Circuit Elements 


(a) (b) 


Figure 2.1 A The circuit symbols for (a) an ideal inde- 
pendent voltage source and (b) an ideal independent 
current source. 


2.1 Voltage and Current Sources 


Before discussing ideal voltage and current sources, we need to consider 
the general nature of electrical sources. An electrical source is a device 
that is capable of converting nonelectric energy to electric energy and 
vice versa. A discharging battery converts chemical energy to electric 
energy, whereas a battery being charged converts electric energy to 
chemical energy. A dynamo is a machine that converts mechanical energy 
to electric energy and vice versa. If operating in the mechanical-to-elec- 
tric mode, it is called a generator. If transforming from electric to 
mechanical energy, it is referred to as a motor. The important thing to 
remember about these sources is that they can either deliver or absorb 
electric power, generally maintaining either voltage or current. This 
behavior is of particular interest for circuit analysis and led to the cre- 
ation of the ideal voltage source and the ideal current source as basic cir- 
cuit elements. The challenge is to model practical sources in terms of the 
ideal basic circuit elements. 

An ideal voltage source is a circuit element that maintains a pre- 
scribed voltage across its terminals regardless of the current flowing in 
those terminals. Similarly, an ideal current source is a circuit element that 
maintains a prescribed current through its terminals regardless of the 
voltage across those terminals. These circuit elements do not exist as 
practical devices—they are idealized models of actual voltage and cur- 
rent sources. 

Using an ideal model for current and voltage sources places an 
important restriction on how we may describe them mathematically. 
Because an ideal voltage source provides a steady voltage, even if the 
current in the element changes, it is impossible to specify the current in 
an ideal voltage source as a function of its voltage. Likewise, if the only 
information you have about an ideal current source is the value of cur- 
rent supplied, it is impossible to determine the voltage across that cur- 
rent source. We have sacrificed our ability to relate voltage and current 
in a practical source for the simplicity of using ideal sources in circuit 
analysis. 

Ideal voltage and current sources can be further described as either 
independent sources or dependent sources. An independent source estab- 
lishes a voltage or current in a circuit without relying on voltages or cur- 
rents elsewhere in the circuit. The value of the voltage or current supplied 
is specified by the value of the independent source alone. In contrast, a 
dependent source establishes a voltage or current whose value depends on 
the value of a voltage or current elsewhere in the circuit. You cannot spec- 
ify the value of a dependent source unless you know the value of the volt- 
age or current on which it depends. 

The circuit symbols for the ideal independent sources are shown in 
Fig. 2.1. Note that a circle is used to represent an independent source. To 
completely specify an ideal independent voltage source in a circuit, you 
must include the value of the supplied voltage and the reference polarity, 
as shown in Fig. 2.1(a). Similarly, to completely specify an ideal independ- 
ent current source, you must include the value of the supplied current and 
its reference direction, as shown in Fig. 2.1(b). 

The circuit symbols for the ideal dependent sources are shown in 
Fig. 2.2. A diamond is used to represent a dependent source. Both the 


dependent current source and the dependent voltage source may be con- 
trolled by either a voltage or a current clsewhere in the circuit, so there 
are a total of four variations, as indicated by the symbols in Fig. 2.2. 
Dependent sources are sometimes called controlled sources. 

To completely specify an ideal dependent voltage-controlled voltage 
source, you must identify the controlling voltage, the equation that per- 
mits you to compute the supplied voltage from the controlling voltage, 
and the reference polarity for the supplied voltage. In Fig. 2.2(a), the con- 
trolling voltage is named v,, the equation that determines the supplied 
voltage v, Is 


Vs = MU,, 


and the reference polarity for v, is as indicated. Note that » is a multiply- 
ing constant that is dimensionless. ; 

Similar requirements exist for completely specifying the other idea 
dependent sources. In Fig. 2.2(b), the controlling current is 7,, the equation 
for the supplied voltage 2, is 


Ve = ples 


the reference polarity is as shown, and the multiplying constant p has the 
dimension volts per ampere. In Fig. 2.2(c), the controlling voltage is v,, 
the equation for the supplied current /, is 


i, = avy, 


the reference direction is as shown, and the multiplying constant @ has the 
dimension amperes per volt. In Fig. 2.2(d), the controlling current is i,, the 
equation for the supplied current /, is 


is = Bix, 


the reference direction is as shown, and the multiplying constant £ is 
dimensionless. 

Finally, in our discussion of ideal sources, we note that they are 
examples of active circuit elements. An active element is one that models 
a device capable of generating electric energy. Passive elements model 
physical devices that cannot generate electric energy. Resistors, induc- 
tors, and capacitors are examples of passive circuit elements. 
Examples 2.1 and 2.2 illustrate how the characteristics of ideal inde- 
pendent and dependent sources limit the types of permissible intercon- 
nections of the sources. 


2.1 Voltage and Current Sources 27 


Vy = BD, iy = av, 


(a) (c) 


Vz = ply i, = Bi, 


(b) (d) 


Figure 2.2 A The circuit symbols for (a) an ideal 
dependent voltage-controlled voltage source, (b) an 
ideal dependent current-controlled voltage source, (c) an 
ideal dependent voltage-controlled current source, and 
(d) an ideal dependent current-controlled current source. 


28 Circuit Elements 


Testing Interconnections of Ideal Sources 


Using the definitions of the ideal independent volt- 
age and current sources, state which interconnec- 
tions in Fig. 2.3 are permissible and which violate 
the constraints imposed by the ideal sources. 


Solution 


Connection (a) is valid. Each source supplies volt- (a) (b) 
age across the same pair of terminals, marked a,b. 

This requires that each source supply the same volt- 

age with the same polarity, which they do. 

Connection (b) is valid. Each source supplies 2A 
current through the same pair of terminals, marked a a (—) b 
a,b. This requires that each source supply the same 
current in the same direction, which they do. 

Connection (c) is not permissible. Each source ee io) ov ep SA 
supplies voltage across the same pair of terminals, 
marked a,b. This requires that each source supply b 
the same voltage with the same polarity, which they (c) (d) 
do not. 

Connection (d) is not permissible. Each source 
supplies current through the same pair of terminals, 
marked a,b. This requires that each source supply 


the same current in the same direction, which they SA 

do not. ; (—) 
Connection (e) is valid. The voltage source sup- 

plies voltage across the pair of terminals marked (*)iov 

a,b. The current source supplies current through the 


same pair of terminals. Because an ideal voltage 

source supplies the same voltage regardless of the b 

current, and an ideal current source supplies the (c) 
same current regardless of the voltage, this is a per- 

missible connection. Figure 2.3 A The circuits for Example 2.1. 


2.1 Voltage and Current Sources 


Testing Interconnections of Ideal Independent and Dependent Sources 


Using the definitions of the ideal independent and 
dependent sources, state which interconnections in 
Fig. 2.4 are valid and which violate the constraints 
imposed by the ideal sources. 


Solution 


Connection (a) is invalid. Both the independent 
source and the dependent source supply voltage 
across the same pair of terminals, labeled a,b. This 
requires that each source supply the same voltage 
with the same polarity. The independent source sup- 
plies 5 V, but the dependent source supplies 15 V. 

Connection (b) is valid. The independent volt- 
age source supplies voltage across the pair of termi- 
nals marked a,b. The dependent current source 
supplies current through the same pair of terminals. 
Because an ideal voltage source supplies the same 
voltage regardless of current. and an ideal current 
source supplies the same current regardless of volt- 
age, this is an allowable connection. 

Connection (c) is valid. The independent cur- 
rent source supplies current through the pair of ter- 
minals marked a,b. The dependent voltage source 
supplies voltage across the same pair of terminals. 
Because an ideal current source supplies the same 
current regardless of voltage, and an ideal voltage 
source supplies the same voltage regardless of cur- 
rent, this is an allowable connection. 

Connection (d) is invalid. Both the independ- 
ent source and the dependent source supply current 
through the same pair of terminals, labeled a,b. This 
requires that each source supply the same current 
in the same reference direction. The independent 
source supplies 2 A, but the dependent source sup- 
plies 6 A in the opposite direction. 


(d) 


Figure 2.4 A The circuits for Example 2.2. 
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u/ ASSESSMENT PROBLEMS 


Objective 1—Understand ideal basic circuit elements 


2.1 For the circuit shown, 


a) What value of uv, is required in order for the 


interconnection to be valid? 


b) For this value of v,, find the power associ- 


ated with the 8 A source. 


Answer: (a) —2 V; 


(b) —16 W (16 W delivered). 


th 


i, 


2.2 For the circuit shown, 


a) What value of a is required in order for the 
interconnection to be valid? 


b) For the value of a calculated in part (a), find 
the power associated with the 25 V source. 


Answer: 


(a) 0.6 A/V; 
(b) 375 W (375 W absorbed). 


NOTE: Also try Chapter Problems 2.2 and 2.4. 


R 
o—$__ Vw 


Figure 2.5 A The circuit symbol for a resistor having a 
resistance R. 


v= ik v= —-iR 


Figure 2.6 A Two possible reference choices for the 
current and voltage at the terminals of a resistor, and 
the resulting equations. 


Ohm’‘s law > 


2.2 Electrical Resistance (Ohm's Law) 


Resistance is the capacity of materials to impede the flow of current or, 
more specifically, the flow of electric charge. The circuit element used to 
model this behavior is the resistor. Figure 2.5 shows the circuit symbol for 
the resistor, with R denoting the resistance value of the resistor. 

Conceptually, we can understand resistance if we think about the 
moving electrons that make up electric current interacting with and being 
resisted by the atomic structure of the material through which they are 
moving. In the course of these interactions, some amount of electric 
energy is converted to thermal energy and dissipated in the form of heat. 
This effect may be undesirable. However, many useful electrical devices 
take advantage of resistance heating, including stoves, toasters, irons, and 
space heaters. 

Most materials exhibit measurable resistance to current. The amount 
of resistance depends on the material. Metals such as copper and alu- 
minum have small values of resistance, making them good choices for 
wiring used to conduct electric current. In fact, when represented in a cir- 
cuit diagram, copper or aluminum wiring isn’t usually modeled as a resis- 
tor; the resistance of the wire is so small compared to the resistance of 
other elements in the circuit that we can neglect the wiring resistance to 
simplify the diagram. 

For purposes of circuit analysis, we must reference the current in 
the resistor to the terminal voltage. We can do so in two ways: either in 
the direction of the voltage drop across the resistor or in the direction 
of the voltage rise across the resistor, as shown in Fig. 2.6. If we choose 
the former, the relationship between the voltage and current is 


v = iR, (2.1) 


where 


the voltage in volts, 


e 
i 


i = the current in amperes, 


R = the resistance in ohms. 
If we choose the second method, we must write 
v= -ik, (2.2) 


where v, i, and R are, as before, measured in volts, amperes, and ohms, 
respectively. The algebraic signs used in Eqs. 2.1 and 2.2 are a direct conse- 
quence of the passive sign convention, which we introduced in Chapter 1. 

Equations 2.1 and 2.2 are known as Ohm’s law after Georg Simon 
Ohm, a German physicist who established its validity early in the nine- 
teenth century. Ohm’s law is the algebraic relationship between voltage 
and current for a resistor. In SI units, resistance is measured in ohms. The 
Greek letter omega ((2) is the standard symbol for an ohm. The circuit 
diagram symbol for an 8 11 resistor is shown in Fig. 2.7. 

Ohm’s law expresses the voltage as a function of the current. However, 
expressing the current as a function of the voltage also is convenient. Thus, 
from Eq. 2.1, 


, ( 3) 
R 
Or, from Eq. 22, 
R 


The reciprocal of the resistance is referred to as conductance, is sym- 
bolized by the letter G, and is measured in siemens (S). Thus, 


| 
G= R S. (2.5) 


An 8 2 resistor has a conductance value of 0.125 S. In much of the profes- 
sional literature, the unit used for conductance is the mho (ohm spelled back- 
ward), which is symbolized by an inverted omega (0). Therefore we may 
also describe an 8 ©) resistor as having a conductance of 0.125 mho, (0). 

We use ideal resistors in circuit analysis to model the behavior of 
physical devices. Using the qualifier ideal reminds us that the resistor 
model makes several simplifying assumptions about the behavior of 
actual resistive devices. The most important of these simplifying assump- 
tions is that the resistance of the ideal resistor is constant and its value 
does not vary over time. Most actual resistive devices do not have constant 
resistance, and their resistance does vary over time. The ideal resistor 
model can be used to represent a physical device whose resistance doesn’t 
vary much from some constant value over the time period of interest in 
the circuit analysis. In this book we assume that the simplifying assump- 
tions about resistance devices are valid, and we thus use idea] resistors in 
circuit analysis. 

We may calculate the power at the terminals of a resistor in several 
ways. The first approach is to use the defining equation and simply calculate 
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80) 
eV 


Figure 2.7 A The circuit symbol for an 8 © resistor. 
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Power in a resistor in terms of current > 


Power in a resistor in terms of voltage > 


the product of the terminal voltage and current. For the reference systems 
shown in Fig, 2.6, we write 


p = vi (2.6) 
when v = i Rand 
p=-uvi (2.7) 


when v = —2R. 

A second method of expressing the power at the terminals of a resis- 
tor expresses power in terms of the current and the resistance. 
Substituting Eq. 2.1 into Eq. 2.6, we obtain 


p=v=(CR)i 


N10) 


p=i?R. (2.8) 


Likewise, substituting Eq. 2.2 into Eq. 2.7, we have 
p= -vi = —-(-i R)i = i°R. (2.9) 


Equations 2.8 and 2.9 are identical and demonstrate clearly that, regard- 
less of voltage polarity and current direction, the power at the terminals of 
a resistor is positive. Therefore, a resistor absorbs power from the circuit. 

A third method of expressing the power at the terminals of a resistor 
is in terms of the voltage and resistance. The expression is independent of 
the polarity references, so 


(2.10) 


mw) 
it 
23/5, 


Sometimes a resistor’s value will be expressed as a conductance rather 
than as a resistance. Using the relationship between resistance and con- 
ductance given in Eq. 2.5, we may also write Eqs. 2.9 and 2.10 in terms of 
the conductance, or 


(2.11) 
p =v. (2.12) 


Equations 2.6—2.12 provide a variety of methods for calculating the power 
absorbed by a resistor. Each yields the same answer. In analyzing a circuit, 
look at the information provided and choose the power equation that uses 
that information directly. 

Example 2.3 illustrates the application of Ohm’s law in conjunction 
with an ideal source and a resistor. Power calculations at the terminals of a 
resistor also are illustrated. 
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Calculating Voltage, Current, and Power for a Simple Resistive Circuit 


In each circuit in Fig. 2.8, either the value of v or i is 
not known. 


Figure 2.8 A The circuits for Example 2.3. 


a) Calculate the values of v and i. 
b) Determine the power dissipated in each resistor. 


Solution 
a) The voltage v, in Fig. 2.8(a) is a drop in the direc- 
tion of the current in the resistor. Therefore, 
Vv, = (1)(8) = 8V. 


uv ASSESSMENT PROBLEMS 


Objective 2—Be able to state and use Ohm's Law... 


2.3. ‘For the circuit shown, 
a) Ifv, = 1kV andi, = 5 mA, find the value 
of R and the power absorbed by the resistor. 


b) Ifi, = 75 mA and the power delivered by 
the voltage source is 3 W, find Ug, R, and the 
power absorbed by the resistor. 


c) If R = 300 (2 and the power absorbed by R 
is 480 mW, find 7, and Ug. 


i R 


Answer: (a) 200 k0,5 W; 
(b) 40 V, 533.33 0,3 W; 
(c) 40 mA, 12 V. 


NOTE: Also try Chapter Problems 2.5 and 2.7. 


The current /, in the resistor with a conductance 
of 0.2 S in Fig. 2.8(b) is in the direction of the 
voltage drop across the resistor. Thus 
iy = (50)(0.2) = 10 A. 

The voltage v, in Fig. 2.8(c) is a rise in the direc- 
tion of the current in the resistor. Hence 

Vv. = —(1)(20) = —20V. 
The current /g in the 25 (2 resistor in Fig. 2.8(d) 
is in the direction of the voltage rise across the 
resistor. Therefore 


a Si 


i 
a 25 
b) The power dissipated in each of the four resistors is 


(8) 4 
Psa = 7 = (1)°(8) = 8W, 


Po2s = (50)?(0.2) = 500 W, 


(—20)° Asso) 
P2090, = 550° (1)*(20) = 20 W, 


(50)? ; 
Pra = G5" = (—2)°(25) = 100 W. 


2.4 ~~ For the circuit shown, 


a) Ifi, = 05 Aand G = 50 mS, find v, and 
the power delivered by the current source. 

b) If vg = 15 V and the power delivered to the 
conductor is 9 W, find the conductance G 
and the source current i,. 

c) If G = 200 uS and the power delivered to 
the conductance is 8 W, find i, and vg. 


Answer: (a) 10 V,5 W; 
(b) 40 mS, 0.6 A; 
(c) 40 mA, 200 V. 
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Having introduced the general characteristics of ideal sources and resis- 
tors, we next show how to use these elements to build the circuit model of 
a practical system. 


2.3 Construction of a Circuit Model 


We have already stated that one reason for an interest in the basic circuit 
elements is that they can be used to construct circuit models of practical 
systems, The skill required to develop a circuit model of a device or system 
is as complex as the skill required to solve the derived circuit. Although 
this text emphasizes the skills required to solve circuits, you also will need 
other skills in the practice of electrical engineering, and one of the most 
important is modeling. 

We develop circuit models in the next two examples. In Example 2.4 
we construct a circuit model based on a knowledge of the behavior of the 
system’s components and how the components are interconnected. In 
Example 2.5 we create a circuit model by measuring the terminal behavior 
of a device. 


Constructing a Circuit Model of a Flashlight 


Construct a circuit model of a flashlight. 


Solution 


We chose the flashlight to illustrate a practical system 
because its components are so familiar. Figure 2.9 
shows a photograph of a widely available flashlight. 

When a flashlight is regarded as an electrical 
system, the components of primary interest are the 
batteries, the lamp, the connector, the case, and the 
switch. We now consider the circuit model for each 
component. 

A dry-cell battery maintains a reasonably con- 
stant terminal voltage if the current demand is not 
excessive. Thus if the dry-cell battery is operating 
within its intended limits, we can model it with an 
ideal voltage source. The prescribed voltage then is 
constant and equal to the sum of two dry-cell values. 

The ultimate output of the lamp is light energy, 
which is achieved by heating the filament in the 
lamp to a temperature high enough to cause radia- 
tion in the visible range. We can model the lamp 
with an ideal resistor. Note in this case that although 
the resistor accounts for the amount of electric 
energy converted to thermal energy, it does not pre- 
dict how much of the thermal energy is converted to 


Figure 2.9 A A flashlight can be viewed as an electrical system. 


light energy. The resistor used to represent the lamp 
does predict the steady current drain on the batter- 
ies, a characteristic of the system that also is of inter- 
est. In this model, R; symbolizes the lamp resistance. 

The connector used in the flashlight serves a 
dual role. First, it provides an electrical conductive 
path between the dry cells and the case. Second, it is 


formed into a springy coil so that it also can apply 
mechanical pressure to the contact between the 
batteries and the lamp. The purpose of this mechan- 
ical pressure is to maintain contact between the two 
dry cells and between the dry cells and the lamp. 
Hence, in choosing the wire for the connector, we 
may find that its mechanical properties are more 
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important than its electrical properties for the ——— 
flashlight design. Electrically, we can model the (a) 
connector with an ideal resistor, labeled Rj. ro = 
The case also serves both a mechanical and an (b) 
electrical purpose. Mechanically, it contains all the 
other components and provides a grip for the person OFF 
using it. Electrically, it provides a connection between ne 
other elements in the flashlight. If the case is metal, it ON 
conducts current between the batteries and the lamp. (c) 


If it is plastic, a metal strip inside the case connects 
the coiled connector to the switch. Either way, an 
ideal resistor, which we denote R,., models the electri- 
cal connection provided by the case, 

The final component is the switch. Electrically, 
the switch is a two-state device. It is either ON or 
oFF. An ideal switch offers no resistance to the cur- 
rent when it is in the ON state, but it offers infinite 
resistance to current when it is in the OFF state. 
These two states represent the limiting values of a 
resistor; that is, the ON state corresponds to a resis- r « 
tor with a numerical value of zero, and the OFF state Se | Sliding switch 
corresponds to a resistor with a numerical value of 
infinity. The two extreme values have the descrip- Dry cell #2 
tive names short circuit (R = 0) and open circuit 
(R = oo). Figure 2.10(a) and (b) show the graphical 
representation of a short circuit and an open circuit, 
respectively. The symbol shown in Fig, 2.10(c) rep- 
resents the fact that a switch can be either a short 
circuit or an open circuit, depending on the position 
of its contacts. Dry cell # 1 

We now construct the circuit model of the 
flashlight. Starting with the dry-cell batteries, the 
positive terminal of the first cell is connected to 
the negative terminal of the second cell, as shown in 
Fig. 2.11. The positive terminal of the second cell is 
connected to one terminal of the lamp. The other 
terminal of the lamp makes contact with one side of 
the switch, and the other side of the switch is con- 
nected to the metal case. The metal case is then con- 
nected to the negative terminal of the first dry cell 
by means of the metal spring. Note that the ele- 
ments form a closed path or circuit. You can see the 
closed path formed by the connected elements in 
Fig. 2.11. Figure 2.12 shows a circuit model for the 
flashlight. Figure 2.12 A A circuit model for a flashlight. 


Figure 2.10 A Circuit symbols. (a) Short circuit. (b) Open circuit. 
(c) Switch. 


Lamp 


Filament 
terminal 


We can make some general observations about modeling from our 
flashlight example: First, in developing a circuit model, the electrical behav- 
ior of each physical component is of primary interest. In the flashlight 
model, three very different physical components—a lamp, a coiled wire, 
and a metal case—are all represented by the same circuit element (a resis- 
tor), because the electrical phenomenon taking place in each is the same. 
Each is presenting resistance to the current flowing through the circuit. 

Second, circuit models may need to account for undesired as well as 
desired electrical effects. For example, the heat resulting from the resist- 
ance in the lamp produces the light, a desired effect. However, the heat 
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resulting from the resistance in the case and coil represents an unwanted 
or parasitic effect. It drains the dry cells and produces no useful output. 
Such parasitic effects must be considered or the resulting model may not 
adequately represent the system. 

And finally, modeling requires approximation. Even for the basic sys- 
tem represented by the flashlight, we made simplifying assumptions in 
developing the circuit model. For example, we assumed an ideal switch, 
but in practical switches, contact resistance may be high enough to inter- 
fere with proper operation of the system. Our model does not predict this 
behavior. We also assumed that the coiled connector exerts enough pres- 
sure to eliminate any contact resistance between the dry cells. Our model 
does not predict the effect of inadequate pressure. Our use of an ideal 
voltage source ignores any internal dissipation of energy in the dry cells, 
which might be due to the parasitic heating just mentioned. We could 
account for this by adding an ideal resistor between the source and the 
lamp resistor. Our model assumes the internal loss to be negligible. 

In modeling the flashlight as a circuit, we had a basic understanding of 
and access to the internal components of the system. However, sometimes 
we know only the terminal behavior of a device and must use this infor- 
mation in constructing the model. Example 2.5 explores such a modeling 
problem. 


Constructing a Circuit Model Based on Terminal Measurements 


The voltage and current are measured at the termi- Solution 


nals of the device illustrated in Fig. 2.13(a), and the 
values of v, and i, are tabulated in Fig. 2.13(b). 
Construct a circuit model of the device inside the box. 


Device 


Plotting the voltage as a function of the current 
yields the graph shown in Fig. 2.14(a). The equation 
of the line in this figure illustrates that the terminal 
voltage is directly proportional to the terminal cur- 
rent, v, = 47,. In terms of Ohm’s law, the device 
inside the box behaves like a 4 ( resistor. Therefore, 
the circuit model for the device inside the box is a 
4 () resistor, as seen in Fig. 2.14(b). 

We come back to this technique of using termi- 
nal characteristics to construct a circuit model after 
introducing Kirchhoff’s laws and circuit analysis. 


(b) 


Figure 2.14 A (a) The values of v, versus i, for the device in Fig. 2.13. (b) The circuit model 


for the device in Fig. 2.13. 


NOTE: Assess your understanding of this example by trying Chapter Problems 2.11 and 2.13. 


2.4 Kirchhoff’s Laws 


A circuit is said to be solved when the voltage across and the current in 
every element have been determined. Ohm’s law is an important equation 
for deriving such solutions. However, Ohm’s law may not be enough to 
provide a complete solution. As we shall see in trying to solve the flash- 
light circuit from Example 2.4, we need to use two more important alge- 
braic relationships, known as Kirchhoff’s laws, to solve most circuits. 

We begin by redrawing the circuit as shown in Fig. 2.15, with the 
switch in the ON state. Note that we have also labeled the current and volt- 
age variables associated with each resistor and the current associated with 
the voltage source. Labeling includes reference polarities, as always. For 
convenience, we attach the same subscript to the voltage and current 
labels as we do to the resistor labels. In Fig. 2.15, we also removed some of 
the terminal dots of Fig. 2.12 and have inserted nodes. Terminal dots are 
the start and end points of an individual circuit element. A node is a point 
where two or more circuit elements meet. It is necessary to identify nodes 
in order to use Kirchhoff’s current law, as we will see in a moment. In 
Fig. 2.15, the nodes are labeled a, b,c, and d. Node d connects the battery 
and the lamp and in essence stretches all the way across the top of the dia- 
gram, though we label a single point for convenience. The dots on either 
side of the switch indicate its terminals, but only one is needed to repre- 
sent a node, so only one is labeled node c. 

For the circuit shown in Fig. 2.15, we can identify seven unknowns: 
Ess fy, Ee, dj, Vj, Ve, and v;. Recall that v, is a known voltage, as it represents 
the sum of the terminal voltages of the two dry cells, a constant voltage 
of 3 V. The problem is to find the seven unknown variables. From alge- 
bra, you know that to find 7 unknown quantities you must solve » simul- 
taneous independent equations. From our discussion of Ohm’s law in 
Section 2.2, you know that three of the necessary equations are 


v1 = iy Ri, (2.13) 
Vv. = IR, (2.14) 
vy, = i,R). (2.15) 


What about the other four equations? 

The interconnection of circuit elements imposes constraints on the 
relationship between the terminal voltages and currents. These constraints 
are referred to as Kirchhoff’s laws, after Gustav Kirchhoff, who first stated 
them in a paper published in 1848. The two laws that state the constraints 
in mathematical form are known as Kirchhoff’s current law and 
Kirchhoff’s voltage law. 

We can now state Kirchhoff’s current law: 


The algebraic sum of all the currents at any node in a circuit 
equals zero. 


To use Kirchhoff’s current law, an algebraic sign corresponding to a 
reference direction must be assigned to every current at the node. 
Assigning a positive sign to a current leaving a node requires assigning a 
negative sign to a current entering a node. Conversely, giving a negative 
sign to a current Icaving a node requires giving a positive sign to a current 
entering a node. 
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Figure 2.15 A Circuit model of the flashlight with 
assigned voltage and current variables. 


< Kirchhoff’s current law (KCL) 
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Kirchhoff’s voltage law (KVL) > 


Applying Kirchhoff’s current law to the four nodes in the circuit 
shown in Fig. 2.15, using the convention that currents leaving a node are 
considered positive, yields four equations: 


node a Lot = 0, (2.16) 
node b i, + i = 0, (2,17) 
node c —i. — i) = 0, (2.18) 
node d i) — ty = 0. (2.19) 


Note that Eqs. 2.16-2.19 are not an independent set, because any one 
of the four can be derived from the other three. In any circuit with 7 nodes, 
n — 1 independent current equations can be derived from Kirchhoff’s 
current law.! Let’s disregard Eq. 2.19 so that we have six independent 
equations, namely, Eqs. 2.13-2.18. We need one more, which we can derive 
from Kirchhoff’s voltage law. 

Before we can state Kirchhoff’s voltage law, we must define a closed 
path or loop. Starting at an arbitrarily selected node, we trace a closed 
path in a circuit through selected basic circuit elements and return to the 
original node without passing through any intermediate node more than 
once. The circuit shown in Fig. 2.15 has only one closed path or loop. For 
example, choosing node a as the starting point and tracing the circuit 
clockwise, we form the closed path by moving through nodes d, c, b, and 
back to node a. We can now state Kirchhoff’s voltage law: 


The algebraic sum of all the voltages around any closed path in a circuit 
equals zero. 


To use Kirchhoff’s voltage law, we must assign an algebraic sign (refer- 
ence direction) to each voltage in the loop. As we trace a closed path, a volt- 
age will appear either as a rise or a drop in the tracing direction. Assigning a 
positive sign to a voltage rise requires assigning a negative sign to a voltage 
drop. Conversely, giving a negative sign to a voltage rise requires giving a 
positive sign to a voltage drop. 

We now apply Kirchhoff’s voltage law to the circuit shown in Fig. 2.15. 
We elect to trace the closed path clockwise, assigning a positive algebraic 
sign to voltage drops. Starting at node d leads to the expression 


iH UF Dy =, (2.20) 


which represents the seventh independent equation needed to find the 
seven unknown circuit variables mentioned earlier. 

The thought of having to solve seven simultaneous equations to find 
the current delivered by a pair of dry cells to a flashlight lamp is not very 
appealing. Thus in the coming chapters we introduce you to analytical 
techniques that will enable you to solve a simple one-loop circuit by writ- 
ing a single equation. However, before moving on to a discussion of these 
circuit techniques, we need to make several observations about the 
detailed analysis of the flashlight circuit. In general, these observations are 
true and therefore are important to the discussions in subsequent chap- 
ters. They also support the contention that the flashlight circuit can be 
solved by defining a single unknown. 


' We say more about this observation in Chapter 4. 
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First, note that if you know the current in a resistor, you also know the 
voltage across the resistor, because current and voltage are directly 
related through Ohm’s law. Thus you can associate one unknown variable 
with each resistor, either the current or the voltage. Choose, say, the cur- 
rent as the unknown variable. Then, once you solve for the unknown cur- 
rent in the resistor, you can find the voltage across the resistor. In general. 
if you know the current in a passive element, you can find the voltage 
across it, greatly reducing the number of simultaneous equations to be 
solved. For example, in the flashlight circuit, we eliminate the voltages v,., 
v,, and v, as unknowns. Thus at the outset we reduce the analytical task to 
solving four simultaneous equations rather than seven. 

The second general observation relates to the consequences of con- 
necting only two elements to form a node. According to Kirchhoff’s cur- 
rent law, when only two elements connect to a node, if you know the 
current in one of the elements, you also know it in the second element. 
In other words, you need define only one unknown current for the two 
elements. When just two clements connect at a single node, the elements 
are said to be in series. The importance of this second observation is 
obvious when you note that each node in the circuit shown in Fig. 2.15 
involves only two elements. Thus you need to define only one unknown 
current. The reason is that Eqs. 2.16-2.18 lead directly to 


ly = i = = = it, (2.21) 


which states that if you know any one of the element currents, you 
know them all. For example, choosing to use ij, as the unknown elimi- 
nates i,,i,,and i,. The problem is reduced to determining one unknown, 
namely, f,. 

Examples 2.6 and 2.7 illustrate how to write circuit equations based 
on Kirchhoff’s laws. Example 2.8 illustrates how to use Kirchhoff’s laws 
and Ohm’s law to find an unknown current. Example 2.9 expands on the 
technique presented in Example 2.5 for constructing a circuit model for a 
device whose terminal characteristics are known. 


Settee Using Kirchhoff’s Current Law 


Sum the currents at each node in the circuit shown 
in Fig. 2.16. Note that there is no connection dot (¢) 
in the center of the diagram, where the 4 0 branch 
crosses the branch containing the ideal current 
SOUICE iy. 


Solution 


In writing the equations, we use a positive sign for a 
current leaving a node. The four equations are 


hodesa ea ee ee ee Figure 2.16 A The circuit for Example 2.6. 


node b Py at i3 = Ly = ly 4 la = 0, 
node c ie Ae SU; 


node d is +i, + i, = 0. 
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Using Kirchhoff’s Voltage Law 


Sum the voltages around each designated path in 
the circuit shown in Fig. 2.17. 


Solution 


In writing the equations, we use a positive sign for a 
voltage drop. The four equations are 


path a —vV; + V2 + V4 — Vy — V3 = O, 
path b —vV, + 03 + vs = 0,7 
path c Up — V4 — Ue — Vg — Vs = OD, 


path d —v, — v) + 2 — Ve + U7 -— Vy = 0. 


Figure 2.17 A The circuit for Example 2.7. 


Selita Applying Ohm's Law and Kirchhoff’s Laws to Find an Unknown Current 


a) Use Kirchhoff’s laws and Ohm’s law to find i, in 
the circuit shown in Fig. 2.18. 


100 


Figure 2.18 A The circuit for Example 2.8. 


b) Test the solution for i,, by verifying that the total 
power generated equals the total power dissipated. 


Solution 


a) We begin by redrawing the circuit and assigning 
an unknown current to the 50 resistor and 
unknown voltages across the 109 and 5020 
resistors. Figure 2.19 shows the circuit. The nodes 
are labeled a, b, and c to aid the discussion. 


Figure 2.19 A The circuit shown in Fig. 2.18, with the 
unknowns i;, ¥,, and v, defined. 


Because i, also is the current in the 120 V 
source, we have two unknown currents and 


therefore must derive two simultaneous equa- 
tions involving i, and i,. We obtain one of the 
equations by applying Kirchhoff’s current law to 
either node b or c. Summing the currents at node 
b and assigning a positive sign to the currents 
leaving the node gives 


him i; — 6 = 0. 


We obtain the second equation from Kirchhoft’s 
voltage law in combination with Ohm’s law. 
Noting from Ohm’s law that v, is 10i, and 2, 1s 
50i;, we sum the voltages around the closed path 
cabc to obtain 


~120 + 10i,, + S0i, = 0. 


In writing this equation, we assigned a positive 
sign to voltage drops in the clockwise direc- 
tion. Solving these two equations for i, and 
i, yields 


i, =-3A and hy =3 A. 


b) The power dissipated in the 50 Q resistor is 
Psoo = (3)°(50) = 450 W. 
The power dissipated in the 10 2 resistor is 


Pioo = (—3)7(10) = 90 W. 


The power delivered to the 120 V source is 
Prov = —120i, = —120(-3) = 360 W. 
The power delivered to the 6 A source is 


Pox = —0,(6), but vy, = 50i, = 150 V. 


2.4 Kirchhoff’s Laws 


Therefore 


Poa = —150(6) = —900 W. 


The 6 A source is delivering 900 W, and the 
120 V source is absorbing 360 W. The total 
power absorbed is 360 + 450 + 90 = 900 W. 
Therefore, the solution verifies that the power 
delivered equals the power absorbed. 


clues Constructing a Circuit Model Based on Terminal Measurements 


The terminal voltage and terminal current were 
measured on the device shown in Fig. 2.20(a), and 


the values of v, and i, are tabulated in Fig. 2.20(b). 
ti, 


Device 


(a) 
Figure 2.20 A (a) Device and (b) data for Example 2.9. 


a) Construct a circuit model of the device inside 
the box. 


b) Using this circuit model, predict the power this 
device will deliver to a 10 (2 resistor. 


Solution 


a) Plotting the voltage as a function of the current 
yields the graph shown in Fig. 2.21(a). The equa- 
tion of the line plotted is 


Ur = 30 = Si; . 


Now we need to identify the components of a cir- 
cuit model that will produce the same relation- 
ship between voltage and current. Kirchhoff’s 
voltage law tells us that the voltage drops across 
two components in series. From the equation, 
one of those components produces a 30 V drop 
regardless of the current. This component can be 
modeled as an ideal independent voltage source. 
The other component produces a positive volt- 
age drop in the direction of the current j,. 
Because the voltage drop is proportional to the 
current, Ohm’s law tells us that this component 
can be modeled as an ideal resistor with a value 
of 5 (1. The resulting circuit model is depicted in 
the dashed box in Fig. 2.21(b). 


uv, (V) 


109 


(b) 


Figure 2.21 A (a) The graph of v, versus i, for the device in 
Fig. 2.20(a). (b) The resulting circuit model for the device in 
Fig. 2.20(a), connected to a 10 2) resistor. 


b) Now we attach a 10 0 resistor to the device in 
Fig. 2.21(b) to complete the circuit. Kirchhoff’s 
current law tells us that the current in the 10 0 
resistor is the same as the current in the 5 (2 resis- 
tor. Using Kirchhoff’s voltage law and Ohm’s law, 
we can write the equation for the voltage drops 
around the circuit, starting at the voltage source 
and proceeding clockwise: 


—30 + Si + 10i = 0. 
Solving for i, we get 
b=2A. 


Because this is the value of current flowing in 
the 10 © resistor, we can use the power equation 
p = i°R to compute the power delivered to this 
resistor: 


Pi0Qn = (2)?(10) = 40 W. 
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/ ASSESSMENT PROBLEMS 


Objective 2—Be able to state and use Ohm’s law and Kirchhoff’s current and voltage laws 


2.5 ‘For the circuit shown, calculate (a) is; (b) v7; 2.7. a) The terminal voltage and terminal current 
(c) v2; (d) vs; and (e) the power delivered by were measured on the device shown. The 
the 24 V source. values of v, and i, are provided in the table. 

Using these values, create the straight line 

Answer: (a) 2A; plot of v, versus 7, Compute the equation of 

(b) -4V; the line and use the equation to construct a 
(c) 6: circuit model for the device using an ideal 


voltage source and a resistor. 


— 


(d) 14V, b) Use the model constructed in (a) to predict 
(e) 48 W. the power that the device will deliver to a 
25 Q. resistor. 


Answer: (a) A 25 V source in series with a 100 
resistor; 


(b) 1 W. 


Device 


(a) 


2.6 Use Ohm’s law and Kirchhoff’s laws to find the 
value of R in the circuit shown. 


Answer: R= 40). 
2.8 Repeat Assessment Problem 2.7 but use the 
equation of the graphed line to construct a cir- 
R cuit model containing an ideal current source 
and a resistor. 


+ 
200 V oo 120V 2 240 80 Answer: (a) A0.25 A current source connected 
- between the terminals of a 100 ( resistor; 


(b) 1 W. 
NOTE: Also try Chapter Problems 2.14, 2.17, 2.18, and 2.19. 


2.5 Analysis of a Circuit Containing 
Dependent Sources 


We conclude this introduction to elementary circuit analysis with a discus- 
sion of a circuit that contains a dependent source, as depicted in Fig. 2.22. 

We want to use Kirchhoff’s laws and Ohm’s law to find v, in this cir- 
cuit. Before writing equations, it is good practice to examine the circuit 
diagram closely. This will help us identify the information that is known 
and the information we must calculate. It may also help us devise a strat- 
Figure 2.22 & A circuit with a dependent source. egy for solving the circuit using only a few calculations. 


25 


A look at the circuit in Fig. 2.22 reveals that 


* Once we know i,, we can calculate v, using Ohm’s law. 


¢ Once we know ig, we also know the current supplied by the dependent 
source Si,. 


¢ The current in the 500 V source is i,. 


There are thus two unknown currents, i, and i,,. We need to construct and 
solve two independent equations involving these two currents to produce 
a value for v,,. 

From the circuit, notice the closed path containing the voltage source, 
the 5 22 resistor, and the 20 ( resistor. We can apply Kirchhoff’s voltage 
law around this closed path. The resulting equation contains the two 
unknown currents: 


500 = Si, + 20i,. (2.22) 


Now we need to generate a second equation containing these two 
currents. Consider the closed path formed by the 20 © resistor and the 
dependent current source. If we attempt to apply Kirchhoff’s voltage 
law to this loop, we fail to develop a useful equation, because we don’t 
know the value of the voltage across the dependent current source. In 
fact, the voltage across the dependent source is v,, which is the voltage 
we are trying to compute. Writing an equation for this loop does not 
advance us toward a solution. For this same reason, we do not use the 
closed path containing the voltage source, the 5 resistor, and the 
dependent source. 

There are three nodes in the circuit, so we turn to Kirchhoff’s current 
law to generate the second equation. Node a connects the voltage source 
and the 5 € resistor; as we have already observed, the current in these two 
elements is the same. Either node b or node c can be uscd to construct the 
second equation from Kirchhoff’s current law. We select node b and pro- 
duce the following equation: 


le = ia oe SIA = 6i,. (2.23) 


Solving Eqs. 2.22 and 2.23 for the currents, we get 


in = 4 A, 


i, = 24 A. (2.24) 


Using Eq. 2.24 and Ohm’s law for the 20 Q resistor, we can solve for the 
voltage v,;: 


v, = 20i, = 480 V. 


Think about a circuit analysis strategy before beginning to write equa- 
tions. As we have demonstrated, not every closed path provides an oppor- 
tunity to write a useful equation based on Kirchhoff’s voltage law. Not 
every node provides for a useful application of Kirchhoff’s current law. 
Some preliminary thinking about the problem can help in selecting the 
most fruitful approach and the most useful analysis tools for a particular 


Analysis of a Circuit Containing Dependent Sources 
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problem. Choosing a good approach and the appropriate tools will usually 
reduce the number and complexity of equations to be solved. Example 2.10 
illustrates another application of Ohm’s law and Kirchhoff’s laws to a cir- 
cuit with a dependent source. Example 2.11 involves a much more compli- 
cated circuit, but with a careful choice of analysis tools, the analysis is 
relatively uncomplicated. 


Sel] (eee Applying Ohm’s Law and Kirchhoff’s Laws to Find an Unknown Voltage 


a) Use Kirchhoff’s laws and Ohm’s law to find the 
voltage v, as shown in Fig. 2.23. 

b) Show that your solution is consistent with the 
constraint that the total power developed in the 
circuit equals the total power dissipated. 


Figure 2.23 A The circuit for Example 2.10. 


Solution 


a) A close look at the circuit in Fig. 2.23 reveals that: 

* There are two closed paths, the one on the 
left with the current i, and the one on the 
right with the current J). 

¢ Once i, is Known, we can compute U,. 

We need two equations for the two currents. 

Because there are two closed paths and both have 

voltage sources, we can apply Kirchhoff’s voltage 

law to each to give the following equations: 


10 = 6i,, 


3i, = 2i, + 3i,. 


Solving for the currents yields 


1.67 A, 


soe 
wa” 
I 


i, =1A. 


Applying Ohm’s law to the 3 Q resistor gives 
the desired voltage: 


Vy = 3, = 3 V. 


b) To compute the power delivered to the voltage 
sources, we use the power equation in the form 
p = vi. The power delivered to the independent 
voltage source is 


p = (10)(—1.67) = -16.7 W. 


The power delivered to the dependent voltage 
source is 


P = (3is)(~t)) = (5)(-1) = —5 W. 


Both sources are developing power, and the 
total developed power is 21.7 W. 

To compute the power delivered to the resis- 
tors, we use the power equation in the form 
p = i°R.The power delivered to the 6 Q resistor is 


p = (1.67)°(6) = 16.7 W. 
The power delivered to the 2 2 resistor is 
p = (1)°(2) = 2W. 
The power delivered to the 3 2) resistor is 


p = (19°(3) = 3 W. 


The resistors all dissipate power, and the total 
power dissipated is 21.7 W, equal to the total 
power developed in the sources. 


The circuit in Fig. 2.24 represents a common config- 
uration encountered in the analysis and design of 
transistor amplifiers. Assume that the values of all 
the circuit elements— R,, Ro, Rc, Re, Vec, and Yi— 
are known. 


a) Develop the equations needed to determine the 
current in each element of this circuit. 


b) From these equations, devise a formula for com- 
puting ig in terms of the circuit element values. 


Figure 2.24 A The circuit for Example 2.11. 


Solution 


A careful examination of the circuit reveals a total 
of six unknown currents, designated {, in, ip, Ic, ig, 
and icc. In defining these six unknown currents, we 
used the observation that the resistor R¢ is in series 
with the dependent current source Biz. We now 
must derive six independent equations involving 
these six unknowns. 


a) We can derive three equations by applying 
Kirchhoff’s current law to any three of the nodes 
a, b,c, and d. Let’s use nodes a, b, and c and label 
the currents away from the nodes as positive: 
(1) ty tic — icc = 9, 


(2) iz + in — iy = 0, 


(3) ic —igp—ic = 0. 


2.5 Analysis of a Circuit Containing Dependent Sources 


Applying Ohm’s Law and Kirchhoff’s Law in an Amplifier Circuit 


A fourth equation results from imposing the 
constraint presented by the series connection of 
Re and the dependent source: 


(4) ic = Big. 


We turn to Kirchhoff’s voltage law in deriv- 
ing the remaining two equations. We need to 
select two closed paths in order to use 
Kirchhoff’s voltage law. Note that the voltage 
across the dependent current source is unknown, 
and that it cannot be determined from the source 
current Big. Therefore, we must select two 
closed paths that do not contain this dependent 
current source. 

We choose the paths bcdb and badb and 
specify voltage drops as positive to yield 


(S) Vy + teRe — Ry = 0, 


(6) —iR, + Veo — 2R. = 0. 


b) To get a single equation for ig in terms of 
the known circuit variables, you can follow 
these steps: 


¢ Solve Eq. (6) for i,, and substitute this solu- 
tion for i; into Eq. (2). 

¢ Solve the transformed Eq. (2) for i2, and sub- 
stitute this solution for iz into Eq. (5). 

¢ Solve the transformed Eq. (5) for ig, and sub- 
stitute this solution for ig into Eq. (3). Use 
Eq. (4) to eliminate i¢ in Eq. (3). 

* Solve the transformed Eq. (3) for ig, and 
rearrange the terms to yield 


(VecR2)/(Ri + Ro) — Vo 


‘8 (RIRY(R, + Ra) + (1+ BRE 


Problem 2.31 asks you to verify these steps. Note 
that once we know ig, we can easily obtain the 
remaining currents. 
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Circuit Elements 


/ ASSESSMENT PROBLEMS 


Objective 3—Know how to calculate power for each element in a simple circuit 


2.9 For the circuit shown find (a) the current i, in c) the power delivered by the independent cur- 
microamperes, (b) the voltage v in volts, (c) the rent source, 


total power generated, and (d) the total power 


absorbed. 


Answer: (a) 25 2A; 
(b) -2 V; 
(c) 6150 nW; 
(d) 6150 wW. 


2.10 The current iy in the circuit shown is 2 A. 


Calculate 


a) Us, 


b) the power absorbed by the independent 
voltage source, 


d) the power delivered by the controlled cur- 
rent source, 


e) the total power dissipated in the two resistors. 


Answer: (a) 70 V; 
(b) 210 W; 
(c) 300 W; 
(d) 40 W; 
(e) 130 W. 


NOTE: Also try Chapter Problems 2.22 and 2.28. 


Practical Perspective 


Electrical Safety 
At the beginning of this chapter, we said that current through the body can 
Cause injury. Let's examine this aspect of electrical safety. 

You might think that electrical injury is due to burns. However, that is 
not the case. The most common electrical injury is to the nervous system. 
Nerves use electrochemical signals, and electric currents can disrupt those 
signals. When the current path includes only skeletal muscles, the effects 
can include temporary paralysis (cessation of nervous signals) or involun- 
tary muscle contractions, which are generally not life threatening. However, 
when the current path includes nerves and muscles that control the supply 
of oxygen to the brain, the problem is much more serious. Temporary paral- 
ysis of these muscles can stop a person from breathing, and a sudden mus- 
cle contraction can disrupt the signals that regulate heartbeat. The result is 
a halt in the flow of oxygenated blood to the brain, causing death in a few 
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minutes unless emergency aid is given immediately. Table 2.1 shows a range 
of physiological reactions to various current levels. The numbers in this 
table are approximate; they are obtained from an analysis of accidents 
because, obviously, it is not ethical to perform electrical experiments on 
people. Good electrical design will limit current to a few milliamperes or less 
under all possible conditions, 


TABLE 2.1 Physiological Reactions to Current Levels in Humans 


Physiological Reaction Current 
Barely perceptible 3-5 mA 
Extreme pain 35-50 mA 
Muscle paralysis 50-70 mA 
Heart stoppage 500 mA 


1986); and C. D. Winburn, Practical Electrical Safety (Monticello, N.Y.: Marcel Dekker, 1988). 


Now we develop a simplified electrical model of the human body. The 
body acts as a conductor of current, so a reasonable starting point is to 
model the body using resistors. Figure 2.25 shows a potentially dangerous 
situation. A voltage difference exists between one arm and one leg of a * 
human being. Figure 2.25(b) shows an electrical model of the human body in 
Fig. 2.25(a). The arms, legs, neck, and trunk (chest and abdomen) each have 
a characteristic resistance. Note that the path of the current is through the 
trunk, which contains the heart, a potentially deadly arrangement. Figure 2.25 A (a) A human body with a voltage 


difference between one arm and one leg. (b) A sim- 
NOTE: Assess your understanding of the Practical Perspective by solving Chapter _ plified model of the human body with a voltage dif- 


Problems 2.34-2.38. ference between one arm and one leg. 
Summary 
+ The circuit elements introduced in this chapter are volt- resistor is called its resistance and is measured in 
age sources, current sources, and resistors: ohms. (See page 30.) 


* An ideal voltage source maintains a prescribed volt- 
age regardless of the current in the device. An ideal * Olhm’s law establishes the proportionality of voltage 


current source maintains a prescribed current and current in a resistor. Specifically, 
regardless of the voltage across the device. Voltage 
and current sources are either independent, that is, e= IK 


not influenced by any other current or voltage in the 
circuit; or dependent, that is, determined by some 
other current or voltage in the circuit. (See pages 26 


if the current flow in the resistor is in the direction of 
the voltage drop across it, or 


and 27.) ; 
. . . Vv - =1K 
* A resistor constrains its voltage and current to be 
proportional to each other. The value of the propor- if the current flow in the resistor is in the direction of 


tional constant relating voltage and current in a the voltage rise across it. (See page 31.) 
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¢« By combining the equation for power, p = vi, with 
Ohm’s law, we can determine the power absorbed by a 
resistor: 


p=?R=vW'/R. 
(See page 32.) 


« Circuits are described by nodes and closed paths. A 
node is a point where two or more circuit elements join. 
When just two elements connect to form a node, they 
are said to be in series. A closed path is a loop traced 
through connecting elements, starting and ending at the 
same node and encountering intermediate nodes only 
once each. (See pages 37-39.) 


Problems 


Section 2.1 


2.1 If the interconnection in Fig. P2.1 is valid, find the 
total power developed in the circuit. If the intercon- 
nection is not valid, explain why. 


Figure P2.1 


2.2 If the interconnection in Fig. P2.2 is valid, find the 
total power developed by the voltage sources. If the 
interconnection is not valid, explain why. 


Figure P2.2 
40 V 


SA 


¢ The voltages and currents of interconnected circuit ele- 


ments obey Kirchhoff’s laws: 


¢ Kirchhoff’s current law states that the algebraic sum 
of all the currents at any node in a circuit equals zero. 
(See page 37.) 


- Kirchhoff’s voltage law states that the algebraic sum 
of all the voltages around any closed path in a circuit 
equals zero. (See page 38.) 


A circuit is solved when the voltage across and the cur- 
rent in every element have been determined. By com- 
bining an understanding of independent and dependent 
sources, Ohm’s law, and Kirchhoff’s laws, we can solve 
many simple circuits. 


2.3 a) Is the interconnection of ideal sources in the cir- 
cuit in Fig. P2.3 valid? Explain. 


b) Identify which sources are developing power 
and which sources are absorbing power. 


c) Verify that the total power developed in the cir- 
cuit equals the total power absorbed. 


d) Repeat (a)-(c), reversing the polarity of the 
20 V source. 


Figure P2.3 


2.4 If the interconnection in Fig. P2.4 is valid, find the 
power developed by the current sources. If the 
interconnection is not valid, explain why. 


Figure P2.4 


2.5 If the interconnection in Fig. P2.5 is valid, find the 
total power developed in the circuit. If the intercon- 
nection is not valid, explain why. 


Figure P2.5 
6V 4V 
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2.6 The interconnection of ideal sources can lead to an 
indeterminate solution. With this thought in mind, 
explain why the solutions for v; and v3 in the circuit 
in Fig. P2.6 are not unique. 


Figure P2.6 
20 V 


20 mA 


2.7 If the interconnection in Fig. P2.7 is valid, find the 
total power developed in the circuit. If the intercon- 
nection is not valid, explain why. 


Figure P2.7 


») @ 


(*)) 250 
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2.8 Find the total power developed in the circuit in 
Fig. P2.8 if v, = 5 V. 
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Figure P2.8 


2.9 a) Is the interconnection in Fig. P2.9 valid? Explain. 


b) Can you find the total energy developed in the 
circuit? Explain. 


Figure P2.9 


iy 
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Sections 2.2—2.3 


2.10 A pair of automotive headlamps is connected to a 
12 V battery via the arrangement shown in 
Fig. P2.10. In the figure, the triangular symbol ¥ is 
used to indicate that the terminal is connected 
directly to the metal frame of the car. 


a) Construct a circuit model using resistors and an 
independent voltage source. 

b) Identify the correspondence between the ideal 
circuit element and the symbol component that 
it represents. 


Figure P2.10 


Lamp A 


12 V battery 


50 


2.11 


2.12 


2.13 


Circuit Elements 


The terminal voltage and terminal current were 
measured on the device shown in Fig. P2.11(a). The 
values of uv and i are given in the table of 
Fig. P2.11(b). Use the values in the table to con- 
struct a circuit model for the device consisting of a 
single resistor from Appendix H. 


Figure P2.11 
+ 
Device v 
(a) 


A variety of current source values were applied to 
the device shown in Fig. P2.12(a). The power 
absorbed by the device for each value of current is 
recorded in the table given in Fig. P2.12(b). Use the 
values in the table to construct a circuit model for 
the device consisting of a single resistor from 
Appendix H. 


Figure P2.12 


49.5 


(a) (b) 


Device 


A variety of voltage source values were applied to 
the device shown in Fig. P2.13(a). The power 
absorbed by the device for each value of voltage is 
recorded in the table given in Fig. P2.13(b). Use the 
values in the table to construct a circuit model for 
the device consisting of a single resistor from 
Appendix H. 


2.14 


2.15 


Figure P2.13 


Device 


(a) 


The voltage and current were measured at the ter- 
minals of the device shown in Fig. P2.14(a). The 
results are tabulated in Fig. P2.14(b). 


a) Construct a circuit model for this device using 
an ideal current source and a resistor. 


b) Use the model to predict the amount of power 
the device will deliver to a 20 ( resistor. 


Figure P2.14 


Device 


The voltage and current were measured at the ter- 

minals of the device shown in Fig. P2.15(a). The 

results are tabulated in Fig. P2.15(b). 

a) Construct a circuit model for this device using 
an ideal voltage source and a resistor. 


b) Use the model to predict the value of i, when », 
is Zero. 


Figure P2.15 


Device 


2.16 The table in Fig. P2.16(a) gives the relationship 
between the terminal current and voltage of 
the practical constant current source shown in 
Fig. P2.16(b). 

a) Plot i, versus v,. 


b) Construct a circuit model of this current source 
that is valid for 0 = v, = 75 V. based on the 
equation of the line plotted in (a). 


c) Use your circuit model to predict the current 
delivered to a 2.5 kf) resistor. 


d) Use your circuit model to predict the open-circuit 
voltage of the current source. 


e) What is the actual open-circuit voltage? 


f) Explain why the answers to (d) and (e) are not 
the same. 


Figure P2.16 


(a) (b) 


2.17 The table in Fig. P2.17(a) gives the relationship 
between the terminal voltage and current of 
the practical constant voltage source shown in 
Fig. P2.17(b). 

a) Plot v, versus i,. 

b) Construct a circuit model of the practical source 
that is valid for 0 = i, = 24 mA, based on the 
equation of the line plotted in (a). (Use an ideal 
voltage source in series with an ideal resistor.) 

c) Use your circuit model to predict the current 


delivered to a 1 kQ resistor connected to the 
terminals of the practical source. 


d) Use your circuit model to predict the current 
delivered to a short circuit connected to the ter- 
minals of the practical source. 

e) What is the actual short-circuit current? 

f) Explain why the answers to (d) and (e) are not 
the same. 
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Figure P2.17 
ds (V) |é (MA) 


(a) (b) 


Section 2.4 


2.18 
PSPICE 
MULTISIM 


2.19 
PSPICE 
MULTISIM 


2.20 
PSPICE 
MULTISIM 


a) Find the currents /, and i, in the circuit in 
Fig. P2.18. 


b) Find the voltage v,. 


c) Verify that the total power developed equals the 
total power dissipated. 


Figure P2.18 


250 0 


Given the circuit shown in Fig. P2.19, find 
a) the value of i,, 

b) the value of é,, 

c) the value of v,, 

d) the power dissipated in each resistor, 
e) the power delivered by the 50 V source. 


Figure P2.19 


The current i, in the circuit shown in Fig. P2.20 is 
2 mA. Find (a) i,; (b) ip; and (c) the power delivered 
by the independent current source. 


52 


2.21 
PSPICE 
MULTISIM 


2.22 
PSPICE 
MULTISIM 


2.23 
PSPICE 
MULTISIM 


Circuit Elements 


Figure P2.20 


4kQ 


The current /, in the circuit in Fig. P2.21 is 1 A. 
a) Find /). 
b) Find the power dissipated in each resistor. 


c) Verify that the total power dissipated in the cir- 
cuit equals the power developed by the 150 V 
source. 


Figure P2.21 


25-02 


The voltage across the 16 ( resistor in the circuit in 
Fig. P2.22 is 80 V, positive at the upper terminal. 


a) Find the power dissipated in each resistor. 


b) Find the power supplied by the 125 V ideal volt- 
age source. 


c) Verify that the power supplied equals the total 
power dissipated. 


Figure P2.22 


rsv(> 


For the circuit shown in Fig. P2.23, find (a) RK and 
(b) the power supplied by the 240 V source, 


Figure P2.23 
52 


R 100 


240 V oe 


100 140 


2.24 The variable resistor R in the circuit in Fig. P2.24 is 


PSPICE 
MULTISIM 


adjusted until », equals 60 V. Find the value of R. 


Figure P2.24 


45 Q 


120 


2.25 The currents é, and /, in the circuit in Fig, P2.25 are 


2.26 
PSPICE 
MULTISIM 


21 A and 14 A, respectively. 
a) Find the power supplied by each voltage source. 


b) Show that the total power supplied equals the 
total power dissipated in the resistors. 


Figure P2.25 
10 


59 


a7v(“) 


“Os 100 


The currents i, and 4, in the circuit in Fig. P2.26 are 
4 A and —2 A, respectively. 


a) Find ig. 
b) Find the power dissipated in each resistor. 


35. 0 
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c) Find vg. Figure P2.29 


d) Show that the power delivered by the current 600 ‘ 
source is equal to the power absorbed by all the 
other elements. 


Figure P2.26 
ito; 2 
90 100 
59, 300 


2.30 For the circuit shown in Fig. P2.30, calculate (a) i, and 


ee V, and (b) show that the power developed equals the 


100 V ) Ce 40 power absorbed. 


Figure P2.30 


Section 2,5 
2.27 Find (a) i,, (b) i,, and (c) é in the circuit in Fig. P2.27. 


PSPICE 
MULTISIM 


Figure P2.27 


2.31 Derive Eq. 2.25. Hint: Use Eqs. (3) and (4) from 
Example 2.11 to express i, as a function of ig. Solve 
Eq. (2) for i2 and substitute the resujt into both 
Egs. (5) and (6). Solve the “new” Eq. (6) for i; and 
substitute this result into the “new” Eq. (5). Replace 
ig in the “new” Eq. (5) and solve for ig. Note that 
because icc appears only in Eq. (1), the solution for 
iz involves the manipulation of only five equations. 


2.28 a) Find the voltage v, in the circuit in Fig. P2.28. 
PSPICE 
MULTISIM 


; 2.32 For the circuit shown in Fig. 2.24, R; = 40kQ, 

b) Show that the total power generated in the cir- mcee RR = 60 KO, Re = 7502, Re = 1209, Vcc = 10V, 

cuit equals the total power absorbed. Mun 7 = 600 mV, and 8 = 49. Calculate ig, ic, ix, Daa, 

Vpd> £25 £15 Vabs fcc, aNd V3. (Note: In the double sub- 

Figure P2.28 script notation on voltage variables, the first sub- 

script is positive with respect to the second 
subscript. See Fig. P2.32.) 


Figure P2.32 


2.29 Find v, and v, in the circuit shown in Fig. P2.29 
pspxce when v, equals 5 V. (Hint: Start at the right end of d 
ee the circuit and work back toward Vy.) 
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Circuit Elements 


Sections 2.1-2.5 


2.33 


DESIGN 
PROBLEM 


It is often desirable in designing an electric wiring 
system to be able to control a single appliance from 
two or more locations, for example, to control a 
lighting fixture from both the top and bottom of a 
stairwell. In home wiring systems, this type of con- 
trol is implemented with three-way and four-way 
switches. A three-way switch is a three-terminal, 
two-position switch, and a four-way switch is a four- 
terminal, two-position switch. The switches are shown 
schematically in Fig. P2.33(a), which illustrates a 
three-way switch, and P2.33(b), which illustrates 
a four-way switch. 


a) Show how two three-way switches can be con- 
nected between a and b in the circuit in 
Fig. P2.33(c) so that the lamp / can be turned ON 
or OFF from two locations. 

b) If the lamp (appliance) is to be controlled from 

more than two locations, four-way switches are 

used in conjunction with two three-way 
switches. One four-way switch is required for 
each location in excess of two. Show how one 
four-way switch plus two three-way switches can 
be connected between a and b in Fig. P2.33(c) to 
control the lamp from three locations. (Hint: 

The four-way switch is placed between the 

three-way switches.) 


Figure P2.33 


Position 1 Position 2 


(a) 


= |. e~—_—___er 


1 Position 2 


(b) 


Positio 
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PRACTICAL 
PERSPECTIVE 


2.35 


PRACTICAL 


PERSPECTIVE 


2.36 


PRACTICAL 


PERSPECTIVE 


2.37 


PRACTICAL 


PERSPECTIVE 


a) Suppose the power company installs some 
equipment that could provide a 250 V shock to a 
human being. Is the current that results danger- 
ous enough to warrant posting a warning sign 
and taking other precautions to prevent such a 
shock? Assume that if the source is 250 V, the 
resistance of the arm is 400 2, the resistance of 
the trunk is 50 (2, and the resistance of the leg is 
200 (2. Use the model given in Fig. 2.25(b). 


Find resistor values from Appendix H that could 
be used to build a circuit whose behavior is the 
closest to the model described in part (a). 


b) 


Based on the model and circuit shown in Fig. 2.25, 
draw a circuit model of the path of current through 
the human body for a person touching a voltage 
source with both hands who has both feet at the 
same potential as the negative terminal of the volt- 
age source. 


a) Using the values of resistance for arm, leg, and 
trunk provided in Problem 2.34, calculate the 
power dissipated in the arm, leg, and trunk. 


b) The specific heat of water is 4.18 x 10°J/kg°C, 
so a mass of water M (in kilograms) heated by a 
power P (in watts) undergoes a rise in tempera- 
ture at a rate given by 


dT 239 107P, 
dt M oie 

Assuming that the mass of an arm is 4 kg, the 
mass of a leg is 10 kg, and the mass of a trunk is 
25 kg, and that the human body is mostly water, 
how many seconds does it take the arm. leg, and 
trunk to rise the 5°C that endangers living tissue? 


c) How do the values you computed in (b) com- 
pare with the few minutes it takes for oxygen 
starvation to injure the brain? 


A person accidently grabs conductors connected to 
each end of a dc voltage source, one in each hand. 


a) Using the resistance values for the human body 
provided in Problem 2.34, what is the minimum 
source voltage that can produce electrical shock 
sufficient to cause paralysis, preventing the per- 
son from letting go of the conductors? 

b) Is there a significant risk of this type of accident 

occurring while servicing a personal computer, 

which typically has 5 V and 12 V sources? 


2.38 To understand why the voltage level is not the sole 


determinant of potential injury due to electrical 
shock, consider the case of a static electricity shock 
mentioned in the Practical Perspective at the start of 
this chapter. When you shuffle your feet across a 
carpet, your body becomes charged. The effect of 
this charge is that your entire body represents a volt- 
age potential. When you touch a metal doorknob, a 
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voltage difference is created between you and the 
doorknob, and current flows—but the conduction 
material is air, not your body! 


Suppose the model of the space between your 
hand and the doorknob is a 1 MQ resistance. What 
voltage potential exists between your hand and 
the doorknob if the current causing the mild shock 
is 3 mA? 


CHAPTER 


CHAPTER CONTENTS 


3.1 Resistors in Series p. 58 


3.2 Resistors in Parallel p. 59 
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Circuits p. 71 


J/ CHAPTER OBJECTIVES 


1 Be able to recognize resistors connected in 
series and in parallel and use the rules for 
combining series-connected resistors and 
parallel-connected resistors to yield equivalent 
resistance. 


2 Know how to design simple voltage-divider and 
current-divider circuits. 


3 Be able to use voltage division and current 
division appropriately to solve simple circuits. 


& 


Be able to determine the reading of an ammeter 
when added to a circuit to measure current; be 
able to determine the reading of a voltmeter 
when added to a circuit to measure voltage. 


5 Understand how a Wheatstone bridge is used to 
measure resistance. 


6 Know when and how to use delta-to-wye 
equivalent circuits to solve simple circuits. 
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Simple Resistive Circuits 


Our analytical toolbox now contains Ohm’s law and Kirchhoff’s 
laws. In Chapter 2 we used these tools in solving simple circuits. 
In this chapter we continue applying these tools, but on more- 
complex circuits. The greater complexity lies in a greater number 
of elements with more complicated interconnections. This chap- 
ter focuses on reducing such circuits into simpler, equivalent cir- 
cuits. We continue to focus on relatively simple circuits for two 
reasons: (1) It gives us a chance to acquaint ourselves thoroughly 
with the laws underlying more sophisticated methods, and (2) it 
allows us to be introduced to some circuits that have important 
engineering applications. 

The sources in the circuits discussed in this chapter are lim- 
ited to voltage and current sources that generate either constant 
voltages or currents; that is, voltages and currents that are invari- 
ant with time. Constant sources are often called de sources. The 
dc stands for direct current, a description that has a historical basis 
but can seem misleading now. Historically, a direct current was 
defined as a current produced by a constant voltage. Therefore, a 
constant voltage became known as a direct current, or dc, voltage. 
The use of dc for constant stuck, and the terms dc current and dc 
voltage are now universally accepted in science and engineering 
to mean constant current and constant voltage. 


> .u- “ = a a = a 
i= » 8 yt, Hy 
| r fel a x 
ia * 7 ' ” m & r ' a o bas len 


Practical Perspective 


A Rear Window Defroster 

The rear window defroster grid on an automobile is an exam- 
ple of a resistive circuit that performs a useful function. One 
such grid structure is shown on the left of the figure here. The 
grid conductors can be modeled with resistors, as shown on 
the right of the figure. The number of horizontal conductors 
varies with the make and model of the car but typically ranges 
from 9 to 16. 

How does this grid work to defrost the rear window? How 
are the properties of the grid determined? We will answer 
these questions in the Practical Perspective at the end of this 
chapter. The circuit analysis required to answer these ques- 
tions arises from the goal of having uniform defrosting in 
both the horizontal and vertical directions. 
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h * g = f ; ci c 


h g f € 


Figure 3.2 A Series resistors with a single unknown 
current i,. 


Figure 3.3 A A simplified version of the circuit shown 
in Fig. 3.2. 


Combining resistors in series > 


Figure 3.4 A The black box equivalent of the circuit 
shown in Fig. 3.2. 


3.1 Resistors in Series 


In Chapter 2, we said that when just two elements connect at a single 
node, they are said to be in series. Series-connected circuit elements carry 
the same current. The resistors in the circuit shown in Fig. 3.1 are con- 
nected in series. We can show that these resistors carry the same current 
by applying Kirchhoff’s current law to each node in the circuit. The series 
interconnection in Fig. 3.1 requires that 


ls = Ly = aa) _ 13 = ig = —is nd =I¢ = 17, (3.1) 


which states that if we know any one of the seven currents, we know them 
all. Thus we can redraw Fig. 3.1 as shown in Fig. 3.2, retaining the identity 
of the single current é,. 

To find i,, we apply Kirchhoff’s voltage law around the single closed 
loop. Defining the voltage across each resistor as a drop in the direction of 
i, gives 


—¥, + IR, + 1,R2 + 1R3 + i,Ry + ORs + i,Re + 1,R7 = 0, (3.2) 
or 
Vs = LCR, + R, + R3 + Ry + Rs + Re + R>). (3.3) 


The significance of Eq. 3.3 for calculating i, is that the seven resistors can 
be replaced by a single resistor whose numerical value is the sum of the 
individual resistors, that is, 


Reg = Ry + Ry + R3 + Ry t+ Rs + Re + Ry (3.4) 
and 


Us = IpReg (3.5) 


Thus we can redraw Fig. 3.2 as shown in Fig. 3.3. 
In general, if k resistors are connected in series, the equivalent single 
resistor has a resistance equal to the sum of the & resistances, or 


k 
Reg = 2 ieee ve + Ry. (3.6) 
= 


Note that the resistance of the equivalent resistor is always larger than 
that of the largest resistor in the series connection. 

Another way to think about this concept of an equivalent resistance is 
to visualize the string of resistors as being inside a black box. (An electri- 
cal engineer uses the term black box to imply an opaque container; that is, 
the contents are hidden from view. The engineer is then challenged to 
model the contents of the box by studying the relationship between the 
voltage and current at its terminals.) Determining whether the box con- 
tains & resistors or a single equivalent resistor is impossible. Figure 3.4 
illustrates this method of studying the circuit shown in Fig. 3.2. 


3.2 Resistors in Parallel 


When two elements connect at a single node pair, they are said to be in 
parallel. Parallel-connected circuit elements have the same voltage across 
their terminals. The circuit shown in Fig. 3.5 illustrates resistors connected 
in parallel. Don’t make the mistake of assuming that two elements are 
parallel connected merely because they are lined up in parallel in a circuit 
diagram. The defining characteristic of parallel-connected elements is that 
they have the same voltage across their terminals. In Fig. 3.6, you can see 
that R,; and R; are not parallel connected because, between their respec- 
tive terminals, another resistor dissipates some of the voltage. 

Resistors in parallel can be reduced to a single equivalent resistor 
using Kirchhoff’s current law and Ohm’s law, as we now demonstrate. In 
the circuit shown in Fig. 3.5, we let the currents ij, io, i3, and i4 be the cur- 
rents in the resistors R, through R4, respectively. We also let the positive 
reference direction for each resistor current be down through the resistor, 
that is, from node a to node b. From Kirchhoff’s current law, 

Be _ iy + Py + iz + ig. (3.7) 
The parallel connection of the resistors means that the voltage across each 
resistor must be the same. Hence, from Ohm’s law, 


WR, = DR = i3R3 = igR, = Us. (3.8) 
Therefore, 
v, 
i=, 
1 R, 
: Vs 
bo ss 
2 R> 
Us 
in = Rs and 
,= 3.9) 
iy=—. ; 
= R, ( 
Substituting Eq. 3.9 into Eq. 3.7 yields 
PT A (eee ona es (3.10) 
; “\R, Ryo R3) Ry} ; 
from which 
i, 1 1 1 1 ] 
= se + + (3.11) 


Equation 3.11 is what we set out to show: that the four resistors in the cir- 
cuit shown in Fig. 3.5 can be replaced by a single equivalent resistor. The 
circuit shown in Fig. 3.7 illustrates the substitution. For k resistors con- 
nected in parallel, Eq. 3.11 becomes 


(3.12) 


Note that the resistance of the equivalent resistor is always smaller than the 
resistance of the smallest resistor in the parallel connection. Sometimes, 


3.2 
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Figure 3.5 A Resistors in parallel. 


Ry 


R, Rs 


Figure 3.6 A Nonparallel resistors. 


Figure 3.7 A Replacing the four parallel resistors shown 
in Fig. 3.5 with a single equivalent resistor. 


<4 Combining resistors in parallel 
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a using conductance when dealing with resistors connected in parallel is more 
convenient. In that case, Eq. 3.12 becomes 
R, A 
Gey = > Ge = G, + Go te + G& (3.13) 
i=] 
b Many times only two resistors are connected in parallel. Figure 3.8 
illustrates this special case. alculate i 
Fiquie’ Bas Torres store conneeeedan paiellel L : special case. We calculate the equivalent resistance from 
q. 3.12: 
ry Se ihe Sea (3.14) 
Reg Ri Ro RR, ? 
or 
ages 3.15 
“4 Ry + Ry ow 


Thus for just two resistors in parallel the equivalent resistance equals 
the product of the resistances divided by the sum of the resistances. 
Remember that you can only use this result in the special case of just two 
resistors in parallel. Example 3.1 illustrates the usefulness of these results. 


Applying Series-Parallel Simplification 


Find i,, #,, and i, in the circuit shown in Fig. 3.9. 


Solution 


We begin by noting that the 3 ( resistor is in series 
with the 6 © resistor. We therefore replace this series 
combination with a 9 Q resistor, reducing the circuit 
to the one shown in Fig. 3.10(a). We now can replace 
the paralle] combination of the 9 Q and 18 Q resis- 4Q x 
tors with a single resistance of (18 X 9)/(18 + 9), or 
6 2. Figure 3.10(b) shows this further reduction of 
the circuit. The nodes x and y marked on all diagrams 
facilitate tracing through the reduction of the circuit. 

From Fig. 3.10(b) you can verify that i, equals 
120/10, or 12 A. Figure 3.11 shows the result at this 
point in the analysis. We added the voltage v, to 
help clarify the subsequent discussion. Using Ohm’s 40° x 
law we compute the value of 2: 


Figure 3.9 A The circuit for Example 3.1. 


v, = (12)(6) = 72 V. (3.16) 


But v, is the voltage drop from node x to node y, so 
we can return to the circuit shown in Fig. 3.10(a) 
and again use Ohm’s law to calculate /; and /9. Thus, 


; V1 de 

=—=—= 3.17 
a ee ony) 
: Vv 72 
b= go Fo =8A (3.18) 


We have found the three specified currents by using 
series-parallel reductions in combination with Figure 3.11 A The circuit of Fig. 3.10(b) showing the numerical 
Ohm’s law. value of i, . 


3.3 


Before leaving Example 3.1, we suggest that you take the lime to 
show that the solution satisfies Kirchhoff’s current law at every node and 
Kirchhoff’s voltage law around every closed path. (Note that there are 
three closed paths that can be tested.) Showing that the power delivered 
by the voltage source equals the total power dissipated in the resistors also 
is informative. (See Problems 3.8 and 3.9.) 


J/ ASSESSMENT PROBLEM 
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Objective 1—Be able to recognize resistors connected in series and in parallel 


3.1 ‘For the circuit shown, find (a) the voltage v, 
(b) the power delivered to the circuit by the 


the 10 (O resistor. 


current source, and (c) the power dissipated in 
xO 


Answer: (a) 60 V; 
(b) 300 W; 
(c) 57.6 W. 


NOTE: Also try Chapter Problems 3.1-3.4. 


3.3 The Voltage-Divider 
and Current-Divider Circuits 


At times—especially in electronic circuits—developing more than one 
voltage level from a single voltage supply is necessary. One way of doing 
this is by using a voltage-divider circuit, such as the one in Fig. 3.12. 

We analyze this circuit by directly applying Ohm’s law and 
Kirchhoff’s laws. To aid the analysis, we introduce the current / as shown in 
Fig. 3.12(b). From Kirchhoff’s current law, R; and R, carry the same cur- 
rent. Applying Kirchhoff’s voltage law around the closed loop yields 


Vs = iR, + LR», (3.19) 

Or 
= 3.20 
eae fe oe) 


Now we can use Ohm’s law to calculate v, and v3: 


R, 

— IR — eo ee See oe 3.21 

SR ener eras es 34)) 
R> 

= {R> = v———_. 3.22 

a ar + Ry 322) 


Equations 3.21 and 3.22 show that v, and v> are fractions of v,. Each frac- 
tion is the ratio of the resistance across which the divided voltage is 
defined to the sum of the two resistances. Because this ratio is always less 
than 1.0, the divided voltages v, and v> are always less than the source 
voltage v,. 


7.20 60 


(b) 


Figure 3.12 A (a) A voltage-divider circuit and (b) the 
voltage-divider circuit with current 7 indicated. 
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Figure 3.13 A A voltage divider connected to a load R, . 


the maximum and minimum value of v,. 


100 kN 2 ko 


Figure 3.14 A The circuit for Example 3.2. 


If you desire a particular value of v2, and v, is specified, an infinite 
number of combinations of R; and R; yield the proper ratio. For example, 
suppose that v, equals 15 V and v is to be 5 V. Then v2/v, = } and, from 
Eq. 3.22, we find that this ratio is satisfied whenever R, = 5Rj. Other fac- 
tors that may enter into the selection of R,, and hence R), include the 
power losses that occur in dividing the source voltage and the effects of 
connecting the voltage-divider circuit to other circuit components. 

Consider connecting a resistor R; in parallel with R>, as shown in 
Fig. 3.13. The resistor R; acts as a load on the voltage-divider circuit. A 
load on any circuit consists of one or more circuit elements that draw 
power from the circuit. With the load R; connected, the expression for the 
output voltage becomes 


Reg 
= : 23 
a a (3.23) 
where 
RoR 
|S CO ha camer ee 3.24 
Substituting Eq. 3.24 into Eq. 3.23 yields 
R, 
Vy = (3.25) 


Ril + (Ro/R,)] + Ry” 


Note that Eq. 3.25 reduces to Eq. 3.22 as R,—- ©, as it should. 
Equation 3.25 shows that, as long as R; >> R, the voltage ratio v,/v, is 
essentially undisturbed by the addition of the load on the divider. 

Another characteristic of the voltage-divider circuit of interest is the 
sensitivity of the divider to the tolerances of the resistors. By tolerance we 
mean a range of possible values. The resistances of commercially avail- 
able resistors always vary within some percentage of their stated value. 
Example 3.2 illustrates the effect of resistor tolerances in a voltage- 
divider circuit. 


Analyzing the Voltage-Divider Circuit 


The resistors used in the voltage-divider circuit Solution 
shown in Fig. 3.14 have a tolerance of +10%. Find 


From Eq. 3.22, the maximum value of v, occurs when 
R,is 10% high and R, is 10% low, and the minimum 
value of v, occurs when R, is 10% low and R, is 
10% high. Therefore 


_ (100)(110) _ gory 

Ue eae. 
_, _ (100)(90) _ 

v,(min) = 00275 ~ 76.60 V. 


Thus, in making the decision to use 10% resistors in 
this voltage divider, we recognize that the no-load 
output voltage will lie between 76.60 and 83.02 V. 


Be | 


The Current-Divider Circuit 


The current-divider circuit shown in Fig. 3.15 consists of two resistors con- 
nected in parallel across a current source. The current divider is designed 
to divide the current i, between R, and R>. We find the relationship 
between the current i, and the current in each resistor (that is, i; and iy) by 
directly applying Ohm’s law and Kirchhoff’s current law. The voltage 
across the parallel resistors is 


1R, = iR Bite (3.26 

=. 4 —, eras | . . 
v= RK, = bky R, +R" ) 

From Eq. 3.26, 

Ry, (3.27) 

i, = ———i,, : 

1 R, + Ry? 

. Rk, as 
ae ee 28) 


Equations 3.27 and 3.28 show that the current divides between two resis- 
tors in parallel such that the current in one resistor equals the current 
entering the parallel pair multiplied by the other resistance and divided by 
the sum of the resistors. Example 3.3 illustrates the use of the current- 
divider equation. 


Analyzing a Current-Divider Circuit 


plifying the circuit with series-parallel reductions. 
Thus, the circuit shown in Fig. 3.16 reduces to the 
one shown in Fig. 3.17. We find the current i, by 
using the formula for current division: 


16 


cea ee 


- 
Note that i, is the current in the 1.60 resistor in 


Fig. 3.16. We now can further divide i,, between the 
6Q and 4Q resistors. The current in the 6 2 resistor is 


ig = 8) =3.2A, 
~ ee ‘ 


and the power dissipated in the 6 resistor is 
p = (3.2)°(6) = 61.44 W. 


The Voltage-Divider and Current-Divider Circuits 
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Figure 3.15 A The current-divider circuit. 


Find the power dissipated in the 6 2 resistor shown 160 
in Fig. 3.16. 
LOA 160 4Q 62 
Solution —_ | 
First, we must find the current in the resistor by sim- Figure 3.16 A The circuit for Example 3.3. 


Zone 4Q Li. 


4 Figure 3.17 A A simplification of the circuit shown in Fig. 3.16. 
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u/ ASSESSMENT PROBLEMS 


Objective 2—Know how to design simple voltage-divider and current-divider circuits 


3.2 
circuit shown. 


b) Find v, when R; is 150k). 


c) How much power is dissipated in the 25 kN. 
resistor if the load terminals are accidentally 


short-circuited? 


d) What is the maximum power dissipated in 


the 75 k{ resistor? 


(a) 150 V; 
(b) 133.33 V; 
(c) 1.6 W; 
(d) 0.3 W. 


Answer: 


a) Find the no-load value of v, in the 


3.3. a) Find the value of R that will cause 4 A of 


current to flow through the 80) resistor in 
the circuit shown. 


b) How much power will the resistor R from 
part (a) need to dissipate? 


c) How much power will the current source 
generate for the value of R from part (a)? 


60 0 


400, 


20a(t) R 


80 0 


Answer: (a) 300; 
(b) 7680 W; 


(c) 33,600 W, 


NOTE: Also try Chapter Problems 3.15, 3.16, and 3.18. 


Circuit 


Ry-1 


Figure 3.18 A Circuit used to illustrate voltage division. 


3.4 Voltage Division 
and Current Division 


We can now generalize the results from analyzing the voltage divider cir- 
cuit in Fig. 3.12 and the current-divider circuit in Fig. 3.15. The generaliza- 
tions will yield two additional and very useful circuit analysis techniques 
known as voltage division and current division. Consider the circuit shown 
in Fig. 3.18. 

The box on the left can contain a single voltage source or any other 
combination of basic circuit elements that results in the voltage v shown in 
the figure. To the right of the box are 7 resistors connected in series. We 
are interested in finding the voltage drop v, across an arbitrary resistor R; 
in terms of the voltage v. We start by using Ohm’s law to calculate i, the 
current through all of the resistors in series, in terms of the current v and 
the 7 resistors: 


Vv Vv 


zs a 3.29 
Rpt Rote +R, Reg 22) 


L 


The equivalent resistance, Ryg, is the sum of the 1 resistor values 
because the resistors are in series, as shown in Eq. 3.6. We apply Ohm’s 


law a second time to calculate the voltage drop v; across the resistor R,, 
using the current i calculated in Eq. 3.29: 


v; = iR; = v. (3.30) 


Note that we used Eq. 3.29 to obtain the right-hand side of Eq. 3.30. 
Equation 3.30 is the voltage division equation. It says that the voltage 
drop v; across a single resistor R; from a collection of series-connected 
resistors is proportional to the total voltage drop v across the set of series- 
connected resistors. The constant of proportionality is the ratio of the sin- 
gle resistance to the equivalent resistance of the series connected set of 
resistors, or R,/ Bias 

Now consider the circuit shown in Fig. 3.19. The box on the left can 
contain a single current source or any other combination of basic circuit 
elements that results in the current i shown in the figure. To the right of 
the box are n resistors connected in parallel. We are interested in finding 
the current i; through an arbitrary resistor R; in terms of the current i. We 
start by using Ohm’s law to calculate v, the voltage drop across each of the 
resistors in parallel,in terms of the current i and the n resistors: 


v = (RR. .1R,) = iReg (3.31) 


The equivalent resistance of resistors in parallel, R.g, can be calculated 
using Eq. 3.12. We apply Ohm’s law a second time to calculate the current 
i; through the resistor R,, using the voltage v calculated in Eq. 3.31: 


= —j. (3.32) 


ee 
TR, R 


Note that we used Eq. 3.31 to obtain the right-hand side of Eq. 3.32. 
Equation 3.32 is the current division equation. It says that the current i 
through a single resistor R; from a collection of parallel-connected resis- 
tors is proportional to the total current / supplied to the set of parallel- 
connected resistors. The constant of proportionality is the ratio of the 
equivalent resistance of the parallel-connected set of resistors to the single 
resistance, or R,4/R;. Note that the constant of proportionality in the cur- 
rent division equation is the inverse of the constant of proportionality in 
the voltage division equation! 

Example 3.4 uses voltage division and current division to solve for 
voltages and currents in a circuit. 


Circuit 


Figure 3.19 A Circuit used to illustrate current division. 


3.4 Voltage Division and Current Division 


<4 Voltage-division equation 


<4 Current-division equation 
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Using Voltage Division and Current Division to Solve a Circuit 


Use current division to find the current i,, and use 
voltage division to find the voltage v, for the circuit 
in Fig. 3.20. 


40.0 


100 


sa(t) 100 


Solution 


We can use Eq. 3.32 if we can find the equivalent 


resistance of the four parallel branches containing 
resistors. Symbolically, Figure 3.20 A The circuit for Example 3.4. 


Reg = (36 + 44)/|10/|(40 + 10 + 30)||24 


= go|j10/(80|24 = ee Cee =6 0: This is also the voltage drop across the branch con- 
dls we Na cles Sa taining the 40 Q, the 10 Q, and the 30 Q resistors in 
80 10 80 24 series. We can then use voltage division to determine 


the voltage drop v, across the 30 © resistor given 


Applying Eq. 3.32, 
Pees that we know the voltage drop across the series- 


i, = De A) =2A. connected resistors, using Eq. 3.30. To do this, we 
24 recognize that the equivalent resistance of the 
We can use Ohm’s law to find the voltage drop series-connected resistors is 40 + 10 + 30 = 802: 


across the 24 Q resistor: 


30 
= — 4 = ? 
v = (24)(2) = 48 V. 05 = G48 V) = 18'V 


/ ASSESSMENT PROBLEM 


Objective 3—Be able to use voltage and current division to solve simple circuits 


3.4 a) Use voltage division to determine the 40 0 500 
voltage v, across the 40 2 resistor in the 
circuit shown. 


b) Use v, from part (a) to determine the cur- 
rent through the 40 ( resistor, and use this 
current and current division to calculate the 
current in the 30 2 resistor. 


Answer: (a) 20 V; 


c) How much power is absorbed by the 50 0 (b) 166.67 mA; 
resistor? (c) 347.22 mW. 


NOTE: Also try Chapter Problems 3.23 and 3.24. 


3.5 Measuring Voltage and Current 


When working with actual circuits, you will often need to measure volt- 
ages and currents. We will spend some time discussing several measuring 
devices here and in the next section, because they are relatively simple to 
analyze and offer practical examples of the current- and voltage-divider 
configurations we have just studied. 

An ammeter is an instrument designed to measure current; it is placed 
in series with the circuit element whose current is being measured. A 
voltmeter is an instrument designed to measure voltage; it is placed in par- 
allel with the element whose voltage is being measured. An idea] ammeter 
or voltmeter has no effect on the circuit variable it is designed to measure. 


That is, an ideal ammeter has an equivalent resistance of () Q and func- 
tions as a short circuit in series with the element whose current is being 
measured. An ideal voltmeter has an infinite equivalent resistance and 
thus functions as an open circuit in parallel with the element whose volt- 
age is being measured. The configurations for an ammeter used to meas- 
ure the current in R; and for a voltmeter used to measure the voltage in R, 
are depicted in Fig. 3.21. The ideal models for these meters in the same cir- 
cuit are shown in Fig. 3.22. 

There are two broad categories of meters used to measure continuous 
voltages and currents: digital meters and analog meters. Digital meters meas- 
ure the continuous voltage or current signal at discrete points in time, called 
the sampling times. The signal is thus converted from an analog signal, which 
is continuous in time, to a digital signal, which exists only at discrete instants 
in time. A more detailed explanation of the workings of digital meters is 
beyond the scope of this text and course. However, you are likely to see and 
use digital meters in lab settings because they offer several advantages over 
analog meters. They introduce less resistance into the circuit to which they 
are connected, they are easier to connect, and the precision of the measure- 
ment is greater due to the nature of the readout mechanism. 

Analog meters are based on the dAr sonval meter movement which 
implements the readout mechanism, A d’Arsonval meter movement con- 
sists of a movable coil placed in the field of a permanent magnet. When cur- 
rent flows in the coil, it creates a torque on the coil, causing it to rotate and 
move a pointer across a calibrated scale. By design, the deflection of the 
pointer is directly proportional to the current in the movable coil. The coil is 
characterized by both a voltage rating and a current rating. For example, 
one commercially available meter movement is rated at 50 mV and 1 mA. 
This means that when the coil is carrying 1 mA, the voltage drop across the 
coil is 50 mV and the pointer is deflected to its full-scale position. A 
schematic illustration of a d’Arsonval meter movement is shown in Fig. 3.23. 

An analog ammeter consists of a d’Arsonval movement in parallel 
with a resistor, as shown in Fig. 3.24. The purpose of the parallel resistor is 
to limit the amount of current in the movement’s coil by shunting some of 
it through Ry. An analog voltmeter consists of a d’Arsonval movement in 
series with a resistor, as shown in Fig. 3.25. Here, the resistor is used to 
limit the voltage drop across the meter’s coil. In both meters, the added 
resistor determines the full-scale reading of the meter movement. 

From these descriptions we see that an actual meter is nonideal; both the 
added resistor and the meter movement introduce resistance in the circuit to 
which the meter is attached. In fact, any instrument used to make physical 
measurements extracts energy from the system while making measurements. 
The more energy extracted by the instruments, the more severely the meas- 
urement is disturbed. A real ammeter has an equivalent resistance that is not 
zero, and it thus effectively adds resistance to the circuit in series with the ele- 
ment whose current the ammeter is reading. A real voltmeter has an equiva- 
lent resistance that is not infinite, so it effectively adds resistance to the 
circuit in parallel with the element whose voltage is being read. 

How much these meters disturb the circuit being measured depends 
on the effective resistance of the meters compared with the resistance in 
the circuit. For example, using the rule of 1/10th, the effective resistance of 
an ammeter should be no more than 1/10th of the value of the smallest 
resistance in the circuit to be sure that the current being measured is 
nearly the same with or without the ammeter. But in an analog meter, the 
value of resistance is determined by the desired full-scale reading we wish 
to make, and it cannot be arbitrarily selected. The following examples 
illustrate the calculations involved in determining the resistance needed in 
an analog ammeter or voltmeter. The examples also consider the resulting 
effective resistance of the meter when it is inserted in a circuit. 
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Figure 3.21 A An ammeter connected to measure the 
current in R,,and a voltmeter connected to measure the 
voltage across R». 


Figure 3.22 A A short-circuit model for the ideal amme- 
ter, and an open-circuit model for the ideal voltmeter. 
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Figure 3.23 A A schematic diagram of a d’Arsonval 
meter movement. 
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Figure 3.24 A A dc ammeter circuit. 


R, 


d’Arsonval 
movement 
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Figure 3.25 A A dc voltmeter circuit. 
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m2 cliicemm Using a d’Arsonval Ammeter 


a) A 50 mV, 1 mA d’Arsonval movement is to be 
used in an ammeter with a full-scale reading of 
10 mA. Determine R 4. 

b) Repeat (a) for a full-scale reading of 1 A. 

c) How much resistance is added to the circuit 
when the 10 mA ammeter is inserted to measure 
current? 

d) Repeat (c) for the 1 A ammeter. 


Solution 


a) From the statement of the problem, we know 
that when the current at the terminals of the 
ammeter is 10 mA, 1 mA is flowing through the 
meter coil, which means that 9 mA must be 
diverted through R,. We also know that when 
the movement carries 1 mA, the drop across its 
terminals is 50 mV. Ohm’s law requires that 


9x 107°R, = 50 x 107%, 


or 


R, = 50/9 = 5.555 Q. 


b) When the full-scale deflection of the ammeter is 
1 A, R, must carry 999 mA when the movement 
carries 1 mA. In this case, then, 


999 x 103R, = 50 X 10%, 
or 
R4 = 50/999 = 50.05 mM. 


c) Let R,, represent the equivalent resistance of the 
ammeter. For the 10 mA ammeter, 
50 mV 
= =5Q, 
” 10mA 


or, alternatively, 


__(50)(50/9) _ 


= =50). 

™ 50 + (50/9) 

d) For the 1 A ammeter 
50 mV 
= = 0.050 9, 
ra 1A ( 0 0 
or, alternatively, 

50)(50/999 

= (50)(50/999) | = 0.050 0. 


m “50 + (50/999) 


SS ehilst-memem Using a d’Arsonval Voltmeter 


a) A 50 mV, 1 mA d’Arsonval movement is to be 
used in a voltmeter in which the full-scale read- 
ing is 150 V. Determine R,,. 

b) Repeat (a) for a full-scale reading of 5 V. 


c) How much resistance does the 150 V meter 
insert into the circuit? 


d) Repeat (c) for the 5 V meter. 


Solution 


a) Full-scale deflection requires 50 mV across the 
meter movement, and the movement has a resist- 
ance of 50 Q. Therefore we apply Eq. 3.22 with 
R, = R,, Rp = 50, vu, = 150, and v2 = 50 mV: 


3. 90 
50 x 10° = R. +50 500199): 


ih 


Solving for R, gives 


R,, = 149,950 Q. 


b) For a full-scale reading of 5 V, 


; 50 
x 10°73 = —~_(5), 
2 R, + 50° 
Or 
R, = 4950 0. 


c) If we let R,, represent the equivalent resistance 
of the meter, 
150 V 
Wwe sa = 109,000: 9, 
10° A 
or, alternatively, 
R,, = 149,950 + 50 = 150,000 2. 


d) Then, 


Ry = 5 
10° A 


= 5000 9, 


or, alternatively, 


R,, = 4950 + 50 = 5000 0. 
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/ ASSESSMENT PROBLEMS 


Objective 4—Be able to determine the reading of ammeters and voltmeters 


3.5 a) Find the current in the circuit shown. 3.6 a) Find the voltage v across the 75 k© resistor 
b) If the ammeter in Example 3.5(a) is used to in the circuit shown. 
measure the current, what will it read? b) If the 150 V voltmeter of Example 3.6(a) is 


used to measure the voltage, what will be 
the reading? 


15 kO 
100 
60 V es 75 kQ 
Answer: (a) 10 mA; Answer: (a) 50 V; 
(b) 9.524 mA. (b) 46,15 V. 


NOTE: Also try Chapter Problems 3.31 and 3.35. 


3.6 Measuring Resistance— 
The Wheatstone Bridge 


Many different circuit configurations are used to measure resistance. Here 
we will focus on just one, the Wheatstone bridge. The Wheatstone bridge 
circuit is used to precisely measure resistances of medium values, that is, in 
the range of 19 to 1 MQ. In commercial models of the Wheatstone 
bridge, accuracies on the order of +0.1% are possible. The bridge circuit 
consists of four resistors, a dc voltage source, and a detector. The resistance 
of one of the four resistors can be varied, which is indicated in Fig. 3.26 by 
the arrow through R3. The dc voltage source is usually a battery, which is 
indicated by the battery symbol for the voltage source v in Fig. 3.26.The — Figure 3.26 A The Wheatstone bridge circuit. 
detector is generally a d’Arsonval movement in the microamp range and is 
called a galvanometer. Figure 3.26 shows the circuit arrangement of the 
resistances, battery, and detector where R,, R>, and R3 are known resistors 
and R, is the unknown resistor. 

To find the value of R,, we adjust the variable resistor R3 until there is 
no current in the galvanometer. We then calculate the unknown resistor 
from the simple expression 


Ris R 3.33 
*"R, 3: (3.33) 


The derivation of Eq. 3.33 follows directly from the application of 
Kirchhoff’s laws to the bridge circuit. We redraw the bridge circuit as 
Fig. 3.27 to show the currents appropriate to the derivation of Eq. 3.33. 
When /, is zero, that is, when the bridge is balanced, Kirchhoff’s current 
law requires that 


Lj 1s (3.34) 


bade (3.35) Figure 3.27 & A balanced Wheatstone bridge (i, = 0). 
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Now, because /, is zero, there is no voltage drop across the detector, and 
therefore points a and b are at the same potential. Thus when the bridge is 
balanced, Kirchhoff’s voltage law requires that 


InR3 = i.Ry, (3.36) 

iR, = IR. (3.37) 
Combining Eqs. 3.34 and 3.35 with Eq. 3.36 gives 

1,R3 = DR,. (3.38) 


We obtain Eq. 3.33 by first dividing Eq. 3.38 by Eq. 3.37 and then solving 
the resulting expression for R,: 


S200 3.39 
Ry Rs 22?) 
from which 
Ry 
R, = —R,. : 


Now that we have verified the validity of Eq. 3.33, several comments 
about the result are in order. First, note that if the ratio R2/R, is unity, the 
unknown resistor R, equals R3. In this case, the bridge resistor R; must 
vary over a range that includes the value R,. For example, if the unknown 
resistance were 1000 2 and R; could be varied from 0) to 100 ©, the bridge 
could never be balanced. Thus to cover a wide range of unknown resistors, 
we must be able to vary the ratio R/R,. In a commercial Wheatstone 
bridge, R, and R, consist of decimal values of resistances that can be 
switched into the bridge circuit. Normally, the decimal values are 
1, 10, 100, and 1000 © so that the ratio R/R, can be varied from 0.001 to 
1000 in decimal steps. The variable resistor R3 is usually adjustable in inte- 
gral values of resistance from 1 to 11,000 0. 

Although Eq. 3.33 implies that R, can vary from zero to infinity, the 
practical range of R, is approximately 1 0 to 1 MQ. Lower resistances are 
difficult to measure on a standard Wheatstone bridge because of thermo- 
electric voltages generated at the junctions of dissimilar metals and 
because of thermal heating effects—that is, i7R effects. Higher resistances 
are difficult to measure accurately because of leakage currents. In other 
words, if R, is large, the current leakage in the electrical insulation may be 
comparable to the current in the branches of the bridge circuit. 


/ ASSESSMENT PROBLEM 


Objective 5—Understand how a Wheatstone bridge is used to measure resistance 


3.7. The bridge circuit shown is balanced when 
R, = 100 Q, R> = 1000 Q, and R; = 1502. 
The bridge is energized from a 5 V dc source. 


a) What is the value of R,? 


b) Suppose each bridge resistor is capable of 
dissipating 250 mW. Can the bridge be left 
in the balanced state without exceeding the 
power-dissipating capacity of the resistors, Answer: (a) 1500 0; 
thereby damaging the bridge? (b) yes. 


NOTE: Also try Chapter Problem 3.51. 


3.7 Delta-to-Wye (Pi-to-Tee) Equivalent 
Circuits 


The bridge configuration in Fig. 3.26 introduces an interconnection of 
resistances that warrants further discussion. If we replace the galvano- 
meter with its equivalent resistance R,,, we can draw the circuit shown in 
Fig. 3.28. We cannot reduce the interconnected resistors of this circuit to a 
single equivalent resistance across the terminals of the battery if restricted 
to the simple series or parallel equivalent circuits introduced earlier in this 
chapter. The interconnected resistors can be reduced to a single equiva- 
lent resistor by means of a delta-to-wye (A-to-Y) or pi-to-tee (7-to-T) 
equivalent circuit.! 

The resistors R,, R>, and R,,, (or R3, R,, and R,) in the circuit shown 
in Fig. 3.28 are referred to as a delta (A) interconnection because the 
interconnection looks like the Greek letter A. It also is referred to as a 
pi interconnection because the A can be shaped into a 7 without dis- 
turbing the electrical equivalence of the two configurations. The elcctri- 
cal equivalence between the A and 7 interconnections is apparent in 
Fig. 3.29. 

The resistors R,, R,,,, and R3 (or R>, R,, and R,) in the circuit shown in 
Fig. 3.28 are referred to as a wye (Y) interconnection because the inter- 
connection can be shaped to look like the letter Y. It is easier to see the Y 
shape when the interconnection is drawn as in Fig. 3.30. The Y configuration 
also is referred to as a tee (T) interconnection because the Y structure can 
be shaped into a T structure without disturbing the electrical equivalence of 
the two structures. The electrical equivalence of the Y and the T configura- 
tions is apparent from Fig. 3.30. 

Figure 3.31 illustrates the A-to-Y (or 7 -to-T) equivalent circuit trans- 
formation. Note that we cannot transform the A interconnection into the 
Y interconnection simply by changing the shape of the mterconnections. 
Saying the A-connected circuit is equivalent to the Y-connected circuit 
means that the A configuration can be replaced with a Y configuration to 
make the terminal behavior of the two configurations identical. Thus if 
each circuit is placed in a black box, we can’t tell by external measure- 
ments whether the box contains a set of A-connected resistors or a set of 
Y-connected resistors. This condition is true only if the resistance between 
corresponding terminal pairs is the same for each box. For example, the 
resistance between terminals a and b must be the same whether we use 
the A-connected set or the Y-connected set. For each pair of terminals in 
the A-connected circuit, the equivalent resistance can be computed using 
series and parallel simplifications to yield 


gee Ry) RR 3.41 
ae a Ra a2 Rp a i: = ; . ( ) 


RARp ov R.) 


Roe = 
j R, os R, a Re 


= R, + R;, (3.42) 


_ RAR. a R,) = 
Rea = ae tates ta R, + Rs. (3.43) 


| A and Y structures are present in a variety of useful circuits, not just resistive networks. 
Hence the A-to-Y transformation is a helpful tool in circuit analysis. 


3.7 Delta-to-Wye (Pi-to-Tee) Equivalent Circuits 
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Figure 3.28 A A resistive network generated by a 
Wheatstone bridge circuit. 


R,, R 


a 


Figure 3.29 AA A configuration viewed as a 7 
configuration. 


Figure 3.30 A A Y structure viewed as a T structure. 
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Figure 3.31 A The A-to-Y transformation. 
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Straightforward algebraic manipulation of Eqs. 3.41-3.43 gives values 
for the Y-connected resistors in terms of the A-connected resistors 
required for the A-to-Y equivalent circuit: 


a R, R. 
be R, + R, + R.’ 4) 
R, = R. Ry 
257 R, Re Re (3.45) 
R,R; 
R= SS 
wR ER POR, ee) 


Reversing the A-to-Y transformation also is possible. That is, we can start 
with the Y structure and replace it with an equivalent A structure. The 
expressions for the three A-connected resistors as functions of the three 
Y-connected resistors are 


RR, + R2R3 + R3R, 


R. = ‘ 
R,R2 + RoR3 + R3R 
R, = ak ae Ea REN (3.48) 
R, 
RR) + R>R3 + R3R 
ora an (3.49) 
3 


Example 3.7 illustrates the use of a A-to-Y transformation to simplify 
the analysis of a circuit. 


Applying a Delta-to-Wye Transform 


Find the current and power supplied by the 40 V resistances, defined in Fig. 3.33, from Eqs. 3.44 to 
source in the circuit shown in Fig. 3.32. 3.46. Thus, 

R, = aa = 500, 

m= EX aso. 


Substituting the Y-resistors into the circuit 
shown in Fig. 3.32 produces the circuit shown in 
Fig. 3.34. From Fig. 3.34, we can easily calculate the 
resistance across the terminals of the 40 V source by 
series-parallel simplifications: 
(50)(50) 

100 
The final step is to note that the circuit reduces to 
an 80 Q resistor across a 40 V source, as shown in 
Fig. 3.35, from which it is apparent that the 40 V 

Solution source delivers 0.5 A and 20 W to the circuit. 


Figure 3.32 A The circuit for Example 3.7. 


Reg = 55 + = 909. 


We are interested only in the current and power 

drain on the 40 V source, so the problem has been 

solved once we obtain the equivalent resistance 1002 1250 
across the terminals of the source. We can find this 

equivalent resistance easily after replacing either EN 
the upper A (100, 125, 25 ©) or the lower A (40, 550 

25, 37.5 Q) with its equivalent Y. We choose to ; 

replace the upper A. We then compute the three Y Figure 3.33 A The equivalent Y resistors. 
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Figure 3.35 A The final step in the simplification of the circuit 
shown in Fig. 3.32. 


Figure 3.34 & A transformed version of the circuit shown in 
Fig. 3.32. 


/ ASSESSMENT PROBLEM 


Objective 6—Know when and how to use delta-to-wye equivalent circuits 


3.8 Use a Y-to-A transformation to find the voltage 280 


v in the circuit shown. [ma a 
2A om 50 105 0 


Answer: 35 V. 


NOTE: Also try Chapter Problems 3.53, 3.56, and 3.58. 


Practical Perspective 


A Rear Window Defroster 
A model of a defroster grid is shown in Fig. 3.36, where x and y denote the er, ee 
horizontal and vertical spacing of the grid elements. Given the dimensions 
of the grid, we need to find expressions for each resistor in the grid such 
that the power dissipated per unit length is the same in each conductor. 
This will ensure uniform heating of the rear window in both the x and y 
directions. Thus we need to find values for the grid resistors that satisfy the 


following relationships: 
R R R 
2 3 2 4 2 B) 
— ——— _ SS. ; 3. 0 
a) a“) a=) 00) 


i (3.51) 


pec = a ® 3.52) Figure 3.36 A Model of a defroster grid 
c 5 ' (3.52) Figure 3. odel of a defroster grid. 


(3.53) 
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Figure 3.37 A A simplified model of the 
defroster grid. 


We begin the analysis of the grid by taking advantage of its structure. 
Note that if we disconnect the lower portion of the circuit (i.e., the resistors 
R,, Rg, Rg, and Rs), the currents i,, i, iz, and i, are unaffected. Thus, instead 
of analyzing the circuit in Fig. 3.36, we can analyze the simpler circuit in 
Fig. 3.37. Note further that after finding R,, Ro, R3, R,, and R, in the circuit 
in Fig. 3.37, we have also found the values for the remaining resistors, since 


Ry = Ro, 
Rs = Ri, 
oe (3.54) 
R. = R,, 
R, = ee 


Begin analysis of the simplified grid circuit in Fig. 3.37 by writing 
expressions for the currents 71, >, iz, and i,. To find i,, describe the equiva- 
lent resistance in parallel with R3: 


R,(R, + 2Ra) 


BoD ehe eae OR. 
(R; + 2R,)(Ro + 2R,) + 2RoRp 
~ (R; + Ry + 2R,) eo) 
For convenience, define the numerator of Eq. 3.55 as 
D = (R, + 2R,)(R. + 2Rp) + 2RRz, (3.56) 
and therefore 
— en 
It follows directly that 
Nee 
ip = R, 
2 VaR; + R2 + 2Ra) (3.58) 


D 


Expressions for i; and i, can be found directly from i, using current 
division. Hence 


; ipRy Vack2 
= ES 3.59 
gee aay aay | a) aE ee 
and 
= in( Ry + 2R,) 2 Vac Ry + 2Ra) 
b= = OO, (3.60) 
(R; + Ro + 2R,) D 
The expression for i3 is simply 
: V de 
= : 3.61 
13 R, (3.61) 


Now we use the constraints in Eqs. 3.50-3.52 to derive expressions for 
R,, Rs, Rz, and R3 as functions of Ry. From Eq. 3.51, 


Ba 


or 


where 
a = y/x. (3.62) 


Then from Eq. 3.50 we have 


i, \? 
R, = = R). (3.63) 
7) 
The ratio (i;/i2) is obtained directly from Eqs. 3.59 and 3.60: 
iy R, R3 


= + = — 4, 3.64 
ly R, + 2R, R, + 20 R, ( ) 


When Eq. 3.64 is substituted into Eq. 3.63, we obtain, after some algebraic 
manipulation (see Problem 3.69), 


R, = (1 + 20)°R;. (3.65) 


The expression for R, as a function of R, is derived from the constraint 
imposed by Eq. 3.52, namely that 


i, \? 
R,=|(|—] R> (3.66) 
lp 
The ratio (i,/i,) is derived from Eqs. 3.58 and 3.59. Thus, 
R 
ee (3.67) 


i, (R, + Rp +2R,) 


When Eq. 3.67 is substituted into Eq. 3.66, we obtain, after some algebraic 
manipulation (see Problem 3.69), 


d+ 20)oR, 


R 3.68 
° a1 + oP oe) 
Finally, the expression for R3; can be obtained from the constraint given 
in Eq. 3.50, or 
- \2 
my 
Ry = (2) R,, (3.69) 
I3 
where 
iy RoR; 
i3 D- 


Once again, after some algebraic manipulation (see Problem 3.70), the 
expression for R3; can be reduced to 


_ (1 + 2c) 
a (l+oa/ . 


The results of our analysis are summarized in Table 3.1. 


3 (3.70) 


NOTE: Assess your understanding of the Practical Perspective by trying Chapter 
Problems 3.72-3.74. 
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TABLE 3.1 Summary of Resistance 
Equations for the Defroster Grid 


Resistance 
Ra 


Rp 
Ry 
R3 


where o = y/x 


Expression 
oR 1 


(1 + 2c)oR;, 
41+ oa) 


(1 + 20)°R; 
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Summary 


¢ Series resistors can be combined to obtain a single 
equivalent resistance according to the equation 


k 
Reg = SYR = Rit Ro + + + Re. 


f=1 


(See page 58.) 


¢ Parallel resistors can be combined to obtain a single 
equivalent resistance according to the equation 


a ae | 1 1 
5 SSS Se 
mR Rk, Rk, Ry 


a 
Req 


When just two resistors are in parallel, the equation for 
equivalent resistance can be simplified to give 


po BIR 
A cee a 


(See pages 59-60.) 


*« When voltage is divided between series resistors, as 
shown in the figure, the voltage across each resistor can 
be found according to the equations 


vy = Ri 
eee 
cae Te ae i 
(See page 61.) 


¢ When current is divided between parallel resistors, as 
shown in the figure, the current through each resistor 
can be found according to the equations 


oe ae 
: R, + RR.” 


pee 
Be Rte Re 


(See page 63.) 


* Voltage division is a circuit analysis tool that is used to 
find the voltage drop across a single resistance from a 


collection of series-connected resistances when the volt- 
age drop across the collection is known: 


cq 


where v, is the voltage drop across the resistance R; 
and v is the voltage drop across the series-connected 
resistances whose equivalent resistance is Reg. (See 
page 65.) 


Current division is a circuit analysis tool that is used to 
find the current through a single resistance from a col- 
lection of parallel-connected resistances when the cur- 
rent into the collection is known: 


R, 
“q , 
T; = 1, 
} 


where i; is the current through the resistance R; and i is 
the current into the parallel-connected resistances 
whose equivalent resistance is Ryg. (See page 65.) 


A voltmeter measures voltage and must be placed in par- 
allel with the voltage being measured. An ideal voltmeter 
has infinite internal resistance and thus does not alter the 
voltage being measured. (See page 66.) 


An ammeter measures current and must be placed in 
series with the current being measured. An ideal amme- 
ter has zero internal resistance and thus does not alter 
the current being measured. (See page 66.) 


Digital meters and analog meters have internal resist- 
ance, which influences the value of the circuit variable 
being measured. Meters based on the d’Arsonval meter 
movement deliberately include internal resistance as a 
way to limit the current in the movement’s coil. (See 
page 67.) 


The Wheatstone bridge circuit is used to make precise 
measurements of a resistor’s value using four resistors, a dc 
voltage source, and a galvanometer. A Wheatstone bridge 
is balanced when the resistors obey Eq. 3.33, resulting in 
a galvanometer reading of 0 A. (See page 69.) 


A circuit with three resistors connected in a A configu- 
ration (or a 7 configuration) can be transformed into an 
equivalent circuit in which the three resistors are Y con- 
nected (or T connected). The A-to-Y transformation is 
given by Eqs. 3.44~-3.46; the Y-to-A transformation is 
given by Eqs. 3.47-3.49. (See page 72.) 
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Problems 


Sections 3.1-3.2 3.3 Find the equivalent resistance seen by the source in 


41) epcackcorthe creuits’showil: each of the circuits of Problem 3.1. 


a) identify the resistors connected in series, 3.4 Find the equivalent resistance seen by the source in 
b) simplify the circuit by replacing the series- each of the circuits of Problem 3.2. 


connected resistors with equivalent resistors. : : : 
” 3.5 Find the equivalent resistance R,, for each of the 
3.2. For each of the circuits shown in Fig. P3.2, peice circuits in Fig. P3.5. 


MULTISIM 
identify th istor ted i llel, : . 
a ‘ as : : : oe ss ‘ ae oe a . Z fel 3.6 Find the equivalent resistance R,, for each of the 
) simplify the circuit by replacing the parallel- ese Gir cuits in Fig. P3.6. 


connected resistors with equivalent resistors. MULTISIM 
Figure P3.1 


200 mV 


C> 300 2 


500 1.2 kO 


60 120 90 


1ov(*) 4Q 70 


(a) (b) (c) 


Figure P3.2 


250 


~ L Donn 
(c) 


Figure P3.5 
100 20 kD 
a 
50 20 2 30kN 360kN J 200k 
60 
b 
(a) (b) 


140 30.0 


240 
200 


(c) 
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3.7 a) In the circuits in Fig. P3.7(a)-(c), find the equiv- 3.12 a) Find an expression for the equivalent resistance 
Bea alent resistance Rap. of two resistors of value R in series. 
b) For each circuit find the power delivered by the b) Find an expression for the equivalent resistance 
source. of n resistors of value R in series. 
3.8 a) Find the power dissipated in each resistor in the c) Using the results of (a), design a resistive net- 
hes circuit shown in Fig. 3.9. work with an equivalent resistance of 3k. using 
b) Find the power delivered by the 120 V source. a resistors with the same value from Appendix 
c) ae i tne powerdelve re Mequalyihe power d) Using the results of (b), design a resistive net- 
i ea work with an equivalent resistance of 4k, using 
3.9 a) Show that the solution of the circuit in Fig. 3.9 a minimum number of identical resistors from 
oe (see Example 3.1) satisfies Kirchhoff’s current Appendix H. 
law at junctions x and y. ; 
J | . y ae ee Sere 3.13 a) Find an expression for the equivalent resistance 
b) Show that the solution of the circuit in Fig. 3.9 of two resistors of value R in parallel. 
satisfies Kirchhoff’s voltage law around every 
b) Find an expression for the equivalent resistance 
closed loop. 
of 7 resistors of valuc R in parallel. 
Sections 3.3-3.4 c) Using the results of (a), design a resistive net- 
3.10 Find the power dissipated in the 5 Q resistor in the work with an equivalent resistance of 5k0 
en circuit in Fig. P3.10. using two resistors with the same value from 
LIL ’ 
Figure P3.10 Appendix H. : oe 
; d) Using the results of (b), design a resistive net- 
60, §Q : ‘ : Oo 
work with an equivalent resistance of 4 kQ, using 
a minimum number of identical resistors from 
10A aD 100 50 12.0 Appendix H. 
3.14 In the voltage-divider circuit shown in Fig. P3.14, the 
PsricE no-load value of v, is 4 V. When the load resistance 
MULTISIM ‘ . 
3.11 For the circuit in Fig. P3.11 calculate R, is attached across the terminals a and b, v, drops 
PSPICE ; . to 3 V. Find R;. 
muutsin = @) Uy and ¢,,. 


b) the power dissipated in the 6 (0) resistor. 
c) the power developed by the current source. 


Figure P3.11 


Figure P3.14 


40 0, a 


6.0 R, 
200 aD 90D 100 
Figure P3.7 
a 30 
ISV @ 4Q 70 
a 140 2.50, 4Q 
b 20, 


(a) 


3.15 a) Calculate the no-load voltage v, for the voltage- 
PROBLEM divider circuit shown in Fig. P3.15. 
oe b) Calculate the power dissipated in R, and Ro. 
c) Assume that only 0.5 W resistors are available. 
The no-load voltage is to be the same as in (a). 


Specify the smallest ohmic values of R, and R. 


Figure P3.15 


160 V 


3.16 The no-load voltage in the voltage-divider circuit 
pros shown in Fig. P3.16 is 8 V. The smallest load resistor 
pspice = that is ever connected Lo the divider is 3.6 kQ.. When 
mecmsi the divider is loaded, v, is not to drop below 7.5 V. 
a) Design the divider circuit to meet the specifica- 
tions just mentioned. Specify the numerical values 
of R, and R>. 


b) Assume the power ratings of commercially 
available resistors are 1/16, 1/8, 1/4, 1, and 2 W. 
What power rating would you specify? 


Figure P3.16 


3.17 Assume the voltage divider in Fig. P3.16 has been 
constructed from | W resistors. What is the smallest 
resistor from Appendix H that can be used as R; 
before one of the resistors in the divider is operat- 
ing at its dissipation limit? 


3.18 Specify the resistors in the circuit in Fig. P3.18 to 


prosten meet the following design criteria: 


ig = LMA; vg = 1 V3 = 2é; 


iy a 213; and 1; = 24. 


Figure P3.18 


3.19 a) The voltage divider in Fig. P3.19(a) is loaded 
chva with the voltage divider shown in Fig. P3.19(b); 
MULTISIM 
that is, a is connected to a’, and b is connected to 
b’. Find v,. 
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b) Now assume the voltage divider in Fig. P3.19(b) 
is connected to the voltage divider in 
Fig. P3.19(a) by means of a current-controlled 
voltage source as shown in Fig. P3.19(c). Find v,. 


c) What effect does adding the dependent-voltage 
source have on the operation of the voltage 
divider that is connected to the 380 V source? 


Figure P3.19 
75 kQ 


40 kQ 


25,0007 60kO 


(c) 


3.20 There is often a need to produce more than one 
proses VOltage using a voltage divider. For example, the 
memory components of many personal computers 
require voltages of —12 V,5 V, and +12 V, all with 
respect to a common reference terminal. Select the 
values of R,, R>, and R3 in the circuit in Fig. P3.20 to 


meet the following design requirements: 


a) The total power supplied to the divider circuit 
by the 24 V source is 80 W when the divider is 
unloaded. 


b) The three voltages, all measured with respect to 
the common reference terminal, are v, = 12 V, 
vz = 5 V, and v3 —-12 V. 


Figure P3.20 
», 


Common 


V3 


3.21 a) Show that the current in the Ath branch of the 
nim cicuit in Fig. P3.21(a) is equal to the source current 
i, times the conductance of the Ath branch divided 

by the sum of the conductances, that is, 


i,Gy 


i = : 
Gy + Gy t Gy tic + Gy toe + Gy 


80 
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DESIGN 
PROBLEM 


3.23 
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b) Use the result derived in (a) to calculate the cur- 
rent in the 5@Q resistor in the circuit in 
Fig. P3.21(b). 


Figure P3.21 


Ry 


400 


A voltage divider like that in Fig. 3.13 is to be 
designed so that v, = kv, at no load (R, = ©) and 
Vo = av, at full load (R; = R,). Note that by defini- 
tiona<k <1. 


a) Show that 


k-@ 
R, = R 
1 aE OQ 
and 
k-@ 
R, = ——-Rk... 
2 a(1 — k) oO 


b) Specify the numerical values of R,; and R, if 
k = 0.85,a@ = 0.80, and R, = 34kQ. 


c) If v, = 60 V, specify the maximum power that 
will be dissipated in R, and R>. 


d) Assume the load resistor is accidentally short 
circuited. How much power is dissipated in R, 
and R,? 


Look at the circuit in Fig. P3.2(a). 


a) Use voltage division to find the voltage drop 
across the 18 £22 resistor, positive at the left. 


b) Using your result from (a), find the current flow- 
ing in the 18 (2 resistor from left to right. 


c) Starting with your result from (b), use current 
division to find the current in the 25 () resistor 
from top to bottom. 

d) Using your result from part (c), find the voltage 
drop across the 25 (Q resistor, positive at the top. 

e) Starting with your result from (d), use voltage 
division to find the voltage drop across the 10 
resistor, positive on the left. 


3.24 


3.25 
PSPICE 
MULTISIM 


3.26 
PSPICE 
MULTISIM 


3.27 
PSPICE 
MULTISIM 


Look at the circuit in Fig. P3.2(b). 


a) Use current division to find the current flowing 
from top to bottom in the 10 kQ resistor. 

b) Using your result from (a), find the voltage drop 
across the 10 kD resistor, positive at the top. 

c) Starting with your result from (b), use voltage 
division to find the voltage drop across the 2 kO 
resistor, positive at the top. 

d) Using your result from part (c), find the current 
through the 2 kO resistor from top to bottom. 

e) Starting with your result from part (d), use cur- 
rent division to find the current through the 
18 kQ resistor from top to bottom. 


Find v, and v in the circuit in Fig. P3.25. 


Figure P3.25 


60 0 


Find »v, in the circuit in Fig. P3.26. 


Figure P3.26 


10k 
DRED, PP dy. ee 


12 kO 


a) Find the voltage v, in the circuit in Fig. P3.27. 


b) Replace the 18 V source with a general] voltage 
source equal to V,. Assume V, is positive at the 
upper terminal. Find v, as a function of V,. 


Figure P3.27 


9kO 


3kO 


3.28 


PSPICE 
MULTISIM 


Find é, and i, in the circuit in Fig. P3.28. 
Figure P3.28 


150 


120 


13.0 


3.29 For the circuit in Fig. P3.29, calculate (a) i, and 
espe (b) the power dissipated in the 30 © resistor. 
MULTISIM 
Figure P3.29 
80, 4Q 
300 V 200 
3.30 The current in the 12 Q resistor in the circuit in 
espce Fig. P3.30 is ] A, as shown. 
MULTISIM : 
a) Find v,. 
b) Find the power dissipated in the 20 2 resistor. 
Figure P3.30 
20 
120 S50 20 
{1A 
by és 120 
30 60 
Section 3.5 
3.31 A d’Arsonval voltmeter is shown in Fig. P3.31. Find 


the value of R, for each of the following full-scale 
readings: (a) 50 V, (b) 5 V, (c) 250 mV, and (d) 25 mV. 


Figure P3.31 


Voltmeter 


3.32 


3.33 


3.34 


3.35 
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Suppose the d’Arsonval voltmeter described in 
Problem 3.31 is used to measure the voltage across 
the 45 Q resistor in Fig. P3.32. 

a) What will the voltmeter read? 


b) Find the percentage of error in the voltmeter 
reading if 


measured value : 7 x 100. 


% error = 
true value 


Figure P3.32 


t 


o 


One 450 


The ammeter in the circuit in Fig. P3.33 has a resist- 
ance of 0.1 Q. Using the definition of the percent- 
age error in a meter reading found in Problem 3.32, 
what is the percentage of error in the reading of 
this ammeter? 


Figure P3.33 


60 0 


Ammeter 
209 


The ammeter described in Problem 3.33 is used to 
measure the current /, in the circuit in Fig. P3.32. What 
is the percentage of error in the measured value? 


a) Show for the ammeter circuit in Fig. P3.35 that 
the current in the d’Arsonval movement is 
always 1/25th of the current being measured. 

b) What would the fraction be if the 100 mV, 2 mA 
movement were used in a5 A ammeter? 

c) Would you expect a uniform scale on a dc 
d’Arsonval ammeter? 


Figure P3.35 
100 mV, 2 mA 


t 


Meds 
- 


(25/12) 
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3.37 
PSPICE 
MULTISIM 


3.38 
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3.39 


DESIGN 
PROBLEM 


3.40 
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A shunt resistor and a 50 mV, 1 mA d’Arsonval 
movement are used to build a 5 A ammeter. A 
resistance of 20 mQ) is placed across the terminals 
of the ammeter. What is the new full-scale range of 
the ammeter? 


The elements in the circuit in Fig. 2.24 have the follow- 
ing values: R; = 20 kQ, Ro = 80kQ, Re = 0.82 kO, 
Re = 0.2kO, Veco = 7.5 V, VY = 0.6 V, and B = 39. 
a) Calculate the value of iz in microamperes. 


b) Assume that a digital multimeter, when used as a 
dc ammeter, has a resistance of 1k). If the 
meter is inserted between terminals b and 2 to 
measure the current iz, what will the meter read? 


c) Using the calculated value of ig in (a) as the cor- 
rect value, what is the percentage of error in the 
measurement? 


A d’Arsonval ammeter is shown in Fig. P3.38. 
Design a set of d’Arsonval ammeters to read the fol- 
lowing full-scale current readings: (a) 10 A, (b) 1 A, 
(c) 50 mA, and (d) 2 mA. Specify the shunt resistor 
for each ammeter. 


Figure P3.38 


A d’Arsonval movement is rated at 1 mA and 
50 mV. Assume 0.5 W precision resistors are avail- 
able to use as shunts. What is the largest full-scale- 
reading ammeter that can be designed using a 
single resistor? Explain. 


The voltmeter shown in Fig. P3.40(a) has a full- 
scale reading of 750 V. The meter movement is 
rated 75 mV and 1.5 mA. What is the percentage of 
error in the meter reading if it is used to measure 
the voltage v in the circuit of Fig. P3.40(b)? 


Figure P3.40 


Common 


(a) (b) 


3.41 


3.42 


3.43 


You have been told that the de voltage of a power 
supply is about 350 V. When you go to the instrument 
room to get a dc voltmeter to measure the power 
supply voltage, you find that there are only two dc 
voltmeters available. One voltmeter is rated 300 V 
full scale and has a sensitivity of 900 0/V. The other 
voltmeter is rated 150 V full scale and has a sensitiv- 
ity of 1200 Q/V. (Hint: you can find the effective 
resistance of a voltmeter by multiplying its rated full- 
scale voltage and its sensitivity.) 


a) How can you use the two voltmeters to check 
the power supply voltage? 


b) What is the maximum voltage that can be 
measured? 


c) If the power supply voltage is 320 V, what will 
each voltmeter read? 


Assume that in addition to the two voltmeters 
described in Problem 3.41, a 50 kQ precision resis- 
tor is also available. The 50k) resistor is con- 
nected in series with the series-connected 
voltmeters. This circuit is then connected across 
the terminals of the power supply. The reading on 
the 300 V meter is 205.2 V and the reading on the 
150 V meter is 136.8 V. What is the voltage of the 
power supply? 


The voltage-divider circuit shown in Fig. P3.43 is 
designed so that the no-load output voltage is 
7/9ths of the input voltage. A d’Arsonval volt- 
meter having a sensitivity of 100 (/V and a full- 
scale rating of 200 V is used to check the operation 
of the circuit. 


a) What will the voltmeter read if it is placed across 
the 180 V source? 

b) What will the voltmeter read if it is placed across 
the 70 kD resistor? 

c) What will the voltmeter read if it is placed across 
the 20 kQ resistor? 

d) Will the voltmeter readings obtained in parts (b) 
and (c) add to the reading recorded in part (a)? 
Explain why or why not. 


Figure P3.43 


3.44 


3.45 


OESIGN 
PROBLEM 


3.46 


DESIGN 
PROBLEM 


The circuit model of a dc voltage source is shown in 
Fig. P3.44. The following voltage measurements are 
made at the terminals of the source: (1) With the 
terminals of the source open, the voltage is meas- 
ured at 50 mV, and (2) with a 15 MQ resistor con- 
nected to the terminals, the voltage is measured at 
48.75 mV. All measurements are made with a digital 
voltmeter that has a meter resistance of 10 MQ. 


a) What is the internal voltage of the source (v,) in 
millivolts? 


b) What is the internal resistance of the source (R,) 
in kilo-ohms? 
Figure P3.44 
R, | 
| 


| 

| 

| 

Ns | Terminals of 
, . | the source 

| 

| 


Assume in designing the multirange voltmeter 
shown in Fig. P3.45 that you ignore the resistance of 
the meter movement. 


a) Specify the values of R,, Ro, and R3. 


b) For each of the three ranges, calculate the percent- 
age of error that this design strategy produces. 


Figure P3.45 


100 'V 


10V 


50 mV 


IV 2mA 


Common 


Design a d’Arsonval voltmeter that will have the 
three voltage ranges shown in Fig. P3.46. 


a) Specify the values of R,, Ro, and R3. 


b) Assume that a 750 kQ resistor is connected 
between the 150 V terminal and the common 
terminal. The voltmeter is then connected to an 
unknown voltage using the common terminal 
and the 300 V terminal. The voltmeter reads 
288 V. What is the unknown voltage? 


—* 


What is the maximum voltage the voltmeter in (b) 
can measure? 


Cc 


3.47 
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Figure P3.46 


300 V 


150 V 


Common 


A 600 kQ) resistor is connected from the 200 V ter- 
minal to the common terminal of a dual-scale volt- 
meter, as shown in Fig, P3.47(a). This modified 
voltmeter is then used to measure the voltage across 
the 360 kQ resistor in the circuit in Fig. P3.47(b). 


a) What is the reading on the 500 V scale of 
the meter? 


b) What is the percentage of error in the measured 
voltage? 


Figure P3.47 
500 -V 


600 kD. 


Modified 


| 

| 

| 

| 

360 kO voltmeter | 
| 

| 

| 

| 

| 
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Sections 3.6—3.7 


3.48 Assume the ideal voltage source in Fig. 3.26 is 
replaced by an ideal current source. Show that 
Eq. 3.33 is still valid. 


3.49 Find the power dissipated in the 3 kQ resistor in the 
price circuit in Fig. P3.49. 


MULTISIM 


Figure P3.49 
192 V cy 


3.50 Find the detector current ig in the unbalanced 
ces bridge in Fig. P3.50 if the voltage drop across the 
detector is negligible. 


Figure P3.50 


3.51 The bridge circuit shown in Fig. 3.26 is energized 
eee from a 24 V dc source. The bridge is balanced when 
R, = 500.0, Ry = 1000 O, and R; = 750 0. 


a) What is the value of R,? 


b) How much current (in milliamperes) does the dc 
source supply? 


c) Which resistor in the circuit absorbs the most 
power? How much power does it absorb? 


d) Which resistor absorbs the least power? How 
much power does it absorb? 


3.52 In the Wheatstone bridge circuit shown in Fig. 3.26, 
acd the ratio R,/R, can be set to the following values: 
(0.001, 0.01, 0.1, 1, 10, 100, and 1000. The resistor R3 

can be varied from 1 to 11,110 ©, in increments of 

1 Q. An unknown resistor is known to lie between 

4 and 5 2. What should be the setting of the Ro/R, 

ratio so that the unknown resistor can be measured 


to four significant figures? 


3.53 Use a A-to-Y transformation to find the voltages v, 


rt and v» in the circuit in Fig. P3.53. 


Figure P3.53 


3.54 Use a Y-to-A transformation to find (a) i,; (b) 44; 
bie (c) iz; and (d) the power delivered by the ideal cur- 
rent source in the circuit in Fig. P3.54. 


Figure P3.54 


3.55 Find R,, in the circuit in Fig. P3.55. 
PSPICE 
MULTISIM 


Figure P3.55 


3.56 a) Find the equivalent resistance R,p in the circuit 
haar in Fig. P3.56 by using a A-to-Y transformation 
MULTISIM . . . 
involving the resistors Ro, R3, and R4. 
b) Repeat (a) using a Y-to-A_ transformation 
involving resistors Ry, Ry, and Rs. 


c) Give two additional A-to-Y or Y-to-A transfor- 
mations that could be used to find Rap. 


Figure P3.56 
13.0 


3.57 a) Find the resistance seen by the ideal voltage 


raict source in the circuit in Fig. P3.57. 
MULTISIM 


b) If vay equals 400 V, how much power is dissi- 
pated in the 31 Q resistor? 


Figure P3.57 


3.58 Find the equivalent resistance R,, in the circuit in 
orice Fig. P3.58. 


MULTISIM 
Figure P3.58 


33 0 50 0 


a 


322 


20 0 
40 9 


3.59 Find i, and the power dissipated in the 140 2: resis- 


sec tor in the circuit in Fig. P3.59. 
MULTISIM 


Figure P3.59 
220, 


240v(*) 8D 


100 120 


3.60 For the circuit shown in Fig. P3.60, find (a) i,, (b) », 
vumsm (C) 22, and (d) the power supplied by the voltage 
source. 


Figure P3.60 


120 0 
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3.61 In the circuit in Fig. P3.61(a) the device labeled D 
Reet represents a component that has the equivalent cir- 
cuit shown in Fig. P3.61(b). The labels on the termi- 

nals of D show how the device is connected to the 

circuit. Find v, and the power absorbed by the device. 


Figure P3.61 
b 
6.25 9, 
a 
ISO 
c 
(b) 


3.62 Derive Eqs. 3.44-3.49 from Eqs. 3.41-3.43. The fol- 
lowing two hints should help you get started in the 
right direction: 

1) To find R, as a function of R,, R,, and R,, first 
subtract Eq. 3.42 from Eq. 3.43 and then add this 
result to Eq. 3.41. Use similar manipulations to 
find R, and R; as functions of R,, R,, and R,. 

2) To find R, as a function of R;, Rp, and R3, take 
advantage of the derivations obtained by hint 
(1), namely, Eqs. 3.44-3.46. Note that these equa- 
tions can be divided to obtain 


R, R. R Rap 

—=—, or .= —kR,, 

R; R, ¢ R; bh 
and 

R, _ R, R, 

R> = R, or R, RY 


Now use these ratios in Eq. 3.43 to eliminate R, 
and R,. Use similar manipulations to find R, and 
R,. as functions of R;, R2, and R3. 


3.63 Show that the expressions for A conductances as 
functions of the three Y conductances are 


G2G3 
G,. = = 
G, + G> + G3 
GG 
G, = ed a eee 
G, + G, + G3 
GG 
G, = ae ee 
where 
1 1 
G, = R,. G, = R etc 
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3.64 


DESIGN 
PROBLEM 


3.65 


DESIGN 
PROBLEM 


Resistor networks are sometimes used as volume- 
control circuits. In this application, they are 
referred to as resistance attenuators or pads. A typi- 
cal fixed-attenuator pad is shown in Fig. P3.64. In 
designing an attenuation pad, the circuit designer 
will select the values of R; and R> so that the ratio 
of v, /v; and the resistance seen by the input voltage 
source R,, both have a specified value. 


a) Show that if Ra, = R,, then 


Ri = 4R,(R, + R)), 


Vo Ry 


i OR Re 


b) Select the values of R, and R, so that 
Ray = Ry = 600 O and v, /v; = 0.6. 


c) Choose values from Appendix H that are closest 
to R, and R, from part (b). Calculate the per- 
cent error in the resulting values for R,, and 
vy/v, if these new resistor values are used. 


Figure P3.64 


Attenuator 


a) The fixed-attenuator pad shown in Fig. P3.65 is 
called a bridged tee. Use a Y-to-A transforma- 
tion to show that Rav = Ry ifR = Ry. 

b) Show that when R = R_, the voltage ratio v,/v; 
equals 0.50. 


Figure P3.65 


Fixed-attenuator pad 


3.66 


DESIGN 
PROBLEM 


3.67 
PSPICE 
MULTISIM 


The design equations for the bridged-tee attenuator 
circuit in Fig. P3.66 are 


2RRi 
Ry s 3 2? 
3R° — R? 
Vo _ 3R - Ry. 
Vi 3R + Ri’ 


when R, has the value just given. 


a) Design a fixed attenuator so that v; = 3.5u, 
when R; = 3002. 


b) Assume the voltage applied to the input of the 
pad designed in (a) is 42 V. Which resistor in the 
pad dissipates the most power? 

c) How much power is dissipated in the resistor in 
part (b)? 

d) Which resistor in the pad dissipates the least 
power? 


e) How much power is dissipated in the resistor in 
part (d)? 


Figure P3.66 


a) For the circuit shown in Fig. P3.67 the bridge is 
balanced when AR = 0. Show thatif AR < R, 
the bridge output voltage is approximately 


—ARR, 


Vy ~ ah) sa a 
(R, - Ry) 


in 


b) Given Rp = 1kQ, R3 = 5000, Ry = 5k, and 
Vin = 6 V, what is the approximate bridge out- 
put voltage if AR is 3% of R,? 


c) Find the actual value of v, in part (b). 


Figure P3.67 


3.68 a) If percent error is defined as 


approximat l 
pproximate value 1 |» 10 


% error = 
true value 


show that the percent error in the approxima- 
tion of v, in Problem 3.67 is 


~(AR)R; 


—————— x 100. 
(Ro + R3)Ry 


% error = 


b) Calculate the percent error in »,,, using the values 
in Problem 3.67(b). 


3.69 


DESIGN 
PROBLEM 


Assume the error in v, in the bridge circuit in 
Fig. P3.67 is not to exceed 0.5%. What is the largest 
percent change in R, that can be tolerated? 


3.70 a) Derive Eq. 3.65. 
PRACTICAL 


persrecrive b) Derive Eq. 3.68. 
3.71 Derive Eq. 3.70. 


PRACTICAL 
PERSPECTIVE 
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3.72 Suppose the grid structure in Fig. 3.36 is 1 m wide 
and the vertical displacement of the five horizontal 
grid lines is 0.025 m. Specify the numerical values of 
R, — Rs and R, — Ry to achieve a uniform power 
dissipation of 120 W/m, using a 12 V power supply. 
(Hint: Calculate o first, then R3, R,, R,, R,,and Ry 
in that order.) 


3.73. Check the solution to Problem 3.72 by showing that 
oenevetrive the total power dissipated equals the power devel- 
pspice oped by the 12 V source. 


MULTISIM 


3.74 a) Design a defroster grid in Fig. 3.36 having five 
pracica. ~~ horizontal conductors to meet the following 
DESIGN, specifications: The grid is to be 1.5 m wide, the 
pent ce vertical separation between conductors is to be 
0.03 m, and the power dissipation is to be 

200 W/m when the supply voltage is 12 V. 


b) Check your solution and make sure it meets the 
design specifications. 


MULTISIM 


A) 2 Pe 
Techniques of 
Circuit Analysis 


CHAPTER CONTENTS So far, we have analyzed relatively simple resistive circuits 
by applying Kirchhoff’s laws in combination with Ohm’s law. We 


CHAPTER 


4.1 Terminology p. 90 


4.2 Introduction to the Node-Voltage _ can use this approach for all circuits, but as they become struc- 
Method p. 93 turally more complicated and involve more and more elements, 
4.3 The Node-Voltage Method and Dependent = this direct method soon becomes cumbersome. In this chapter we 


Sources p. 95 


4.4 The Node-Voltage Method: Some Special introduce two powerful techniques of circuit analysis that aid in 


Cases p. 96 the analysis of complex circuit structures: the node-voltage 
4.5 Introduction to the Mesh-Current method and the mesh-current method. These techniques give us 
Method p. 99 


two systematic methods of describing circuits with the minimum 
4.6 The Mesh-Current Method and Dependent 


Sources p. 102 
4.7 The Mesh-Current Method: Some Special | In addition to these two general analytical methods, in this 
saad liad _ chapter we also discuss other techniques for simplifying circuits. 
4.8 The Node-Voltage Method Versus the | 
Mesh-Current Method p. 106 
4.9 Source Transformations p. 109 
4.10 Thévenin and Norton Equivalents p. 113 We now add source transformations and Thévenin and Norton 


number of simultaneous equations. 


We have already demonstrated how to use series-parallel reduc- 
tions and A-to-Y transformations to simplify a circuit’s structure. 


4.11 More on Deriving a Thévenin equivalent circuits to those techniques. 
Equivalent p. 117 | 


4.12 Maximum Power Transfer p. 120 
4.13 Superposition p. 122 


We also consider two other topics that play a role in circuit 
analysis. One, maximum power transfer, considers the conditions 
necessary to ensure that the power delivered to a resistive load by 


J CHAPTER OBJECTIVES a source is maximized. Thévenin equivalent circuits are used in 


establishing the maximum power transfer conditions. The final 


| 


1 Understand and be able to use the node-valtage topic in this chapter, superposition, looks at the analysis of cir- 
method to solve a circuit. | ; 

2 Understand and be able to use the mesh-current | cuits with more than one independent source. 
method to solve a circuit. | 

3 Be able to decide whether the node-voltage | 


| 
| 


method or the mesh-current method is the 
preferred approach to solving a particular circuit. 


4 Understand source transformation and be able 
to use it to solve a circuit. 


Understand the concept of the Thévenin and 
Norton equivalent circuits and be able to 
construct a Thévenin or Norton equivalent for a 
circuit. 


uw 


a 


Know the condition for maximum power transfer 
to a resistive load and be able to calculate the 
value of the load resistor that satisfies this 
condition. 
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Practical Perspective _ 


Circuits with Realistic Resistors 
In the last chapter we began to explore the effect of imprecise 
resistor values on the performance of a circuit; specifically, on 
the performance of a voltage divider. Resistors are manufac- 
tured for only a small number of discrete values, and any given 
resistor from a batch of resistors will vary from its stated value 
within some tolerance. Resistors with tighter tolerance, say 
1%, are more expensive than resistors with greater tolerance, 
say 10%. Therefore, in a circuit that uses many resistors, it 
would be important to understand which resistor’s value has 
the greatest impact on the expected performance of the circuit. 


— —— ™ ——_—__-__-——_——, 


ees Multiplier 
Second digit Tolerance 
| | 
First digit ae / ail 
Ne “ 


i —<— 
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In other words, we would like to predict the effect of varying 
each resistor’s value on the output of the circuit. If we know 
that a particular resistor must be very close to its stated value 
for the circuit to function correctly, we can then decide to 
spend the extra money necessary to achieve a tighter tolerance 
on that resistor’s value. 

Exploring the effect of a circuit component's value on the 
circuit’s output is known as sensitivity analysis. Once we have 
presented additional circuit analysis techniques, the topic of 
sensitivity analysis will be examined. 


RRC rn te ee 
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" a 4.1 Terminology 


; lo discuss the more involved methods of circuit analysis, we must define 
Pa. a few basic terms. So far, all the circuits presented have been planar 
circuits—that is, those circuits that can be drawn on a plane with no 
(a) crossing branches. A circuit that is drawn with crossing branches still is 
considered planar if it can be redrawn with no crossover branches. For 
example, the circuit shown in Fig. 4.1(a) can be redrawn as Fig. 4.1(b); 
R, the circuits are equivalent because all the node connections have been 
maintained. Therefore, Fig. 4.1(a) is a planar circuit because it can be 
redrawn as one. Figure 4.2 shows a nonplanar circuit—it cannot be 
U, ) redrawn in such a way that all the node connections are maintained and 
no branches overlap. The node-voltage method is applicable to both pla- 
nar and nonplanar circuits, whereas the mesh-current method is limited 
(b) to planar circuits. 


= 
ms) 


Figure 4.1 A (a) A planar circuit. (b) The same circuit 
redrawn to verify that it is planar. Describing a Circuit—The Vocabulary 


In Section 1.5 we defined an ideal basic circuit element. When basic cir- 

i cuit elements are interconnected to form a circuit, the resulting intercon- 
“ak a nection is described in terms of nodes, paths, branches, loops, and meshes. 
= We defined both a node and a closed path, or loop, in Section 2.4. Here 
Sie we restate those definitions and then define the terms path, branch, and 

mesh. For your convenience, all of these definitions are presented in 


Table 4.1. Table 4.1 also includes examples of each definition taken from 
Figure 4.2 & A nonplanar circuit. the circuit in Fig. 4.3, which are developed in Example 4.1. 


om 


Identifying Node, Branch, Mesh and Loop in a Circuit 


For the circuit in Fig. 4.3, identify 


a) all nodes. 

b) all essential nodes. 

c) all branches. 

d) all essential branches. 

e) all meshes. 

f) two paths that are not loops or essential branches. 


g) two loops that are not meshes. 


Soluti Figure 4.3 A A circuit illustrating nodes, branches, meshes, 
olution paths, and loops. 


a) The nodes are a, b,c, d, e, f, and g. 
f) R, — Rs — Reg is a path, but it is not a loop 


P) MAG es seruolncdesarei, cranee (because it does not have the same starting and 


c) The branches are 0), U2, Ry, R2, R3, Ry, Rs, Reo, ending nodes), nor is it an essential branch 
Ry, and J. (because it does not connect two essential nodes). 
d) The essential branches are v; — R), R2 — R3, v — R,1s also a path but is neither a loop nor an 
» — Ry, Rs, Re, R7, and J. essential branch, for the same reasons. 
ce) The meshes are v, — R, — Rs — R3 — Ro, g) vy, — R, — Rs — Re — Ry — v2 is a loop but is 
V, — Ry — Rz — Re — Ra, Rs — R7 — Ro, and not a mesh, because there are two loops within it. 
R,- 1. I — Rs — Rg is also a loop but not a mesh. 


NOTE: Assess your understanding of this material by trying Chapter Problems 4.1 and 4.3 


TABLE 4.1 Terms for Describing Circuits 
Name Definition 


node A point where two or more circuit elements join 
essential node A node where three or more circuit elements join 


path A trace of adjoining basic elements with no 
elements included more than once 


branch A path that connects two nodes 


A path which connects two essential nodes without 
passing through an essential node 


essential branch 


loop A path whose last node is the same as the starting node 
mesh A loop that does not enclose any other loops 


A circuit that can be drawn on a plane with no 
crossing branches 


planar circuit 


Simultaneous Equations—How Many? 


The number of unknown currents in a circuit equals the number of 
branches, 6, where the current is not known. For example, the circuit 
shown in Fig. 4.3 has nine branches in which the current is unknown. 
Recall that we must have b independent equations to solve a circuit with 
b unknown currents. If we let 7 represent the number of nodes in the circuit, 
we can derive n — | independent equations by applying Kirchhoff’s cur- 
rent law to any set of nm — 1 nodes. (Application of the current law to the 
nth node does not generate an independent equation, because this equa- 
tion can be derived from the previous n — 1 equations. See Problem 4.5.) 
Because we need 5 equations to describe a given circuit and because we 
can obtain n — 1 of these equations from Kirchhoff’s current law, we must 
apply Kirchhoff’s voltage law to loops or meshes to obtain the remaining 
b — (nw — 1) equations. 

Thus by counting nodes, meshes, and branches where the current 
is unknown, we have established a systematic method for writing the 
necessary number of equations to solve a circuit. Specifically, we apply 
Kirchhoff’s current law to n — 1 nodes and Kirchhoff’s voltage law to 
b — (n — 1) loops (or meshes). These observations also are valid in terms 
of essential nodes and essential branches. Thus if we let 7, represent the 
number of essential nodes and b, the number of essential branches where 
the current is unknown, we can apply Kirchhoff’s current law at n, — |] 
nodes and Kirchhoff’s voltage law around b, — (n, — 1) loops or meshes. 
In circuits, the number of essential nodes is less than or equal to the num- 
ber of nodes, and the number of essential branches is less than or equal to 
the number of branches. Thus it is often convenient to use essential nodes 
and essential branches when analyzing a circuit, because they produce 
fewer independent equations to solve. 

A circuit may consist of disconnected parts. An example of such a cir- 
cuit is examined in Problem 4.3. The statements pertaining to the number 
of equations that can be derived from Kirchhoff’s current law, n — 1, and 
voltage law, b — (n — 1), apply to connected circuits. If a circuit has 
n nodes and b branches and is made up of s parts, the current law can be 


Fig. 4.2 is a nonplanar circuit 
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Example From Fig. 4.3 


Fig. 4.3 is a planar circuit 
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Figure 4.4 A The circuit shown in Fig. 4.3 with six 
unknown branch currents defined. 


applied n — s times, and the voltage law b — n + s times. Any two sepa- 
rate parts can be connected by a single conductor. This connection always 
causes two nodes to form one node. Moreover, no current exists in the sin- 
gle conductor, so any circuit made up of s disconnected parts can always 
be reduced to a connected circuit. 


The Systematic Approach—An Illustration 


We now illustrate this systematic approach by using the circuit shown in 
Fig. 4.4. We write the equations on the basis of essential nodes and 
branches. The circuit has four essential nodes and six essential branches, 
denoted i, — ig, for which the current is unknown. 

We derive three of the six simultaneous equations needed by applying 
Kirchhoff’s current law to any three of the four essential nodes. We use the 
nodes b,c, and e to get 


-h +i +i - 1 =0, 
iy) ~ ig — is = 0, 
i; + ig = Ip = 0). (4.1) 
We derive the remaining three equations by applying Kirchhoff’s voltage 
law around three meshes. Because the circuit has four meshes, we need to 
dismiss one mesh. We choose R7 — 7, because we don’t know the voltage 
across J)! 
Using the other three meshes gives 
Ri, + Rsip + i3(R + R3) OBS 0, 
—i,(Rz + R3) + igRe + isR, — 02 = 0, 
—hRs + igR7 =, igRe = 0. (4.2) 
Rearranging Eqs. 4.1 and 4.2 to facilitate their solution yields the set 


—i; + in + O13 + Oly + Ois + ig = T, 


iy + Oig — i, + Olg — is + Oig = 0, 


Oi; — ip + ig + ig + Ois + Oig = 0, 
Riy + Rsiz at (R, + R3)i3 tr O14 + Ois >a Dig = V1, 


Oi; + Of2 — (Ro + R3)iz + Reig + Rais + Oig = v2, 


Oi, a Rsin + 0i; —_ Rola + Ois + Rji¢ = 0. (4.3) 
Note that summing the current at the nth node (g in this example) gives 


! We say more about this decision in Section 4.7. 


Equation 4.4 is not independent, because we can derive it by summing 
Eqs. 4.1 and then multiplying the sum by —1. Thus Eq. 4.4 is a linear com- 
bination of Eqs. 4.1 and therefore is not independent of them. We now 
carry the procedure one step further. By introducing new variables, we can 
describe a circuit with just 7 — 1 equations or just b — (# — 1) equations. 
Therefore these new variables allow us to obtain a solution by manipulat- 
ing fewer equations, a desirable goal even if a computer is to be used to 
obtain a numerical solution. 

The new variables are known as node voltages and mesh currents. The 
node-voltage method enables us to describe a circuit in terms of n, — 1 
equations; the mesh-current method enables us to describe a circuit in 
terms of b, — (7, — 1) equations. We begin in Section 4.2 with the node- 
voltage method. 


NOTE: Assess your understanding of this material by trying Chapter 
Problems 4.2 and 4.4 


4.2 Introduction to the 
Node-Voltage Method 


We introduce the node-voltage method by using the essential nodes of the 
circuit. The first step is to make a neat layout of the circuit so that no 
branches cross over and to mark clearly the essential nodes on the circuit 
diagram, as in Fig. 4.5. This circuit has three essential nodes (”, = 3); there- 
fore, we need two (”, — 1) node-voltage equations to describe the circuit. 
The next step is to select one of the three essential nodes as a reference node. 
Although theoretically the choice is arbitrary, practically the choice for the 
reference node often is obvious. For example, the node with the most 
branches is usually a good choice. The optimum choice of the reference node 
(if one exists) will become apparent after you have gained some experience 
using this method. In the circuit shown in Fig. 4.5, the lower node connects 
the most branches, so we use it as the reference node. We flag the chosen ref- 
erence node with the symbol ¥, as in Fig. 4.6. 

After selecting the reference node, we define the node voltages on the 
circuit diagram. A node voltage is defined as the voltage rise from the ref- 
erence node to a nonreference node. For this circuit, we must define two 
node voltages, which are denoted 2, and 2 in Fig. 4.6. 

We are now ready to generate the node-voltage equations. We do so by 
first writing the current leaving each branch connected to a nonreference 
node as a function of the node voltages and then summing these currents to 
zero in accordance with Kirchhoff’s current law. For the circuit in Fig. 4.6, 
the current away from node 1 through the 1 2 resistor is the voltage drop 
across the resistor divided by the resistance (Ohm’s law). The voltage drop 
across the resistor, in the direction of the current away from the node, is 
v, — 10. Therefore the current in the 1 © resistor is (v; — 10)/1. Figure 4.7 
depicts these observations. It shows the 10 V—1 Q, branch, with the appro- 
priate voltages and current. 

This same reasoning yields the current in every branch where the cur- 
rent is unknown. Thus the current away from node 1 through the 5 0 
resistor is v,/5, and the current away from node 1 through the 2 2 resistor 
is (VU; — ¥2)/2. The sum of the three currents leaving node 1 must equal 
zero; therefore the node-voltage equation derived at node 1 is 


v, — 10 
1 


Vi Vi — V2 
PS 0: 
5 , 0 (4.5) 
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Figure 4.5 A A circuit used to illustrate the node-voltage 
method of circuit analysis. 


Figure 4.6 A The circuit shown in Fig. 4.5 with a 
reference node and the node voltages. 


i 
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Figure 4.7 & Computation of the branch current i. 
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The node-voltage equation derived at node 2 is 


+2-2=0. (4.6) 


Note that the first term in Eq. 4.6 is the current away from node 2 through 
the 2 resistor, the second term is the current away from 
node 2 through the 10 2 resistor, and the third term is the current away 
from node 2 through the current source. 

Equations 4.5 and 4.6 are the two simultaneous equations that 
describe the circuit shown in Fig. 4.6 in terms of the node voltages v; and 
v2. Solving for v; and v2 yields 


100 

ee 
amar 
120 

se Sage We 
me a 


Once the node voltages are known, all the branch currents can be cal- 
culated. Once these are known, the branch voltages and powers can be 
calculated. Example 4.2 illustrates the use of the node-voltage method. 


Using the Node-Voltage Method 


a) Use the node-voltage method of circuit analysis 
to find the branch currents /,, #,, and i, 1n the cir- 
cuit shown in Fig. 4.8. 

b) Find the power associated with each source, and 
state whether the source is delivering or absorb- 
ing powcr. 


Figure 4.8 A The circuit for Example 4.2. 


Solution 


SQ 1 
a) We begin by noting that the circuit has two essen- 
tial nodes; thus we need to write a single node- 
voltage expression. We select the lower node as 50V ee 100 Ge 3A 


the reference node and define the unknown node 
voltage as v,. Figure 4.9 illustrates these deci- 
sions. Summing the currents away from node 1 


generates the node-voltage equation 
Figure 4.9 A The circuit shown in Fig. 4.8 with a reference 


y 50 -9¢ node and the unknown node voltage 2). 
5 10 40 — 
Solving for v, gives b) The power associated with the 50 V source is 
v, = 40V. Psov = —S50i, = —100 W (delivering). 
Hence The power associated with the 3 A source is 
50 — 40 
ye ee 2A, P3aq = —3v, = —3(40) = —120 W (delivering). 
40 We check these calculations by noting that the 
ly = ig = 4A, total delivered power is 220 W. The total power 
absorbed by the three resistors is 4(5) + 16(10) 
io 40 =e + 1(40), or 220 W, as we calculated and as it 
© 40 : must be. 
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vu ASSESSMENT PROBLEMS 


Objective 1—Understand and be able to use the node-voltage method 


4.1 a) For the circuit shown, use the node-voltage 4.2 Use the node-voltage method to find v in the 
method to find 2, v2, and i). circuit shown. 


b) How much power is delivered to the circuit 
by the 15 A source? 


c) Repeat (b) for the 5 A source 


Answer: 15 V. 


Answer: (a) 60 V,10V,10A; 
(b) 900 W; 
(c) —50 W. 
NOTE: Also try Chapter Problems 4.8, 4.9, and 4.13. 


4.3 The Node-Voltage Method 
and Dependent Sources 


If the circuit contains dependent sources, the node-voltage equations must 
be supplemented with the constraint equations imposed by the presence 
of the dependent sources. Example 4.3 illustrates the application of the 
node-voltage method to a circuit containing a dependent source. 


Using the Node-Voltage Method with Dependent Sources 


Use the node-voltage method to find the power dis- on the lower node, so we select it as the reference 
sipated in the 5 ( resistor in the circuit shown in node. The two unknown node voltages are defined 
Fig. 4.10. on the circuit shown in Fig. 4.11. Summing the cur- 


rents away from node 1 generates the equation 


v, — 20 Oi Ui 
Z 20 5 


Summing the currents away from node 2 yields 


Figure 4.10 A The circuit for Example 4.3. 5 10 2 


As written, these two node-voltage equations con- 

tain three unknowns, namely, v), v2, and iy. To elim- 

: inate i, we must express this controlling current in 
Solution terms of the node voltages, or 


We begin by noting that the circuit has three essen- 
tial nodes. Hence we need two node-voltage equa- 
tions to describe the circuit. Four branches terminate 


ge co Me 
b= 
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Substituting this relationship into the node 2 equa- A good exercise to build your problem-solving 
tion simplifies the two node-voltage equations to intuition is to reconsider this example, using node 2 
as the reference node. Does it make the analysis 


0.75u, — 0.2v2 = 10, easier or harder? 


os, Ra 1.602 = 0. 


Solving for v; and v2 gives 


VF 16V 
and 
v2 = 10V. 
Then, 
16 — 10 Figure 4.11 A The circuit shown in Fig. 4.10, with a reference 
ly = _. = 1.2 As node and the node voltages. 


u/ ASSESSMENT PROBLEM 


Objective 1—Understand and be able to use the node-voltage method 


4.3. a) Use the node-voltage method to find the 3 i, 
power associated with each source in the 


circuit shown. S 
b) State whether the source is delivering power 60 


to the circuit or extracting power from the 
ircuit. 
ee 50V a 80 40 5A 
Answer: (a) psoy = —150 W, p3;, = —144 W, 
Ww 


Psa = —80W; 
(b) all sources are delivering power to the 
circuit. 


NOTE: Also try Chapter Problems 4.17 and 4.19. 


4.4 The Node-Voltage Method: 
Some Special Cases 


When a voltage source is the only element between two essential nodes, 
the node-voltage method is simplified. As an example, look at the circuit 
in Fig. 4.12. There are three essential nodes in this circuit, which means 
that two simultaneous equations are needed. From these three essential 
nodes, a reference node has been chosen and two other nodes have been 
labeled. But the 100 V source constrains the voltage between node 1 and 
the reference node to 100 V. This means that there is only one unknown 
node voltage (v2). Solution of this circuit thus involves only a single node- 
voltage equation at node 2: 
Up Oy, U2 


+—=-5=0. 
10 50 5=0 (4.7) 


But v; = 100 V, so Eq. 4.7 can be solved for v: 


Figure 4.12 A A circuit with a known node voltage. v2 = 125 V. (4.8) 
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Knowing v2, we can calculate the current in every branch. You should ver- 
ify that the current into node | in the branch containing the independent 
voltage source is 1.5 A. 

In general, when you use the node-voltage method to solve circuits 
that have voltage sources connected directly between essential nodes, the 
number of unknown node voltages is reduced. The reason is that, when- 
ever a voltage source connects two essential nodes, it constrains the differ- 
ence between the node voltages at these nodes to equal the voltage of the 
source. Taking the time to see if you can reduce the number of unknowns 
in this way will simplify circuit analysis. 

Suppose that the circuit shown in Fig. 4.13 is to be analyzed using the 
node-voltage method. The circuit contains four essential nodes, so we 
anticipate writing three node-voltage equations. However, two essential 
nodes are connected by an independent voltage source, and two other 
essential nodes are connected by a current-controlled dependent voltage 
source. Hence, there actually is only one unknown node voltage. 

Choosing which node to use as the reference node involves several Figure 4.13 A A circuit with a dependent voltage 
possibilities. Either node on each side of the dependent voltage source source connected between nodes. 
looks attractive because, if chosen, one of the node voltages would be 
known to be either +10i, (left node is the reference) or —10iy (right node 
is the reference). The lower node looks even better because one node volt- 
age is immediately known (50 V) and five branches terminate there. We 
therefore opt for the lower node as the reference. 

Figure 4.14 shows the redrawn circuit, with the reference node flagged 
and the node voltages defined. Also, we introduce the current / because we 
cannot express the current in the dependent voltage source branch as a 
function of the node voltages vy and v3. Thus, at node 2 


v2 — Vy V2 


+—+i=0, 4.9 
5 50 oo) 
Figure 4.14 A The circuit shown in Fig. 4.13. with the 
and at node 3 selected node voltages defined. 
ae ee (4.10 
—-i-4=0. é 
100 


We eliminate i simply by adding Egs. 4.9 and 4.10 to get 


U2 — V; V2 v3 
4414744 -4=0. 1 
5 50 100 ven 


The Concept of a Supernode 


Equation 4.11 may be written directly, without resorting to the interme- 
diate step represented by Eqs. 4.9 and 4.10. To do so, we consider nodes 2 
and 3 to be a single node and simply sum the currents away from the 
node in terms of the node voltages vw, and v3. Figure 4.15 illustrates 
this approach. 

When a voltage source is between two essential nodes, we can com- 
bine those nodes to form a supernode. Obviously, Kirchhoff’s current 
law must hold for the supernode. In Fig. 4.15, starting with the 50 
branch and moving counterclockwise around the supernode, we gener- 
ate the equation 


a eee Ss Ea a8 —4=0, (4.12) Figure 4.15 A Considering nodes 2 and 3 to be a 
5 50. —s- 100 supernode. 
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Figure 4.16 A The transistor amplifier circuit shown in 
Fig. 2.24. 


Figure 4.17 A The circuit shown in Fig. 4.16, with 
voltages and the supernode identified. 


which is identical to Eq. 4.11. Creating a supernode at nodes 2 and 3 has 
made the task of analyzing this circuit easier. It is therefore always worth tak- 
ing the time to look for this type of shortcut before writing any equations. 

After Eq. 4.12 has been derived, the next step is to reduce the expres- 
sion to a single unknown node voltage. First we eliminate v, from the 
equation because we know that v; = 50 V. Next we express v3 as a func- 
tion of v5: 


V3 = Uo + 10:4. (4.13) 


We now express the current controlling the dependent voltage source as a 
function of the node voltages: 


v2 — 50 


ly 5 (4.14) 


Using Eqs. 4.13 and 4.14 and v, = 50 V reduces Eq. 4.12 to 


1 1 1. 1 
—+l+¢— 4 J)=104 
n( Z * 3 Y00 ~) ae 


v(0.25) = 15, 


U7 = 60 V. 


From Eqs. 4.13 and 4.14: 


v, = 60 + 20 = 80V. 


Node-Voltage Analysis of the Amplifier Circuit 


Let’s use the node-voltage method to analyze the circuit first introduced 
in Section 2.5 and shown again in Fig. 4.16. 

When we used the branch-current method of analysis in Section 2.5, 
we faced the task of writing and solving six simultaneous equations. Here 
we will show how nodal analysis can simplify our task. 

The circuit has four essentia! nodes: Nodes a and d are connected by 
an independent voltage source as are nodes b and c. Therefore the prob- 
lem reduces to finding a single unknown node voltage, because 
(n, — 1) — 2 = 1. Using d as the reference node, combine nodes b and c 
into a supernode, label the voltage drop across R2 as vp, and label the volt- 
age drop across R,»: as %, as shown in Fig. 4.17. Then, 


Up MW — Vee Ve : 
— + ——— + — — Biz = 0. 4.15 


We now eliminate both », and i, from Eq. 4.15 by noting that 
Ve = (ig + Big)Re, (4.16) 
Ve = Vn — Vo. (4.17) 


Substituting Eqs. 4.16 and 4.17 into Eq. 4.15 yields 


Meteo | Soe wi 
"TR, Ry (1+ B)Re R; (1+ B)Re’ 
Solving Eq. 4.18 for w% yields 
VecR(1 + Re +VoR,R 
_ VecR{ B)RE oR, Ry (4.19) 


Vy = ; ‘ 
°  RiRy + (1 + B)R-(R, + Ro) 


Using the node-voltage method to analyze this circuit reduces the prob- 
lem from manipulating six simultaneous equations (see Problem 2.27) to 
manipulating three simultaneous equations. You should verify that, when 
Eq. 4.19 is combined with Egs. 4.16 and 4.17, the solution for i, is identical 
to Eq. 2.25. (See Problem 4.30.) 


ou ASSESSMENT PROBLEMS 


Objective 1—Understand and be able to use the node-voltage method 


4.4 Use the node-voltage method to find v, in the 
circuit shown. 
Answer: 24 V. 


4.5 Use the node-voltage method to find v in the 
circuit shown. 


Answer: 8 V. 


4.6 Use the node-voltage method to find v, in the 
circuit shown. 


Answer: 48 V. 


NOTE: Also try Chapter Problems 4.24, 4.26, and 4.27. 


4.5 Introduction to the 
Mesh-Current Method 


As stated in Section 4.1, the mesh-current method of circuit analysis enables 
us to describe a circuit in terms of b, — (nm, — 1) equations. Recall that a 
mesh is a loop with no other loops inside it. The circuit in Fig. 4.1(b) is shown 
again in Fig. 4.18, with current arrows inside each loop to distinguish it. Recall 
also that the mesh-current method is applicable only to planar circuits. The 
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Figure 4.18 A The circuit shown in Fig. 4.1(b), with the 
mesh currents defined. 
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Figure 4.19 & A circuit used to illustrate development 
of the mesh-current method of circuit analysis. 


Figure 4.20 A Mesh currents i, and i. 


circuit in Fig. 4.18 contains seven essential branches where the current is 
unknown and four essential nodes. Therefore, to solve it via the mesh-current 
method, we must write four [7 — (4 — 1)] mesh-current equations. 

A mesh current is the current that exists only in the perimeter of a 
mesh. On a circuit diagram it appears as either a closed solid line or an 
almost-closed solid line that follows the perimeter of the appropriate 
mesh. An arrowhead on the solid line indicates the reference direction for 
the mesh current. Figure 4.18 shows the four mesh currents that describe 
the circuit in Fig. 4.1(b). Note that by definition, mesh currents automati- 
cally satisfy Kirchhoff’s current law. That is, at any node in the circuit, a 
given mesh current both enters and leaves the node. 

Figure 4.18 also shows that identifying a mesh current in terms of a 
branch current is not always possible. For example, the mesh current /) is 
not equal to any branch current, whereas mesh currents /,, 3, and i, can be 
identified with branch currents. Thus measuring a mesh current is not 
always possible; note that there is no place where an ammeter can be 
inserted to measure the mesh current />. The fact that a mesh current can 
be a fictitious quantity doesn’t mean that it is a useless concept. On the 
contrary, the mesh-current method of circuit analysis evolves quite natu- 
rally from the branch-current equations. 

We can use the circuit in Fig. 4.19 to show the evolution of the mesh- 
current technique. We begin by using the branch currents (4), i2, and i3) to 
formulate the set of independent equations. For this circuit, b, = 3 and 
n, = 2. We can write only one independent current equation, so we need 
two independent voltage equations. Applying Kirchhoff’s current law to 
the upper node and Kirchhoff’s voltage law around the two meshes gener- 
ates the following set of equations: 


Ly = I> a 13, (4.20) 
Dy = i, Ry + i3R3, (4.21) 
V2 = inR> = i3R3. (4.22) 


We reduce this set of three equations to a set of two equations by solving 
Eq. 4.20 for i; and then substituting this expression into Eqs. 4.21 and 4.22: 


y= i(R, + R;3) _— bR3, (4.23) 


—U2 = —1,R3 + in(R2 + R3). (4.24) 


We can solve Eqs. 4.23 and 4.24 for i, and i, to replace the solution of three 
simultaneous equations with the solution of two simultaneous equations. 
We derived Eqs. 4.23 and 4.24 by substituting the n, — 1 current equations 
into the b, — (#. — 1) voltage equations. The value of the mesh-current 
method is that, by defining mesh currents, we automatically eliminate the 
n, — 1 current equations. Thus the mesh-current method is equivalent to a 
systematic substitution of the mn, — 1 current equations into the 
b, — (n — 1) voltage equations. The mesh currents in Fig. 4.19 that are 
equivalent to eliminating the branch current /; from Eqs. 4.21 and 4.22 are 
shown in Fig. 4.20. We now apply Kirchhoff’s voltage law around the two 
meshes, expressing all voltages across resistors in terms of the mesh cur- 
rents, to get the equations 


V1 = i,R, + (ig — ty) Ra, (4.25) 
—V2 = (iy — ig)R3 + iyo. (4.26) 
Collecting the coefficients of i, and i, in Eqs. 4.25 and 4.26 gives 
v, = i,(R, + Rs) — ipRs, (4.27) 
—V7 = —1,R; + i,(R. + R3). (4.28) 


Note that Eqs. 4.27 and 4.28 and Eqs. 4.23 and 4.24 are identical in form, 
with the mesh currents i, and i, replacing the branch currents /, and ip. 
Note also that the branch currents shown in Fig. 4.19 can be expressed in 
terms of the mesh currents shown in Fig. 4.20, or 
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hy = las (4.29) 
2) = tb (4.30) 


The ability to write Eqs. 4.29-4.31 by inspection is crucial to the mesh- 
current method of circuit analysis. Once you know the mesh currents, you 
also know the branch currents. And once you know the branch currents, 
you can compute any voltages or powers of interest. 

Example 4.4 illustrates how the mesh-current method is used to find 
source powers and a branch voltage. 


Using the Mesh-Current Method 


a) Use the mesh-current method to determine the 
power associated with each voltage source in the 
circuit shown in Fig. 4.21. 


b) Calculate the voltage v, across the 8 2, resistor. 


Solution 


a) To calculate the power associated with each 
source, we need to know the current in each 
source. The circuit indicates that these source 
currents will be identical to mesh currents. Also, 
note that the circuit has seven branches where 


Figure 4.21 A The circuit for Example 4.4. 


the current is unknown and five nodes. Therefore 
we need three [b —- (xn - 1) =7—-(5—1)] 
mesh-current equations to describe the circuit. 
Figure 4.22 shows the three mesh currents used 
to describe the circuit in Fig. 4.21. If we assume 
that the voltage drops are positive, the three mesh 
equations are 


—40 + 2i, + 8(i, — i») = 0, 
8(i, _ i) + ip + 6(é, = ie) = (0), 


6(ig — ty) + 4i, + 20 = 0. = (4.32) 


Your calculator can probably solve these equa- 
tions, or you can use a computer tool. Cramer’s 
method is a useful tool when solving three or 
more simultaneous equations by hand. You can 
review this important tool in Appendix A. 
Reorganizing Eqs. 4.32 in anticipation of using 
your calculator, a computer program, or Cramer’s 
method gives 


10i, — Sin + Oi, = 40; 


~8i, + 20i, — 6i, = 


| 
S 


Oi, — 6i, + 10i, = —20. (4.33) 


The three mesh currents are 


i, = 5.6A, 
i, = 2.0 A, 
i, = —0.80 A. 


Figure 4.22 A The three mesh currents used to analyze the 
circuit shown in Fig. 4.21. 


The mesh current i, is identical with the branch 
current in the 40 V source, so the power associ- 
ated with this source is 


Pagyv = —40i, = —224W. 
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The minus sign means that this source is deliver- The 20 V source also is delivering power to the 

ing power to the network. The current in the network. 

20 V source is identical to the mesh current {,; b) The branch current in the 8 resistor in the 

therefore direction of the voltage drop wv, is i, — ip. 
Poy = 20i, = —16 W. Therefore 


v, = 8(ig — ip) = 8(3.6) = 28.8 V. 


J/ ASSESSMENT PROBLEM 


Objective 2—Understand and be able to use the mesh-current method 


4.7. Use the mesh-current method to find (a) the 
power delivered by the 80 V source to the cir- 
cuit shown and (b) the power dissipated in the 
8 Q resistor. 


Answer: (a) 400 W; 
(b) 50 W. 


NOTE: Also try Chapter Problems 4.33 and 4.34. 


4.6 The Mesh-Current Method 
and Dependent Sources 


If the circuit contains dependent sources, the mesh-current equations must 
be supplemented by the appropriate constraint equations. Example 4.5 
illustrates the application of the mesh-current method when the circuit 
includes a dependent source. 


Using the Mesh-Current Method with Dependent Sources 


Use the mesh-current method of circuit analysis to defined on the circuit shown in Fig. 4.24. The three 
determine the power dissipated in the 4 ( resistor mesh-current equations are 
in the circuit shown in Fig. 4.23. 


SO = S(i) — 4) + 20, — 4), 


0 = S(ir + iy) + li, + A(in = iz), 


15 ig 


i : The circuit for Example 4.5. : 
ue eee eee We now express the branch current controlling the 


dependent voltage source in terms of the mesh 


Solution currents as 
This circuit has six branches where the current is 


unknown and four nodes. Therefore we need three ee Waa (4.35) 
mesh currents to describe the circuit. They are 
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which is the supplemental equation imposed by the Because we are calculating the power dissipated in 
presence of the dependent source. Substituting the 4 © resistor, we compute the mesh currents /, 
Eq. 4.35 into Eqs. 4.34 and collecting the coeffi- and £3: 
cients of i), i2, and i; in each equation generates 
I> — 26 A, 
50 = 25%, — Sin — 2083, 
i, = 28 A. 


Q= —Si, + 102, = is, 

The current in the 4 Q resistor oriented from left 
to right is iz — 4 , or 2 A. Therefore the powcr 
dissipated is 


QO = 5h = Ai, + 9i3. 


Pag. = (is — 62)°(4) = (2)°(4) = 16 W. 


What if you had not been told to use the mesh- 
current method? Would you have chosen the node- 
voltage method? It reduces the problem to finding 
one unknown node voltage because of the presence 
Figure 4.24 A The circuit shown in Fig. 4.23 with the three of two voltage sources between essential nodes. We 
mesh currents. present more about making such choices later. 


J/ ASSESSMENT PROBLEMS 


Objective 2—Understand and be able to use the mesh-current method 


4.8 a) Determine the number of mesh-current Answer: (a) 3; 
equations needed to solve the circuit shown. (b) —36 W. 
b) Use the mesh-current method to find how 
much power is being delivered to the 4.9 Use the mesh-current method to find v, in the 
dependent voltage source. circuit shown. 
20 
—3 Ug 


140 
<2 


“Owe 19 


NOTE: Also try Chapter Problems 4.38 and 4.39. 


Answer: 16 V. 


4.7 The Mesh-Current Method: 
Some Special Cases 


When a branch includes a current source, the mesh-current method requires 
some additional manipulations. The circuit shown in Fig. 4.25 depicts the 
nature of the problem. 

We have defined the mesh currents /,, i,, and i,, as well as the voltage 
across the 5 A current source, to aid the discussion. Note that the circuit 
contains five essential branches where the current is unknown and four Figure 4.25 AA circuit illustrating mesh analysis when 
essential nodes. Hence we need to write two [5 — (4 — 1)] mesh-current a branch contains an independent current source. 


100 V 50 V 
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Supermesh 


50 V 


6 4Q 


Figure 4.26 & The circuit shown in Fig. 4.25, illustrat- 
ing the concept of a supermesh. 


equations to solve the circuit. The presence of the current source reduces 
the three unknown mesh currents to two such currents, because it con- 
strains the difference between /, and i, to equal 5 A. Hence, if we know i,, 
we know i,, and vice versa. 

However, when we attempt to sum the voltages around either mesh a 
or mesh c, we must introduce into the equations the unknown voltage 
across the 5 A current source. Thus, for mesh a: 


100 = 3(i, — ip) + v + 65, (4.36) 
and for mesh c: 
—50 = 43, — v + 2(i, — i). (4.37) 


We now add Eqs. 4.36 and 4.37 to eliminate v and obtain 
50 = 9i, — Sin + Gig. (4.38) 
Summing voltages around mesh b gives 
O = 3(i, — ig) + 10H, + 2(iy — &,). (4.39) 


We reduce Eqs. 4.38 and 4.39 to two equations and two unknowns by using 
the constraint that 


i, — i, = 5. (4.40) 


We leave to you the verification that, when Eq. 4.40 is combined with 
Eqs. 4.38 and 4.39, the solutions for the three mesh currents are 


i, = 175A, ip = 125A, and i, = 675A. 


The Concept of a Supermesh 


We can derive Eq. 4.38 without introducing the unknown voltage v by 
using the concept of a supermesh. To create a supermesh, we mentally 
remove the current source from the circuit by simply avoiding this branch 
when writing the mesb-current equations. We express the voltages around 
the supermesh in terms of the original mesh currents. Figure 4.26 illus- 
trates the supermesh concept. When we sum the voltages around the 
supermesh (denoted by the dashed line), we obtain the equation 


—100 + 3(i, — iy) + 2(i. — iy) + 50 + 4, + 67, = 0, (4.41) 
which reduces to 
50 = 91, — Sip + Oi. (4.42) 


Note that Eqs. 4.42 and 4.38 are identical. Thus the supermesh has elimi- 
nated the need for introducing the unknown voltage across the current 
source. Once again, taking time to look carefully at a circuit to identify a 
shortcut such as this provides a big payoff in simplifying the analysis. 


4.7 


Mesh-Current Analysis of the Amplifier Circuit 


We can use the circuit first introduced in Section 2.5 (Fig. 2.24) to illustrate 
how the mesh-current method works when a branch contains a dependent 
current source. Figure 4.27 shows that circuit, with the three mesh currents 
denoted i,, i, and é,. This circuit has four essential nodes and five essential 
branches where the current is unknown. Therefore we know that the cir- 
cuit can be analyzed in terms of two [5S — (4 — 1)] mesh-current equa- 
tions. Although we defined three mesh currents in Fig. 4.27, the dependent 
current source forces a constraint between mesh currents 7, and i,, so we 
have only two unknown mesh currents. Using the concept of the super- 
mesh, we redraw the circuit as shown in Fig. 4.28. 

We now sum the voltages around the supermesh in terms of the mesh 
currents iq, é), and i, to obtain 


Riig + 0ce + Relic — th) — Vo = 0. (4.43) 
The mesh b equation is 
Rain + Vo + Reliy — i.) = 0. (4.44) 
The constraint imposed by the dependent current source is 
Big = ig — Ie. (4.45) 


The branch current controlling the dependent current source, expressed 
as a function of the mesh currents, is 


ip = iy — by. (4.46) 
From Eqs. 4.45 and 4.46, 
i, = (1 + B)i,g — Bip. (4.47) 
We now use Eq. 4.47 to eliminate i, from Eqs. 4.43 and 4.44: 
[Ri + (1 + B)Reli,g — (1 + B)Rein = Vo — Vee, (4.48) 


—(1 + B)Rei, + [Ro + (1 + B)ReEli,p = —Vo. (4.49) 


You should verify that the solution of Eqs. 4.48 and 4.49 for i, and i, gives 


re VoR2 — VecR2 — Vcc + B)Re (4.50) 
° R,R. + (1 + B)Re(R, + R2) 
rs —VoR, — 1 + BYREV cc (4.51) 
RyRy + (1 + B)Re(R, + Ro) 


We also leave you to verify that, when Eqs. 4.50 and 4.51 are used to find 
ip, the result is the same as that given by Eq. 2.25. 
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Figure 4.27 A The circuit shown in Fig. 2.24 with the 
mesh currents i,, i), and i,, 


Figure 4.28 A The circuit shown in Fig. 4.27, depicting 
the supermesh created by the presence of the dependent 
current source. 
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/ ASSESSMENT PROBLEMS 


Objective 2—Understand and be able to use the mesh-current method 


4.10 Use the mesh-current method to find the power 30 8a 


dissipated in the 2 ( resistor in the circuit shown. 
30 V ap 2 59 ce 16A 


Answer: 72 W. 


4.11 Use the mesh-current method to find the mesh 
current i, in the circuit shown. 


Answer: 115A. 


20, 


“Oo C 7 


4.12 Use the mesh-current method to find the 
power dissipated in the 1 © resistor in the cir- 
cuit shown. 


Answer: 36 W. 
NOTE: Also try Chapter Problems 4.42, 4.44, 4.48, and 4.51. 


4.8 The Node-Voltage Method Versus 
the Mesh-Current Method 


The greatest advantage of both the node-voltage and mesh-current meth- 
ods is that they reduce the number of simultaneous equations that must be 
manipulated. They also require the analyst to be quite systematic in terms 
of organizing and writing these equations. It is natural to ask, then, “When 
is the node-voltage method preferred to the mesh-current method and 
vice versa?” As you might suspect, there is no clear-cut answer. Asking a 
number of questions, however, may help you identify the more efficient 
method before plunging into the solution process: 


¢ Does one of the methods result in fewer simultaneous equations 
to solve? 

¢ Does the circuit contain supernodes? If so, using the node-voltage 
method will permit you to reduce the number of equations to 
be solved. 
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+ Does the circuit contain supermeshes? If so, using the mesh-current 
method will permit you to reduce the number of equations to 
be solved. 


¢ Will solving some portion of the circuit give the requested solution? 
If so, which method is most efficient for solving just the pertinent 
portion of the circuit? 


Perhaps the most important observation is that, for any situation, some 
time spent thinking about the problem in relation to the various analytical 
approaches available is time well spent. Examples 4.6 and 4.7 illustrate the 
process of deciding between the node-voltage and mesh-current methods. 


See mem Understanding the Node-Voltage Method Versus Mesh-Current Method 


Find the power dissipated in the 300 © resistor in 
the circuit shown in Fig. 4.29. 


Figure 4.29 A The circuit for Example 4.6. 


Solution 


To find the power dissipated in the 300 resistor, 
we need to find either the current in the resistor or 
the voltage across it. The mesh-current method 
yields the current in the resistor; this approach 
requires solving five simultaneous mesh equations, 
as depicted in Fig. 4.30. In writing the five equa- 
tions, we must include the constraint i, = —ép. 

Before going further, let’s also look at the circuit 
in terms of the node-voltage method. Note that, once 
we know the node voltages, we can calculate either 
the current in the 300 £ resistor or the voltage across 
it. The circuit has four essential nodes, and therefore 
only three node-voltage equations are required to 
describe the circuit. Because of the dependent volt- 
age source between two essential nodes, we have to 
sum the currents at only two nodes. Hence the prob- 
lem is reduced to writing two node-voltage equations 
and a constraint equation. Because the node-voltage 
method requires only three simultaneous equations, 
it is the more attractive approach. 

Once the decision to use the node-voltage 
method has been made, the next step is to select a 
reference node. Two essential nodes in the circuit in 
Fig. 4.29 merit consideration. The first is the refer- 
ence node in Fig. 4.31. If this node is selected, one of 
the unknown node voltages is the voltage across the 


300 9 resistor, namely, vz in Fig. 4.31. Once we 


know this voltage, we calculate the power in the 
300 2 resistor by using the expression 


P3000. * v3/ 300. 


3000 3 


Figure 4.30 A The circuit shown in Fig. 4.29, with the five 
mesh currents. 


Figure 4.31 A The circuit shown in Fig. 4.29, with a 
reference node. 


Note that, in addition to selecting the reference 
node, we defined the three node voltages v1, v2, and 
v3 and indicated that nodes 1 and 3 form a super- 
node, because they are connected by a dependent 
voltage source. It is understood that a node voltage ts 
arise from the reference node; therefore, in Fig. 4.31, 
we have not placed the node voltage polarity refer- 
ences on the circuit diagram. 
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The second node that merits consideration as 
the reference node is the lower node in the circuit, 
as shown in Fig. 4.32. It is attractive because it has 
the most branches connected to it, and the node- 
voltage equations are thus easier to write. However, 
to find either the current in the 300 2 resistor or 
the voltage across it requires an additional calcula- 
tion once we know the node voltages v, and v,. For 
example, the current in the 300 resistor is 
(v- — V,)/300, whereas the voltage across the resis- 
tOr iS Ue — Vg. 


Figure 4.32 A The circuit shown in Fig. 4.29 with an 
alternative reference node. 


We compare these two possible reference nodes 
by means of the following sets of equations. The first 
set pertains to the circuit shown in Fig. 4.31, and the 
second set is based on the circuit shown in Fig. 4.32. 


- Set 1 (Fig 4.31) 
At the supernode, 


Di Ui Ue UN, UO, Us (v2 + 128) 
100 250 200 400 500 


V3 + 256 
, = 6 
150 


At v2, 


Vd Up i ei Uae Us. 4; Wat 18 
300 250 400 500 


From the supernode, the constraint equation is 


; V2 
v3 = VY, — SOin = Vy ara 
* Set 2 (Fig 4.32) 
At Va, 
Va Pi Vis rag ae 
200 150 100 300 
At v,, 
Ve Ve + 128. ve Vy a er 


+ + 
400 500 250 300 
From the supernode, the constraint equation is 


: SO(Ve = Va) Uc — Va 
ij i Se 
Me SA 300 6 


You should verify that the solution of either set 
leads to a power calculation of 16.57 W dissipated in 


the 300 © resistor. 


Find the voltage v, in the circuit shown in Fig. 4.33. 


Solution 


At first glance, the node-voltage method looks 
appealing, because we may define the unknown 
voltage as a node voltage by choosing the lower ter- 
minal of the dependent current source as the refer- 
ence node. The circuit has four essential nodes and 
two voltage-controlled dependent sources, so the 
node-voltage method requires manipulation of 
three node-voltage equations and two constraint 
equations. 

Let’s now turn to the mesh-current method for 
finding v,. The circuit contains three meshes, and 
we can use the leftmost one to calculate v,. If we 


Comparing the Node-Voltage and Mesh-Current Methods 


let i, denote the leftmost mesh current, then 
V, = 193 — 10i,. The presence of the two current 
sources reduces the problem to manipulating a sin- 
gle supermesh equation and two constraint equa- 
tions. Hence the mesh-current method is the more 
attractive technique here. 


4Q 2.902 20 
Ceerndnin Des Qo 
60 7.50 80 


Figure 4.33 A The circuit for Example 4.7. 


Figure 4.35 A The circuit shown in Fig. 4.33 with node voltages. 


To help you compare the two approaches, we 
summarize both methods. The mesh-current equa- 
tions are based on the circuit shown in Fig. 4.34, 
and the node-voltage equations are based on 
the circuit shown in Fig. 4.35. The supermesh 
equation is 


193 = 10i, + 10i, + 10, + 0.809, 
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and the constraint equations are 
iy — i, = O4vg = 0.8i,; 
Vg = —7.Sipy; and 
bet = OS: 


We use the constraint equations to write the super- 
mesh equation in terms of i,: 


160 = 80i,, or i, = 2A, 
v, = 193 - 20 = 173 V. 


The node-voltage equations are 


19, = 193 pa gi Mi Uis % 
10 tie 7 nl 
Va — Vo Va — (Vp a 0.809) 
2 v2 10 Y, 
+ 0.80, — 
Ub. +05 + Ui Ee Oa 0. 


7.5 10 
The constraint equations are 


V, — (Vp + 0.8u9) 
Ve = —Up, Va = as |: an 2: 


We use the constraint equations to reduce the node- 
voltage equations to three simultaneous equations 
involving v,, V,, and vp. You should verify that the 
node-voltage approach also gives v, = 173 V. 


J/ ASSESSMENT PROBLEMS 


Objective 3—Deciding between the node-voltage and mesh-current methods 


4.14 Find the power delivered by the 4 A current 
source in the circuit shown. 


4.13 Find the power delivered by the 2 A current 
source in the circuit shown. 


4A 
iso) 100 


we (\ 


Answer: 70 W. Answer: 40 W. 
NOTE: Also try Chapter Problems 4.52 and 4.53. 


4.9 Source Transformations 


Even though the node-voltage and mesh-current methods are powerful tech- 
niques for solving circuits, we are still interested in methods that can be used 
to simplify circuits. Series-parallel reductions and A-to-Y transformations are 
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b 
(a) 


(b) 


Figure 4.36 A Source transformations. 


associated with the 6 V source. 


Solution 


a) For the circuit shown in Fig. 4.37, find the power 


b) State whether the 6 V source is absorbing or 
delivering the power calculated in (a). 


already on our list of simplifying techniques. We begin expanding this list 
with source transformations. A source transformation, shown in Fig. 4.36, 
allows a voltage source in series with a resistor to be replaced by a current 
source in parallel with the same resistor or vice versa. The double-headed 
arrow emphasizes that a source transformation is bilateral; that is, we can 
start with either configuration and derive the other. 

We need to find the relationship between », and /, that guarantees the 
two configurations in Fig. 4.36 are equivalent with respect to nodes a,b. 
Equivalence is achieved if any resistor R; experiences the same current 
flow, and thus the same voltage drop, whether connected between nodes 
a,b in Fig. 4.36(a) or Fig. 4.36(b). 

Suppose R; is connected between nodes a,b in Fig. 4.36(a). Using 
Ohm’s law, the current in R; is 


: Vs 
Tarren 
b R+R, 
Now suppose the same resistor R, is connected between nodes a,b in 
Fig. 4.36(b). Using current division, the current in R, is 
RR, 
y= SS 
'R+R,° 


If the two circuits in Fig. 4.36 are equivalent, these resistor currents must be 
the same. Equating the right-hand sides of Eqs. 4.52 and 4.53 and simplifying, 


(4.52) 


(4.53) 


i,=—. (4.54) 


When Eq. 4.54 is satisfied for the circuits in Fig. 4.36, the current in R, is 
the same for both circuits in the figure for all values of R,. If the current 
through R; is the same in both circuits, then the voltage drop across R,, is 
the same in both circuits, and the circuits are equivalent at nodes a,b. 

If the polarity of v, is reversed, the orientation of i, must be reversed 
to maintain equivalence. 

Example 4.8 illustrates the usefulness of making source transforma- 
tions to simplify a circuit-analysis problem. 


Sechitce- mm Using Source Transformations to Solve a Circuit 


4Q 60 50 


Figure 4.37 & The circuit for Example 4.8. 


a) If we study the circuit shown in Fig. 4.37, know- 


ing that the power associated with the 6 V 
source is of interest, several approaches come 
to mind. The circuit has four essential nodes 
and six essential branches where the current is 
unknown. Thus we can find the current in the 
branch containing the 6 V source by solving 
either three [6 — (4 — 1)] mesh-current equa- 
tions or three [4 — |] node-voltage equations. 
Choosing the mesh-current approach involves 


solving for the mesh current that corresponds 
to the branch current in the 6 V source. 
Choosing the node-voltage approach involves 
solving for the voltage across the 30 Q resistor, 
from which the branch current in the 6 V 
source can be calculated. But by focusing on 
just one branch current, we can first simplify 
the circuit by using source transformations. 


We must reduce the circuit in a way that pre- 
serves the identity of the branch containing the 6 V 
source. We have no reason to preserve the identity of 
the branch containing the 40 V source. Beginning with 


4Q 60 
100 


(a) First step 


4Q 
“Op 


(c) Third step 


200 Ors 


Figure 4.38 A Step-by-step simplification of the circuit shown in Fig. 4.37. 


4.9 Source Transformations 


this branch, we can transform the 40 V source in 
series with the 5 Q resistor into an 8 A current 
source in parallel with a 5 2 resistor, as shown 
in Fig. 4.38(a). 


4M 60 4 


(b) Second step 


4Q) 120 


sv) (92 


(d) Fourth step 


111 


Next, we can replace the parallel combination of 
the 20 Q and 5 CO resistors with a 4 (2 resistor. 
This 4 Q resistor is in parallel with the 8 A source 
and therefore can be replaced with a 32 V source 
in series with a 4Q resistor, as shown in 
Fig. 4.38(b). The 32 V source is in series with 20 0, 


and the 12 2 resistor transforms into a voltage 
source of 19.2 V in series with 12 .. Figure 4.38(d) 
shows the result of this last transformation. The 
current in the direction of the voltage drop across 
the 6 V source is (19.2 — 6)/16, or 0.825 A. 
Therefore the power associated with the 6 V 


of resistance and, hence, can be replaced by a cur- 
rent source of 1.6 A in parallel with 20 Q, as shown 
in Fig. 4.38(c). The 20 0 and 30 2 parallel resis- 
tors can be reduced to a single 12 (2 resistor. The 
parallel combination of the 1.6 A current source 


source is 
Pov = (0.825)(6) = 4.95 W. 


b) The voltage source is absorbing power. 


A question that arises from use of the source transformation depicted 
in Fig. 4.38 is, “What happens if there is a resistance ,, in parallel with the 
voltage source or a resistance R, in series with the current source?” In 
both cases, the resistance has no effect on the equivalent circuit that pre- 
dicts behavior with respect to terminals a,b. Figure 4.39 summarizes this 


observation. 


The two circuits depicted in Fig. 4.39(a) are equivalent with respect to 


terminals a,b because they produce the same voltage and current in any 
resistor R,; inserted between nodes a,b. The same can be said for the cir- 
cuits in Fig. 4.39(b). Example 4.9 illustrates an application of the equiva- 


lent circuits depicted in Fig. 4.39. 


(b) 


Figure 4.39 A Equivalent circuits containing a 


R R 
a a 
” _ 
b b 
(a) 
R, 
a a 
” 
b 


x 


resistance in parallel with a voltage source or in series 


with a current source. 
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Schiltceememe Using Special Source Transformation Techniques 


a) Use source transformations to find the voltage b) The current supplied by the 250 V source equals the 
v, in the circuit shown in Fig. 4.40. current in the 125 2 resistor plus the current in the 
b) Find the power developed by the 250 V voltage 25 2 resistor. Thus 
source. 
c) Find the power developed by the 8 A current 
250 = 250 — 20 
source. : 
= 4+ 12 A. 
ls = 156 75 2A 


Therefore the power developed by the voltage source is 


250 52 
ree ee ; 
Posyv(developed) = (250)(11.2) = 2800 W. 


Figure 4.40 A The circuit for Example 4.9. 


on 
—) 


— 


To find the power developed by the 8 A current source, 
we first find the voltage across the source. If we let v, 
represent the voltage across the source, positive at the 
upper terminal of the source, we obtain 


Cc 


Solution 


a) We begin by removing the 125 9 and 10 O resis- 
tors, because the 125 ( resistor is connected across v, + 8(10) = v, = 20, or v, = —60V, 
the 250 V voltage source and the 10 ( resistor is 
connected in series with the 8 A current source. We 


also combine the series-connected resistors into a and the power developed by the 8 A source is 480 W. 
single resistance of 20 0. Figure 4.41 shows the sim- Note that the 125 0 and 10 O resistors do not affect 
plified circuit. the value of v, but do affect the power calculations. 


25 0 
@ Ch)eangima $200 
250 V oe ey 100 0 20 0 


' —e } ud 8 Figure 4.42 A The circuit shown in Fig. 4.41 after a source 
Figure 4.41 A A simplified version of the circuit shown in Fig. 4.40. transformation. 


We now use a Source transformation to replace 
the 250 V source and 25 resistor with a 1O A 
source in parallel with the 25 © resistor, as shown in 
Fig. 4.42. We can now simplify the circuit shown in 
Fig. 4.42 by using Kirchhoff’s current law to com- 
bine the parallel current sources into a single Figure 4.43 A The circuit shown in Fig. 4.42 after combining 
source. The parallel resistors combine into a single sources and resistors. 
resistor. Figure 4.43 shows the result. Hence 
v, = 20V. 


/ ASSESSMENT PROBLEM 


Objective 4—Understand source transformation 


4.15 a) Use aseries of source transformations to 
find the voltage v in the circuit shown. 


b) How much power does the 120 V source 
deliver to the circuit? 


(a) 48 V; 
(b) 374.4 W. 


Answer: 


NOTE: Also try Chapter Problems 4.59 and 4.60. 


4.10 Thévenin and Norton Equivalents 


At times in circuit analysis, we want to concentrate on what happens at 
a specific pair of terminals. For example, when we plug a toaster into an 
outlet, we are interested primarily in the voltage and current at the ter- 
minals of the toaster. We have little or no interest in the effect that con- 
necting the toaster has on voltages or currents elsewhere in the circuit 
supplying the outlet. We can expand this interest in terminal behavior 
to a set of appliances, each requiring a different amount of power. 
We then are interested in how the voltage and current delivered at the 
outlet change as we change appliances. In other words, we want to focus 
on the behavior of the circuit supplying the outlet, but only at the out- 
let terminals. 

Thévenin and Norton equivalents are circuit simplification techniques 
that focus on terminal behavior and thus are extremely valuable aids in 
analysis. Although here we discuss them as they pertain to resistive cir- 
cuits, Thévenin and Norton equivalent circuits may be used to represent 
any circuit made up of linear elements. 

We can best describe a Thévenin equivalent circuit by reference to 
Fig. 4.44, which represents any circuit made up of sources (both inde- 
pendent and dependent) and resistors. The letters a and b denote the 
pair of terminals of interest. Figure 4.44(b) shows the Thévenin equiva- 
lent. Thus, a Thévenin equivalent circuit is an independent voltage 
source V7, in Series with a resistor Ry, which replaces an interconnec- 
tion of sources and resistors. This series combination of V7, and Rrp is 
equivalent to the original circuit in the sense that, if we connect the 
same load across the terminals a,b of each circuit, we get the same volt- 
age and current at the terminals of the load. This equivalence holds for 
all possible values of load resistance. 

To represent the original circuit by its Thévenin equivalent, we must 
be able to determine the Thévenin voltage V7, and the Thévenin resist- 
ance Ry. First, we note that if the load resistance is infinitely large, we 
have an open-circuit condition. The open-circuit voltage at the terminals 
a,b in the circuit shown in Fig. 4.44(b) is Vy,. By hypothesis, this must be 
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Thévenin and Norton Equivalents 


Rt 

@a a 
A resistive 
network containing V. 
independent and 1 
dependent sources 

@b b 

(a) (b) 


Figure 4.44 A (a) A general circuit. (b) The Thévenin 
equivalent circuit. 
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$0 40, 


Figure 4.45 & A circuit used to illustrate a Thévenin 
equivalent. 


50 4Q a 


Figure 4.46 A The circuit shown in Fig. 4.45 with 
terminals a and b short-circuited. 


the same as the open-circuit voltage at the terminals a,b in the original 
circuit. Therefore, to calculate the Thévenin voltage V7, we simply calcu- 
late the open-circuit voltage in the original circuit. 

Reducing the load resistance to zero gives us a short-circuit condition. 
If we place a short circuit across the terminals a,b of the Thévenin equiva- 
Jent circuit, the short-circuit current directed from a to b is 


_ Vm 


a R (4.55) 
Th 


By hypothesis, this short-circuit current must be identical to the short-circuit 
current that exists in a short circuit placed across the terminals a,b of the 
original network. From Eq. 4.55, 


V+ 


tse 


Thus the Thévenin resistance is the ratio of the open-circuit voltage to the 
short-circuit current. 


Finding a Thévenin Equivalent 


To find the Thévenin equivalent of the circuit shown in Fig. 4.45, we first 
calculate the open-circuit voltage of v,,. Note that when the terminals a,b 
are open, there is no current in the 4 (Q resistor. Therefore the open-circuit 
voltage vp is identical to the voltage across the 3 A current source, labeled 
v. We find the voltage by solving a single node-voltage equation. 
Choosing the lower node as the reference node, we get 


+~—— +—4-3=0. 
; aa 0 (4.57) 


Solving for v, yields 
UF 32 V. (4.58) 


Hence the Thévenin voltage for the circuit is 32 V. 

The next step is to place a short circuit across the terminals and calcu- 
late the resulting short-circuit current. Figure 4.46 shows the circuit with 
the short in place. Note that the short-circuit current is in the direction of 
the open-circuit voltage drop across the terminals a,b. If the short-circuit 
current is in the direction of the open-circuit voltage rise across the termi- 
nals, a minus sign must be inserted in Eq. 4.56. 

The short-circuit current (i,,) is found easily once v2 is known. Therefore 
the problem reduces to finding v2 with the short in place. Again, if we use the 
lower node as the reference node, the equation for v2 becomes 


Vv 
+—-3+—=0. (4.59) 


Solving Eq. 4.59 for v2 gives 


v, = 16 V. (4.60) 


Hence, the short-circuit current is 


(= =4A. (4.61) 


We now find the Thévenin resistance by substituting the numerical results 
from Eqs. 4.58 and 4.61 into Eq. 4.56: 


Vin 32 
Ry, = = = 
"ig 4 


= 80. (4.62) 


Figure 4.47 shows the Thévenin equivalent for the circuit shown in Fig. 4.45. 

You should verify that, if a 24 0 resistor is connected across the ter- 
minals a,b in Fig. 4.45, the voltage across the resistor will be 24 V and 
the current in the resistor will be 1 A, as would be the case with the 
Thévenin circuit in Fig. 4.47. This same equivalence between the circuit 
in Figs. 4.45 and 4.47 holds for any resistor value connected between 
nodes a,b. 


The Norton Equivalent 


A Norton equivalent circuit consists of an independent current source 
in parallel with the Norton equivalent resistance. We can derive it from 
a Thévenin equivalent circuit simply by making a source transforma- 
tion. Thus the Norton current equals the short-circuit current at the 
terminals of interest, and the Norton resistance is identical to the 
Thévenin resistance. 


Using Source Transformations 


Sometimes we can make effective use of source transformations to 
derive a Thévenin or Norton equivalent circuit. For example, we can 
derive the Thévenin and Norton equivalents of the circuit shown 
in Fig. 4.45 by making the series of source transformations shown in 
Fig. 4.48. This technique is most useful when the network contains only 
independent sources. The presence of dependent sources requires 
retaining the identity of the controlling voltages and/or currents, and 
this constraint usually prohibits continued reduction of the circuit 
by source transformations. We discuss the problem of finding the 
Thévenin equivalent when a circuit contains dependent sources in 
Example 4.10. 
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80 
a 
32 V ( | 
b 


Figure 4.47 A The Thévenin equivalent of the circuit 
shown in Fig. 4.45. 


Step I: | 
Source transformation 


40, 
a 

Dm fr fa De 
b 


Step 2: 
Parallel sources and 
parallel resistors combined 


4Q, 
a 
Ch)sa gan 
b 
Step 3: 
Source transformation; series 
resistors combined, producing 
the Thévenin equivalent circuit 
80 
a 
32 V 
b 
Step 4: 
Source transformation, producing 
the Norton equivalent circuit ¥ 
a 
Oust 
2 b 


Figure 4.48 A Step-by-step derivation of the Thévenin 
and Norton equivalents of the circuit shown in Fig. 4.45. 
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Selene Finding the Thévenin Equivalent of a Circuit with a Dependent Source 


Find the Thévenin equivalent for the circuit con- 
taining dependent sources shown in Fig. 4.49. 


Bab 


Figure 4.49 A A circuit used to illustrate a Thévenin equivalent 
when the circuit contains dependent sources. 


Solution 


The first step in analyzing the circuit in Fig. 4.49 is 
to recognize that the current labeled i, must be 
zero. (Note the absence of a return path for i, to 
enter the left-hand portion of the circuit.) The 
open-circuit, or Thévenin, voltage will be the volt- 
age across the 25 ( resistor. With i, = 0, 


Vth = Vab = (—20i)(25) = —500i. 
The current / is 


5 — 3v _ = 3V th 
2000 ~—-.2000 


In writing the equation for i, we recognize that the 
Thévenin voltage is identical to the control voltage. 
When we combine these two equations, we obtain 


Vth =-§ Vv. 


To calculate the short-circuit current, we place 
a short circuit across a,b. When the terminals a,b are 
shorted together, the control voltage v is reduced to 
zero. Therefore, with the short in place, the circuit 
shown in Fig. 4.49 becomes the one shown in 
Fig. 4.50. With the short circuit shunting the 25 0 
resistor, all the current from the dependent current 
source appears in the short, so 


ig = —20i. 


Figure 4.50 A The circuit shown in Fig. 4.49 with terminals a 
and b short-circuited. 


As the voltage controlling the dependent volt- 
age source has been reduced to zero, the current 
controlling the dependent current source is 


Combining these two equations yields a short-circuit 
current of 


ise = —20(2.5) = —50 mA. 


From /,. and V-;, we get 


Vis dh 
Rn =—= =a 10° = 100 Q. 
bso 


Figure 4.51 illustrates the Thévenin equivalent 
for the circuit shown in Fig. 4.49. Note that the ref- 
erence polarity marks on the Thévenin voltage 
source in Fig. 4.51 agree with the preceding equa- 
tion for Vth. 


100 0 


SV 


Figure 4.51 A The Thévenin equivalent for the circuit shown in 
Fig. 4.49. 


u/ ASSESSMENT PROBLEMS 


Objective 5—Understand Thévenin and Norton equivalents 


4.16 Find the Thévenin equivalent circuit with respect 
to the terminals a,b for the circuit shown. 


Answer: V,, = Vr, = 64.8 V, Ry, = 6Q. 


4.17 Find the Norton equivalent circuit with respect 
to the terminals a,b for the circuit shown. 


Answer: Jy = 6A (directed toward a), Ry = 7.5 0. 


4.18 A voltmeter with an internal resistance of 
100 kQ is used to measure the voltage vap in the 
circuit shown. What is the voltmeter reading? 


Answer: 120 V. 


NOTE: Also try Chapter Problems 4.63, 4.64, and 4.71. 


4.11 More on Deriving a Thévenin 
Equivalent 


The technique for determining Ry, that we discussed and illustrated in 
Section 4.10 is not always the easiest method available. Two other meth- 
ods generally are simpler to use. The first is useful if the network contains 
only independent sources. To calculate Ry, for such a network, we first 
deactivate all independent sources and then calculate the resistance seen 
looking into the network at the designated terminal pair. A voltage source 
is deactivated by replacing it with a short circuit. A current source is deac- 
tivated by replacing it with an open circuit. For example, consider the cir- 
cuit shown in Fig. 4.52. Deactivating the independent sources simplifies 
the circuit to the one shown in Fig. 4.53. The resistance seen looking into 
the terminals a,b is denoted R,),, which consists of the 4 © resistor in series 
with the parallel combinations of the 5 and 20 © resistors. Thus, 


5 X 20 
25 


Note that the derivation of Rr, with Eq. 4.63 is much simpler than the 
same derivation with Eqs. 4.57-4.62. 


Ray = Rrn = 4 + = 8. (4.63) 
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Figure 4.52 A A circuit used to illustrate a Thévenin 
equivalent. 


$0 40 
a 
200 = Rap 
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Figure 4.53 A The circuit shown in Fig. 4.52 after deac- 
tivation of the independent sources. 
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If the circuit or network contains dependent sources, an alternative 
procedure for finding the Thévenin resistance Ry, is as follows. We first 
deactivate all independent sources, and we then apply either a test voltage 
source or a test current source to the Thévenin terminals a,b. The Thévenin 
resistance equals the ratio of the voltage across the test source to the cur- 
rent delivered by the test source. Example 4.11 illustrates this alternative 


procedure for finding Ryp,, using the same circuit as Example 4.10. 


Find the Thévenin resistance Ry, for the circuit in 
Fig. 4.49, using the alternative method described. 


Solution 


We first deactivate the independent voltage source 
from the circuit and then excite the circuit from the 
terminals a,b with either a test voltage source or a 
test current source. If we apply a test voltage source, 
we will know the voltage of the dependent voltage 
source and hence the controlling current 7. Therefore 
we opt for the test voltage source. Figure 4.54 shows 


Finding the Thévenin Equivalent Using a Test Source 


The externally applied test voltage source is 
denoted v;, and the current that it delivers to the 
circuit is labeled i7. To find the Thévenin resistance, 
we simply solve the circuit shown in Fig. 4.54 for the 
ratio of the voltage to the current at the test source; 
that is, Rp, = v7/ir. From Fig. 4.54, 


nal + 201 4.64 
is 5 q, ( : ) 
Pee 5 

i= 5 mA. (4.65) 


We then substitute Eq. 4.65 into Eq. 4.64 and solve 


Thévenin resistance. 


Figure 4.55 A The application of a Thévenin equivalent 
in circuit analysis. 


the circuit for computing the Thévenin resistance. 


Figure 4.54 A An alternative method for computing the 


the resulting equation for the ratio v;/i;: 


Se 4.66 
25 2000’ eee) 
iz 1 6 50 | 
Fs -— == 64,67 
vp 25 200 5000 100 on) 
From Eqs. 4.66 and 4.67, 
Rr = — = 1002. (4.68) 


In general, these computations are easier than those involved in com- 
puting the short-circuit current. Moreover, in a network containing only 
resistors and dependent sources, you must use the alternative method, 
because the ratio of the Thévenin voltage to the short-circuit current is 
indeterminate. That is, it is the ratio 0/0. 


- Using the Thévenin Equivalent in the Amplifier Circuit 


At times we can use a Thévenin equivalent to reduce one portion of a cir- 
cuit to greatly simplify analysis of the larger network. Let’s return to the 
circuit first introduced in Section 2.5 and subsequently analyzed in 
Sections 4.4 and 4.7. To aid our discussion, we redrew the circuit and iden- 
tified the branch currents of interest, as shown in Fig. 4.55. 

As our previous analysis has shown, jp is the key to finding the other 
branch currents. We redraw the circuit as shown in Fig. 4.56 to prepare to 
replace the subcircuit to the left of Vy with its Thévenin equivalent. You 


Figure 4.56 A A modified version of the circuit shown 
in Fig. 4.55. 


Figure 4.57 A The circuit shown in Fig. 4.56 modified 
by a Thévenin equivalent. 
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should be able to determine that this modification has no effect on the 
branch currents /), io, iz, and fp. 

Now we replace the circuit made up of Vcc, Ry, and R, with a 
Thévenin equivalent, with respect to the terminals b,d. The Thévenin volt- 
age and resistance are 


VecR? 
Va =e 4.69 
TR RS une?) 
R,R> 
RS 4.70 
th” R, + Ro el) 


With the Thévenin equivalent, the circuit in Fig. 4.56 becomes the one 
shown in Fig. 4.57. 

We now derive an equation for ig simply by summing the voltages 
around the left mesh. In writing this mesh equation, we recognize that 
ip = (1 + B)ig. Thus, 


Vin = Rrpiz + Vo + R-(1 + Biz, (4.71) 
from which 


Vin ~ Vo 


SSE 4.72 
B= (1 aye Ss 


i 


When we substitute Eqs. 4.69 and 4.70 into Eq. 4.72, we get the same 
expression obtained in Eq. 2.25. Note that when we have incorporated the 
Thévenin equivalent into the original circuit, we can obtain the solution 
for iz by writing a single equation. 


Objective 5—Understand Thévenin and Norton equivalents 


4.19 Find the Thévenin equivalent circuit with respect 4.20 Find the Thévenin equivalent circuit with 
to the terminals a,b for the circuit shown. respect to the terminals a,b for the circuit 


Answer: Vy, = Vab = 8V,Ry, = 1 Q. 


3 i, 


av) 4a) 380 


shown. (Hint: Define the voltage at the left- 
most node as v, and write two nodal equations 
with V7, as the right node voltage.) 


Answer: Vin = Vah = 30 V, Rrp = 10Q. 


Soe 100s 


a 


60 


b 


NOTE: Also try Chapter Problems 4.74 and 4.77. 
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a 
Resistive network 
containing R 
independent and ‘ 
dependent sources 


Figure 4.58 A A circuit describing maximum power 
transfer. 


Figure 4.59 A A circuit used to determine the value of 
R,, for maximum power transfer. 


Condition for maximum power transfer > 


4.12 Maximum Power Transfer 


Circuit analysis plays an important role in the analysis of systems designed 
to transfer power from a source to a load. We discuss power transfer in 
terms of two basic types of systems. The first emphasizes the efficiency of 
the power transfer. Power utility systems are a good example of this type 
because they are concerned with the generation, transmission, and distri- 
bution of large quantities of electric power. If a power utility system is 
inefficient, a large percentage of the power generated is lost in the trans- 
mission and distribution processes, and thus wasted. 

The second basic type of system emphasizes the amount of power trans- 
ferred. Communication and instrumentation systems are good examples 
because in the transmission of information, or data, via electric signals, the 
power available at the transmitter or detector is limited. Thus, transmitting as 
much of this power as possible to the receiver, or load, is desirable. In such 
applications the amount of power being transferred is small, so the efficiency 
of transfer is not a primary concern. We now consider maximum power 
transfer in systems that can be modeled by a purely resistive circuit. 

Maximum power transfer can best be described with the aid of the cir- 
cuit shown in Fig. 4.58. We assume a resistive network containing independ- 
ent and dependent sources and a designated pair of terminals, a,b, to which a 
load, R,, is to be connected. The problem is to determine the value of R, that 
permits maximum power delivery to R,. The first step in this process is to 
recognize that a resistive network can always be replaced by its Thévenin 
equivalent. Therefore, we redraw the circuit shown in Fig. 4.58 as the one 
shown in Fig. 4.59. Replacing the original network by its Thévenin equivalent 
greatly simplifies the task of finding R;. Derivation of R; requires express- 
ing the power dissipated in R, as a function of the three circuit parameters 
Vin Rtn: and R,. Thus 


V. 2 
p=?R,= a! R,. (4.73) 


Next, we recognize that for a given circuit, V7, and Ry, will be fixed. 
Therefore the power dissipated is a function of the single variable R;. To 
find the value of R, that maximizes the power, we use elementary calculus. 
We begin by writing an equation for the derivative of p with respect to R;: 


7 Lg {ee : Ar fan + a laid 
The derivative is zero and p is maximized when 
(Roy + Ri = 2R(Rr + Rr). (4.75) 
Solving Eq. 4.75 yields 
R, = Rt. (4.76) 


Thus maximum power transfer occurs when the load resistance RK; equals 
the Thévenin resistance Ry). To find the maximum power delivered to R;, 
we Simply substitute Eq. 4.76 into Eq. 4.73: 


VinRi _ Vin 
Pr ie a errs 4.77 
Pmax (2R,)° 4R; ( ) 
The analysis of a circuit when the load resistor is adjusted for maximum 
power transfer is illustrated in Example 4.12. 
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Example emra Calculating the Condition for Maximum Power Transfer 


a) For the circuit shown in Fig. 4.60, find the value 
of R, that results in maximum power being 
transferred to R;. 


300 a 
360 V on R,, 
b 


Figure 4.60 A The circuit for Example 4.12. 


b) Calculate the maximum power that can be deliv- 
ered to R;. 

c) When R, is adjusted for maximum power trans- 
fer, what percentage of the power delivered by 
the 360 V source reaches R,? 


Solution 


a) The Thévenin voltage for the circuit to the left of 
the terminals a,b is 


_ 150 


Vane 180 


(360) = 300 V. 
The Thévenin resistance is 


_ (150)(30) 


Rin = ae = 25.0. 


Replacing the circuit to the left of the termi- 
nals a,b with its Thévenin equivalent gives 
us the circuit shown in Fig. 4.61, which indi- 
cates that R,; must equal 25 1 for maximum 
power transfer. 


250 a 
300 V R, 


b 


Figure 4.61 A Reduction of the circuit shown in Fig. 4.60 by 
means of a Thévenin equivalent. 


b) The maximum power that can be delivered to 
R, iS 


2 
Povon = (=) (25) = 900 W. 


c) When R; equals 25 (, the voltage v,, is 


300 
Vab = (Jes = 150 V. 


From Fig. 4.60, when v,, equals 150 V, the cur- 
rent in the voltage source in the direction of the 
voltage rise across the source is 


;, — 360 = 150 _ 210 


= 7A. 
. 30 30 


Therefore, the source is delivering 2520 W to the 
circuit, or 


p, = —i,(360) = —2520 W. 


The percentage of the source power delivered to 
the load is 


900 
—— X 100 = 35.71%. 
7590 100 = 35.71% 
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/ ASSESSMENT PROBLEMS 


Objective 6—Know the condition for and calculate maximum power transfer to resistive load 


4.21 


a) Find the value of R that enables the circuit 4.22 Assume that the circuit in Assessment 


b) Find the maximum power delivered to R. 


100 V 


Answer: 


shown to deliver maximum power to the 


terminals a,b. 


Vy 


(a) 3 Q; 
(b) 1.2 kW. 


Problem 4.21 is delivering maximum power to 
the load resistor R. 


a) How much power is the 100 V source deliv- 
ering to the network? 


b) Repeat (a) for the dependent voltage 
source. 


c) What percentage of the total power gener- 
ated by these two sources is delivered to the 
load resistor R? 


Answer: (a) 3000 W; 
(b) 800 W; 
(c) 31.58%. 


NOTE: Also try Chapter Problems 4.83 and 4.87. 


4.13 Superposition 


A linear system obeys the principle of superposition, which states that 
whenever a linear system is excited, or driven, by more than one inde- 
pendent source of energy, the total response is the sum of the individual 
responses. An individual response is the result of an independent source 
acting alone. Because we are dealing with circuits made up of inter- 
connected linear-circuit elements, we can apply the principle of superposi- 
tion directly to the analysis of such circuits when they are driven by more 
than one independent energy source. At present, we restrict the discussion 
to sumple resistive networks; however, the principle is applicable to any 
linear system. 

Superposition is applied in both the analysis and the design of circuits. 
In analyzing a complex circuit with multiple independent voltage and cur- 
rent sources, there are often fewer, simpler equations to solve when the 
effects of the independent sources are considered one at a time. Applying 
superposition can thus simplify circuit analysis. Be aware, though, that 
sometimes applying superposition actually complicates the analysis, produc- 
ing more equations to solve than with an alternative method. Superposition 
is required only if the independent sources in a circuit are fundamentally 
different. In these early chapters, all independent sources are dc sources, so 
superposition is not required. We introduce superposition here in anticipa- 
tion of later chapters in which circuits will require it. 

Superposition is applied in design to synthesize a desired circuit 
response that could not be achieved in a circuit with a single source. If the 
desired circuit response can be written as a sum of two or more terms, the 
response can be realized by including one independent source for each 
term of the response. This approach to the design of circuits with complex 
responses allows a designer to consider several simple designs instead of 
one complex design. 


We demonstrate the superposition principle by using it to find the 
branch currents in the circuit shown in Fig. 4.62. We begin by finding the 
branch currents resulting from the 120 V voltage source. We denote those 
currents with a prime. Replacing the ideal current source with an open cir- 
cuit deactivates it; Fig. 4.63 shows this. The branch currents in this circuit 
are the result of only the voltage source. 

We can easily find the branch currents in the circuit in Fig. 4.63 once 
we know the node voltage across the 3 (2 resistor. Denoting this voltage 
v1, we write 


v,- 120 »y V1 


(4.78) 


from which 
v, = 30 V. (4.79) 


Now we can write the expressions for the branch currents i; — /4 directly: 


—_ = A, 4.8 
ty 6 15 ( 0) 
() 
i, = = =10A, (4.81) 
0 
in =i, = = =SA. (4.82) 


To find the component of the branch currents resulting from the current 
source, we deactivate the ideal voltage source and solve the circuit shown in 
Fig. 4.64. The double-prime notation for the currents indicates they are the 
components of the total current resulting from the ideal current source. 

We determine the branch currents in the circuit shown in Fig. 4.64 by 
first solving for the node voltages across the 3 and 4 1D resistors, respec- 
tively. Figure 4.65 shows the two node voltages. The two node-voltage 
equations that describe the circuit are 


B+ B+ Sot =o, (4.83) 
a # ri $12 = 0. (4.84) 
Solving Eqs. 4.83 and 4.84 for v3 and v4, we get 
v3 = -12 V, (4.85) 
vy = —24 V. (4.86) 


Now we can write the branch currents /j through é4 directly in terms of the 
node voltages v3 and v4: 


(4.87) 
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Superposition 


Figure 4.63 A The circuit shown in Fig. 4.62 with the 
Current source deactivated. 


Figure 4.64 A The circuit shown in Fig. 4.62 with the 
voltage source deactivated. 


Figure 4.65 A The circuit shown in Fig. 4.64 showing 
the node voltages v3 and v4. 
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1 arate (4.88) 


i Ae 


B= 6 A, (4.89) 


” 


i4 TS eM —6 A. (4.90) 


To find the branch currents in the original circuit, that is, the currents 
ij, ly, iz, and iy in Fig. 4.62, we simply add the currents given by 
Eqs. 4.87-4.90 to the currents given by Eqs. 4.80-4.82: 


i =i, tif =15+2=17A, (4.91) 
ip = ih + =10-4=6A, (4.92) 
i, = ih +i =5+6=11A, (4.93) 
p= i +i =5-6=-1A. (4.94) 


You should verify that the currents given by Eqs. 4.91-4.94 are the correct 
values for the branch currents in the circuit shown in Fig. 4.62. 

When applying superposition to linear circuits containing both independ- 
ent and dependent sources, you must recognize that the dependent sources 
are never deactivated. Example 4.13 illustrates the application of superposi- 
tion when a circuit contains both dependent and independent sources. 


Using Superposition to Solve a Circuit 


Use the principle of superposition to find v, in the 
circuit shown in Fig. 4.66. 


(—0.4v4)(10). Hence, v4 must be zero, the branch 
containing the two dependent sources is open, and 


, _ 20, — 
UV, = 75 (10) =8V. 


50 0.4 v4 
— 
10 V oe a SA 
0.4 v4’ 
s | 


Figure 4.66 A The circuit for Example 4.13. 


Solution 


We begin by finding the component of v, resulting 
from the 10 V source. Figure 4.67 shows the circuit. 
With the 5 A source deactivated, v, must equal 


Figure 4.67 A The circuit shown in Fig. 4.66 with the 5 A 
source deactivated. 
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When the 10 V source is deactivated, the circuit From the node a equation, 
reduces to the one shown in Fig. 4.68. We have 
added a reference node and the node designations 5up = 80, or vp = 16 V. 
a, b, and c to aid the discussion. Summing the cur- 
rents away from node a yields The value of v, is the sum of v/, and vu, or 24 V. 
wt u 
ae + 2 0.404 = » or 5vg — 8u4 = 0. 
: 0.4 v4” 


b 
Summing the currents away from node b gives 
Vp — 20K SA 
10 

4vk + v, — 2%, = 50. 


0.404 + —5=0, or 


We now use Figure 4.68 A The circuit shown in Fig. 4.66 with the 10 V 
source deactivated. 
Vp = 2i4 + VA 


to find the value for v4. Thus, 


6 ; NOTE: Assess your understanding of this material 
Svq = 50, or v4 = 10 V. by trying Chapter Problems 4.91 and 4.96. 


Practical Perspective 


Circuits with Realistic Resistors 
It is not possible to fabricate identical electrical components. For example, 
resistors produced from the same manufacturing process can vary in value 
by as much as 20%. Therefore, in creating an electrical system the designer 
must consider the impact that component variation will have on the per- 
formance of the system. One way to evaluate this impact is by performing 
sensitivity analysis. Sensitivity analysis permits the designer to calculate 
the impact of variations in the component values on the output of the sys- 
tem. We will see how this information enables a designer to specify an 
acceptable component value tolerance for each of the system’s components. 
Consider the circuit shown in Fig. 4.69. To illustrate sensitivity analysis, 
we will investigate the sensitivity of the node voltages v, and v2 to changes 
in the resistor R,. Using nodal analysis we can derive the expressions for 2, 
and v2 as functions of the circuit resistors and source currents. The results 
are given in Eqs. 4.95 and 4.96: 


— Ri{RsRalgn ~ [Ro(R3 + Ra) + RaRalT ei} 


= 49 
"1 (R, + Ry)(R3 + Ry) + R3Ry eee) 


R3Ral (Ri + Rol go — Ril gi] 


= SS eee 4.96 
2" (Ry + Rp)(R3 + Ra) + R3Ry oe 


The sensitivity of v, with respect to R, is found by differentiating Eq. 4.95 
with respect to R;, and similarly the sensitivity of v, with respect to R; is 
found by differentiating Eq. 4.96 with respect to R,. We get 

ay [R3R4 + Ro(R3 + Ry) ]{RaRal go — [R3Ry + Ro(R3 + Ry) I gi} 
dR, [(Ri + Ry)(R3 + Ry) + RRs} 


, 


(4.97) 
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dv,  RsRa{ RaRalgn — [Ro(R3 + Ry) + RaRalJ Qi} 
OOD ax ; (4.98) 
dk, [(Ri + Ro)(R3 + Ry) + R3Ry] 


Figure 4.69 A Circuit used to introduce sensitivity 
analysis. 


We now consider an example with actual component values to illustrate 
the use of Eqs. 4.97 and 4.98. 


EXAMPLE 


Assume the nominal values of the components in the circuit in Fig. 4.69 are: 
R, =250; R,=50; Rg =500; Ry= 750; I =12A and 
I.2 = 16 A. Use sensitivity analysis to predict the values of v, and v, if 
the value of R, is different by 10% from its nominal value. 


Solution 
From Eqs. 4.95 and 4.96 we find the nominal values of v, and v2. Thus 


__ 25{3750(16) — [5(125) + 3750]12} _ 


25V (4.99 
"1 30(125) + 3750 ey) 


and 


3750[30(16) — 25(12)] _ aoa 4.100 
"2 30125) + 3750 a 


Now from Eqs. 4.97 and 4.98 we can find the sensitivity of », and v2 to 
changes in R,. Hence 


dR, [(30)(125) + 3750] 


7 
= — 4.101 
D V/0, ( ) 


and 


dy, _ 3750{3750(16) — [5(125) + 3750]12}] 


dR, (7500)? 


= 0.5 V/Q. (4.102) 


How do we use the results given by Eqs. 4.101 and 4.102? Assume that 
R,; is 10% less than its nominal value, that is, R, = 22.50. Then 
AR, = —2.5 Q and Eq. 4.101 predicts Av, will be 


7 
= —. —?2. = —|, 3 : 
Av, (2). 5) 1.4583 V 


Therefore, if R, is 10% less than its nominal value, our analysis predicts 
that v, will be 


v, = 25 — 1.4583 = 23.5417 V. (4.103) 
Similarly for Eq. 4.102 we have 


Avy = 0.5(—2.5) = -1.25V, 
v = 90 — 1.25 = 88.75 V. (4.104) 


We attempt to confirm the results in Eqs. 4.103 and 4.104 by substituting 
the value R; = 22.5 Q into Eqs. 4.95 and 4.96. When we do, the results are 


v, = 23.4780 V, (4.105) 
0, = 88.6960 V. (4.106) 


Why is there a difference between the values predicted from the sensitivity 
analysis and the exact values computed by substituting for R, in the equa- 
tions for v; and v2? We can see from Eqs. 4.97 and 4.98 that the sensitivity 
of v; and v> with respect to R, is a function of R,, because R; appears in 
the denominator of both Eqs. 4.97 and 4.98. This means that as R, 
changes, the sensitivities change and hence we cannot expect Eqs. 4.97 and 
4.98 to give exact results for large changes in R,. Note that for a 10% 
change in R,, the percent error between the predicted and exact values of 
v, and v2 is small. Specifically, the percent error in v; = 0.2713% and the 
percent error in v7. = 0.0676%. 

From this example, we can see that a tremendous amount of work is 
involved if we are to determine the sensitivity of v; and v2 to changes in 
the remaining component values, namely Ry, R3, Ry, Tyi, and Igo. 
Fortunately, PSpice has a sensitivity function that will perform sensitivity 
analysis for us. The sensitivity function in PSpice calculates two types of 
sensitivity. The first is known as the one-unit sensitivity, and the second 
is known as the 1% sensitivity. In the example circuit, a one-unit change 
in a resistor would change its value by 1 9 and a one-unit change in a 
current source would change its value by 1 A. In contrast, 1% sensitiv- 
ity analysis determines the effect of changing resistors or sources by 
1% of their nominal values. 

The result of PSpice sensitivity analysis of the circuit in Fig. 4.69 is 
shown in Table 4.2. Because we are analyzing a linear circuit, we can use 
superposition to predict values of v,; and v. if more than one component's 
value changes. For example, let us assume R, decreases to 24 and R» 
decreases to 4 (2. From Table 4.2 we can combine the unit sensitivity of v, 
to changes in R, and R; to get 


Av, i Av 
AR, AR, 


= (1.5833 — 5.417 = —4.8337 V/Q. 
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Similarly, 


Av Av, 
——=— + —~ = 0.5 + 65 =7. 
AR, + ARs 0.5 + 6.5 = 7.0 V/O 
Thus if both R, and R»z decreased by 1 1 we would predict 
v, = 25 + 4.8227 = 29.8337 V, 


v = 90-7=83V. 


TABLE 4.2 PSpice Sensitivity Analysis Results 


Element Element Element Sensitivity Normalized Sensitivity 
Name Value (Voits/Unit) (Volts/Percent) 

(a) DC Sensitivities of Node Voltage V1 

R1 25 0.5833 0.1458 

R2 5 -5.417 ~0.2708 

R3 50 0.45 0.225 

R4 75 0.2 0.15 

IG1 12 -14.58 -1.75 

1G2 16 12.5 2 


(b) Sensitivities of Output V2 


R1 25 0.5 0.125 
R2 5 6.5 0.325 
R3 50 0.54 0.27 
R4 75 0.24 0.18 
IG1 12 -12.5 ~1.5 
1G2 16 15 2.4 


If we substitute R,; = 24 Q and R, = 40 into Eqs. 4.95 and 4.96 we get 


v, = 29.793 V, 
> = 82.759 V. 


In both cases our predictions are within a fraction of a volt of the actual node 
voltage values. 

Circuit designers use the results of sensitivity analysis to determine 
which component value variation has the greatest impact on the output of 
the circuit. As we can see from the PSpice sensitivity analysis in Table 4.2, 
the node voltages v, and v» are much more sensitive to changes in R, than 
to changes in R,. Specifically, v, is (5.417/0.5833) or approximately 
9 times more sensitive to changes in R, than to changes in R, and v2 is 
(6.5/0.5) or 13 times more sensitive to changes in R> than to changes in 
R,. Hence in the example circuit, the tolerance on Rj must be more strin- 
gent than the tolerance on R;, if it is important to keep v, and v2 close to 
their nominal values. 


NOTE: Assess your understanding of this Practical Perspective by trying Chapter 
Problems 4.105-4.107. 


Summary 


* For the topics in this chapter, mastery of some basic terms, 


and the concepts they represent, is necessary. Those terms 
are node, essential node, path, branch, essential branch, 
mesh, and planar circuit. Table 4.1 provides definitions 
and examples of these terms. (See page 91.) 


+ Two new circuit analysis techniques were introduced in 


this chapter: 


+ The node-voltage method works with both planar 
and nonplanar circuits. A reference node is chosen 
from among the essential nodes. Voltage variables 
are assigned at the remaining essential nodes, and 
Kirchhoff’s current law is used to write one equation 
per voltage variable. The number of equations is 
n, — 1, where n, is the number of essential nodes. 
(See page 93.) 


« The mesh-current method works only with planar 
circuits. Mesh currents are assigned to each mesh, 
and Kirchhoff’s voltage law is used to write one 
equation per mesh. The number of equations is 
b — (n — 1), where b is the number of branches in 
which the current is unknown, and n is the number of 
nodes. The mesh currents are used to find the branch 
currents. (See page 99.) 


¢ Several new circuit simplification techniques were 


introduced in this chapter: 


« Source transformations allow us to exchange a volt- 
age source (v,) and a series resistor (2) for a current 
source (i,) and a parallel resistor (R) and vice versa. 
The combinations must be equivalent in terms of 
their terminal voltage and current. Terminal equiva- 
lence holds provided that 


(See page 109.) 
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- Thévenin equivalents and Norton equivalents allow 
us to simplify a circuit comprised of sources and resis- 
tors into an equivalent circuit consisting of a voltage 
source and a series resistor (Thévenin) or a current 
source and a parallel resistor (Norton). The simplified 
circuit and the original circuit must be equivalent in 
terms of their terminal voltage and current. Thus 
keep in mind that (1) the Thévenin voltage (V-7,) is 
the open-circuit voltage across the terminals of the 
original circuit, (2) the Thévenin resistance (Ry) is 
the ratio of the Thévenin voltage to the short-circuit 
current across the terminals of the original circuit; 
and (3) the Norton equivalent is obtained by per- 
forming a source transformation on a Thévenin 
equivalent. (See page 113.) 


¢ Maximum power transfer is a technique for calculating 


the maximum value of p that can be delivered to a load, 
R,. Maximum power transfer occurs when R; = Ry, 
the Thévenin resistance as seen from the resistor R,. 
The equation for the maximum power transferred is 


(See page 120.) 


In a circuit with multiple independent sources, 
superposition allows us to activate one source at a time 
and sum the resulting voltages and currents to deter- 
mine the voltages and currents that exist when all inde- 
pendent sources are active. Dependent sources are 
never deactivated when applying superposition. (See 
page 122.) 


130 ‘Techniques of Circuit Analysis 


Problems — 


Section 4.1 


4.1 For the circuit shown in Fig. P4.1, state the numerical 
value of the number of (a) branches, (b) branches 
where the current is unknown, (c) essential branches, 
(d) essential branches where the current is unknown, 
(e) nodes, (f) essential nodes, and (g) meshes. 


Figure P4.1 


4 i, 


4.2 a) If only the essential nodes and branches are 
identified in the circuit in Fig. P4.1, how many 
simultaneous equations are needed to describe 
the circuit? 

b) How many of these equations can be derived 
using Kirchhoff’s current law? 

c) How many must be derived using Kirchhoff’s 
voltage law? 

d) What two meshes should be avoided in applying 
the voltage law? 


4.3 a) How many separate parts does the circuit in 
Fig. P4.3 have? 
b) How many nodes? 
c) How many branches are there? 


d) Assume that the lower node in each part of the 
circuit is joined by a single conductor. Repeat 
the calculations in (a)-(c). 


Figure P4.3 


4.4 Assume the current i, in the circuit in Fig. P4.4 is 


known. The resistors R; — Rs are also known. 
a) How many unknown currents are there? 


b) How many independent equations can be writ- 
ten using Kirchhoff’s current law (KCL)? 


c) Write an independent set of KCL equations. 


d) How many independent equations can be 
derived from Kirchhoff’s voltage law (KVL)? 


e) Write a set of independent KVL equations. 


Figure P4.4 


4.5 A current leaving a node is defined as positive. 


a) Sum the currents at each node in the circuit 
shown in Fig. P4.4. 


b) Show that any one of the equations in (a) can be 
derived from the remaining three equations. 


Section 4.2 


4.6 Use the node-voltage method to find v; and v» in 
pseice the circuit in Fig. P4.6. 


MULTISIM 


Figure P4.6 


4Q, 800 
“OQ vpn Ore ps 


4.7 Use the node-voltage method to find how much 
pseice power the 2 A source extracts from the circuit in 
MULTISIM Fig P4 7 


Figure P4.7 


4.8 Use the node-voltage method to find v, and v2 in 


eset = the circuit shown in Fig. P4.8. 
MULTISIM 


Figure P4.8 


4.9 Use the node-voltage method to find wv, in the cir- 
espice cult in Fig. P4.9. 


MULTISIM 


Figure P4.9 


40 mA 


4.10 a) Find the power developed by the 40 mA current 
PSPICE source in the circuit in Fig. P4.9. 


mun b) Find the power developed by the 24 V voltage 
source in the circuit in Fig. P4.9. 


c) Verify that the total power developed equals the 
total power dissipated. 


4.11 A 50) resistor is connected in series with the 
esprce 40 mA current source in the circuit in Fig. P4.9. 


MULTISIM . 
a) Find »,. 


b) Find the power developed by the 40 mA current 
source. 


c) Find the power developed by the 24 V voltage 
source. 


d) Verify that the total power developed equals the 
total power dissipated. 


e) What effect will any finite resistance connected 
in series with the 40 mA current source have on 
the value of v,? 


4.12 The circuit shown in Fig. P4.12 is a dc model of a 


pspice residential power distribution circuit. 
MULTISIM 


a) Use the node-voltage method to find the branch 
currents i; — ig. 
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b) Test your solution for the branch currents by 
showing that the total power dissipated equals 
the total power developed. 


Figure P4,12 


4.13 a) Use the node-voltage method to find the 
PSPICE branch currents i, — i, in the circuit shown in 
MULTISIM Fig P4 13 


b) Find the total power developed in the circuit. 


Figure P4,13 


4.14 Use the node-voltage method to find the total power 
espice dissipated in the circuit in Fig. P4.14. 


MULTISIM 


Figure P4.14 
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4.15 a) Use the node-voltage method to find v,, v2, and 


Pore v3 in the circuit in Fig. P4.15. 
MULTISIM 


b) How much power does the 40 V voltage source 
deliver to the circuit? 


Figure P4.15 


30 24) 
OD spenn to Das 
10 20 


4.16 a) Use the node-voltage method to show that the 
PSPICE output voltage v, in the circuit in Fig. P4.16 is 
pene equal to the average value of the source voltages. 
b) Find »v, if v; =100V, v= 80V, and 

v3 = —60 V. 


Figure P4.16 


Section 4.3 


4.17 a) Use the node-voltage method to find the total 


iia power developed in the circuit in Fig. P4.17. 


b) Check your answer by finding the total power 
absorbed in the circuit. 
Figure P4,17 
100 80, 


4.18 a) Use the node-voltage method to find v, in the 
ean circuit in Fig. P4.18. 


MULTISIM 


b) Find the power absorbed by the dependent source. 


c) Find the total power developed by the independ- 
ent sources. 


Figure P4.18 
200, 


MULTISIM 


4.19 Use the node-voltage method to calculate the 
pspice. = power delivered by the dependent voltage source in 
wee the circuit in Fig. P4.19. 


Figure P4.19 


100 


4.20 a) Find the node voltages vj, v2, and v3 in the cir- 
PSPICE cuit in Fig. P4.20. 


MULTISIM 
b) Find the total power dissipated in the circuit. 


Figure P4.20 


Section 4.4 


4.21 Use the node-voltage method to find i, in the cir- 


cuit in Fig. P4.21. 
or 5kQ 
Ry 1kQ 


4.22 a) Use the node-voltage method to find the 

PSPICE branch currents i,;, i, and é; in the circuit in 
Fig. P4.22. 

b) Check your solution for i), i2, and i; by showing 
that the power dissipated in the circuit equals 
the power developed. 


PSPICE 
MULTISIM 


Figure P4.21 


Figure P4.22 


1kQ 


4.23 


4.24 


PSPICE 
MULTISIM 


4.25 


PSPICE 
MULTISIM 


4.26 


PSPICE 
MULTISIM 
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a) Use the node-voltage method to find the power Figure P4.26 
dissipated in the 2 Q resistor in the circuit in 25V 
Fig. P4.23. b (>) 20 0 
b) Find the power supplied by the 230 V source. 
2A ep 150 0 55 0 
Figure P4.23 
10 a 
LO 50 4.27, Use the node-voltage method to find v, in the cir- 
psprce cuit in Fig. P4.27. 
MULTISIM 
230V & 10 20 Figure P4.27 
10 $0 
Use the node-voltage method to find the value of v, 


in the circuit in Fig. P4.24. 


Figure P4.24 4.28 Use the node-voltage method to find the power devel- 


pspicE_ oped by the 20 V source in the circuit in Fig. P4.28. 
800 
- Op Om = 


MULTISIM 
Use the node-voltage method to find the value of u, 
in the circuit in Fig. P4.25. 


Figure P4.28 
35 iz 


Figure P4.25 4.29 Assume you are a project engineer and one of your 

spice staff is assigned to analyze the circuit shown in 

secs Fig. P4.29. The reference node and node numbers 
given on the figure were assigned by the analyst. 
Her solution gives the values of v3 and v4 as 108 V 
and 81.6 V, respectively. 

Test these values by checking the total power 
developed in the circuit against the total power dis- 
sipated. Do you agree with the solution submitted 
by the analyst? 


Figure P4.29 


a) Use the node-voltage method to find v, and (40/3) ig 


the power delivered by the 2 A current source 
in the circuit in Fig. P4.26. Use node a as the 
reference node. 


b) Repeat part (a), but use node b as the refer- 
ence node. 


c) Compare the choice of reference node in (a) 
and (b). Which is better, and why? 
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4.30 Show that when Eqs. 4.16, 4.17, and 4.19 are solved 4.38 Use the mesh-current method to find the power dissi- 
for ig, the result is identical to Eq. 2.25. pspicE pated in the 20 ( resistor in the circuit in Fig. P4.38. 


MULTISIM 


Section 4.5 Figure P4.38 


4.31 Solve Problem 4.12 using the mesh-current method. 
4.32 Solve Problem 4.13 using the mesh-current method. 


4.33 a) Use the mesh-current method to find the branch 


ee currents /,, i), and i, in the circuit in Fig. P4.33. 
ULT. 
b) Repeat (a) if the polarity of the 60 V source is 10 i,, 


reversed. 


Figure P4,33 


4Q 20 4.39 Use the mesh-current method to find the power 
spt delivered by the dependent voltage source in the 
ae circuit seen in Fig. P4.39 
wv(t) (*)20v circuit se 8. 4.99. 
Figure P4.39 


4.34 a) Use the mesh-current method to find the total 


ESFICE power developed in the circuit in Fig. P4.34. 
MULTISIM 


b) Check your answer by showing that the total 
power developed equals the total power 
dissipated. 


Figure P4.34 


60 


4.40 Use the mesh-current method to find the power 
Pspice developed in the dependent voltage source in the 
MULTISIM . ar .- 

circuit in Fig. P4.40. 


Figure P4.40 


4.35 Solve Problem 4.21 using the mesh-current method. 


4.36 Solve Problem 4.23 using the mesh-current method. 30'V 
Section 4.6 
4.37 a) Use the mesh-current method to find v, in the Section 4.7 
PSPICE circuit in Fig. P4.37. See 
is b) Find the power delivered by the dependent source. 4.41 Solve Problem 4.8 using the mesh-current method. 
4.42 a) Use the mesh-current method to find how much 
Figure P4.37 power the 4 A current source delivers to the cir- 
100 4.0 70 cuit in Fig. P4.42. 


b) Find the total power delivered to the circuit. 


Gy 00 6 i cc 10 c) Check your calculations by showing that the 
° total power developed in the circuit equals the 


total power dissipated 


4.43 
4.44 


PSPICE 
MULTISIM 


4.45 


PSPICE 
MULTISIM 


4.46 


PSPICE 
MULTISIM 


Figure P4.42 
4.48 


PSPICE 
MULTISIM 


$0 4Q 


r0v(*) Orn 


4A 


Solve Problem 4.20 using the mesh-current method. 4.49 


a) Use the mesh-current method to solve for é, in 
the circuit in Fig. P4.44. 


b) Find the power delivered by the independent 
current source. 

c) Find the power delivered by the dependent volt- 
age source. 


Figure P4.44 4.50 


PSPICE 
MULTISIM 


10kQ 


Use the mesh-current method to find the total power 
developed in the circuit in Fig. P4.45. 


Figure P4.45 


652 
: 4.51 


PSPICE 
MULTISIM 


a) Use the mesh-current method to determine 
which sources in the circuit in Fig. P4.46 are gen- 
erating power. 

b) Find the total power dissipated in the circuit. 


Figure P4.46 
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4.47 Solve Problem 4.22 using the mesh-current method. 


Use the mesh-current method to find the total 
power dissipated in the circuit in Fig. P4.48. 


Figure P4.48 


~ Oa Qe 


a) Assume the 20 V source in the circuit in 
Fig. P4.48 is changed to 60 V. Find the total 
power dissipated in the circuit. 


4Q, 90 


b) Repeat (a) if the 6 A current source is replaced 
by a short circuit. 

c) Explain why the answers to (a) and (b) are 
the same. 


a) Find the branch currents i, — i, for the circuit 
shown in Fig. P4.50. 


b) Check your answers by showing that the total 
total 


power generated equals the power 


dissipated. 


Figure P4.50 


a) Use the mesh-current method to find the branch 
currents ini, — i, in the circuit in Fig. P4.51. 


b) Check your solution by showing that the total 
power developed in the circuit equals the total 
power dissipated. 


Figure P4.51 


100 0 
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Section 4.8 


4,52 


PSPICE 
MULTISIM 


4.53 


PSPICE 
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4.54 


PSPICE 
MULTISIM 


4.55 


PSPICE 
MULTISIM 


a) Would you use the node-voltage or mesh-current 
method to find the power absorbed by the 
20 V source in the circuit in Fig. P4.52? Explain 
your choice. 


b) Use the method you selected in (a) to find 
the power. 


Figure P4.52 


200 2 


Assume you have been asked to find the power dis- 
sipated in the 1kQ resistor in the circuit in 
Fig. P4.53. 


a) Which method of circuit analysis would you rec- 
ommend? Explain why. 

b) Use your recommended method of analysis to 
find the power dissipated in the 1 k() resistor. 


c) Would you change your recommendation if the 
problem had been to find the power developed 
by the 10 mA current source? Explain. 


d) Find the power delivered by the 10 mA cur- 
rent source. 


Figure P4.53 


10 mA Pe 


2kO 


1kQ 


A 4k(O resistor is placed in parallel with the 10 mA 
current source in the circuit in Fig. P4.53. Assume 
you have been asked to calculate the power devel- 
oped by the current source. 


a) Which method of circuit analysis would you rec- 
ommend? Explain why. 


b) Find the power developed by the current source. 


The circuit in Fig. P4.55 is a direct-current version 
of a typical three-wire distribution system. The 
resistors R,, R,, and R, represent the resistances of 
the three conductors that connect the three loads 
R,, Ro, and R3 to the 125/250 V voltage supply. The 


resistors R,; and R> represent loads connected to 
the 125 V circuits, and R3 represents a load con- 
nected to the 250 V circuit. 


a) What circuit analysis method will you use 
and why? 


b) Calculate v1, v2, and v3. 
c) Calculate the power delivered to R,, R>, and R3. 


d) What percentage of the total power developed 
by the sources is delivered to the loads? 


e) The R, branch represents the neutral conductor 
in the distribution circuit. What adverse effect 
occurs if the neutral conductor is opened? (Hint: 
Calculate v, and v2 and note that appliances or 
loads designed for use in this circuit would have 
a nominal voltage rating of 125 V.) 


Figure P4.55 


R, = 030 


4.56 


PSPICE 
MULTISIM 


4.57 


PSPICE 
MULTISIM 


4.58 


PSPICE 
MULTISIM 


Show that whenever R, = R2 in the circuit in 
Fig. P4.55, the current in the neutral conductor is 
zero. (Hint: Solve for the neutral conductor current 
as a function of R, and R>.) 


The variable dc voltage source in the circuit in 
Fig. P4.57 is adjusted so that i, is zero. 
a) Find the value of V ,.. 


b) Check your solution by showing the power 
developed equals the power dissipated. 


Figure P4.57 
300 


The variable dc current source in the circuit in 
Fig. P4.58 is adjusted so that the power developed by 
the 4 A current source is zero. Find the value of i 4¢. 


Figure P4.58 


Section 4.9 
4.59 a) Use a series of source transformations to find 
PSPICE the current i, in the circuit in Fig. P4.59. 
cs b) Verify your solution by using the node-voltage 
method to find ,. 
Figure P4.59 


4.60 a) Use a series of source transformations to find i, 
erie in the circuit in Fig. P4.60. 


MULTISIM 
b) Verify your solution by using the mesh-current 


method to find i,. 
Figure P4.60 
1A 


6 


4.61 a) Find the current in the 10 kO resistor in the cir- 
PSPICE cuit in Fig. P4.61 by making a succession of 
eae appropriate source transformations. 
b) Using the result obtained in (a), work back 
through the circuit to find the power developed 
by the 100 V source. 


Figure P4.61 
20 kO 3kO SkO 


10kQ 
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4.62 a) Use source transformations to find », in the cir- 
PSPICE cuit in Fig. P4.62. 


so b) Find the power developed by the 520 V source. 
c) Find the power developed by the 1 A current 
source. 


d) Verify that the total power developed equals the 
total power dissipated. 


Figure P4.62 


Section 4.10 


4.63 Find the Thévenin equivalent with respect to the 


pspicE ~— terminals a,b for the circuit in Fig. P4.63. 
MULTISIM 


Figure P4.63 
100 


80 V 


4.64 Find the Norton equivalent with respect to the ter- 


espice ~= minals a,b in the circuit in Fig. P4.64. 
MULTISIM 


Figure P4.64 


15 kO 


4.65 a) Find the Thévenin equivalent with respect to the 

PSPICE terminals a,b for the circuit in Fig. P4.65 by find- 

tere ing the open-circuit voltage and the short-circuit 
current. 


b) Solve for the Thévenin resistance by removing the 


independent sources. Compare your result to the 
Thévenin resistance found in (a). 
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PSPICE 
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4.68 
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Figure P4.65 
20 0 


9V 609 


Find the Thévenin equivalent with respect to the 
terminals a,b for the circuit in Fig. P4.66. 


Figure P4.66 


2 
> 


Find the Norton equivalent with respect to the ter- 
minals a,b for the circuit in Fig. P4.67. 


Figure P4.67 


4A 
100 8 
a 
60 V 400 
b 


Determine i, and v, in the circuit shown in 
Fig. P4.68 when R, is a resistor from Appendix H 
whose value is less than 100 22. 


Figure P4.68 


4.69 An automobile battery, when connected to a car 


radio, provides 12.5 V to the radio. When connected 
to a set of headlights, it provides 11.7 V to the head- 
lights. Assume the radio can be modeled as a 6.25 0 
resistor and the headlights can be modeled as a 
0.65 Q resistor. What are the Thévenin and Norton 
equivalents for the battery? 


A Thévenin equivalent can also be determined 
from measurements made at the pair of terminals 
of interest. Assume the following measurements 
were made at the terminals a,b in the circuit in 
Fig. P4.70. 

When a 20 2 resistor is connected to the termi- 
nals a,b, the voltage v,, is measured and found to 
be 100 V. 

When a 50 1) resistor is connected to the termi- 
nals a,b, the voltage is measured and found to be 
200 V. 

Find the Thévenin equivalent of the network 
with respect to the terminals a,b. 


Figure P4.70 

Linear qe. ges 
resistive 

network with 

independent 

and dependent *—\~——® b 


sources 


A voltmeter with a resistance of 85.5 kQ is used to 
measure the voltage v,, in the circuit in Fig. P4.71. 


a) What is the voltmeter reading? 


b) What is the percentage of error in the voltmeter 
reading if the percentage of error 1s defined as 
[(measured — actual)/actual] <x 100? 


Figure P4.71 


1kQ 


20 kQ ee 25 MA 345 kO 


The Wheatstone bridge in the circuit shown in 
Fig. P4.72 is balanced when R3 equals 3000 12. If the 
galvanometer has a resistance of 50 1, how much 
current will the galvanometer detect, when the 
bridge is unbalanced by setting R; to 3003 2? 
(Hint: Find the Thévenin equivalent with respect to 
the galvanometer terminals when R, = 3003 2. 
Note that once we have found this Thévenin equiv- 
alent, it is easy to find the amount of unbalanced 
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current in the galvanometer branch for different Figure P4.76 
galvanometer movements.) 


2.5 ig 
<> 


20 4Q 


a4v(*) 160 


Section 4.11 


Figure P4.72 


4.77 Find the Thévenin equivalent with respect to the 
4.73 Find the Norton equivalent with respect to the ter- terminals a,b in the circuit in Fig. P4.77. 
pspice ~= minals a,b for the circuit seen in Fig. P4.73. 
MULTISIM 


Figure P4.73 


Figure P4.77 


30 iy : 


5 kO 


a 


40 V 20k 


Beate 4.78 Find the Norton equivalent with respect to the ter- 
4.74 Determine the Thévenin equivalent with respect to minals a,b for the circuit seen in Fig. P4.78. 


espice ~— the terminals a,b for the circuit shown in Fig. P4.74. 
MULTISIM 


Figure P4.78 


Figure P4.74 


300 ig 


4.75 When a voltmeter is used to measure the voltage v, 
pspice §=— in) Fig, P4.75, it reads 5.5 V. Section 4.12 


MULTISIM 
at is the resist er? : ‘ ; ee ae ; 
a) Waals We tesistanec on tne volute 4.79 The variable resistor in the circuit in Fig. P4.79 is 


b) What is the percentage of error in the voltage _srice adjusted for maximum power transfer to Ry. 


£ 9 MULTISIM . 
IME aSUFEME NY a) Find the value of R,,. 
Figure P4.75 b) Find the maximum power that can be delivered 
to R,. 
30 kO c) Find a resistor in Appendix H closest to the 


value in part (a). How much power is delivered 
to this resistor? 


Figure P4.79 


10V 
2.5 kO 


8 kO 
Oem foe Se 


4.76 When an ammeter is used to measure the current ig 
psPice in the circuit shown in Fig. P4.76, it reads 6 A. 


MULTISIM : ; 
a) What is the resistance of the ammeter? 
b) What is the percentage of error in the current 


measurement? 
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4.82 


4.83 


PSPICE 
MULTISIM 
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What percentage of the total power developed in 
the circuit in Fig. P4.79 is delivered to R, when R, is 
set for maximum power transfer? 


a) Find the value of the variable resistor R, in the 
circuit in Fig. P4.81 that will result in maximum 
power dissipation in the 60 resistor. (Hint: 
Hasty conclusions could be hazardous to 
your career.) 


b) What is the maximum power that can be deliv- 
ered to the 6 2) resistor? 


Figure P4.81 


60, 


a) Calculate the power delivered for each value of 
R, used in Problem 4.68. 


b) Plot the power delivered to R, versus the resist- 
ance R,. 

c) At what value of R, is the power delivered to R, 
a maximum? 

The variable resistor (R,) in the circuit in Fig. P4.83 is 


adjusted until the power dissipated in the resistor is 
250 W. Find the values of R, that satisfy this condition. 


Figure P4.83 


4.84 


PSPICE 
MULTISIM 


A variable resistor R, is connected across the ter- 
minals a,b in the circuit in Fig. P4.73. The variable 
resistor is adjusted until maximum power is trans- 
ferred to R,. 


a) Find the value of R,. 
b) Find the maximum power delivered to R,. 


c) Find the percentage of the total power devel- 
oped in the circuit that is delivered to Rg. 


d) Find the resistor from Appendix H closest in 
value to the R,. from part (a). 

e) Find the percentage of the total power devel- 
oped in the circuit that is delivered to the resis- 
tor in part (d). 


4.85 


PSPICE 
MULTISIM 


4.86 


PSPICE 
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4.87 


PSPICE 
MULTISIM 


The variable resistor (R,) in the circuit in Fig. P4.85 
is adjusted until it absorbs maximum power from 
the circuit. 


a) Find the value of R,. 
b) Find the maximum power. 


c) Find the percentage of the total power devel- 
oped in the circuit that is delivered to R,. 


Figure P4.85 


The variable resistor (R,) in the circuit in Fig. P4.86 
is adjusted for maximum power transfer to R,. 
What percentage of the total power developed in 
the circuit is delivered to R,? 


Figure P4.86 


The variable resistor (R,) in the circuit in Fig. P4.87 
is adjusted for maximum power transfer to R,. 


a) Find the numerical value of R_. 
b) Find the maximum power transferred to R,. 


Figure P4.87 


4.88 The variable resistor in the circuit in Fig. P4.88 is 


psece = adjusted for maximum power transfer to R,,. 
MULTISIM 
a) Find the numerical value of R,,. 


b) Find the maximum power delivered to R,, 


c) How much power does the 280 V source deliver 
to the circuit when R,, is adjusted to the value 
found in (a)? 


Figure P4.88 


50 i, 


4.89 The variable resistor (R,) in the circuit in Fig. P4.89 
pspice is adjusted for maximum power transfer to R,,. 


ULTISI 
se a) Find the value of R,. 
b) Find the maximum power that can be delivered 
to R,,. 


c) If RK, is selected from Appendix H, which resis- 
tor value will result in the greatest amount of 
power delivered to R,? 


Figure P4.89 
124 iy 


4.90 What percentage of the total power developed in 
pspice the circuit in Fig. P4.89 is delivered to R, found in 
mutisiM Problem 4.89(a)? 


Section 4.13 


4.91 a) Use the principle of superposition to find the 
SPICE voltage v in the circuit of Fig. P4.91. 


MULTISIM 


b) Find the power dissipated in the 10 resistor. 


Figure P4.91 
4A 


iiov(*) 


100 120 
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4.92 Use superposition to solve for i, and v, in the cir- 
cuit in Fig. P4.92. 


Figure P4.92 


4.93 Use the principle of superposition to find the volt- 
ese ae B, in the circuit in Fig. P4.93. 
MULTISIM 


Figure P4.93 


50 4Q 
a, oe Ow 
16A 


4.94 Use the principle of superposition to find the cur- 


pspice ~= rent i, in the circuit shown in Fig. P4.94. 
MULTISIM 


Figure P4.94 


10 
a ee Dosfee - 


4.95 a) In the circuit in Fig. P4.95, before the 5 mA cur- 
PSPICE rent source is attached to the terminals a,b, the 
aa current i,, is calculated and found to be 3.5 mA. 
Use superposition to find the value of i, after 
the current source is attached. 
b) Verify your solution by finding i, when all three 
sources are acting simultaneously. 


Figure P4.95 
5mA 


a 2kO b 
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4.96 Use the principle of superposition to find the volt- 
psrice = age v in the circuit of Fig. P4.96. 


MULTISIM 


Figure P4.96 


40 
- - 


4.97 Use the principle of superposition to find v, in the 
pspice = Circuit in Fig. P4.97. 


MULTISIM 


Figure P4.97 


Sections 4.1-4.13 
4.98 Find i in the circuit in Fig. P4.98. 


PSPICE 
MULTISIM 


Figure P4.98 


100 V 


4.99 Find 2, v2, and v3 in the circuit in Fig. P4.99. 
PSPICE 


MULTISIM 
Figure P4.99 
0.15 0, 0.150 


4+ 


18.40 ey 
0.25 2 = 


38.4.0 i's 
OS = 


4.100 Find the power absorbed by the 5 A current source 


espice =n the circuit in Fig. P4.100. 


MULTISIM 


Figure P4.100 


1D 20 


90 


4.101 Assume your supervisor has asked you to determine 
the power developed by the 1 V source in the circuit in 
Fig. P4.101. Before calculating the power developed 
by the 1 V source, the supervisor asks you to submit a 
proposal describing how you plan to attack the prob- 
lem. Furthermore, he asks you to explain why you 
have chosen your proposed method of solution. 


a) Describe your plan of attack, explaining your 
reasoning. 


b) Use the method you have outlined in (a) to find 
the power developed by the 1 V source. 


Figure P4.101 


4.102 


4.103 
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4.104 


DESIGN 
PROBLEM 


Two ideal de voltage sources are connected by elec- 
trical conductors that have a resistance of r 0/m, as 
shown in Fig. P4.102. A load having a resistance of 
R Q moves between the two voltage sources. Let x 

4.105 
equal the distance between the load and the source ,, 
v,, and let L equal the distance between the sources, PERSPECTIVE 


PSPICE 
a) Show that 


MULTISIM 


vy RL + R(vr — v,)x 
RL + 2rLx — 2rx?- 


b) Show that the voltage v will be minimum when 


AM oti, pee en 
UV — V1 Vee oS Bs all 


c) Find x when L = 16 km, v, = 1000 V, v2 = 1200 V, 
R=3.9 QO,andr=5 X 10° Q/m. 


d) What is the minimum value of v for the circuit of 4.107 


PRACTICAL 
part (c)? PERSPECTIVE 
PSPICE 


MULTISIM 


4.106 


PRACTICAL 


x= PERSPECTIVE 


Figure P4.102 
la 


ts 4.108 


PRACTICAL 
PERSPECTIVE 


v 


rQO/m 


R (movable 
load) 


~~ ™, 
rQ/m 7 rQ/m--? 


heat = - meee 


oe : roe 


Laboratory measurements on a dc voltage source 
yield a terminal voltage of 75 V with no load con- 
nected to the source and 60 V when loaded with a 
20 Q resistor. 


a) What is the Thévenin equivalent with respect to 
the terminals of the dc voltage source? 


b) Show that the Thévenin resistance of the source is 
given by the expression 


where 


vq, = the Thévenin voltage, 
v, = the terminal voltage corresponding 


to the load resistance R,. 
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For the circuit in Fig. 4.69 derive the expressions for 
the sensitivity of v, and v2 to changes in the source 
currents J, and J 49. 


Assume the nominal values for the components in 
the circuit in Fig. 4.69 are: R, = 250; Ry =5 OQ; 
Rz = 500; Ry = 75 OFT 9) = 12 A;and I,) = 16 A. 
Predict the values of v; and v2 if /,, decreases to 
11 A and all other components stay at their nominal 
values. Check your predictions using a tool like 
PSpice or MATLAB. 


Repeat Problem 4.105 if /,. increases to 17 A, and 
all other components stay at their nominal values. 
Check your predictions using a tool like PSpice or 
MATLAB. 


Repeat Problem 4.105 if 7,; decreases to 11 A and 
I .2 increases to 17 A. Check your predictions using 
a tool like PSpice or MATLAB. 


Use the results given in Table 4.2 to predict the val- 
ues of v, and v2 if R, and R;3 increase to 10% above 
their nominal values and R, and R, decrease to 
10% below their nominal values. /,,; and 7,7 remain 
at their nominal values. Compare your predicted 
values of v, and v, with their actual values. 
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UY/ CHAPTER OBJECTIVES 


1 Be able to name the five op amp terminals and 
describe and use the voltage and current 
constraints and the resulting simplifications 
they lead to in an ideal op amp. 


nm 


Be able to analyze simple circuits containing 
ideal op amps, and recognize the following op 
amp circuits: inverting amplifier, summing 
amplifier, noninverting amplifier, and difference 
amplifier. 

Understand the more realistic model for an op 
amp and be able to use this model to analyze 
simple circuits containing op amps. 


Ww 
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The Operational Amplifier 


The electronic circuit known as an operational amplifier has 
become increasingly important. However, a detailed analysis of 
this circuit requires an understanding of electronic devices such 
as diodes and transistors. You may wonder, then, why we are 
introducing the circuit before discussing the circuit’s electronic 
components. There are several reasons. First, you can develop an 
appreciation for how the operational amplifier can be used as a 
circuit building block by focusing on its terminal behavior. At an 
introductory level, you need not fully understand the operation 
of the electronic components that govern terminal behavior. 
Second, the circuit model of the operational amplifier requires 
the use of a dependent source. Thus you have a chance to use this 
type of source in a practical circuit rather than as an abstract cir- 
cuit component. Third, you can combine the operational ampli- 
fier with resistors to perform some very useful functions, such as 
scaling, summing, sign changing, and subtracting. Finally, after 
introducing inductors and capacitors in Chapter 6, we can show 
you how to use the operational amplifier to design integrating 
and differentiating circuits. 

Our focus on the terminal behavior of the operational ampli- 
fier implies taking a black box approach to its operation; that is, 
we are not interested in the internal structure of the amplifier nor 
in the currents and voltages that exist in this structure. The impor- 
tant thing to remember is that the internal behavior of the ampli- 
fier accounts for the voltage and current constraints imposed at 
the terminals. (For now, we ask that you accept these constraints 
on faith.) 


A SSS Pe 


Practical Perspective - 


Strain Gages 

How could you measure the amount of bending in a metal bar 
such as the one shown in the figure without physically con- 
tacting the bar? One method would be to use a strain gage. A 
strain gage is a type of transducer. A transducer is a device 
that measures a quantity by converting it into a more con- 
venient form. The quantity we wish to measure in the metal 
bar is the bending angle, but measuring the angle directly is 
quite difficult and could even be dangerous. Instead, we 
attach a strain gage (shown in the line drawing here) to the 
metal bar. A strain gage is a grid of thin wires whose resist- 
ance changes when the wires are lengthened or shortened: 


AL 
AR = 2R— 
E 


where R is the resistance of the gage at rest, AL/L is the 
fractional lengthening of the gage (which is the definition of 
“strain”), the constant 2 is typical of the manufacturer's gage 
factor, and AR is the change in resistance due to the bending 
of the bar. Typically, pairs of strain gages are attached to 
opposite sides of a bar. When the bar is bent, the wires in one 
pair of gages get longer and thinner, increasing the resist- 
ance, while the wires in the other pair of gages get shorter 
and thicker, decreasing the resistance. 

But how can the change in resistance be measured? One 
way would be to use an ohmmeter. However, the change in 
resistance experienced by the strain gage is typically much 
smaller than could be accurately measured by an ohmmeter. 
Usually the pairs of strain gages are connected to form a 
Wheatstone bridge, and the voltage difference between two 
legs of the bridge is measured. In order to make an accurate 


Fa est 
ave 
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measurement of the voltage difference, we use an operational 
amplifier circuit to amplify, or increase, the voltage differ- 
ence. After we introduce the operational amplifier and some 
of the important circuits that employ these devices, we will 
present the circuit used together with the strain gages for 
measuring the amount of bending in a metal bar. 

The operational amplifier circuit first came into existence 
as a basic building block in analog computers. It was referred 
to as operational because it was used to implement the math- 
ematical operations of integration, differentiation, addition, 
sign changing, and scaling. In recent years, the range of 
application has broadened beyond implementing mathemati- 
cal operations; however, the original name for the circuit per- 
sists. Engineers and technicians have a penchant for creating 
technical jargon; hence the operational amplifier is widely 
known as the op amp. 
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Figure 5.1 A The eight-lead DIP package (top view). 


Noninverting Positive power supply 
input 
’ Output 
Inverting 
input 


Negative power supply 


Figure 5.2 A The circuit symbol for an operational 
amplifier (op amp). 


V- 


Figure 5.3 A A simplified circuit symbol for an op amp. 


Common node 


Figure 5.4 A Terminal voltage variables. 


5.1 Operational Amplifier Terminals 


Because we are stressing the terminal behavior of the operational ampli- 
fier (op amp), we begin by discussing the terminals on a commercially 
available device. In 1968, Fairchild Semiconductor introduced an op amp 
that has found widespread acceptance: the 4A741. (The »A prefix is used 
by Fairchild to indicate a microcircuit fabrication of the amplifier.) This 
amplifier is available in several different packages. For our discussion, we 
assume an eight-lead DIP.! Figure 5.1 shows a top view of the package, 
with the terminal designations given alongside the terminals. The termi- 
nals of primary interest are 


* inverting input 

* noninverting input 

* output 

* positive power supply (V*) 
* negative power supply (V~) 


The remaining three terminals are of little or no concern. The offset null ter- 
minals may be used in an auxiliary circuit to compensate for a degradation 
in performance because of aging and imperfections. However, the degrada- 
tion in most cases is negligible, so the offset terminals often are unused and 
play a secondary role in circuit analysis. Terminal 8 is of no interest simply 
because it is an unused terminal; NC stands for no connection, which means 
that the terminal is not connected to the amplifier circuit. 

Figure 5.2 shows a widely used circuit symbol for an op amp that con- 
tains the five terminals of primary interest. Using word labels for the ter- 
minals is inconvenient in circuit diagrams, so we simplify the terminal 
designations in the following way. The noninverting input terminal is 
labeled plus (+), and the inverting input terminal is labeled minus (—). 
The power supply terminals, which are always drawn outside the triangle, 
are marked V* and V . The terminal at the apex of the triangular box is 
always understood to be the output terminal. Figure 5.3 summarizes these 
simplified designations. 


5.2 Terminal Voltages and Currents 


We are now ready to introduce the terminal voltages and currents used to 
describe the behavior of the op amp. The voltage variables are measured 
from a common reference node.” Figure 5.4 shows the voltage variables 
with their reference polarities. 

All voltages are considered as voltage rises from the common node. 
This convention is the same as that used in the node-voltage method of 
analysis. A positive supply voltage (Vcc) is connected between V~ and the 
common node. A negative supply voltage (—V--) is connected between V~ 
and the common node. The voltage between the inverting input terminal 
and the common node is denoted v,,. The voltage between the noninvert- 
ing input terminal and the common node is designated as v,. The voltage 
between the output terminal and the common node is denoted v,. 


! DIP is an abbreviation for dual in-line package. This means that the terminals on cach side of 
the package are in line, and that the terminals on opposite sides of the package also line up. 

2 The common node is external to the op amp. It is the reference terminal of the circuit in which 
the op amp is embedded. 


Figure 5.5 shows the current variables with their reference directions. 
Note that all the current reference directions are into the terminals of the 
operational amplifier: i, is the current into the inverting input terminal; i, 
is the current into the noninverting input terminal; i, is the current into 
the output terminal; i,: is the current into the positive power supply termi- 
nal; and /,- is the current into the negative power supply terminal. 

The terminal behavior of the op amp as a linear circuit element is 
characterized by constraints on the input voltages and the input currents. 
The voltage constraint is derived from the voltage transfer characteristic 
of the op amp integrated circuit and is pictured in Fig. 5.6. 

The voltage transfer characteristic describes how the output voltage 
varies as a function of the input voltages; that is, how voltage is transferred 
from the input to the output. Note that for the op amp, the output voltage 
is a function of the difference between the input voltages, v, — v,. The 
equation for the voltage transfer characteristic is 


= Vice A(v, — U,) < —Vec, 
Vy = A(v, — Un) ~ Vec Ss A(Up = Vn) = +Vee, (5.1) 
a Voc A(v, =* Vn) > +Vcc . 


We see from Fig. 5.6 and Eq. 5.1 that the op amp has three distinct 
regions of operation. When the magnitude of the input voltage difference 
(|v, — v,|) is small, the op amp behaves as a linear device, as the output 
voltage is a linear function of the input voltages. Outside this linear region, 
the output of the op amp saturates, and the op amp behaves as a nonlinear 
device, because the output voltage is no longer a linear function of the 
input voltages. When it is operating linearly, the op amp’s output voltage is 
equal to the difference in its input voltages times the multiplying constant, 
or gain, A. 

When we confine the op amp to its linear operating region, a con- 
straint is imposed on the input voltages, v, and v,. The constraint is based 
on typical numerical values for Vc and A in Eq.5.1. For most op amps, the 
recommended dc power supply voltages seldom exceed 20 V, and the gain, 
A, is rarely less than 10,000, or 104. We see from both Fig. 5.6 and Eq. 5.1 
that in the linear region, the magnitude of the input voltage difference 
([v, — V,»l) must be less than 20/ 10*, or 2 mV. 

Typically, node voltages in the circuits we study are much larger than 
2 mV, so a voltage difference of less than 2 mV means the two voltages are 
essentially equal. Thus, when an op amp is constrained to its linear operat- 
ing region and the node voltages are much larger than 2 mV, the constraint 
on the input voltages of the op amp is 


Up = Vy. (5.2) 


Note that Eq. 5.2 characterizes the relationship between the input voltages 
for an ideal op amp; that is,an op amp whose value of A is infinite. 

The input voltage constraint in Eq. 5.2 is called the virtual short 
condition at the input of the op amp. It is natural to ask how the virtual 
short is maintained at the input of the op amp when the op amp is 
embedded in a circuit, thus ensuring linear operation. The answer is that 
a signal is fed back from the output terminal to the inverting input ter- 
minal. This configuration is known as negative feedback because the 
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Negative saturation 


Figure 5.6 A The voltage transfer characteristic of an 
op amp. 


<4 Input voltage constraint for ideal op amp 
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Input current constraint for ideal op amp > 


signal fed back from the output subtracts from the input signal. The 
negative feedback causes the input voltage difference to decrease. 
Because the output voltage is proportional to the input voltage differ- 
ence, the output voltage is also decreased, and the op amp operates in 
its linear region. 

If a circuit containing an op amp does not provide a negative feedback 
path from the op amp output to the inverting input, then the op amp will 
normally saturate. The difference in the input signals must be extremely 
small to prevent saturation with no negative feedback. But even if the cir- 
cuit provides a negative feedback path for the op amp, linear operation is 
not ensured. So how do we know whether the op amp is operating in its 
linear region? 

The answer is, we don’t! We deal with this dilemma by assuming lin- 
ear operation, performing the circuit analysis, and then checking our 
results for contradictions. For example, suppose we assume that an op 
amp in a circuit is operating in its linear region, and we compute the 
output voltage of the op amp to be 10 V. On examining the circuit, we 
discover that Vec is 6 V, resulting in a contradiction, because the op 
amp’s output voltage can be no larger than Voc. Thus our assumption 
of linear operation was invalid, and the op amp output must be satu- 
rated at 6 V. 

We have identified a constraint on the input voltages that is based on 
the voltage transfer characteristic of the op amp integrated circuit, the 
assumption that the op amp is restricted to its linear operating region and 
to typical values for Vcc and A. Equation 5.2 represents the voltage con- 
straint for an ideal op amp, that is, with a value of A that is infinite. 

We now turn our attention to the constraint on the input currents. 
Analysis of the op amp integrated circuit reveals that the equivalent resist- 
ance seen by the input terminals of the op amp is very large, typically 1 MQ 
or more. Ideally, the equivalent input resistance is infinite, resulting in the 
culrent constraint 


20 (5.3) 


Note that the current constraint is not based on assuming the op amp is 
confined to its linear operating region as was the voltage constraint. 
Together, Eqs. 5.2 and 5.3 form the constraints on terminal behavior that 
define our ideal op amp model. 

From Kirchhoff’s current law we know that the sum of the currents 
entering the operational amplifier is zero, or 


bP ig tat eae aU. (5.4) 
Substituting the constraint given by Eq. 5.3 into Eq. 5.4 gives 
lo.= =e + i,-). (5.5) 


The significance of Eq. 5.5 is that, even though the current at the input 
terminals is negligible, there may still be appreciable current at the out- 
put terminal. 

Before we start analyzing circuits containing op amps, let’s further sim- 
plify the circuit symbol. When we know that the amplifier is operating within 
its linear region, the dc voltages +V¢¢ do not enter into the circuit equations. 


In this case, we can remove the power supply terminals from the symbol 
and the dc power supplies from the circuit, as shown in Fig. 5.7. A word of 
caution: Because the power supply terminals have been omitted, there is a 
danger of inferring from the symbol that 7, + i, + ¢, = 0. We have already 
noted that such is not the case; that is,t, + i, + i + &- + i- = 0. In other 
words, the ideal op amp model constraint that i, = i,, = 0 does not imply 
thati, = 0. 

Note that the positive and negative power supply voltages do not 
have to be equal in magnitude. In the linear operating region, v, must lie 
between the two supply voltages. For example, if V° = 15V and 
V~ = -10V,then -10 V = v, = 15 V. Be aware also that the value of A 
is not constant under all operating conditions. For now, however, we 
assume that it is. A discussion of how and why the value of A can change 
must be delayed until after you have studied the electronic devices and 
components used to fabricate an amplifier. 

Example 5.1 illustrates the judicious application of Eqs. 5.2 and 5.3. 
When we use these equations to predict the behavior of a circuit contain- 
ing an op amp, in effect we are using an ideal model of the device. 


Analyzing an Op Amp Circuit 


5.2 Terminal Voltages and Currents 149 


Figure 5.7 A The op amp symbol with the power supply 
terminals removed. 


The op amp in the circuit shown in Fig. 5.8 is ideal. From Ohm’s law, 


a) Calculate uv, if v, = 1 Vand vp, = OV. 

b) Repeat (a) for v, = 1 Vandy, = 2 V. 

c) If v, = 1.5 V, specify the range of v, that avoids 
amplifier saturation. 


ing = (V4 — V,)/25 = >, mA, 


‘yoo = (U, = Vn)/ 100 = V,/100 mA. 


The current constraint requires i, = 0. 
Substituting the values for the three currents 
ino 100kQ into the node-voltage equation, we obtain 
Vo 
aT = 0. 
25-100 


Figure 5.8 A The circuit for Example 5.1. 


Hence, v, is —4 V. Note that because v, lies 
between + 10 V, the op amp is in its linear 
region of operation. 


b) Using the same process as in (a), we get 


=Uy=v, =2 V, 


Solution pre ie BES oe ele 
a 25 25 ean 
a) Because a negative feedback path exists from the 
O : te : : 2 : Vo — Vy Vo — 2 
p amp’s output to its inverting input through the ii = ———— = mA, 
100 k resistor, let’s assume the op amp is con- 100 100 
fined to its linear operating region. We can write bs = lige: 
a node-voltage equation at the inverting input 7 
terminal. The voltage at the inverting input termi- Therefore, v, = 6 V. Again, v, lies within £10 V. 
nal is 0, as v, = Up, = 0 from the connected volt- ; 
_ c) As before, v,, = Up = Up, and ig95 = —Lyo. Because 
age source, and v, =v, from the voltage 
ro : v, = 15SV. 
constraint Eq. 5.2. The node-voltage equation at 
v,, 1s thus 
LS 05 Vy — Up 
és = hoo = be 25 100 
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Solving for v as a function of v,, gives 


1 
Up = (6 + Vp). 


Substituting these limits on v, into the expres- 
sion for v,, we see that 2, is limited to 


-~0.8 V < w% <32V. 


Now, if the amplifier is to be within the linear 
region of operation, —10 V=v, = 10V. 


/ ASSESSMENT PROBLEM 


Objective 1—Use voltage and current constraints in an ideal op amp 


5.1. Assume that the op amp in the circuit shown 80 ka 


is ideal. 


a) Calculate v, for the following values of v,: 
0.4, 2.0, 3.5, —0.6, —1.6, and —2.4 V. 


b) Specify the range of v, required to avoid 


amplifier saturation. 


Answer: (a) —2, —10, —15, 3,8, and 10 V; 
(b) -2V <u, S3V. 


NOTE: Also try Chapter Problems 5.1-5.3. 


Figure 5.9 A An inverting-amplifier circuit. 


Inverting-amplifier equation > 


5.3 The Inverting-Amplifier Circuit 


We are now ready to discuss the operation of some important op amp circuits, 
using Eqs. 5.2 and 5.3 to model the behavior of the device itself. Figure 5.9 
shows an inverting-amplifier circuit. We assume that the op amp is operating 
in its linear region. Note that, in addition to the op amp, the circuit consists of 
two resistors (RK, and R,),a voltage signal source (v,), and a short circuit con- 
nected between the noninverting input terminal and the common node. 

We now analyze this circuit, assuming an ideal op amp. The goal is to 
obtain an expression for the output voltage, v,, as a function of the source 
voltage, v,. We employ a single node-voltage equation at the inverting ter- 
minal of the op amp, given as 


i, peas (5.6) 


The voltage constraint of Eq. 5.2 sets the voltage at v,, = 0, because the 
voltage at v, = 0. Therefore, 


Us 


= : 5.7 

f, R, ( ) 
Vo 

if =, (5.8) 
Ry 


Now we invoke the constraint stated in Eq. 5.3, namely, 


i, = 0. (5.9) 
Substituting Eqs. 5.7-5.9 into Eq. 5.6 yields the sought-after result: 


R, 


Ds; (5.10) 


Uo = 


Note that the output voltage is an inverted, scaled replica of the input. The 
sign reversal from input to output is, of course, the reason for referring to the 
circuit as an inverting amplifier. The scaling factor, or gain, is the ratio Ry / Rs. 

The result given by Eq. 5.10 is valid only if the op amp shown in the 
circuit in Fig. 5.9 is ideal; that is, if A is infinite and the input resistance is 
infinite. For a practical op amp, Eq. 5.10 is an approximation, usually a 
good one. (We say more about this later.) Equation 5.10 is important 
because it tells us that if the op amp gain A is large, we can specify the gain 
of the inverting amplifier with the external resistors Ry and R,. The upper 
limit on the gain, Ry /R,, is determined by the power supply voltages and 
the value of the signal voltage v,. If we assume equal power supply voltages, 
that is, V* = —V” = Voc, we get 


Ry Vas 
eves || Cay, (5.11) 


J 
> Us| = Vee 


s 


Jv] = Vec, 


s v AY 


For example, if Vc = 15 V and v, = 10 mV, the ratio Ry /R, must be less 
than 1500. 

In the inverting amplifier circuit shown in Fig. 5.9, the resistor Ry pro- 
vides the negative feedback connection. That is, it connects the output ter- 
minal to the inverting input terminal. If Ry is removed, the feedback path 
is opened and the amplifier is said to be operating open loop. Figure 5.10 
shows the open-loop operation. 

Opening the feedback path drastically changes the behavior of the 
circuit. First, the output voltage is now 


Vg = —Ad,, (5.12) 


assuming as before that V7 = —V” = Vec; then |v,| < Vec/A for linear 
operation. Because the inverting input current is almost zero, the voltage 
drop across R, is almost zero, and the inverting input voltage nearly equals 
the signal voltage, v,; that is, v,, * v,. Hence. the op amp can operate open 
loop in the linear mode only if |v,| < Vee /A. If |u,| > Vee /A, the op amp 
simply saturates. In particular, if vu, < —Voc/A, the op amp saturates at 
+V-c, and if v, > Vee /A, the op amp saturates at —V-c. Because the 
relationship shown in Eq. 5.12 occurs when there is no feedback path, the 
valuc of A is often called the open-loop gain of the op amp. 

Example 5.2 uses the inverting-amplifier equation to design an invert- 
ing amplifier using realistic resistor values. 


Example 5.2 Designing an Inverting Amplifier 


a) We need _ to find two resistors whose ratio is 
12 from the realistic resistor values listed in 
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Figure 5.10 A An inverting amplifier operating 
open loop. 


a) Design an inverting amplifier (see Fig. 5.9) with Appendix H. There are lots of different possibili- 
a gain of 12. Use +15 V power supphes and an ties, but let’s choose R, = 1kQ and Ry = 12k0. 
ideal op amp. Use the inverting-amplifier equation (Eq. 5.10) 

b) What range of input voltages, v,, allows the op lo verify the design: 
amp in this design to remain in its linear operat- 

Nar rcre ee Ry 12,000 
ing region’? v= -—VYN=n U.= 120. 
R, - 1000 


: Thus, we have an inverting-amplificr with a gain 
Solution of 12, as shown in Fig. 5.11. 
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b) Solve two different versions of the inverting- 
amplifier equation for v,—first using 
v, = +15 V and then using v, = —15 V: 


15 = -12v, so v, = -1.25 V; 


~15 = -12v, so vu, = L25V. 


Thus, if the input voltage is greater than or equal 
to —1.25 V and less than or equal to +1.25 V, the 
Figure 5.11 A Inverting amplifier for Example 5.2. op amp in the inverting-amplifier will remain in 
its linear operating region. 


/ ASSESSMENT PROBLEM 


Objective 2—Be able to analyze simple circuits containing ideal op amps 


5.2 The source voltage v, in the circuit in inverting amplifier to operate in its linear 
Assessment Problem 5.1 is —640 mV. The region? 
80 kQ feedback resistor is replaced by a vari- 
able resistor R,. What range of R, allows the Answer: 0 = R, = 250kQ. 


NOTE: Also try Chapter Problems 5.8 and 5.9. 


5.4 The Summing-Amplifier Circuit 


The output voltage of a summing amplifier is an inverted, scaled sum of 
the voltages applied to the input of the amplifier. Figure 5.12 shows a sum- 
ming amplifier with three input voltages. 

We obtain the relationship between the output voltage v, and the 
three input voltages, v,, Up, and v,, by summing the currents away from the 
vo Vv inverting input terminal: 


Figure 5.12 A A summing amplifier. 


=0. (5.13) 


Assuming an ideal op amp, we can use the voltage and current constraints 
together with the ground imposed at v, by the circuit to see that 
Up = Vy = Vandi, = 0. This reduces Eq. 5.13 to 


Ry = R Ry 
Inverting-summing amplifier equation > Vo = (x + RR. ag F) (5.14) 
a b c 


Equation 5.14 states that the output voltage is an inverted, scaled sum of 
the three input voltages. 
If Rk, = Rp = R, = R,, then Eq. 5.14 reduces to 


R , 
f 

Vy = RR te = Vp + Ve). (5.15) 
Ss 


Finally, if we make Ry = R,, the output voltage is just the inverted sum of 
the input voltages. That is, 


Vy = —(Vq + V_ + Ue). (5.16) 


Although we illustrated the summing amplifier with just three input 
signals, the number of input voltages can be increased as needed. For exam- 
ple, you might wish to sum 16 individually recorded audio signals to form a 
single audio signal. The summing amplifier configuration in Fig. 5.12 could 
include 16 different input resistor values so that each of the input audio 
tracks appears in the output signal with a different amplification factor. 
The summing amplifier thus plays the role of an audio mixer. As with 
inverting-amplifier circuits, the scaling factors in summing-amplifier cir- 
cuits are determined by the external resistors Ry, Ry, Rp, Ro... Rn. 


u/ ASSESSMENT PROBLEM 


Objective 2—Be able to analyze simple circuits containing ideal op amps 


5.5 The Noninverting-Amplifier Circuit 


5.3. a) Find v, in the circuit shown if v, = 0.1 V (c) 0.5 V; 
and v, = 0.25 V. (d) —2.5, 0.25, and 2 V. 


b) If v, = 0.25 V, how large can v, be before 
the op amp saturates? 

c) Ifv, = 0.10 V, how large can vp be before 
the op amp saturates? 

d) Repeat (a), (b), and (c) with the polarity of 
Up reversed. 


Answer: (a) —7.5 V; 
(b) 0.15 V; 


NOTE: Also try Chapter Problems 5.11, 5.12, and 5.14. 


5.5 The Noninverting-Amplifier Circuit 


Figure 5.13 depicts a noninverting-amplifier circuit. The signal source is 
represented by v, in series with the resistor R, . In deriving the expression 
for the output voltage as a function of the source voltage, we assume an 
ideal op amp Operating within its linear region. Thus, as before, we use 
Eqs. 5.2 and 5.3 as the basis for the derivation. Because the op amp input 
current is Zero, we can write v, = v, and, from Eq. 5.2, v, = vy as well. 
Now, because the input current is zero (i, = i, = 0), the resistors Ry and 
R, form an unloaded voltage divider across v,. Therefore, 


BoRs (5.17) 
= = ; 
"8 OR, + Ry 
Solving Eq. 5.17 for v, gives us the sought-after expression: 
R, + Rg 
Vo = (5.18) 


Fase? Us 
Ry % 
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Figure 5.13 A A noninverting amplifier. 


< Noninverting-amplifier equation 
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Operation in the linear region requires that 


R, + Ry 
a 
R, 


Ve C 
Vv 


& 


Note again that, because of the ideal op amp assumption, we can 
express the output voltage as a function of the input voltage and the exter- 
nal resistors—in this case, R, and Ry. 

Example 5.3 illustrates the design of a noninverting amplifier using 
realistic resistor values, 


Designing a Noninverting Amplifier 


a) Design a noninverting amplifier (see Fig. 5.13) 
with a gain of 6. Assume the op amp is ideal. 


b) Suppose we wish to amplify a voltage v,, such 
that -15V = v, S+15V. What are the 
smallest power supply voltages that could be 
used with the resistors selected in part (a) and 
still have the op amp in this design remain in its 
linear operating region? 


b) Solve two different versions of the noninvert- 
ing amplifier cquation for v,—first using 
Vg = +1.5 V and then using v, = —1.5 V: 


UV, = 6(1.5) = 9V; 
Vv, = 6(-1.5) = —9V. 


Thus, if we use +9 V power supplies for the non- 


inverting amplifier designed in part (a) and 
-1.5V Ss v, = +1.5 V, the op amp will remain 
in its linear operating region. The circuit result- 
ing from the analysis in parts (a) and (b) is 


Solution 


a) Using the noninverting amplifier equation 


(Eq. 5.18), shown in Fig. 5.14. 
R, + Ry R, + Ry 
Vg = — =6v, so — ee 10k 
S$ Ss 
Therefore, 1kO 1kO 


R, + R; = 6R,, SO Ry = SR. 


We want two resistors whose ratio is 5. Look at 
the realistic resistor values listed in Appendix H. 
Let’s choose Ry = 10kQ, so R, = 2kQ. But 
there is not a 2 kQ resistor in Appendix H. We can 
create an equivalent 2 kQ resistor by combining 
two 1 kQ resistors in series. We can use a third 
1kQ) resistor as the value of the resistor Ry. 


Figure 5.14 A The noninverting amplifier design of Example 5.3. 


/ ASSESSMENT PROBLEM 


Objective 2—Be able to analyze simple circuits containing ideal op amps 


5.4 Assume that the op amp in the circuit shown 
is ideal. 


a) Find the output voltage when the variable 
resistor is set to 60 kQ. 

b) How large can R, be before the amplifier 

saturates? 

(a) 4.8 V; 

(b) 75 kQ. 


Answer: 


NOTE: Also try Chapter Problems 5.17 and 5.18. 


5.6 The Difference-Amplifier Circuit 


The output voltage of a difference amplifier is proportional to the difference 
between the two input voltages. To demonstrate, we analyze the difference- 
amplifier circuit shown in Fig. 5.15, assuming an ideal op amp operating in its 
linear region. We derive the relationship between v, and the two input volt- 
ages v, and vu, by summing the currents away from the inverting input node: 


Vy ~ Va Vn — Vo ; 
——— + —— +i, = 0. 5.19 
R, Rb 7) ( ) 


Because the op amp is ideal, we use the voltage and current constraints to 
see that 


= 0, (5.20) 


Ly 


Un = Vp (5.21) 


= UE 
R.-+ Ry ° 


Combining Eqs. 5.19, 5.20, and 5.21 gives the desired relationship: 


RR, as Ry) Ry 
= =e. 5.22 
Yo RR. + Ra)? Ry Oy 


Equation 5.22 shows that the output voltage is proportional to the dif- 
ference between a scaled replica of uy, and a scaled replica of v,. In general 
the scaling factor applied to v is not the same as that applied to v,. 
However, the scaling factor applied to each input voltage can be made 
equal by setting 


=, (5.23) 


When Eq. 5.23 is satisfied, the expression for the output voltage reduces to 


x Ro ) 5.24 
Re Ua). (5.24) 


Equation 5.24 indicates that the output voltage can be made a scaled 
replica of the difference between the input voltages v, and v,. As in the 
previous ideal amplifier circuits, the scaling is controlled by the external 
resistors. Furthermore, the relationship between the output voltage and 
the input voltages is not affected by connecting a nonzero load resistance 
across the output of the amplifier. 

Example 5.4 describes the design of a difference amplifier using real- 
istic resistor values. 


Designing a Difference Amplifier 
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Figure 5.15 & A difference amplifier. 


< Simplified difference-amplifier equation 


a) Design a difference amplifier (see Fig. 5.15) that b) Suppose v, = 1 V in the difference amplifier 
amplifies the difference between two input volt- designed in part (a). What range of input volt- 
ages by a gain of 8, using an ideal op amp and ages for v, will allow the op amp to remain in its 


+8 V power supplies. linear operating region? 
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Solution 


a) Using the simplified difference-amplifier equa- 
tion (Eq. 5.24), 


Ry R 
Up = R, — V,) = 8(v, — Va) sO R = 8, 


We want two resistors whose ratio is 8. Look at 
the realistic resistor values listed in Appendix H. 
Let’s choose R, = 12k, so R, = 1.5kQ, 
although there are many other possibilities. 
Note that the simplified difference-amplifier 
equation requires that 


Figure 5.16 A The difference amplifier designed in Example 5.4. 


b) Solve two different versions of the simplified 
difference-amplifier equation for v, in terms of 
Up—first using v, = +8V and then using 
Vo = —8V: 

RR, Rk 


Ry Ry 


Vo = Buy, - 1) =8V sowun=2V; 


v, = &v -— 1) = -8V sou, =O0V. 
A simple choice for R, and Rg is : ; ; fa 
R. = R, = 1.5kQ and Ry = Ry = 12k. The Thus, if v, = 1 V in the difference amplifier 
from part (a), the op amp will remain in its lin- 


resulting circuit is shown in Fig. 5.16. j ase 
ear region of operation if0 V = vp S +2 V. 


/ ASSESSMENT PROBLEM 


Objective 2—Be able to analyze simple circuits containing ideal op amps 


5.5 a) In the difference amplifier shown, 
Vp = 4.0 V. What range of values for v, will 
result in linear operation? 


b) Repeat (a) with the 20 kQ resistor 
decreased to 8k). 


Answer: (a)2 VS v, = 6 V; 
(b)12V sv, $52 V. 


NOTE: Also try Chapter Problems 5.25, 5.26, and 5.28. 


The Difference Amplifier—Another Perspective 


We can examine the behavior of a difference amplifier more closely if we 
redefine its inputs in terms of two other voltages. The first is the 
differential mode input, which is the difference between the two input 
voltages in Fig. 5.15: 


Vam = Up — Va- (5.25) 


The second is the common mode input, which is the average of the two 
input voltages in Fig. 5.15: 


Vem = (Va + Up)/2. (5.26) 


Using Eqs. 5.25 and 5.26, we can now represent the original input voltages, 
v, and v,, in terms of the differential mode and common mode voltages, 
Vam and Vem? 


Va = Vem — 3 Yam: (5.27) 


1 
Vp = Vom F 3 Va: (5.28) 


Substituting Eqs. 5.27 and 5.28 into Eq. 5.22 gives the output of the differ- 
ence amplifier in terms of the differential mode and common mode voltages: 


= R,Ra ~ RyR-. 5} 
RR, + Ra) | ™ 


R(Ry =f Ry) + Ry(Re Ea Ra) 
a ee tes A Eek. oe Vdm- (5.29) 
2R(R. - Ry) 
= Acn¥emn + Aam¥ams (5.30) 


where A,m is the common mode gain and Aj,» is the differential mode 
gain. Now, substitute R, = R, and Ry = Ry, which are possible values for 
R. and R, that satisfy Eq. 5.23, into Eq. 5.29: 


Vo = (0)Vem + (2 Jon (5.31) 

a 
Thus, an ideal difference amplifier has A,,, = 0, amplifies only the differ- 
ential mode portion of the input voltage, and eliminates the common 
mode portion of the input voltage. Figure 5.17 shows a difference- 
amplifier circuit with differential mode and common mode input voltages 
in place of v, and vp. 

Equation 5.30 provides an important perspective on the function of the 
difference amplifier, since in many applications it is the differential mode 
signal that contains the information of interest, whereas the common mode 
signal is the noise found in all electric signals. For example, an electrocardio- 
graph electrode measures the voltages produced by your body to regulate 
your heartbeat. These voltages have very small magnitudes compared with 
the electrical noise that the electrode picks up from sources such as lights 
and electrical equipment. The noise appears as the common mode portion 
of the measured voltage, whereas the heart rate voltages comprise the dif- 
ferential mode portion. Thus an ideal difference amplifier would amplify 
only the voltage of interest and would suppress the noise. 


Measuring Difference-Amplifier Performance— 
The Common Mode Rejection Ratio 


An ideal difference amplifier has zero common mode gain and nonzero 
(and usually large) differential mode gain. Two factors have an influence 
on the ideal common mode gain—resistance mismatches (that is, Eq. [5.23] 
is not satisfied) or a nonideal op amp (that is, Eq. [5.20] is not satisfied). We 
focus here on the effect of resistance mismatches on the performance of a 
difference amplifier. 


5.6 The Difference-Amplifier Circuit 
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Figure 5.17 A A difference amplifier with common 
mode and differential mode input voltages. 
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Suppose that resistor values are chosen that do not precisely satisfy 
Fq. 5.23. Instead, the relationship among the resistors R,, Ry, R., and Rg is 


Ra = (1 - ar 
Ry Ry 
so 
R, =(1-—e)R. and Ry = Ra. (5.32) 
or 
Ry = (1 — €)R, and R, = R, (5.33) 


where e€ is a very small number. We can see the effect of this resistance 
mismatch on the common mode gain of the difference amplificr by substi- 
tuting Eq. 5.33 into Eq. 5.29 and simplifying the expression for Aga: 


RAG = E)R, = R,Ry 
Agn SA Oe (5.34) 
R[Ra + (1 ca €) Ry] 


a Ry, 
So as (5.35) 
Ri + (1 = E)Rp 
eR, 
ee 5.36 
Rit, (7:26) 


We can make the approximation to give Eq. 5.36 because € is very small, 
and therefore (1 — e) is approximately 1 in the denominator of Eq. 5.35. 
Note that. when the resistors in the difference amplificr satisfy Eq. 5.23, 
€ = (and Eq. 5.36 gives Ag = 0. 

Now calculate the effect of the resistance mismatch on the differential 
mode gain by substituting Eq. 5.33 into Eq. 5.29 and simplifying the 
expression for Agm: 


(1 = E)Ri (Ra + Ry) to RARa F: (1 -_ €) Ry] 


Aam = 2R,[R, + (1 — €)Ry] (5.37) 
R, €/2)R, 
= “I se _ AeA )Ra 2) | (5.38) 
Ry R, + (1 — €)Ry 
Rp (€/2)R, 
ee =f See Ae 39 
1 R, Te Ry . ° 


We usc the same rationale for the approximation in Eq, 5.39 as in the com- 
putation of Ag». When the resistors in the difference amplifier satisfy 
Eq. 5.23,€ = 0 and Eq. 5.39 gives Agy = Rp/Ra- 

The common mode rejection ratio (CMRR) can be used to measure 
how nearly ideal a difference amplifier is. It is defined as the ratio of the 
differential mode gain to the common mode gain: 


(5.40) 


5] 


The higher the CMRR, the more nearly ideal the difference amplifier. We 
can see the effect of resistance mismatch on the CMRR by substituting 
Eqs. 5.36 and 5.39 into Eq. 5.40: 


Ber — (Rye/2)/(Ry + Re) 


R. 

CMRR = . 5.41 
ER /(R, + Ry) ae 
R,(1 — €/2) + Rp ae 
x =a (5.42) 

1+ R,/R. 
se, |e ae, (5.43) 

—=E 


From Eq. 5.43, if the resistors in the difference amplifier are matched, 
€ = 0 and CMRR = oo. Even if the resistors are mismatched, we can 
minimize the impact of the mismatch by making the differential mode 
gain (R,/R,) very large, thereby making the CMRR large. 

We said at the outset that another reason for nonzero common mode 
gain is a nonideal op amp. Note that the op amp is itself a difference 
amplifier, because in the linear operating region, its output is proportional 
to the difference of its inputs; that is, v, = A(v, — v,). The output of a 
nonideal op amp is not strictly proportional to the difference between the 
inputs (the differential mode input) but also is comprised of a common 
mode signal. Internal mismatches in the components of the integrated cir- 
cuit make the behavior of the op amp nonidcal, in the same way that the 
resistor mismatches in the difference-amplifier circuit make its behavior 
nonideal. Even though a discussion of nonideal op amps is beyond the 
scope of this text, you may note that the CMRR is often used in assessing 
how nearly ideal an op amp’s behavior is. In fact, it is one of the main ways 
of rating op amps in practice. 


NOTE: Assess your understanding of this material by trying Chapter 
Problems 5.33 and 5.34. 


5.7 A More Realistic Model for the 
Operational Amplifier 


We now consider a more realistic model that predicts the performance of 
an op amp in its linear region of operation. Such a model includes three 
modifications to the ideal op amp: (1) a finite input resistance, Rj; (2) a 
finite open-loop gain, A; and (3) a nonzero output resistance, R,. The cir- 
cuit shown in Fig. 5.18 illustrates the more realistic model. 

Whenever we use the equivalent circuit shown in Fig. 5.18, we disre- 
gard the assumptions that v, = v, (Eq. 5.2) and t, = i, = 0 (Eq. 5.3). 
Furthermore, Eq. 5.1 is no longer valid because of the presence of the 
nonzero output resistance, R,. Another way to understand the circuit 
shown in Fig. 5.18 is to reverse our thought process. That is, we can see that 
the circuit reduces to the ideal model when R; > co, A— co, and R, > 0. 
For the «A741 op amp, the typical values of R;, A, and R, are 2 MQ, 10°, 
and 75 Q, respectively. 

Although the presence of R; and R,, makes the analysis of circuits con- 
taining op amps more cumbersome, such analysis remains straightforward. 
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Figure 5.18 A An equivalent circuit for an operational 
amplifier. 
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Figure 5.19 A An inverting-amplifier circuit. 


Figure 5.20 & A noninverting-amplifier circuit. 


To illustrate, we analyze both an inverting and a noninverting amplifier, 
using the equivalent circuit shown in Fig. 5.18. We begin with the invert- 
ing amplifier. 


Analysis of an Inverting-Amplifier Circuit Using 
the More Realistic Op Amp Model 


If we use the op amp circuit shown in Fig. 5.18, the circuit for the inverting 
amplifier is the one depicted in Fig. 5.19. As before, our goal is to express 
the output voltage, v,, as a function of the source voltage, v,. We obtain 
the desired expression by writing the two node-voltage equations that 
describe the circuit and then solving the resulting set of equations for v,,. 
In Fig. 5.19, the two nodes are labeled a and b. Also note that v, = 0 by 
virtue of the external short-circuit connection at the noninverting input 
terminal. The two node-voltage equations are as follows: 


fede ae = a re 0, (5.44) 


node b: = 0. (5.45) 


We rearrange Eqs. 5.44 and 5.45 so that the solution for v, by Cramer’s 
method becomes apparent: 


Eig, esl (uct aes (5.46) 
R, R; Ry n Ry oO R, a . 


A 1 1 1 
— — — }y, + [| — + — Ju, = 0. 5. 
(4 in (4 ae ( 47) 


Vs - (5.48) 


Note that Eq. 5.48 reduces to Eq. 5.10 as R, > 0, R; > 06, and A— co. 

If the inverting amplifier shown in Fig. 5.19 were loaded at its output 
terminals with a load resistance of R,; ohmis, the relationship between »v,, 
and v, would become 


= 9. eR Oe 
Dsl sp oo 4's eee Be + 14 Re 148 + Ro 
Ry R; Ry, Rr R; Ry 


Analysis of a Noninverting-Amplifier Circuit Using 
the More Realistic Op Amp Model 


When we use the equivalent circuit shown in Fig. 5.18 to analyze a nonin- 
verting amplifier, we obtain the circuit depicted in Fig. 5.20. Here, the volt- 
age source v,, in series with the resistance R,, represents the signal 
source. The resistor R,; denotes the load on the amplifier. Our analysis 
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consists of deriving an expression for v,, as a function of v,. We do so by 
writing the node-voltage equations at nodes a and b. At node a, 


——_— + ——— = 0), 5.50 
R, R, + R; Ry ( ) 


and at node b, 


Vo — Vv Uv Vo — A(vp ~ Un) 
oO n ft QO _ 


0. (5.51) 
Ry Ry, Ro 


Vp Ue- Dye 


= (5.52) 
R, R; + Re 


We use Eq. 5.52 to eliminate v, from Eq. 5.51, giving a pair of equations 


involving the unknown voltages v,, and v,. This algebraic manipulation 
leads to 


Bo ek tes 
"TR, = Rp, +R: Ry} \Rp) AR, + RO 
gas SO ei tke gerd 
"RAR + Re) Ry | Ry 


~ LR + Ry) | — 


Solving for v, yields 


[(Ry + Rs) + (R,R,/ AR) |v, 
ee » (5.55) 
Re, py, RR + (Rp + RMR * RY) 
eh) 
Rea r) AR; 
where 
R,+ Ry Rp t+ Re RpRy + RyRy + RR 
Pe pc a 
R, R, RR, 


Note that Eq. 5.55 reduces to Eq. 5.18 when R,—0, A—o, and 


R;— oo. For the unloaded (R,; = CO) noninverting amplifier, Eq. 5.55 
simplifies to 


[(Ry oT Ry) a RR, / AR; |v, 
Vo = 


: R, + R, 1 
R, + = 1+ a ae + ART R, + (Ry + R,)(R; + R,)] 
(5.56) 


Note that, in the derivation of Eq. 5.56 from Eq. 5.55, K, reduces to 
(R, + Ry)/Ri. 
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/ ASSESSMENT PROBLEM 


Objective 3—Understand the more realistic model for an op amp 


5.6 The inverting amplifier in the circuit shown has Answer: (a) —19.9985; 
an input resistance of 500 k{., an output resist- (b) 69.995 pV: 


ance of 5 kQ, and an open-loop gain of 300,000. 
Assume that the amplifier is operating in its 


linear region. 


a) Calculate the voltage gain (v,/v,) of the 


amplifier. 


b) Calculate the value of v, in microvolts when 


v, = LV. 


c) Calculate the resistance seen by the signal 


source (Vz). 


d) Repeat (a)-(c) using the ideal model for the 


op amp. 


(c) 5000.35 0; 
(d) —20,0 pV,5kQ. 


100 kQ, 


NOTE: Also try Chapter Problems 5.43 and 5.45. 


Practical Perspective 


Strain Gages 


Changes in the shape of elastic solids are of great importance to engineers 
who design structures that twist, stretch, or bend when subjected to exter- 
nal forces. An aircraft frame is a prime example of a structure in which engi- 
neers must take into consideration elastic strain. The intelligent application 
of strain gages requires information about the physical structure of the 
gage, methods of bonding the gage to the surface of the structure, and the 
orientation of the gage relative to the forces exerted on the structure. Our 
purpose here is to point out that strain gage measurements are important in 
engineering applications, and a knowledge of electric circuits is germane to 
their proper use. 

The circuit shown in Fig. 5.21 provides one way to measure the change 
in resistance experienced by strain gages in applications like the one 


Ry 


Figure 5.21 A An op amp circuit used for measuring the change in strain gage 
resistance. 


described in the beginning of this chapter. As we will see, this circuit is the 
familiar difference amplifier, with the strain gage bridge providing the two 
voltages whose difference is amplified. The pair of strain gages that are 
lengthened once the bar is bent have the values R + AR in the bridge 


feeding the difference amplifier, whereas the pair of strain gages that are 
shortened have the values R — AR. We will analyze this circuit to discover 
the relationship between the output voltage, v, and the change in resist- 
ance, AR experienced by the strain gages. 

To begin, assume that the op amp is ideal. Writing the KCL equations at 
the inverting and noninverting input terminals of the op amp we see 


Vrep — Un Vn Vn — Vo 

a CCA coe ET SSS 5.57 
R+AR R-AR RB; een) 
Vref = Up Up Vp 


—__— = —__ + —, 5.58 
R-AR R+AR_ R, es 


Now rearrange Eq. 5.58 to get an expression for the voltage at the nonin- 
verting terminal of the op amp: 


Vref 
v.= 


Pa ye (5.59) 
es eee ee ee 
R+AR R-AR R 


As usual, we will assume that the op amp is operating in its linear region, so 
Vv, = v,, and the expression for v, in Eq. 5.59 must also be the expression 
for v,. We can thus substitute the right-hand side of Eq. 5.59 in place of »,, 
in Eq. 5.57 and solve for v,. After some algebraic manipulation, 


R,/(2AR) 


R - (ARE (5.60) 


Vo = 


Because the change in resistance experienced by strain gages is very small, 
(AR) << R’,so R* — (AR)* ® R’ and Eq. 5.60 becomes 


Ry 
Vy > PR ror ret (5.61) 


where 6 = AR/R. 


NOTE: Assess your understanding of this Practical Perspective by 
trying Chapter Problem 5.49. 


Practical Perspective 
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¢ The equation that defines the voltage transfer charac- 
teristic of an ideal op amp is 


—Vec. A(U, — Up) < —Vec, 
Vo = A(v, — Uy), —Vec = A(v, — Un) = + Veco, 
a Vee, A(v, = Vn) > + Veo 


where A is a proportionality constant known as the 
open-loop gain, and Vec represents the power supply 
voltages. (See page 147.) 


+ A feedback path between an op amp’s output and 
its inverting input can constrain the op amp to its 
linear operating region where v, = A(v, — v,). (See 
page 147.) 


« A voltage constraint exists when the op amp is con- 
fined to its linear operating region due to typical val- 
ues of Vcc and A. If the ideal modeling assumptions 
are made—meaning A is assumed to be infinite—the 
ideal op amp model is characterized by the volt- 
age constraint 


Vy = Vy 


(See page 147.) 


¢« A current constraint further characterizes the ideal op 
amp model, because the ideal input resistance of the op 
amp integrated circuit is infinite. This current constraint 
is given by 


=i, = 0. 


(See page 148.) 


¢ We considered both a simple, ideal op amp model and a 
more realistic model in this chapter. The differences 
between the two models are as follows: 


Simplified Model More Realistic Model 
Infinite input resistance Finite input resistance 
Infinite open-loop gain Finite open-loop gain 
Zero output resistance Nonzero output resistance | 


(See page 159.) 


An inverting amplifier is an op amp circuit producing 
an output voltage that is an inverted, scaled replica of 
the input. (See page 150.) 


A summing amplifier is an op amp circuit producing an 
output voltage that is a scaled sum of the input voltages. 
(See page 152.) 


A noninverting amplifier is an op amp circuit producing 
an output voltage that is a scaled replica of the input 
voltage. (See page 153.) 


A difference amplifier is an op amp circuit producing an 
output voltage that is a scaled replica of the input volt- 
age difference. (See page 155.) 


The two voltage inputs to a difference amplifier can be 
used to calculate the common mode and difference 
mode voltage inputs, v,_, and Ygm. The output from the 
difference amplifier can be written in the form 


Vo = Acm¥em + AdgmVam 


where Ag, is the common mode gain, and Ag, is the 
differential mode gain. (See page 157.) 


In an ideal difference amplifier, A,,, = 0. To measure 
how nearly ideal a difference amplifier is, we use the 
common mode rejection ratio: 


An ideal difference amplifier has an infinite CMRR. 
(See page 159.) 
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Problems 

Sections 5.1-5.2 §.4 Find i, (in microamperes) in the circuit in Fig. P5.4. 
5.1 The op amp in the circuit in Fig. P5.1 is ideal. Sas Figure P5.4 

srt a) Label the five op amp terminals with their names. SkO 


MULTISIM 
b) What ideal op amp constraint determines the 
value of i,,? What is this value? 
c) What ideal op amp constraint determines the 
value of (v, — v,)? What is this value? 


d) Calculate v,,. 


Figure P5.1 


5.5 A voltmeter with a full-scale reading of 10 V is used 
pspice to measure the output voltage in the circuit in 
WUISIN’ Fig, P5.5. What is the reading of the voltmeter? 

Assume the op amp is ideal. 


Figure P5.5 
2.2 MD 


5.2 Find i, in the circuit in Fig. PS.2 if the op amp is ideal. 
PSPICE 
MULTISIM Figure P5.2 


5.6 The op amp in the circuit in Fig. P5.6 is ideal. 


esPice Calculate the following: 
pai Ge 25k 25kN MULTISIM B 
a) % 
b) % 
eae = c) tp 
5.3 The op amp in the circuit in Fig. P5.3 is ideal. ie 
vusm 2) Calculate v, if v, = 4V and vy = OV. . 
b) Calculate v, if v, = 2 V and y, = 0 V. Figure P5.6 
c) Calculate v, if vy, = 2 Vand y, = 1V. 40 kQ 50 kO 


d) Calculate v, ifv, = 1 Vand vy, = 2 V. 
e) Calculate v, if v, = 1.5 V and yw, = 4V. 


f) If vu, = 1.6 V, specify the range of v, such that 
the amplifier does not saturate. 


Figure P5.3 


100 kQ 


5.7. A circuit designer claims the circuit in Fig. P5.7 will 
practical, produce an output voltage that will vary between 
spice +5 aS Ue, Varies between 0 and 5 V. Assume the op 


mULTISIM amp is ideal. 


a) Draw a graph of the output voltage v, as a func- 
tion of the input voltage v, for0 = vu, = SV. 


b) Do you agree with the designer’s claim? 
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Figure P5.7 


10kO 


Section 5.3 


5.8 a) Design an inverting amplifier using an ideal op 
Hata amp that has a gain of 3. Use a set of identical 
resistors from Appendix H. 

b) If you wish to amplify a 5 V input signal using 
the circuit you designed in part (a), what are the 
smallest power supply signals you can use? 

5.9 The op amp in the circuit in Fig. P5.9 is ideal. 


PSPICE 


uum 2) Find the range of values for o in which the op 


amp does not saturate. 
b) Find /, (in microamperes) when a0 = 0.272. 


Figure P5.9 
12k0Q 


5.10 a) The op amp in the circuit shown in Fig. P5.10 is 
BEIGE ideal. The adjustable resistor Ra has a maxi- 
mere mum value of 100 kQ, and a is restricted to the 
range of 0.2 <= a = 1. Calculate the range of 

UV, if v, = 40 mV. 


b) If a is not restricted, at what value of a@ will the 
op amp saturate? 


Figure P5.10 


50 kQ 


10k0 


Section 5.4 


§.11_ Refer to the circuit in Fig. 5.12, where the op amp 
pspice §=6 1S assumed to be ideal. Given that R, = 4kQ, 
wus Ry = SkO, Re = 20kQ, v, = 200mvV, 

Vp = 150 mV, v, = 400 mV, and Vege = +6 V, spec- 
ify the range of Ry for which the op amp operates 
within its linear region. 


5.12. The op amp in Fig. PS.12 is ideal. 
oe a) What circuit configuration is shown in this figure? 
b) Find v, if v, = 1V, vw = I15V, and 
Ve= -4V. 


c) The voltages v, and v,. remain at 1 V and —4 V, 
respectively. What are the limits on 2, if the op 
amp operates within its linear region? 


Figure P5.12 


220 kD. 
44k 


27.5kQ 


vvy 


5.13 


DESIGN 
PROBLEM 


PSPICE 
MULTISIM 


Design an inverting-summing amplifier so that 
Vo = —(3v, © SUp SS 4u, . 24). 


Start by choosing a feedback resistor (Ry) from 
Appendix H. Then choose single resistors from 
Appendix H or construct resistor neworks from resis- 
tors in Appendix H to satisfy the design values for R,, 
Ry, R,, and Rg. Draw your final circuit diagram. 


5.14 a) The op amp in Fig. P5.14 is ideal. Find »v, if 
PSPICE Vv, =4V, v0, =9 V.v, = 13 V. and vg = 8 V. 


MULTISEM 
b) Assume v, v,, and vg retain their values as given 


in (a). Specify the range of v, such that the op 
amp operates within its linear region. 


Figure P5.14 
220 kD. 


40 kO 


10kQ 


5.15 The 220kQ feedback resistor in the circuit in 
rspice §= Fig. P5.14 is replaced by a variable resistor Ry. The 
MTS voltages v,— vg have the same values as given in 

Problem 5.14(a). 

a) What value of Ry will cause the op amp to satu- 
rate? Note that 0 = Ry = oo, 

b) When &; has the value found in (a), what is the 
current (in microamperes) into the output ter- 
minal of the op amp? 


Section 5.5 
5.16 The op amp in the circuit of Fig. P5.16 is ideal. 


PSPICE 


a) What op amp circuit configuration is this? 
MULTISIM 


b) Calculate v,. 


Figure P5.16 


80 kQ 


40 kQ 


5.17 


The op amp in the circuit of Fig. P5.17 is ideal. 


a) What op amp circuit configuration is this? 
b) Find »v, in terms of v,. 
c) Find the range of values for v, such that v, does 


not saturate and the op amp remains in its linear 
region of operation. 
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Figure P5,17 


28 kN 


30 kD 
10kO 


5.18 The op amp in the circuit shown in Fig. P5.18 is ideal, 
cam &) Calculate v, when v, equals 4 V. 

b) Specify the range of values of v, so that the op 
amp operates in a linear mode. 

c) Assume that v, equals 2 V and that the 63 kQ 
resistor is replaced with a variable resistor. What 
value of the variable resistor will cause the op 
amp to saturate? 


Figure P5.18 
63 kD 


30 kO 


5.19 a) Design a non-inverting amplifier with a gain of 
4. Use resistors from Appendix H. You might 
need to combine resistors in series and in par- 
allel to get the desired resistance. Draw your 
final circuit. 

b) If you use +12 V power supplics for the op amp, 
what range of input values will allow the op amp 
to stay in its linear operating region? 

5.20 The op amp in the circuit of Fig. P5.20 is ideal. 


PSPICE 


a) What op amp circuit configuration is this? 
MULTISIM 


b) Find v, in terms of v,. 

c) Find the range of values for v, such that v, does 
not saturate and the op amp remains in its linear 
region of operation. 

Figure P5.20 
60 kQ 


ISkO 
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PSPICE 
MULTISIM 


§.22 


DESIGN 
PROBLEM 


PSPICE 
MULTISIM 


5.23 
PSPICE 
MULTISIM 


The Operational Amplifier 


The op amp in the circuit shown in Fig. P5.21 is 
ideal. The signal voltages v, and v, are 800 mV and 
400 mV, respectively. 


a) What circuit configuration is shown in the figure? 
b) Calculate v, in volts. 
c) Find i, and 4, in microamperes. 


d) What are the weighting factors associated with 
v, and v4? 


Figure P5.21 


HWOkO 


The circuit in Fig. P5.22 is a noninverting summing 
amplifier. Assume the op amp is ideal. Design the 
circuit so that 


Ug = Va + 2Up 7 3U,. 


a) Specify the numerical values of R, and R,. 


b) Calculate i,, i), and i, (in microamperes) when 
Va = 0.7 V, vy, = 0.4 V, and v, = 1.1 V. 


Figure P5.22 


4.7kQ 


The op amp in the noninverting summing amplifier 
of Fig. P5.23 is ideal. 


a) Specify the values of R;, Ry, and R, so that 


Vo = 60, + 30, + 4u,. 


b) Using the values found in part (a) for R;, Rp, and 
R,, find (in microamperes) iy, ip, ic, io, and i, 
1V. 


when v, = 0.5 V, vp = 2.5 V, and vu, = 


Figure P5.23 


Section 5.6 


5.24 


5.25 


PSPICE 
MULTISIM 


a) Use the principle of superposition to derive 
Eq:5,22; 


b) Derive Eqs. 5.23 and 5.24. 


The resistors in the difference amplifier shown 

in Fig. 5.15 are R, = 24kQ, R, = 75kQ, 

R, = 130kQ. and Ry = 120kQ2. The signal volt- 

ages v, and v, are 8 and 5 V, respectively, and 

Vcc = +20 V. 

a) Find »,. 

b) What is the resistance seen by the signal 
SOUTCE Vy? 


c) What is the resistance seen by the signal 
SOUTCe Vp? 


The op amp in the circuit of Fig. P5.26 is ideal. What 
value of R; will give the equation 
Vy = 5 — 4d,, 


for this circuit? 


Figure P5.26 


5.27 


DESIGN 
PROBLEM 


PSPICE 
MULTISIM 


5.28 


PSPICE 
MULTISIM 


5.29 


DESIGN 
PROBLEM 
PSPICE 


MULTISIM 


Design the difference-amplifier circuit in Fig. P5.27 5.30 


so that v, = 10(v, — v,), and the voltage source v, DEI 
sees an input resistance of 220 kQ.. Specify the val- PSPICE 
ues of R,,R,, and Ry using single resistors or com- MULTISIM 


binations of resistors from Appendix H. Use the 
ideal model for the op amp. 


Figure P5.27 


5.31 


The op amp in the adder-subtracter circuit shown in 

Fig. P5S.28 is ideal. 

a) Find v, when v, = 1 V, vy = 2 V, vu. = 3 V, and 
Vq = 4V. 

b) If vj, vp, and vg are held constant, what values of 


UV, will not saturate the op amp? 5.32 


Figure P5.28 
20 ka 180 kQ. 


Select the values of R, and R; in the circuit in 
Fig. P5.29 so that 


¥ = 5000(i, — ig). 


Use single resistors or combinations of resistors 
from Appendix H.The op amp is ideal. 


Figure P5.29 
Ry 
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Design a difference amplifier (Fig. 5.15) to meet 
the following criteria: v, = 3u, — 4v,. The resist- 
ance seen by the signal source vw is 470kQ, and 
the resistance seen by the signal source v, is 
22 kQ, when the output voltage v, is zero. Specify 
the values of R,, R,, R,, and Rg using single 
resistors or combinations of resistors from 
Appendix H. 


The resistor R; in the circuit in Fig. P5.31 is 
adjusted until the ideal op amp saturates. Specify 
R, in kilohms. 


Figure P5.31 


5.6kQ 


The op amp in the circuit of Fig. P5.32 is ideal. 

a) Plot v, versus a when R; = 4K, and v, = 2 V. 
Use increments of 0.1 and note by hypothesis 
thatO = a = 1.0. 

b) Write an equation for the straight line you plot- 
ted in (a). How are the slope and inter- 
cept of the line related to v, and the ratio Ry/R,? 

c) Using the results from (b), choose values for v, 
and the ratio R-/R, such that vu, = —6a + 4. 


Figure P5.32 


170 ‘The Operational Amplifier 


5.33 In the difference amplifier shown in Fig. P5.33, what Figure P5,36 
range of values of R, yields a CMRR = 1000? 


Figure P5.33 


(a) 


120 kQ 


5.34 In the difference amplifier shown in Fig. P5.34, 
compute (a) the differential mode gain, (b) the 
common mode gain, and (c) the CMRR. 


Figure P5.34 


(b) 


5.37 The signal voltage v, in the circuit shown in Fig. P5.37 


ned is described by the following equations: 


V, = 0, t=9Q, 
V, = 10 sin(7/3)t V, 0O=<t= om. 


mecHOns Sete Sketch v,, versus ¢, assuming the op amp is ideal. 


5.35 Assume that the ideal op amp in the circuit seen in 
Fig. P5.35 is operating in its linear region. Figure P5.37 
a) Show that v, = [(R; + R2)/RiJv,. 15 kO, 75 kD 
b) What happens if R; — co and R, > 0? 


c) Explain why this circuit is referred to as a volt- 
age follower when R,; = © and R; = 0. 


Figure P5.35 


5.38 a) Show that when the ideal op amp in Fig. P5.38 is 
operating in its linear region, 


_ 30g 
i, = — 


‘ R x 


b) Show that the ideal op amp will saturate when 


5.36 The voltage v, shown in Fig. P5.36(a) is applied to REV 200) 
psece =the inverting amplifier shown in Fig. P5.36(b). — eae A a 
m=" Sketch v, versus t, assuming the op amp is ideal. 3Ug 


Figure P5.38 


5.39 Assume that the ideal op amp in the circuit in 


PSPICE 
MULTISIM 


Fig. P5.39 is operating in its linear region. 


a) Calculate the power delivered to the 16k. 
resistor. 

b) Repeat (a) with the op amp removed from the 
circuit, that is, with the 16 kQ resistor connected 
in the series with the voltage source and the 
48 kQ resistor. 

c) Find the ratio of the power found in (a) to that 
found in (b). 

d) Does the insertion of the op amp between the 
source and the load serve a useful purpose? 
Explain. 


Figure P5.39 


48 kO 
320 mV (S 16kQ 
Source Load 
Figure P5.42 
47kQ 


5.40 


PSPICE 
MULTISIM 
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The circuit inside the shaded area in Fig. P5.40 is a con- 
stant current source for a limited range of values of R,. 


a) Find the value of i; for R; = 4kQ. 
b) Find the maximum value for R,; for which /, will 
have the value in (a). 


c) Assume that R; = 16k. Explain the operation 
of the circuit. You can assume that i,, = i, * 0 
under all operating conditions. 


d) Sketch i; versus R; forO = R; S 16kQ. 


Figure P5.40 


Ri 


5.41 The two op amps in the circuit in Fig. P5.41 are 
eserce ideal. Calculate v,, and v,3. 
MULTISIM 
Figure P5.41 
1S V 
10V 
5.42 The op amps in the circuit in Fig. P5.42 are ideal. 
price a) Find é,. 
MULTISIM 
b) Find the value of the left source voltage for 
which /, = 0. 
220 kO 


© 150 mV 
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Section 5.7 


5.43 


PSPICE 
MULTISIM 


5.44 


PSPICE 
MULTISIM 


5.45 


PSPICE 
MULTISIM 


Repeat Assessment Problem 5.6, given that the 
inverting amplifier is loaded with a 500 © resistor. 


Assume the input resistance of the op amp in 
Fig. P5.44 is infinite and its output resistance is zero. 


a) Find v, as a function of v, and the open-loop 
gain A. 


b) What is the value of v, ifv, = 1 Vand A = 150? 

c) What is the value of v, ifv, = 1 Vand A = 00? 

d) How large does A have to be so that v, is 99% of 
its value in (c)? 


Figure P5.44 


10k 


The op amp in the noninverting amplifier circuit of 

Fig. P5.45 has an input resistance of 560 k{), an out- 

put resistance of 8k, and an open-loop gain of 

50,000. Assume that the op amp is operating in its 

linear region. 

a) Calculate the voltage gain (v, /v,). 

b) Find the inverting and noninverting input volt- 
ages v, and v, (in millivolts) if v, = 1 V. 

c) Calculate the difference (v, — v,,) in microvolts 
when v, = 1 V. 


d) Find the current drain in picoamperes on the 
signal source v, when v, = 1 V. 


e) Repeat (a)-(d) assuming an ideal op amp. 


Figure P5.45 


20 kQ 


5.46 


PSPICE 
MULTISIM 


5.47 


PSPICE 
MULTISIM 


5.48 


a) Find the Thévenin equivalent circuit with 
respect to the output terminals a,b for the 
inverting amplifier of Fig. P5.46. The dc signal 
source has a value of 880 mV. The op amp has 
an input resistance of 500k, an output 
resistance of 2kQ and an open-loop gain 
of 100,000. 

b) What is the output resistance of the inverting 
amplifier? 

c) What is the resistance (in ohms) seen by the sig- 


nal source y», when the load at the terminals a,b 
is 330 1? 


Figure P5.46 


Repeat Problem 5.46 assuming an ideal op amp. 


Derive Eq. 5.60. 


Sections 5.1-5.7 


5.49 


PRACTICAL 
PERSPECTIVE 


Suppose the strain gages in the bridge in Fig. 5.21 
have the value 120 Q + 1%. The power supplies 
to the op amp are +15V, and the refer- 
ence voltage, V;., is taken from the positive 
power supply. 


a) Calculate the value of Ry so that when the strain 
gage that is lengthening reaches its maximum 
length, the output voltage is 5 V. 


b) Suppose that we can accurately measure 
50 mV changes in the output voltage. What 
change in strain gage resistance can be 
detected in milliohms? 
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5.50 a) For the circuit shown in Fig. P5.50, show that if show that the percent error in the approxima- 
(PRACTICAL AR << R, the output voltage of the op amp is tion of v, in Problem 5.50 is 
sence approximately 
MULTISIM 
oe oe CU ee % error = ol Ses CASE x 100. 
° R2(R + 2R,) in: R (R + 2R,) 


b) Find v, if R; = 470k, R = 10kO, AR=95 0, b) Calculate the percent error in v, for Problem 5.50. 
and v,, = 15 V. 
a "in 5.52 Assume the percent error in the approximation of 
c) Find the actual value of w, in (b). praca vy, in the circuit in Fig. P5.50 is not to exceed 1%. 
esprce What is the largest percent change in R that can be 
mums’ = tolerated? 
Figure P5.50 
5.53 Assume the resistor in the variable branch of the 
pracricaL bridge circuit in Fig. P5.50 is R — AR instead of 


PERSPECTIVE 


espice «OK + AR. 
“utisi#’ a) What is the expression for v, if AR <«< R? 
b) What is the expression for the percent error in 
v, as a function of R, R;,and AR? 


c) Assume the resistance in the variable arm of 
the bridge circuit in Fig, P5.50 is 9810 9 and the 
values of R, R;, and v;, are the same as in 
Problem 5.50(b). What is the approximate value 


of v,? 
5.51 a) If percent error is defined as d) What is the percent error in the approximation 
Bases of v, when the variable arm resistance is 
PSPICE 9810 0? 


MULTISIM approximate value 


— i x 100, 
true value 


% error = 
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J/ CHAPTER OBJECTIVES 
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ww 


Know and be able to use the equations for 
voltage, current, power, and energy in an 
inductor; understand how an inductor behaves 
in the presence of constant current, and the 
requirement that the current be continuous in 
an inductor. 


Know and be able to use the equations for 
voltage, current, power, and energy in a 
capacitor; understand how a capacitor behaves 
in the presence of constant voltage, and the 
requirement that the voltage be continuous in a 
capacitor. 


Be able to combine inductors with initial 
conditions in series and in parallel to form a 
single equivalent inductor with an initial 
condition; be able to combine capacitors with 
initial conditions in series and in parallel to 
form a single equivalent capacitor with an 
initial condition. 


Understand the basic concept of mutual 
inductance and be able to write mesh-current 
equations for a circuit containing magnetically 
coupled coils using the dot convention 
correctly. 
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Inductance, Capacitance, 
and Mutual Inductance 


We begin this chapter by introducing the last two ideal circuit 
elements mentioned in Chapter 2, namely, inductors and capaci- 
tors. Be assured that the circuit analysis techniques introduced in 
Chapters 3 and 4 apply to circuits containing inductors and capac- 
itors. Therefore, once you understand the terminal behavior of 
these elements in terms of current and voltage, you can use 
Kirchhoff’s laws to describe any interconnections with the other 
basic elements. Like other components, inductors and capacitors 
are easier to describe in terms of circuit variables rather than 
electromagnetic field variables. However, before we focus on the 
circuit descriptions, a brief review of the field concepts under- 
lying these basic elements is in order. 

An inductor is an electrical component that opposes any 
change in electrical current. It is composed of a coil of wire 
wound around a supporting core whose material may be mag- 
netic or nonmagnetic. The behavior of inductors is based on phe- 
nomena associated with magnetic fields. The source of the 
magnetic field is charge in motion, or current. If the current is 
varying with time, the magnetic field is varying with time. A time- 
varying magnetic field induces a voltage in any conductor linked 
by the field. The circuit parameter of inductance relates the 
induced voltage to the current. We discuss this quantitative rela- 
tionship in Section 6.1. 

A capacitor is an electrical component that consists of two 
conductors separated by an insulator or dielectric material. The 
capacitor is the only device other than a battery that can store 
electrical charge. The behavior of capacitors is based on phenom- 
ena associated with electric fields. The source of the electric field 
is separation of charge, or voltage. If the voltage is varying with 
time, the electric field is varying with time. A time-varying electric 
field produces a displacement current in the space occupied by 
the field. The circuit parameter of capacitance relates the dis- 
placement current to the voltage, where the displacement current 
is equal to the conduction current at the terminals of the capaci- 
tor. We discuss this quantitative relationship in Section 6.2. 


Practical Perspective 


Proximity Switches 
The electrical devices we use in our daily lives contain many 
switches. Most switches are mechanical, such as the one used 
in the flashlight introduced in Chapter 2. Mechanical switches 
use an actuator that is pushed, pulled, slid, or rotated, caus- 
ing two pieces of conducting metal to touch and create a 
short circuit. Sometimes designers prefer to use switches 
without moving parts, to increase the safety, reliability, con- 
venience, or novelty of their products. Such switches are 
called proximity switches. Proximity switches can employ a 
variety of sensor technologies. For example, some elevator 
doors stay open whenever a light beam is obstructed. 
Another sensor technology used in proximity switches 
detects people by responding to the disruption they cause in 
electric fields. This type of proximity switch is used in some 
desk lamps that turn on and off when touched and in elevator 
buttons with no moving parts (as shown in the figure). The 
switch is based on a capacitor. As you are about to discover in 
this chapter, a capacitor is a circuit element whose terminal 
characteristics are determined by electric fields. When you 
touch a capacitive proximity switch, you produce a change in 


the value of a capacitor, causing a voltage change, which acti- 
vates the switch. The design of a capacitive touch-sensitive 
switch is the topic of the Practical Perspective example at the 
end of this chapter. 
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The inductor v — i equation > 


(b) 


Figure 6,1 A (a) The graphic symbol for an inductor 
with an inductance of L henrys. (b) Assigning reference 
voltage and current to the inductor, following the pas- 
sive sign convention. 


Section 6.3 describes techniques used to simplify circuits with series or 
parallel combinations of capacitors or inductors. 

Energy can be stored in both magnetic and electric fields. Hence you 
should not be too surprised to learn that inductors and capacitors are 
capable of storing energy. For example, energy can be stored in an induc- 
tor and then released to fire a spark plug. Energy can be stored in a capac- 
itor and then released to fire a flashbulb. In ideal inductors and capacitors, 
only as much energy can be extracted as has been stored. Because induc- 
tors and capacitors cannot generate energy, they are classified as passive 
elements. 

In Sections 6.4 and 6.5 we consider the situation in which two circuits 
are linked by a magnetic field and thus are said to be magnetically cou- 
pled. In this case, the voltage induced in the second circuit can be related 
to the time-varying current in the first circuit by a parameter known as 
mutual inductance. The practical significance of magnetic coupling 
unfolds as we study the relationships between current, voltage, power, and 
several new parameters specific to mutual inductance. We introduce these 
relationships here and then describe their utility in a device called a trans- 
former in Chapters 9 and 10. 


6.1 The Inductor 


Inductance is the circuit parameter used to describe an inductor. Inductance 
is symbolized by the letter L, is measured in henrys (H), and is represented 
graphically as a coiled wire—a reminder that inductance is a consequence 
of a conductor linking a magnetic field. Figure 6.1(a) shows an inductor. 
Assigning the reference direction of the current in the direction of the volt- 
age drop across the terminals of the inductor, as shown in Fig. 6.1(b), yields 


v= L—, (6.1) 


where v is measured in volts, L in henrys, i in amperes, and f in seconds. 
Equation 6.1 reflects the passive sign convention shown in Fig. 6.1(b); that 
is, the current reference is in the direction of the voltage drop across the 
inductor. If the current reference is in the direction of the voltage rise, 
Eq. 6.1 is written with a minus sign. 

Note from Eq. 6.1 that the voltage across the terminals of an inductor 
is proportional to the time rate of change of the current in the inductor. 
We can make two important observations here. First, if the current is con- 
stant, the voltage across the ideal inductor is zero. Thus the inductor 
behaves as a short circuit in the presence of a constant, or dc, current. 
Second, current cannot change instantaneously in an inductor; that is, the 
current cannot change by a finite amount in zero time. Equation 6.1 tells 
us that this change would require an infinite voltage, and infinite voltages 
are not possible. For example, when someone opens the switch on an 
inductive circuit in an actual system, the current initially continues to flow 
in the air across the switch, a phenomenon called arcing. The arc across 
the switch prevents the current from dropping to zero instantaneously. 
Switching inductive circuits is an important engineering problem, because 
arcing and voltage surges must be controlled to prevent equipment dam- 
age. The first step to understanding the nature of this problem is to master 
the introductory material presented in this and the following two chapters. 
Example 6.1 illustrates the application of Eq. 6.1 to a simple circuit. 
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Seema Determining the Voltage, Given the Current, at the Terminals of an Inductor 


The independent current source in the circuit c) v = Ldi/dt = (0.1)10e7*(1 — St) = e7* 
shown in Fig. 6.2 generates zero current for t < 0 (1-5t) V,t > 0;0 = 0,1 <0. 


eiale ~5t 
ange Bulse Rico AOL ee) d) Figure 6.4 shows the voltage waveform. 


e) No; the voltage is proportional to di/dr, not i. 


f) At 0.2 s, which corresponds to the moment when 


i= 0, <0 ae ; . : 
di/dt is passing through zero and changing sign. 


g) Yes, at ¢ = 0. Note that the voltage can change 
instantaneously across the terminals of an 


i=10te*A, t>0 


inductor. 

Figure 6.2 A The circuit for Example 6.1. 
a) Sketch the current waveform. 
b) At what instant of time is the current maximum? A) 
c) Express the voltage across the terminals of the 0.736 HK -—-s 

100 mH inductor as a function of time. | 
d) Sketch the voltage waveform. | 

0 ne t (s) 


e) Are the voltage and the current at a maximum at 
the same time? 

f) At what instant of time does the voltage change 
polarity? 


Figure 6.3 A The current waveform for Example 6.1. 


g) Is there ever an instantaneous change in voltage 
across the inductor? If so, at what time? 


v(V) 


Solution 


a) Figure 6.3 shows the current waveform. 


b) di/dt = 10(—Ste~™ + e*) = 10e~* 0 0.2 0.6 
(1 5t) A/s; di/dt = Owhent = ts. (See Fig. 6.3.) 


Figure 6.4 A The voltage waveform for Example 6.1. 


Current in an Inductor in Terms of the Voltage 
Across the Inductor 


Equation 6.1 expresses the voltage across the terminals of an inductor as a 
function of the current in the inductor. Also desirable is the ability to 
express the current as a function of the voltage. To find / as a function of v, 
we start by multiplying both sides of Eq. 6.1 by a differential time dt: 


di 
vdt=L (4) dt. (6.2) 


Multiplying the rate at which / varies with ¢ by a differential change in time 
generates a differential change in i, so we write Eq. 6.2 as 


vdt=Ldi. (6.3) 
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We next integrate both sides of Eq. 6.3. For convenience, we interchange 
the two sides of the equation and write 


i(t) l 
al dx = fe dt. (6.4) 
J t(ty) Shy 


Note that we use x and 7 as the variables of integration, whereas i and ft 
become limits on the integrals. Then, from Eq. 6.4, 


t 
The inductor i — v equation > i(t) = = vdt + i(ty), (6.5) 


ty 


where i(f) is the current corresponding to ¢, and i(ty) is the value of the 
inductor current when we initiate the integration, namely, fy. In many 
practical applications, fy is zero and Eq. 6.5 becomes 


i(t) = if dr + i(0). (6.6) 


Equations 6.1 and 6.5 both give the relationship between the voltage 
and current at the terminals of an inductor. Equation 6.1 expresses the 
voltage as a function of current, whereas Eq. 6.5 expresses the current as a 
function of voltage. In both equations the reference direction for the cur- 
rent is in the direction of the voltage drop across the terminals. Note that 
i(t)) carries its own algebraic sign. If the initial current is in the same direc- 
tion as the reference direction for i, it is a positive quantity. If the initial 
current is in the opposite direction, it is a negative quantity. Example 6.2 
illustrates the application of Eq. 6.5. 


Scluinteowas Determining the Current, Given the Voltage, at the Terminals of an Inductor 


The voltage pulse applied to the 100 mH inductor b) The current in the inductor is 0 at ¢=0. 
shown in Fig. 6.5 is 0 for t < 0 and is given by the Therefore, the current fort > 0 is 
expression 
1 f 
v(t) = 20te!™ V f= aq [ 20re War +0 
lL fo 
fort > 0. Also assume i = 0 fort = 0. 
—e7 Or ; t 
; os = ei 3 ; 
a) Sketch the voltage as a function of time. 77 100 al 0 
b) Find the inductor current as a function of time. = 2(1 - 10re7 1! — es) A, t>0. 
c) Sketch the current as a function of time. c) Figure 6.7 shows the current as a function of time. 


Solution 


v=20te Vy, r>0 


a) The voltage as a function of time is shown in 
Fig. 6.6. Figure 6.5 A The circuit for Example 6.2. 


f(s 
0 0.1 0.2 0).3 s) 


(0) 
Figure 6.6 A The voltage waveform for Example 6.2. 


6.1 


i (A) 


0.1 ().2 ().3 


The Inductor 


t (s) 


Figure 6.7 A The current waveform for Example 6.2. 
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Note in Example 6.2 that i approaches a constant value of 2 A ast 
increases. We say more about this result after discussing the energy stored 
in an inductor. 


Power and Energy in the Inductor 


The power and energy relationships for an inductor can be derived 
directly from the current and voltage relationships. If the current refer- 
ence is in the direction of the voltage drop across the terminals of the 
inductor, the power is 


p= vi. (6.7) 


Remember that power is in watts, voltage is in volts, and current is in 
amperes. If we express the inductor voltage as a function of the inductor 
current, Eq. 6.7 becomes 


di 


p=Li ae (6.8) 


We can also express the current in terms of the voltage: 


1 t 
D= 20 +f vdzt + iw | (6.9) 
fy 


Equation 6.8 is useful in expressing the energy stored in the inductor. 
Power is the time rate of expending energy, so 


dw, di 


= Lr. 
dt dt 


(6.10) 


Multiplying both sides of Eq. 6.10 by a differential time gives the differen- 
tial relationship 


dw = Li di. (6.11) 


Both sides of Eq. 6.11 are integrated with the understanding that the ref- 
erence for zero energy corresponds to zero current in the inductor. Thus 


ee? i 
! dx = Lf yay. 
0 Ji) 


1 
w= om (6.12) 


<¢ Power in an inductor 


4 Energy in an inductor 
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As before, we use different symbols of integration to avoid confusion 
with the limits placed on the integrals. In Eq. 6.12, the energy is in joules, 
inductance is in henrys, and current is in amperes. To illustrate the appli- 
cation of Eqs. 6.7 and 6.12, we return to Examples 6.1 and 6.2 by means of 
Example 6.3. 


SeliCmeem Determining the Current, Voltage, Power, and Energy for an Inductor 


a) For Example 6.1, plot i, v, p, and w versus time. e) From Example 6.1, 
Line up the plots vertically to allow easy assess- = 2; Syne 
ment of each variable’s behavior. BS MIE SBE. USE AI eae) ve 


b) In what time interval is energy being stored in Therefore, 
the inductor? p = vi = 10te!™ — 5021 w. 


c) In what time interval is energy being extracted 
from the inductor? 


d) What is the maximum energy stored in the 


inductor? i(mA) 
e) Evaluate the integrals 
800 
400 


0.2 a0 
[ pat and [ p dt, 
0 0.2 t (s) 


0) 0.2 04 06 O08 10 


and comment on their significance. 

f) Repeat (a)-(c) for Example 6.2. 

g) In Example 6.2, why is there a sustained current 
in the inductor as the voltage approaches zero? 


t (s) 


Solution 


a) The plots of i, v, p, and w follow directly from the 
expressions for / and v obtained in Example 6.1 
and are shown in Fig. 6.8. In particular, p = vi, 
and w = (5)Li’. 

b) An increasing energy curve indicates that energy 
is being stored. Thus energy is being stored in the 
time interval 0 to 0.2 s. Note that this corre- 
sponds to the interval when p > 0. 


c) A decreasing energy curve indicates that energy 
is being extracted. Thus energy is being extracted 
in the time interval 0.2 s to co. Note that this cor- 15 
responds to the interval when p < 0. 


d) From Eq. 6.12 we see that energy is at a maximum 0 02 04 06 O8 10 (8) 
when current is at a maximum; glancing at the 
graphs confirms this. From Example 6.1, maximum Figure 6.8 A The variables i, v, p, and w versus ¢ for 


current = 0.736 A. Therefore, Wa, = 27.07 mJ. Example 6.1. 
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Thus g) The application of the voltage pulse stores 
energy in the inductor. Because the inductor is 
ideal, this energy cannot dissipate after the volt- 

i, be Ce | (101 » | ue age subsides to zero. Therefore, a sustained cur- 

Dp = —_ — 

0 


100 rent circulates in the circuit. A lossless inductor 
obviously is an ideal] circuit element. Practical 
inductors require a resistor in the circuit model. 
(More about this later.) 


0 


f2e@7 Mt 2 elt 0.2 
= oe ee es (ee 
so =10 al ico ]}" 


= (),2e* = 27.07 mJ, 


v(V) 
ort —10t oo 
e 1.0 
pdt = of (—101 — 0 | 
i 100 0.2 
0.5 
t(s) 
Pen lu 2| evi os) 0 01 02 O03 O04 OS 06 
— 50 + — -10i - 1 
—10 10 100! ) 0.2 i(A) 
2.0 
= —0.2e? = -27.07 mJ. 1.0 
t(s) 
0 0.1 02 03 04 OS 0.6 
Based on the definition of p, the area under p (mW) 
the plot of p versus t represents the energy 
; ee 600 
expended over the interval of integration. 
Hence the integration of the power between 300 
0 and 0.2 s represents the energy stored in the : 
inductor during this time interval. The integral 
of p over the interval 0.2s — co is the energy 0 01 02 03 04 05 06 is) 
extracted. Note that in this time interval, all 
the energy originally stored is removed; that is, w (mJ) 
after the current peak has passed, no energy is 200 
stored in the inductor. 
f) The plots of »v, i, p, and w follow directly from nm 
the expressions for v and / given in Example 
6.2 and are shown in Fig. 6.9. Note that in this () 01 02 03 04 05 06 t(s) 
case the power is always positive, and hence 
energy is always being stored during the volt- Figure 6.9 A The variables v, i, p, and w versus ¢ for 


age pulse. Example 6.2. 
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/ ASSESSMENT PROBLEM 


Objective 1—Know and be able to use the equations for voltage, current, power, and energy in an inductor 


6.1 The current source in the circuit shown gener- 


ates the current pulse 


ig(t) = 0, t<0, 

i (t) aa Be7 3004 = Rem 12008 A t=0 

g , ast 

Answer: (a) 28.8 V; 

Find (a) v(0); (b) the instant of time, greater (b) 1.54 ms; 
than zero, when the voltage v passes through (c) —76.8e 0 + 384e7 150% 
zero; (c) the expression for the power delivered — 307.2¢ 74" W, t = 0; 
to the inductor; (d) the instant when the power (d) 411.05 ps: 
delivered to the inductor is maximum; (e) the 

' ; : : (e) 32.72 W; 
maximum power; (f) the instant of time when 
the stored energy is maximum; and (g) the max- (f) 1.54 ms; 
imum energy stored in the inductor. (g) 28.57 mJ. 


NOTE: Also try Chapter Problems 6.1 and 6.4. 


Cc 
(a 
(a) 

Cc 
—i-~ 
+ v — 

is 

(b) 


Figure 6.10 A (a) The circuit symbol for a capacitor. 
(b) Assigning reference voltage and current to the 
capacitor, following the passive sign convention. 


Capacitor i — v equation > 


6.2 The Capacitor 


The circuit parameter of capacitance is represented by the letter C, is 
measured in farads (F), and is symbolized graphically by two short paral- 
le] conductive plates, as shown in Fig. 6.10(a). Because the farad is an 
extremely large quantity of capacitance, practical capacitor values usually 
lie in the picofarad (pF) to microfarad (yF) range. 

The graphic symbol for a capacitor is a reminder that capacitance 
occurs whenever electrical conductors are separated by a dielectric, or 
insulating, material. This condition implies that electric charge is not 
transported through the capacitor. Although applying a voltage to the 
terminals of the capacitor cannot move a charge through the dielectric, it 
can displace a charge within the dielectric. As the voltage varies with 
time, the displacement of charge also varies with time, causing what is 
known as the displacement current. 

At the terminals, the displacement current is indistinguishable from a 
conduction current. The current is proportional to the rate at which the 
voltage across the capacitor varies with time, or, mathematically, 


i=C— (6.13) 


where / is measured in amperes, C in farads, v in volts, and ¢ in seconds. 

Equation 6.13 reflects the passive sign convention shown in Fig. 6.10(b); 
that is, the current reference is in the direction of the voltage drop across the 
capacitor. If the current reference is in the direction of the voltage rise, 
Eq. 6.13 is written with a minus sign. 


Two important observations follow from Eq. 6.13. First, voltage cannot 
change instantaneously across the terminals of a capacitor. Equation 6.13 
indicates that such a change would produce infinite current, a physical 
impossibility. Second, if the voltage across the terminals is constant, the 
capacitor current is zero. The reason is that a conduction current cannot be 
established in the dielectric material of the capacitor. Only a time-varying 
voltage can produce a displacement current. Thus a capacitor behaves as an 
open circuit in the presence of a constant voltage. 

Equation 6.13 gives the capacitor current as a function of the capaci- 
tor voltage. Expressing the voltage as a function of the current is also use- 
ful. To do so, we multiply both sides of Eq. 6.13 by a differential time dz 
and then integrate the resulting differentials: 


a(t) 1 t 
idt = Cdv or fl dx == | i drt. 
(ty) C fy 


Carrying out the integration of the left-hand side of the second equa- 
tion gives 


t 
v(t) = a f iar + v(to). (6.14) 


» ty 


In many practical applications of Eq. 6.14, the initial time is zcro; that is, 
fo = 0. Thus Eq. 6.14 becomes 


v(t) = z f iar + v(0). (6.15) 


We can easily derive the power and energy relationships for the capacitor. 
From the definition of power, 


p= vi = Cv—, (6.16) 


or 


f 
p= i] & [iar a ou) | (6.17) 
fo 
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< Capacitor » — i equation 


< Capacitor power equation 
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Combining the definition of energy with Eq. 6.16 yields 


dw = Cv dv, 
from which 
w v 
‘| dx =C [ y dy, 
0 0 
or 
Capacitor energy equation > w= 5c. (6.18) 


In the derivation of Eq. 6.18, the reference for zero energy corresponds to 
zero voltage. 

Examples 6.4 and 6.5 illustrate the application of the current, voltage, 
power, and energy relationships for a capacitor. 


Sethu Determining Current, Voltage, Power, and Energy for a Capacitor 


The voltage pulse described by the following equa- Solution 
tions is impressed across the terminals of a 0.5 wF 
capacitor: a) From Eq. 6.13, 
0, ts 0s; (0.5 X 10°®)(0) = 0, t < Os; 
v(t) = 4 4 V, Ossr=ls; i= 4 (0.5 X 10°)(4) = 2 pA, Os<1t<ls: 
de DV, tels. (0.5 X 10%)(—4e") = -2e-" DpA, t> 15. 


a) Derive the expressions for the capacitor current, The expression for the power is derived from 
power, and energy. Eq. 6.16: 

b) Sketch the voltage, current, power, and energy as 
functions of time. Line up the plots vertically. 


c) Specify the interval of time when energy is being 0, f= 0s; 
stored in the capacitor. p = § (4¢)(2) = 8 pW, Osst<ls; 
d) Specify the interval of time when energy is being (46° D)(-2eY) = —8e MEW, 1 > Is. 


delivered by the capacitor. 


e) Evaluate the integrals ; 
The energy expression follows directly from 


Eq. 6.18: 


l 10S 
d dt 
i pat sas | P 0 t Os; 


w= 5(0.5) 162? = 4°yJ, Osxt<=l1s; 
$(0.5)16e 20) = de uy, r= 1s. 


IA 


and comment on their significance. 


b) Figure 6.11 shows the voltage, current, power, 
and energy as functions of time. 


c) Energy is being stored in the capacitor whenever 
the power is positive. Hence energy is being 
stored in the interval 0-1 s. 


d) Energy is being delivered by the capacitor when- 
ever the power is negative. Thus energy is being 
delivered for all ¢ greater than 1s. 


e) The integral of p dt is the energy associated with 
the time interval corresponding to the limits on 
the integral. Thus the first integral represents the 
energy stored in the capacitor between 0 and 1s, 
whereas the second integral represents the 
energy returned, or delivered, by the capacitor in 
the interval 1s to co: 


1 1 
[ pdt = i 8t dt = 40° 
0 0 


oe ~ e 2t-h) 
/ pdt = / (—8e 2D) gz = (—8) 
1 1 =2 1 


1 
= 4yJ, 
0 


The voltage applied to the capacitor returns to 
zero as time increases without limit, so the energy 
returned by this ideal capacitor must equal the 
energy stored. 


= —4yJ. 
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v(V) 


t (s) 


L 
0 ] 2 3 4 >) 6 &) 


Figure 6.11 A The variables », i, p, and w versus ¢ for 
Example 6.4. 


Example 6.5 


An uncharged 0.2 uF capacitor is driven by a trian- 
gular current pulse. The current pulse is described by 


0, t = 0; 

i(t) = 5000r A, Ost S 20 ps; 
0.2 — 5000 A, 20 <¢ <= 40 ys; 
0, t = 40 ps. 


a) Derive the expressions for the capacitor voltage, 
power, and energy for each of the four time inter- 
vals needed to describe the current. 


b) Plotié, v, p, and w versus ¢. Align the plots as spec- 
ified in the previous examples. 


c) Why does a voltage remain on the capacitor after 
the current returns to zero? 


Finding v, p, and w Induced by a Triangular Current Pulse for a Capacitor 


Solution 


a) Fort <= 0,v, p,and w all are zero. 
For0 = ¢ S 20yps, 


{ 
v= 5 xX io | (S0007)dr + 0 = 12.5 x 10°? V, 
0) 
p = vi = 625 x 10°F W, 
; | 
w = 5ce = 15.625 x 10!r'J. 


For 20pus = t = 40 ps, 


t 
v=5x 10° i (0.2 — 50007) dr + 5. 


20pus 
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(Note that 5 V is the voltage on the capacitor at i (mA) 
the end of the preceding interval.) Then, ‘eG 
v = (10% — 12.5 x 10° ~ 10) V, 50 
p= vi, t 
0 10 2 30 40 50 0 |“ 


= (62.5 x 10%#° — 7.5 x 10% + 2.5 x 10° - 2) W, (v) 


1 
= —Cr’, 
wr 


= (15.625 x 10!4 — 2.5 x 10° + 0.125 x 10°? 


—2¢+ 107) J. 
Fort = 40 ps, 
v= 10V, 
p= vu = 0, 


l 
w= 5cu = 10pJ. 


b) The excitation current and the resulting voltage, 
power, and energy are plotted in Fig. 6.12. 


c) Note that the power is always positive for the - 
duration of the current pulse, which means that 6 
energy is continuously being stored in the capac- 4 
itor. When the current returns to zero, the stored 2 
energy is trapped because the ideal capacitor t (us 
cas oe for dissipating energy. Thus a 0 10 20 30 40 50 60 - 
voltage remains on the capacitor after / returns Figure 6.12 A The variables i, », p, and w versus ¢ for 
to zero. Example 6.5. 


/ ASSESSMENT PROBLEMS 


Objective 2—Know and be able to use the equations for voltage, current, power, and energy in a capacitor 


6.2 The voltage at the terminals of the 0.6 nF Answer: (a) 0.72 A; 
capacitor shown in the figure is 0 for t < 0 and (b) —649.2 mw: 
A0e7 15-0 sin 30,000¢ V for t = 0. Find (a) i(0); (c) 126.13 a 
(b) the power delivered to the capacitor at . ie 


t = 7/80 ms; and (c) the energy stored in the 6.3. Thecurrent in the capacitor of Assessment 
capacitor att = 7/80 ms. Problem 6.2 is 0 for t < 0 and 3 cos 50,000¢ A 
for t = 0. Find (a) v(t); (b) the maximum power 
0.6 uF delivered to the capacitor at any one instant of 
o—| (— time; and (c) the maximum energy stored in the 
ee Ss capacitor at any one instant of time. 


Answer: (a) 100 sin 50,000r V, ¢ = 0; 


b) 150 W; (c) 3 mJ. 
NOTE: Also try Chapter Problems 6.16 and 6.17. ) ean 


6.3 


6.3 Series-Parallel Combinations 
of Inductance and Capacitance 


Just as series-paral]le] combinations of resistors can be reduced to a single 
equivalent resistor, series-parallel combinations of inductors or capacitors 
can be reduced to a single inductor or capacitor. Figure 6.13 shows induc- 
tors in series. Here, the inductors are forced to carry the same current; thus 
we define only one current for the series combination. The voltage drops 
across the individual inductors are 


d 


di di 
dt? 


OP ied 2 ar 


; d 
ai an 


vy = L 


The voltage across the series connection is 


di 
v= + +03 = (Li + Ly + La, 


from which it should be apparent that the equivalent inductance of series- 
connected inductors is the sum of the individual inductances. For nm induc- 
tors in series, 


Leg = Ly + Ly + Lg to + Ly (6.19) 


If the original inductors carry an initial current of i(t)), the equivalent 
inductor carries the same initial current. Figure 6.14 shows the equivalent 
circuit for series inductors carrying an initial current. 

Inductors in parallel have the same terminal voltage. In the equivalent 
circuit, the current in each inductor is a function of the terminal voltage 
and the initia] current in the inductor. For the three inductors in parallel 
shown in Fig. 6.15, the currents for the individual inductors are 


i 


yy a ora vdt + iy (to), 
Ly ty 
l t 
re) Se ie vdt + in(ty), 
Ly ty 
t 
is = i Vv adv + i3(t). (6.20) 
L3 fo 


The current at the terminals of the three parallel inductors is the sum of 
the inductor currents: 


i= hy + DY + iz. (6.21) 


Substituting Eq. 6.20 into Eq. 6.21 yields 


1 1 1 “f 
eas (ae Le dt + i,(to) + in(to) + i3(to). 2 
(Z L2 a vdr + iy(to) + into) + is(to). (6.22) 


Series-Parallel Combinations of Inductance and Capacitance 


Figure 6.13 A Inductors in series. 


< Combining inductors in series 


7) k 
ae . e . = 
— 
i(ty) 


i 
Leg = £1 + Lo t+ Lg 
eo YYY.—e 


4+ "= 


— 


i(ty) 


Figure 6.14 & An equivalent circuit for inductors in 
series carrying an initial current i(to). 


187 


Figure 6.15 A Three inductors in parallel. 
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- Leg Q L L3 


ito) = i(to) + in(to) + i5(to) 
e i(to)| Leg 


Figure 6.16 A An equivalent circuit for three inductors 
in parallel. 


Combining inductors in parallel > 


Equivalent inductance initial current > 


Combining capacitors in series > 


Equivalent capacitance initial voltage > 


Combining capacitors in parallel > 


Now we can interpret Eq. 6.22 in terms of a single inductor; that is, 


1 t 
i = | v at + i(to). (6.23) 
Leg fy 
Comparing Eq. 6.23 with (6.22) yields 
ee Deeper eer er (6.24) 
Leg Ly 2 3 
i(ty) = iy(to) + in(to) + is(fo). (6.25) 


Figure 6.16 shows the equivalent circuit for the three parallel inductors in 
Fig. 6.15. 

The results expressed in Eqs. 6.24 and 6.25 can be extended to 
n inductors in parallel: 


— 


(6.26) 


II 


i(tg) - + i,(fo). 


ii (to) + in(tg) + -:: (6.27) 


Capacitors connected in series can be reduced to a single equivalent 
capacitor. The reciprocal of the equivalent capacitance is equal to the sum 
of the reciprocals of the individual capacitances. If each capacitor carries 
its own initial voltage, the initial voltage on the equivalent capacitor is the 
algebraic sum of the initial voltages on the individual capacitors. Figure 6.17 
and the following equations summarize these observations: 


Ceg Cy Cy Ch 
U(fo) = Ui(to) + V2(to) + ++ + Vplto). (6.29) 


We leave the derivation of the equivalent circuit for series-connected 
capacitors as an exercise. (See Problem 6.32.) 

The equivalent capacitance of capacitors connected in parallel is sim- 
ply the sum of the capacitances of the individual capacitors, as Fig. 6.18 
and the following equation show: 


Cog = Cy Cy Ft Cy (6.30) 


Capacitors connected in parallel must carry the same voltage. Therefore, if 
there is an initial voltage across the original parallel capacitors, this same 
initial voltage appears across the equivalent capacitance C,,. The deriva- 
tion of the equivalent circuit for parallel capacitors is left as an exercise. 
(See Problem 6.33.) 

We say more about series-parallel equivalent circuits of inductors and 
capacitors in Chapter 7, where we interpret results based on their use. 


6.4 MutualInductance 189 


ay 
+ I | re rn 
Ci Vy (to) v C, C5 C 
po : ‘ < 4 
at | 
+ eee 
+ | 9 (a) 


ald 
" 
= — ad, tier H ae [ 
Vn (to) C. CG on v Cog 
Sel t 


e V(t) = U1(fo) + Valto) +--+ p(t) =C,+C,+-4+C, 


cq 


(a) (b) (b) 
Figure 6.17 A An equivalent circuit for capacitors connected in Figure 6.18 A An equivalent circuit for capacitors connected in 
series. (a) The series capacitors. (b) The equivalent circuit. parallel. (a) Capacitors in parallel. (b) The equivalent circuit. 


/ ASSESSMENT PROBLEMS 


Objective 3—Be able to combine inductors or capacitors in series and in parallel to form a single equivalent inductor 


6.4 ‘The initial values of i, and i, in the circuit Answer: (a) 48 mH; 
shown are + 3 A and —5 A, respectively. The (b) 2A, up: 
voltage at the terminals of the parallel induc- 0 195 - 2125 A 0 
St ea(\: 
tors for t = 0 is -30e~™" mV. ce) Oil ae eke 
(d) i(t) =Ole~ +29A,t = 0, 
a) If the parallel inductors are replaced by a ix(t) = 0.025e — 5.025 A, t = 0. 
single inductor, what is its inductance? 
b) What is the initial current and its reference 6.5 The current at the terminals of the two capaci- 
direction in the equivalent inductor? tors shown is 240e7'"wA for t = 0. The initial 
c) Use the equivalent inductor to find i(t). values of ; and v, are —10 V and —5 V, 


respectively. Calculate the total energy trapped 
in the capacitors as t — oo. (Hint: Don’t com- 
bine the capacitors in series—find the energy 
trapped in each, and then add.) 


d) Find i,(t) and i,(t). Verify that the solutions 
for i;(t), i,(t), and i(t) satisfy Kirchhoff’s 
current law. 


—— 


2 wr + 


8 pF v2 
240 mH | 


Answer: 20 wJ. 


60 mH i2(1)| 


NOTE: Also try Chapter Problems 6.21, 6.25, 6.26, and 6.31. 


6.4 Mutual Inductance 


The magnetic field we considered in our study of inductors in Section 6.1 
was restricted to a single circuit. We said that inductance is the parameter 
that relates a voltage to a time-varying current in the same circuit; thus, 
inductance is more precisely referred to as self-inductance. 

We now consider the situation in which two circuits are linked by a 
magnetic field. In this case, the voltage induced in the second circuit can 
be related to the time-varying current in the first circuit by a parameter 
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Ri 
aMa 
Ve e Ly Ry 


Figure 6.19 & Two magnetically coupled coils. 


s & 


Figure 6.20 A Coil currents i, and i» used to describe 
the circuit shown in Fig. 6.19. 


Ri 
e 


Figure 6.21 A The circuit of Fig. 6.20 with dots added 
to the coils indicating the polarity of the mutually 
induced voltages. 


Dot convention for mutually coupled coils > 


Dot convention for mutually coupled coils 
(alternate) > 


known as mutual inductance. The circuit shown in Fig. 6.19 represents two 
magnetically coupled coils. The self-inductances of the two coils are 
labeled L; and L;, and the mutual inductance is labeled M. The double- 
headed arrow adjacent to M indicates the pair of coils with this value of 
mutual inductance. This notation is needed particularly in circuits contain- 
ing more than once pair of magnetically coupled coils. 

The easiest way to analyze circuits containing mutual inductance is 
to use mesh currents. The problem is to write the circuit equations that 
describe the circuit in terms of the coil currents. First, choose the refer- 
ence direction for each coil current. Figure 6.20 shows arbitrarily 
sclected reference currents. After choosing the reference directions for 
i; and i5, sum the voltages around each closed path. Because of the 
mutual inductance M, there will be two voltages across each coil, 
namely, a self-induced voltage and a mutually induced voltage. The self- 
induced voltage is the product of the self-inductance of the coil and the 
first derivative of the current in that coil. The mutually induced voltage 
is the product of the mutual inductance of the coils and the first deriva- 
tive of the current in the other coil. Consider the coil on the left in 
Fig. 6.20 whose self-inductance has the value L,. The self-induced 
voltage across this coil is L,(di,/dt) and the mutually induced voltage 
across this coil is M(di,/dt). But what about the polarities of these 
two voltages? 

Using the passive sign convention, the self-induced voltage is a voltage 
drop in the direction of the current producing the voltage. But the polarity 
of the mutually induced voltage depends on the way the coils are wound in 
relation to the reference direction of coil currents. In general, showing the 
details of mutually coupled windings is very cumbersome. Instead, we keep 
track of the polarities by a method known as the dot convention, in which a 
dot is placed on one terminal of each winding, as shown in Fig. 6.21. These 
dots carry the sign information and allow us to draw the coils schematically 
rather than showing how they wrap around a core structure. 

The rule for using the dot convention to determine the polarity of 
mutually induced voltage can be summarized as follows: 


When the reference direction for a current enters the dotted termi- 
nal of a coil, the reference polarity of the voltage that it induces in 
the other coil is positive at its dotted terminal. 


Or, stated alternatively, 


When the reference direction for a current leaves the dotted termi- 
nal of a coil, the reference polarity of the voltage that it induces in 
the other coil is negative at its dotted terminal. 


For the most part, dot markings will be provided for you in the circuit 
diagrams in this text. The important skill is to be able to write the appro- 
priate circuit equations given your understanding of mutual inductance 
and the dot convention. Figuring out where to place the polarity dots if 
they are not given may be possible by examining the physical configura- 
tion of an actual circuit or by testing it in the laboratory. We will discuss 
these procedures after we discuss the use of dot markings. 

In Fig. 6.21, the dot convention rule indicates that the reference polar- 
ity for the voltage induced in coil 1 by the current /y is negative at the dot- 
ted terminal of coil 1. This voltage (Mdi>/df) is a voltage rise with respect 
to i;. The voltage induced in coil 2 by the current i, is Mdi,/dt, and its ref- 
erence polarity is positive at the dotted terminal of coil 2. This voltage is a 
voltage rise in the direction of i>. Figure 6.22 shows the self- and mutually 
induced voltages across coils 1 and 2 along with their polarity marks. 


Figure 6.22 A The self- and mutually induced voltages appearing 
across the coils shown in Fig. 6.21. 


Now let’s look at the sum of the voltages around each closed loop. In 
Eqs. 6.31 and 6.32, voltage rises in the reference direction of a current 
are negative: 


di, diy 
~ Ve “- i, Ry - Ly at aaa dt (), (6.31) 
Ry + L ee mii = 0 6.32 
ca 2 dt dt a 


The Procedure for Determining Dot Markings 


We shift now to two methods of determining dot markings. The first 
assumes that we know the physical arrangement of the two coils and the 
mode of each winding in a magnetically coupled circuit. The following six 
steps, applied here to Fig. 6.23, determine a set of dot markings: 


a) Arbitrarily select one terminal—say, the D terminal—of one coil and 
mark it with a dot. 


b) Assign a current into the dotted terminal and label it ip. 


c) Use the right-hand rule! to determine the direction of the magnetic 
field established by ip inside the coupled coils and label this field @p. 


d) Arbitrarily pick one terminal of the second coil—say, terminal A—and 
assign a current into this terminal, showing the current as /,. 


e) Use the right-hand rule to determine the direction of the flux estab- 
lished by i, inside the coupled coils and label this flux @,. 


f) Compare the directions of the two fluxes dp and dy. If the fluxes 
have the same reference direction, place a dot on the terminal of the 
second coil where the test current (/,) enters. (In Fig. 6.23, the fluxes 
op and a, have the same reference direction, and therefore a dot 
goes on terminal A.) If the fluxes have different reference direc- 
tions, place a dot on the terminal of the second coil where the test 
current leaves. 


The relative polarities of magnetically coupled coils can also be deter- 
mined experimentally. This capability is important because in some situations, 
determining how the coils are wound on the core is impossible. One experi- 
mental method is to connect a de voltage source, a resistor, a switch, and a de 
voltmeter to the pair of coils, as shown in Fig. 6.24. The shaded box covering 
the coils implies that physical inspection of the coils is not possible. The resis- 
tor R limits the magnitude of the current supplied by the de voltage source. 

The coil terminal connected to the positive terminal of the de source 
via the switch and limiting resistor receives a polarity mark, as shown in 
Fig. 6.24. When the switch is closed, the voltmeter deflection is observed. If 
the momentary deflection is upscale, the coil terminal connected to the 
positive terminal of the voltmeter receives the polarity mark. If the 


' See discussion of Faraday’s law on page 193. 
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) (steP 2) 


ms Arbitrarily 
is dotted 
e* Pp terminal 
(Step 1) 


Figure 6.23 A A set of coils showing a method for 
determining a set of dot markings. 


R 
| z, Switch 


——_— Vig 


dc 
voltmeter 


Figure 6.24 A An experimental setup for determining 
polarity marks. 
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deflection is downscale, the coil terminal connected to the negative termi- 
nal of the voltmeter receives the polarity mark. 

Example 6.6 shows how to use the dot markings to formulate a set of 
circuit equations in a circuit containing magnetically coupled coils. 


Slum Finding Mesh-Current Equations for a Circuit with Magnetically Coupled Coils 


a) Write a set of mesh-current equations that 
describe the circuit in Fig. 6.25 in terms of the 
currents f; and ip. 

b) Verify that if there is no energy stored in the cir- 
cuit at ¢ = 0 and if i, = 16 — 16e™” A, the solu- 
tions for i, and 72 are 


i, = 4+ 64e — 68e" A, 


b= 1 = 526" + Sle A, 


Figure 6.25 A The circuit for Example 6.6. 


Solution 


a) Summing the voltages around the i; mesh yields 


di d_. . : j 
ars + Bis — in) + 20, — 2) + S(t, — ig) = 0. 


The 7) mesh equation is 


esis ae di 
20(i2 — i) + 60%, + 16 Sig) = or = 0. 


Note that the voltage across the 4 H coil due to 
the current (i, — iz), that is, 8d(i, — in)/dt, is a 
voltage drop in the direction of i,. The voltage 
induced in the 16 H coil by the current é;, that is, 
8di,/dt, is a voltage rise in the direction of ip. 


b) To check the validity of i; and i5, we begin by 
testing the initial and final values of i, and i,. We 
know by hypothesis that i,(0) = i,(0) = 0. From 
the given solutions we have 


i(0) = 4 + 64 — 68 = 0, 


i(0) = 1—52+51 =0. 


Now we observe that as ¢ approaches infinity the 
source current (/,) approaches a constant value 
of 16 A, and therefore the magnetically coupled 
coils behave as short circuits. Hence at t = Co 
the circuit reduces to that shown in Fig. 6.26. 
From Fig. 6.26 we see that at ¢ = Co the three 
resistors are in parallel across the 16 A source. 
The equivalent resistance is 3.75 0 and thus the 
voltage across the 16 A current source is 60 V. It 
follows that 


60 60 
£,(00) = 0 + jo 


60 
i,(0O) = 60 =1A. 


These values agree with the final values pre- 
dicted by the solutions for /, and ip. 

Finally we check the solutions by seeing if 
they satisfy the differential equations derived in 
(a). We will leave this final check to the reader 
via Problem 6.37. 


Figure 6.26 A The circuit of Example 6.6 when ¢ = 00, 


/ ASSESSMENT PROBLEM 
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Objective 4—Use the dot convention to write mesh-current equations for mutually coupled coils 


6.6 a) Write aset of mesh-current equations for Answer: (a) 4(di,/dt) + 25i, + 8(diz/dt) — 20i, 


the circuit in Example 6.6 if the dot on the 
4 H inductor is at the right-hand terminal, 
the reference direction of i, is reversed, and 
the 60 ( resistor is increased to 780 2. 


b) Verify that if there is no energy stored in the 
circuit att = 0, andifi, = 1.96 — 1.96e*' A, 
the solutions to the differential equations 
derived in (a) of this Assessment Problem are 
i, = —0.4 - 11.6e + 12e7 A, 

—0.01 — 0.99e" + eA. 


ly 


NOTE: Also try Chapter Problem 6.39. 


6.5 A Closer Look at Mutual Inductance 


In order to fully explain the circuit parameter mutual inductance, and to 
examine the limitations and assumptions made in the qualitative discussion 
presented in Section 6.4, we begin with a more quantitative description of 
self-inductance than was previously provided. 


A Review of Self-Inductance 


The concept of inductance can be traced to Michael Faraday, who did pio- 
neering work in this area in the early 1800s. Faraday postulated that a 
magnetic field consists of lines of force surrounding the current-carrying 
conductor. Visualize these lines of force as energy-storing elastic bands 
that close on themselves. As the current increases and decreases, the elas- 
tic bands (that is, the lines of force) spread and collapse about the conduc- 
tor. The voltage induced in the conductor is proportional to the number of 
lines that collapse into, or cut, the conductor. This image of induced volt- 
age is expressed by what is called Faraday’s law; that is, 


_ da 


v=, 
dt 


(6.33) 


where A is referred to as the flux linkage and is measured in weber-turns. 

How do we get from Faraday’s law to the definition of inductance pre- 
sented in Section 6.1? We can begin to draw this connection using Fig. 6.27 
as a reference. 

The lines threading the N turns and labeled @ represent the magnetic 
lines of force that make up the magnetic field. The strength of the mag- 
netic field depends on the strength of the current, and the spatial orienta- 
tion of the field depends on the direction of the current. The right-hand 
rule relates the orientation of the field to the direction of the current: 
When the fingers of the right hand are wrapped around the coil so that the 
fingers point in the direction of the current, the thumb points in the direc- 
tion of that portion of the magnetic field inside the coil. The flux linkage is 
the product of the magnetic field (¢), measured in webers (Wb), and the 
number of turns linked by the field (NV): 


A= N¢. (6.34) 


=i 8(di,/dt) 
and 


8(di,/dt) — 20i, + 16(di,/dt) + 800i, 
= -16(di,/dt); 


(b) verification. 


a 
| 
|b 
n 


: N turns 
‘J 


Figure 6.27 A Representation of a magnetic field link- 
ing an N-turn coil. 
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Figure 6.28 A Two magnetically coupled coils. 


The magnitude of the flux, ¢, is related to the magnitude of the coil 
current by the relationship 


db = PNi, (6.35) 


where N is the number of turns on the coil, and 9 is the permeance of the 
space occupied by the flux. Permeance is a quantity that describes the 
magnetic properties of this space, and as such, a detailed discussion of per- 
meance is outside the scope of this text. Here, we need only observe that, 
when the space containing the flux is made up of magnetic materials (such 
as iron, nickel, and cobalt), the permeance varies with the flux, giving a 
nonlinear relationship between ¢ and i. But when the space containing the 
flux is comprised of nonmagnetic materials, the permeance is constant, 
giving a linear relationship between @ and i. Note from Eq. 6.35 that the 
flux is also proportional to the number of turns on the coil. 

Here, we assume that the core material—the space containing the flux— 
is nonmagnetic. Then, substituting Eqs. 6.34 and 6.35 into Eq. 6.33 yields 


_ dr : d(Nd) 


at dt 


dd d eae 
= No = NO ND 


li di 
= Net = 1 
dt or : 


(6.36) 
which shows that self-inductance is proportional to the square of the num- 
ber of turns on the coil. We make use of this observation later. 

The polarity of the induced voltage in the circuit in Fig. 6.27 reflects the 
reaction of the field to the current creating the field. For example, when i is 
increasing, di/dt is positive and v is positive. Thus energy is required to 
establish the magnetic field. The product vi gives the rate at which energy is 
stored in the field. When the field collapses, di/dt is negative, and again the 
polarity of the induced voltage is in opposition to the change. As the field 
collapses about the coil, energy is returned to the circuit. 

Keeping in mind this further insight into the concept of self-inductance, 
we now turn back to mutual inductance. 


The Concept of Mutual Inductance 


Figure 6.28 shows two magnetically coupled coils. You should verify that 
the dot markings on the two coils agree with the direction of the coil wind- 
ings and currents shown. The number of turns on each coil are N, and N>, 
respectively. Coil 1 is energized by a time-varying current source that 
establishes the current i; in the N, turns. Coil 2 is not energized and is 
open. The coils are wound on a nonmagnetic core. The flux produced by 
the current i; can be divided into two components, labeled ¢,, and @y. 
The flux component @); is the flux produced by i, that links only the N, 
turns. The component @,, is the flux produced by /, that links the N> turns 
and the N, turns. The first digit in the subscript to the flux gives the coil 
number, and the second digit refers to the coil current. Thus @;, is a flux 
linking coil 1 and produced by a current in coil 1, whereas 2, is a flux link- 
ing coil 2 and produced by a current in coil 1. 


The total flux linking coil 1 is @), the sum of @,; and @3: 
b; = by + O21. (6.37) 


The flux @, and its components ¢,, and 2) are related to the coil current 
i, as follows: 


dy = P Nii, (6.38) 
by = PuNits, (6.39) 
do = PaNihih, (6.40) 


where #, is the permeance of the space occupied by the flux @;, P;, is the 
permeance of the space occupied by the flux ¢;,, and {3, is the permeance 
of the space occupied by the flux @2;. Substituting Eqs. 6.38, 6.39, and 6.40 
into Eq. 6.37 yields the relationship between the permeance of the space 
occupied by the total flux @, and the permeances of the spaces occupied 
by its components ¢,,; and 2: 


P = Pit + Poy. (6.41) 
We use Faraday’s law to derive expressions for v, and v9: 
dh,  d(Ni¢1) d 
Vit ae ee Ni ou + 2) 
= di = di, di, 
= Ni(Pi + a a Nii = Ly (6.42) 
and 
dr» d(N2¢>1) d : 
a— ee LE Ee N5— q} 9 N 
aa at dt 2g WN) 
di, 
= N2N, Po. (6.43) 
dt 


The coefficient of di,/dt in Eq. 6.42 is the self-inductance of coil 1. The 
coefficient of di,;/dt in Eq. 6.43 is the mutual inductance between coils 
1 and 2. Thus 

M)>, = NaN Pr. (6.44) 
The subscript on M specifies an inductance that relates the voltage induced 


in coil 2 to the current in coil 1. 
The coefficient of mutual inductance gives 


di, 
v2 >= M,,—. 


6.45 
dt en?) 


Note that the dot convention is used to assign the polarity reference to v» 
in Fig. 6.28. 

For the coupled coils in Fig. 6.28, exciting coil 2 from a time-varying cur- 
rent source (i,) and leaving coil 1 open produces the circuit arrangement 


6.5 


A Closer Look at Mutual Inductance 
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Figure 6.29 A The magnetically coupled coils of 
Fig. 6.28, with coil 2 excited and coil 1 open. 


shown in Fig. 6.29. Again, the polarity reference assigned to v, is based on 
the dot convention. 
The total flux linking coil 2 is 


hr = by + G42. (6.46) 


The flux @2 and its components #27 and 7 are related to the coil current 
in as follows: 


bo _ PIN ri, (6.47) 
fr = PrN oi, (6.48) 
Piz = PiaNoir. (6.49) 
The voltages v2 and v are 
V2. = dt = N5P2 , = L, dt’ (6.50) 
= da, a d - diy 
Uhr. ae P12) = N\NoPip at (6.51) 


The coefficient of mutual inductance that relates the voltage induced in coil 
1 to the time-varying current in coil 2 is the coefficient of diz/dt in Eq. 6.51: 


Mj = N NY p. (6.52) 


For nonmagnetic materials, the permeances ¥,. and #5, are equal, 
and therefore 


M2 = My = M. (6.53) 


Hence for linear circuits with just two magnetically coupled coils, attach- 
ing subscripts to the coefficient of mutual inductance is not necessary. 


Mutual Inductance in Terms of Self-Inductance 
The value of mutual inductance is a function of the self-inductances. We 
derive this relationship as follows. From Eqs. 6.42 and 6.50, 
Ly a NiP, (6.54) 
Ly = N5P>, (6.55) 


respectively. From Eqs. 6.54 and 6.55, 


LiL, = NiN3P,\Po. (6.56) 


6.5 A Closer Look at Mutual Inductance 
We now use Eq. 6.41 and the corresponding expression for P, to write 
Li Lz = N{NXPiy + Pa)(Pa2 + Pir). (6.57) 
But for a linear system, P.; = Pj, so Eq. 6.57 becomes 
P Po 
LyLy = (N\NoPy){ 1 + =" Il + 
Ly = (N{N2P 42) ( zu Pi» 
Pp Poo 
=M{1+—"}[1+—}. , 
M ( P 1 P, (6.58) 
Replacing the two terms involving permeances by a single constant 
expresses Eq. 6.58 in a more meaningful form: 
1 Pit Poy 
oe te We es lef. 6.59 
ke? ( zu) ( Pio mie 
Substituting Eq. 6.59 into Eq. 6.58 yields 
M? = k*LL, 
or 
M = kVLjL), (6.60) “4 Relating self-inductances and mutual 


inductance using coupling coefficient 


where the constant k is called the coefficient of coupling. According to 
Eq. 6.59, 1/k* must be greater than 1, which means that k must be less than 1. 
In fact, the coefficient of coupling must lie between 0 and 1, or 


0Os=k sl. (6.61) 


The coefficient of coupling is 0 when the two coils have no common 
flux; that is, when @;. = dz, = 0. This condition implies that ?), = 0, and 
Eq. 6.59 indicates that 1/k” = 00, or k = 0. If there is no flux linkage 
between the coils, obviously M is 0. 

The coefficient of coupling is equal to 1 when ¢; and ¢ are 0. This 
condition implies that all the flux that links coil 1 also links coil 2. In terms 
of Eq. 6.59, P}, = Po = 0, which obviously represents an ideal state; in 
reality, winding two coils so that they share precisely the same flux is phys- 
ically impossible. Magnetic materials (such as alloys of iron, cobalt, and 
nickel) create a space with high permeance and are used to establish coef- 
ficients of coupling that approach unity. (We say more about this impor- 
tant quality of magnetic materials in Chapter 9.) 


NOTE: Assess your understanding of this material by trying Chapter 
Problems 6.48 and 6.49. 


Energy Calculations 


We conclude our first look at mutual inductance with a discussion of the 
total energy stored in magnetically coupled coils. In doing so, we will 
confirm two observations made earlier: For linear magnetic coupling, 
(1) My. = Mo, = M,and (2) M =kVL,L,, where0 =k = 1. 
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Figure 6.30 A The circuit used to derive the basic 
energy relationships. 


We use the circuit shown in Fig. 6.30 to derive the expression for the 
total energy stored in the magnetic fields associated with a pair of linearly 
coupled coils. We begin by assuming that the currents i; and i, are zero 
and that this zero-current state corresponds to zero energy stored in the 
coils. Then we let i, increase from zero to some arbitrary value J; and com- 
pute the energy stored when i, = /;. Because i, = 0, the total power 
input into the pair of coils is v,/,, and the energy stored is 


W, fy 
[ dw = Ly | iidiy, 
0 J0) 


1 
W,= ghili. (6.62) 


Now we hold i, constant at /; and increase /, from zero to some arbitrary 
value 7. During this time interval, the voltage induced in coil 2 by i, is 


zero because /, is constant. The voltage induced in coil | by i is M j2dio/dt. 
Therefore, the power input to the pair of coils is 


The total energy stored in the pair of coils when i, = /, is 


Ww hs I 
/ dw i LM y2din + Loindin, 
JW, Jo Jo 


or 


1 


W=W, + MIM + gral. 


I 1 
= shit F shalt oF Ti IoM >. (6.63) 


If we reverse the procedure—that is, if we first increase / from zero to J, 
and then increase 7, from zero to /; —the total energy stored is 


[99 
==LIj + 
W = Skil 


id 


sb al? + I,I.M,. (6.64) 


Equations 6.63 and 6.64 express the total energy stored in a pair of lin- 
early coupled coils as a function of the coil currents, the self-inductances, 
and the mutual inductance. Note that the only difference between these 
equations is the coefficient of the current product J,/,. We use Eq. 6.63 if 
i, is established first and Eq. 6.64 if i, is established first. 

When the coupling medium is linear, the total energy stored is the 
same regardless of the order used to establish /; and /,. The reason is that 


in a linear coupling, the resultant magnetic flux depends only on the final 
values of i, and /, not on how the currents reached their final values. If the 
resultant flux is the same, the stored energy is the same. Therefore, for lin- 
ear coupling, M,, = M>,. Also, because J; and /, are arbitrary values of i, 
and i», respectively, we represent the coil currents by their instantaneous 
values 7, and i>. Thus, at any instant of time, the total energy stored in the 
coupled coils is 


1 1 
w(t) = shill + 5 halt + Misi. (6.65) 


We derived Eq. 6.65 by assuming that both coil currents entered 
polarity-marked terminals. We leave it to you to verify that, if one current 
enters a polarity-marked terminal while the other leaves such a terminal, 
the algebraic sign of the term Mii, reverses. Thus, in general, 


1 | 
w(t) = shai + ahold + Misi. (6.66) 


We use Eq. 6.66 to show that M cannot exceed VL,L>. The magneti- 
cally coupled coils are passive elements, so the total energy stored can 
never be negative. If w(t) can never be negative, Eq. 6.66 indicates that the 
quantity 


Z 
2 


De on 
Lit + shalt i Mito 


must be greater than or equal to zero when ¢, and /, are either both posi- 
tive or both negative. The limiting value of M corresponds to setting the 
quantity equal to zero: 


1 1 
shail + 5 halt — Mijir = 0. (6.67) 


To find the limiting value of M we add and subtract the term 
iin V LL» to the left-hand side of Eq. 6.67. Doing so generates a term that 
is a perfect square: 


fy, Ly. : <3 
i. = 9? a {yl> VL,L3 —-Mj=0. (6.68) 


The squared term in Eq. 6.68 can never be negative, but it can be zero. 
Therefore w(t) = 0 only if 


VLIiLs = M, (6.69) 
which is another way of saying that 
M=kVL,L, (Os k=1). 


We derived Eq. 6.69 by assuming that i; and 7, are either both positive or 
both negative. However, we get the same result if i; and /5 are of opposite 


6.5 ACloser Look at Mutual Inductance 


<q Energy stored in magnetically-coupled 
coils 
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sign, because in this case we obtain the limiting value of M by selecting the 
plus sign in Eq. 6.66. 


NOTE: Assess your understanding of this material by trying Chapter 
Problems 6.44 and 6.45. 


Practical Perspective 


Proximity Switches 


At the beginning of this chapter we introduced the capacitive proximity 
switch. There are two forms of this switch. The one used in table lamps 
is based on a single-electrode switch. It is left to your investigation in 
Problem 6.52. In the example here, we consider the two-electrode switch 
used in elevator call buttons. 


EXAMPLE 


The elevator call button is a small cup into which the finger is inserted, 
as shown in Fig. 6.31. The cup is made of a metal ring electrode and a 
circular plate electrode that are insulated from each other. Sometimes 
two concentric rings embedded in insulating plastic are used instead. The 
electrodes are covered with an insulating layer to prevent direct contact 
with the metal. The resulting device can be modeled as a capacitor, as 
shown in Fig. 6.32. 


Cj 
(a) 
Figure 6.32 A A capacitor model of the two-electrode 
Figure 6.31 A An elevator call button. (a) Front view. (b) Side view. proximity switch used in elevator call buttons, 


@ 
/ Unlike most capacitors, the capacitive proximity switch permits you to 
insert an object, such as a finger, between the electrodes. Because your fin- 
CG, GC; ger is much more conductive than the insulating covering surrounding the 
electrodes, the circuit responds as though another electrode, connected to 
ground, has been added. The result is a three-terminal circuit containing 


three capacitors, as shown in Fig. 6.33. 
Figure 6.33 A A circuit model of a capacitive The actual values of the capacitors in Figs. 6.32 and 6.33 are in the 
proximity switch activated by finger touch. range of 10 to 50 pF, depending on the exact geometry of the switch, how 


Practical Perspective 


the finger is inserted, whether the person is wearing gloves, and so forth. 
For the following problems, assume that all capacitors have the same value 
of 25 pF. Also assume the elevator call button is placed in the capacitive 
equivalent of a voltage-divider circuit, as shown in Fig. 6.34. 


us(t) 


Fixed 
capacitor 


a) Calculate the output voltage with no finger present. 


b) Calculate the output voltage when a finger touches the button. 


F Figure 6.34 A An elevator call button circuit. 
Solution 


a) Begin by redrawing the circuit in Fig. 6.34 with the call button replaced 
by its capacitive model from Fig. 6.32. The resulting circuit is shown in Button =~ Ci 
Fig. 6.35. Write the current equation at the single node: 
v(t) - 
Fixed C. 
capacitor 7 


Figure 6.35 A A model of the elevator call button 


Rearrange this equation to produce a differential equation for the output circuit with no finger present. 
voltage v(t): 


dv C, dv, 


SS ee 71 
dt C,+C, dt (6.71) 
Finally, integrate Eq. 6.71 to find the output voltage: 
1 
= ——— ¥,(t) + v(0). 6.72 


The result in Eq. 6.72 shows that the series capacitor circuit in Fig. 6.35 
forms a voltage divider just as the series resistor circuit did in Chapter 3. 
In both voltage-divider circuits, the output voltage does not depend on 
the component values but only on their ratio. Here, Cy = Cy = 25 pF, 
so the capacitor ratio is C;/C, = 1. Thus the output voltage is 


v(t) = 0.5v,(t) + v(0). (6.73) 


The constant term in Eq. 6.73 is due to the initial charge on the capacitor. 
We can assume that v(0) = 0 V, because the circuit that senses the out- 
put voltage eliminates the effect of the initial capacitor charge. Therefore, 
the sensed output voltage is 


v(t) = 0.5v,(t). (6.74) 
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b) Now we replace the call button of Fig. 6.34 with the model of the acti- 
vated switch in Fig. 6.33. The result is shown in Fig. 6.36. Again, we cal- 
culate the currents leaving the output node: 


d(v — v,) dv dv 
———— + C,>— + C;— = 0. 
i C> dt C3 0 (6.75) 


C - 
: dt 


Rearranging to write a differential equation for v(t) results in 


Lee cs 6.76) 

dt C,+C,+C3 dt’ . 
Finally, solving the differential equation in Eq. 6.76, we see 

1 
= ——____—__-, + f . 
v(t) C4G@tG v(t) + v(0) (6.77) 

If C, = C2 = C3 = 25 pF, 

v(t) = 0.333u,(t) + v(0). (6.78) 


As before, the sensing circuit eliminates v(0), so the sensed output 
voltage is 


v(t) = 0.333v,(t). (6.79) 


Comparing Eqs. 6.74 and 6.79, we see that when the button is pushed, 
the output is one third of the input voltage. When the button is not 
pushed, the output voltage is one half of the input voltage. Any drop in 
output voltage is detected by the elevator’s control computer and ulti- 
mately results in the elevator arriving at the appropriate floor. 


NOTE: Assess your understanding of this Practical Perspective by trying Chapter 
Problems 6.51 and 6.53. 


Fixed 
capacitor 


Figure 6.36 A A model of the elevator call button circuit when 
activated by finger touch. 


Summary 


Inductance is a linear circuit parameter that relates the 
voltage induced by a time-varying magnetic field to the 
current producing the field. (See page 176.) 


Capacitance is a linear circuit parameter that relates the 
current induced by a time-varying electric field to the 
voltage producing the field. (See page 182.) 


Inductors and capacitors are passive elements; they can 
store and release energy, but they cannot generate or 
dissipate energy. (See page 176.) 


The instantaneous power at the terminals of an inductor 
or capacitor can be positive or negative, depending on 
whether energy is being delivered to or extracted from 
the element. 


An inductor: 


« does not permit an instantaneous change in its termi- 
nal current 

¢ does permit an instantaneous change in its teminal 
voltage 

* behaves as a short circuit in the presence of a constant 
terminal current (See page 188.) 


A capacitor: 

« does not permit an instantaneous change in its termi- 
nal voltage 

¢ does permit an instantaneous change in its terminal 
current 


¢ behaves as an open circuit in the presence of a con- 
stant terminal voltage (See page 183.) 


Equations for voltage, current, power, and energy in 
ideal inductors and capacitors are given in Table 6.1. 


Inductors in series or in parallel can be replaced by an 
equivalent inductor. Capacitors im series or in parallel 
can be replaced by an equivalent capacitor. The equa- 
tions are summarized in Table 6.2. See Section 6.3 for a 
discussion on how to handle the initial conditions for 
series and parallel equivalent circuits involving induc- 
tors and capacitors. 


Summary 


TABLE 6.1 Terminal Equations for Ideal Inductors 
and Capacitors 


Inductors 
v=L¢ (V) 
f 
i=+ i vdt + i(ty) (A) 
iT) 
p=v = Li a (W) 
w=4LP (J) 
Capacitors 
af 
v= a idt + v(ty) (Vv) 
Aly 
i= CG (A) 
p=v= Cut (W) 
w= 4Cr" (J) 


TABLE 6.2 Equations for Series- and Parallel-Connected 
Inductors and Capacitors 


Series-Connected 
Leg = L, + Ly + Se a rs L,, 


5. fi OE, 
Ce, ee +, 


Parallel-Connected 


L 
Ley 


Ga Gy PCs to Cy 


ss, i Bree 
Se Pog soe 


is 
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Mutual inductance, M, is the circuit parameter relating 
the voltage induced in one circuit to a time-varying cur- 


rent in another circuit. Specifically, 


a, di, M diy 
pe at 12 at 
diy dir 

V2 = My d Lon? 
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where v, and /, are the voltage and current in circuit 1, 
and v2 and /, are the voltage and current in circuit 2. For 
coils wound on nonmagnetic cores, Mj. = Mz, = M 
(See page 190.) 


The dot convention establishes the polarity of mutually 
induced voltages: 


When the reference direction for a current enters 
the dotted terminal of a coil, the reference polar- 
ity of the voltage that it induces in the other coil 
is positive at its dotted terminal. 


Or, alternatively, 


When the reference direction for a current leaves 
the dotted terminal of a coil, the reference polar- 
ity of the voltage that it induces in the other coil 
is negative at its dotted terminal. 


(See page 190.) 


Problems 


The relationship between the self-inductance of each 
winding and the mutual inductance between windings is 


M = k V LL. 


The coefficient of coupling, k, is a measure of the degree 
of magnetic coupling. By definition, 0 < k < 1. (See 
page 197.) 


The energy stored in magnetically coupled coils in a lin- 
ear medium is related to the coil currents and induc- 
tances by the relationship 


1 1 
w= shat + 5 Lai? + Mijin. 


(See page 199.) 


Section 6.1 6.3 The voltage at the terminals of the 200 wH inductor 


; : ages : espice in Fig. P6.3(a) is shown in Fig. P6.3(b). The inductor 
6.1 The current in the 2.5 mH inductor in Fig. P6.1 is HURTS as cane uinwintG heuer torr = 0: 


known to be 1 A for t < 0. The inductor voltage for 
{ = () is given by the expression 

v(t) = 3e "mV, 0* st s2s 

v(t) = —3e4ImvV, 2s<t<w 


Sketch v,(t) and i, (t) forO = t < ov, 


Figure P6.1 


6.2 The current in a 50 #H inductor is known to be 


PSPICE ; ie 
MULTISIM ir, = 18fe 1° A for t = 0. 


a) Find the voltage across the inductor for t > 0. 
(Assume the passive sign convention.) 

b) Find the power (in microwatts) at the terminals 
of the inductor when ¢ = 200 ms. 

c) Is the inductor absorbing or delivering power at 
200 ms? 

d) Find the energy (in microjoules) stored in the 
inductor at 200 ms. 


e) Find the maximum energy (in microjoules) 
stored in the inductor and the time (in milli- 
seconds) when it occurs. 


a) Derive the expressions for i for t = 0. 
b) Sketch i versus tfor0 = ¢ = ~w., 


Figure P6.3 
i vs (mV) 
5 
Us ee 200 wH 
0 2  t{ms) 
(a) (b) 


6.4 The triangular current pulse shown in Fig. P6.4 is 


pspice. applied to a 20 mH inductor. 
MULTISIM 


a) Write the expressions that describe i(t) in 
the four intervals ¢<0, OsSsf=5 ms, 
Sms =¢t=10ms,andt > 10 ms. 


b) Derive the expressions for the inductor volt- 
age, power, and energy. Use the passive sign 
convention. 


Figure P6.4 
i(mA) 
250 


0 5 10 t (ms) 


6.5 


6.6 


6.7 


6.8 


PSPICE 
MULTISIM 


6.9 


PSPICE 
MULTISIM 


The current in and the voltage across a 5 H inductor 
are known to be zero for ¢ = 0. The voltage across 
the inductor is given by the graph in Fig. P6.5 
fort = 0. 

a) Derive the expression for the current as a 
function of time in the intervals 0 <¢t <= 1s, 
ls S$¢t5338,3ssSt55s8s,58s St = 6s, and 
6s St< ow, 


b) For t > 0, what is the current in the inductor 
when the voltage is zero? 


c) Sketch i versus ¢for0 = t < ©, 


Figure P6.5 
v(V) 


The current in a 20 mH inductor is known to be 
i= 40mA, t = 0; 


<= 


i= Aye om ae Aer “n: t= 0. 


The voltage across the inductor (passive sign con- 
vention) is 28 V att = 0. 


a) Find the expression for the voltage across the 
inductor for ¢ > 0. 


b) Find the time, greater than zero, when the power 
at the terminals of the inductor is zero. 


Assume in Problem 6.6 that the value of the voltage 

across the inductor at ¢ = 0 is —68 V instead of 28 V. 

a) Find the numerical expressions for i and v for 
=U: 

b) Specify the time intervals when the inductor is 


storing energy and the time intervals when the 
inductor is delivering energy. 


c) Show that the total energy extracted from the 
inductor is equal to the total energy stored. 


The current in a 25 mH inductor is known to be 


~—10 A for ¢ = 0 and —(10 cos 400¢ — 5 sin 4008)e 7 A 


for f = 0. Assume the passive sign convention. 


a) At what instant of time is the voltage across the 
inductor maximum? 


b) What is the maximum voltage? 
a) Find the inductor current in the circuit in 


Fig. P6.9 if v = —50sin250¢V,L = 20 mH, 
and i(0) = LOA. 


t(s) 


6.10 


6.11 


6.12 


6.13 
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b) Sketch v, i, p, and w versus ¢. In making these 
sketches, use the format used in Fig. 6.8. Plot over 
one complete cycle of the voltage waveform. 


Describe the subintervals in the time interval 
between 0 and 87 ms when power is being 
absorbed by the inductor. Repeat for the 
subintervals when power is being delivered by 
the inductor. 


c) 


Figure P6.9 


The current in a 4 H inductor is 


i= 10A, P= 0: 


i = (B, cos 4t + By sin 4t)e"? A, ¢ = 0. 


The voltage across the inductor (passive sign con- 
vention) is 60 V at ¢ = 0. Calculate the power at the 
terminals of the inductor at t = 1s. State whether 
the inductor is absorbing or delivering power. 


Evaluate the integral 


00S 
| pdt 
J0 


for Example 6.2. Comment on the significance of 
the result. 


The expressions for voltage, power, and energy 
derived in Example 6.5 involved both integration 
and manipulation of algebraic expressions. As an 
engineer, you cannot accept such results on faith 
alone. That is, you should develop the habit of ask- 
ing yourself, “Do these results make sense in terms 
of the known behavior of the circuit they purport to 
describe?” With these thoughts in mind, test the 
expressions of Example 6.5 by performing the fol- 
lowing checks: 


a) Check the expressions to see whether the volt- 
age is continuous in passing from one time inter- 
val to the next. 

b) Check the power expression in each interval 

by selecting a time within the interval and see- 

ing whether it gives the same result as the cor- 
responding product of v and i. For example, 
test at 10 and 30 ws. 


Check the energy expression within each interval 
by selecting a time within the interval and seeing 
whether the energy equation gives the same 
result as 5 Cu’. Use 10 and 30 ys as test points. 


Initially there was no energy stored in the 5 H 
inductor in the circuit in Fig. P6.13 when it was 
placed across the terminals of the voltmeter. At 
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t = () the inductor was switched instantaneously to 
position b where it remained for 1.6 s before returning 
instantaneously to position a. The d’Arsonval volt- 
meter has a full-scale reading of 20 V and a sensitivity 
of 1000 0/V. What will the reading of the voltmeter 
be at the instant the switch returns to position a if the 
inertia of the d’Arsonval movement is negligible? 


Figure P6.13 


3mV Voltmeter 


Section 6.2 


6.14 The current shown in Fig. P6.14 is applied to a 


PSPICE 
MULTISIM 


0.25 uF capacitor. The initial voltage on the capaci- 
tor is zero. 


a) Find the charge on the capacitor at t = 15 ps. 

b) Find the voltage on the capacitor at ¢ = 30 ps. 

c) How much energy is stored in the capacitor by 
this current? 


Figure P6.14 


t (us) 


6.15 The initial voltage on the 0.5 wF capacitor shown in 


PSPICE 
MULTISIM 


Figure P6.15 


Fig. P6.15(a) is —20V. The capacitor current has 
the waveform shown in Fig. P6.15(b). 


a) How much energy, in microjoules, is stored in 
the capacitor at ¢ = 500 ys? 


b) Repeat (a) fort = ©. 


i(mA) 


6.16 The rectangular-shaped current pulse shown in 


PSPICE 
MULTISIM 


6.17 


6.18 


PSPICE 
MULTISIM 


50¢7 2 mA, t= 0 


Fig. P6.16 is applied to a 0.1 wF capacitor. The ini- 
tial voltage on the capacitor is a 15 V drop in the 
reference direction of the current. Derive the 
expression for the capacitor voltage for the time 
intervals in (a)—(d). 

a) 0OS¢ <= 10yps; 

b) 10 us = t S 20 ys; 

c) 20us Sf S 40 ys 

d) 40 us 
c) Sketch v(t) over the interval —10 ws = t = 50 ps. 


IA 


ti< © 


Figure P6.16 


t (us) 


A 20 uF capacitor is subjected to a voltage pulse 
having a duration of 1 s. The pulse is described by 
the following equations: 


300? V, O<1<05s: 
v(t) = 4 30(t- 1) V, 05s s¢< 1s; 
0 elsewhere. 


Sketch the current pulse that exists in the capacitor 
during the 1 s interval. 


The voltage across the terminals of a 0.2 wF capaci- 


tor is 


150 V, t = 0; 
v= ( Ate 5000" ae Age 50%") Vv, t2=0. 


f (es) 


100 =200 =©9300) ©6400 -~— S00 


(b) 


6.19 


PSPICE 
MULTISIM 


- 


The initial current in the capacitor is 250 mA. 
Assume the passive sign convention. 


a) What is the initial energy stored in the capacitor? 
b) Evaluate the coefficients A, and A). 
c) What is the expression for the capacitor current? 


The voltage at the terminals of the capacitor in 
Fig. 6.10 is known to be 


—20 V, t 
100 — 40¢-°"'(3 cos 1000¢ + sin 1000r) Vt 


Assume C = 4 uF. 

a) Find the current in the capacitor fort < 0. 

b) Find the current in the capacitor for ¢ > 0. 

c) Is there an instantaneous change in the voltage 
across the capacitor at t = 0? 

d) Is there an instantaneous change in the current 
in the capacitor at t = 0? 

e) How much energy (in millijoules) is stored in 
the capacitor at f = co? 
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6.20 


PSPICE 
MULTISIM 


6.21 


6.22 


Assume that the initial energy stored in the induc- 
tors of Fig. P6.20 is zero. Find the equivalent induc- 
tance with respect to the terminals a,b. 


Figure P6.20 


5H 14H 


a 


30 H420 H 


10H 8H 

Assume that the initial energy stored in the induc- 
tors of Fig. P6.21 is zero. Find the equivalent induc- 
tance with respect to the terminals a,b. 


Figure P6.21 

3H 
a 
b 


Use realistic inductor values from Appendix H to con- 
struct series and parallel combinations of inductors to 
yield the equivalent inductances specified below. Try 
to minimize the number of inductors used. Assume 
that no initial energy is stored in any of the inductors. 


a) 3mH 
b) 250 nH 
c) 60 nH 


6.23 


PSPICE 
MULTISIM 


6.24 


6.25 
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The three inductors in the circuit in Fig. P6.23 are con- 
nected across the terminals of a black box at t = 0. 
The resulting voltage for f > 0 is known to be 


v, = 200027! Vv. 


If i,(0) = —6 A and i,(0) = 1 A, find 

a) é,(0); 

b) i,(t),¢ = 0; 

c) i,(t),t = 0; 

d) i,(t),t = 0: 

e) the initial energy stored in the three inductors; 
f) the total energy delivered to the black box; and 
g) the energy trapped in the ideal inductors. 


Figure P6.23 


For the circuit shown in Fig. P6.23, how many milli- 
seconds after the switch is opened is the energy 
delivered to the black box 80% of the total energy 
delivered? 


The two parallel inductors in Fig. P6.25 are con- 

nected across the terminals of a black box at ¢ = 0. 

The resulting voltage v for t > 0 is known to be 

64e~" V. It is also known that i,(0) = —10A and 

a) Replace the original inductors with an equiva- 
lent inductor and find i(t) fort = 0. 

b) Find i,(t) fort = 0. 

c) Find i,(t) fort = 0. 

d) How much energy is delivered to the black box 
in the time interval0 = t < co? 


e) How much energy was initially stored in the par- 
alle] inductors? 


f) How much energy is trapped in the ideal inductors? 


g) Show that your solutions for i; and i, agree with 
the answer obtained in (f). 


Figure P6.25 


ug) 
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6.27 


6.28 


6.29 
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Find the equivalent capacitance with respect to the 
terminals a,b for the circuit shown in Fig. P6.26. 


Figure P6.26 


5 pF 30 wF 
ae | | 
feo So oS + 10V°— 
3 uF a 
10 nF 16 uF > 20V 
+ 
4 pF 48 pF 
be—| 
- 30V + - OV + 


Find the equivalent capacitance with respect to the 
terminals a,b for the circuit shown in Fig. P6.27. 


Figure P6.27 


Use realistic capacitor values from Appendix H to 
construct series and parallel combinations of capac- 
itors to yield the equivalent capacitances specified 
below. Try to minimize the number of capacitors 
used. Assume that no initial energy is stored in any 
of the capacitors. 


a) 330 wF 
b) 750 nF 
c) 150 pF 
The four capacitors in the circuit in Fig. P6.29 are con- 


nected across the terminals of a black box at ¢ = 0. 
The resulting current i, fort > 0 is known to be 


i, = —SeO% mA. 


If v,(0) = —20V, v0) = —30 V, and 
v,y(0) = 250 V, find the following for ¢ = 0: (a) v,(¢), 
(b) v(t). (c) v(t), (d) Vat), (ec) i(t), and (f) in(t). 


Figure P6.29 


6.30 


6.31 


6.32 


6.33 


6.34 


For the circuit in Fig. P6.29, calculate 

a) the initial energy stored in the capacitors; 
b) the final energy stored in the capacitors; 

c) the total energy delivered to the black box; 


d) the percentage of the initial energy stored that is 
delivered to the black box; and 


e) the time, in milliseconds, it takes to deliver 
7.5 mJ to the black box. 


The two series-connected capacitors in Fig. P6.31 
are connected to the terminals of a black box at 
t = 0. The resulting current i(t) for f > 0 is known 
to be 800e72* wA. 


a) Replace the original capacitors with an equiva- 
lent capacitor and find v,(t) for t = 0. 


b) Find v;(t) for ¢ = 0. 

c) Find v(t) fort = 0. 

d) How much energy is delivered to the black box 
in the time interval 0 = t < 00? 


e) How much energy was initially stored in the 
series Capacitors? 


f) How much energyis trapped inthe ideal capacitors? 

g) Show that the solutions for v; and v2 agree with 
the answer obtained in (f). 

Figure P6.31 

iM) 


Derive the equivalent circuit for a series connection 
of ideal capacitors. Assume that each capacitor has 
its own initial voltage. Denote these initial voltages 
aS V1 (ty), Ve(tp), and so on. (Hint: Sum the voltages 
across the string of capacitors, recognizing that the 
series connection forces the current in each capaci- 
tor to be the same.) 


Derive the equivalent circuit for a parallel connec- 
tion of ideal capacitors. Assume that the initial volt- 
age across the paralleled capacitors is u(t). (Hint: 
Sum the currents into the string of capacitors, rec- 
ognizing that the parallel connection forces the 
voltage across each capacitor to be the same.) 
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The current in the circuit in Fig. P6.34 is known to be 
iy = 5e-7°(2 cos 4000t + sin 40002) A 


for ¢ = 0*. Find v,(0*) and v,(0"). 


Figure P6.34 


40 0 


6.35 Att = 0,aseries-connected capacitor and induc- 
tor are placed across the terminals of a black box, 
as shown in Fig. P6.35. For t > 0, it is known that 


i, = 1.5¢716.000t — 9 5¢7~40000 
If v.(0) = —SO V find v, fort = 0. 
Figure P6.35 
25 mH 


Section 6.4 


6.36 a) Show that the differential equations derived in 
(a) of Example 6.6 can be rearranged as follows: 


att 495i, — 942 — r0i, = 5i, — 8; 
dt 1 dt ma dt’ 


gf — 20%, + 162 + 80i, = 168 
Me er Saas eae eee 
b) Show that the solutions for i,, and i, given in 
(b) of Example 6.6 satisfy the differential 
equations given in part (a) of this problem. 


6.37 Let v, represent the voltage across the 16 H 
inductor in the circuit in Fig. 6.25. Assume v, Is 
positive at the dot. As in Example 6.6, 
ig = 16 — 16e™ A. 

a) Can you find v, without having to differenti- 
ate the expressions for the currents? Explain. 


b) Derive the expression for v,. 
c) Check your answer in (b) using the appropri- 
ate current derivatives and inductances. 


6.38 Let v, represent the voltage across the current 
source in the circuit in Fig. 6.25. The reference for 
U, 1S positive at the upper terminal of the current 
source. 
a) Find vy, as a function of time when 
ig =16 — 16e°% A. 
b) What is the initial value of v,? 


Problems 209 


c) Find the expression for the power developed by 
the current source. 

d) How much power is the current source develop- 
ing when fis infinite? 

e) Calculate the power dissipated in each resistor 
when f£ is infinite. 


6.39 There is no energy stored in the circuit in Fig. P6.39 

at the time the switch is opened. 

a) Derive the differential equation that governs 
the behavior of i, if L; =4H, L, = 16H, 
M = 2H, and R, = 322. 

b) Show that when i, = 8 — 8e ‘A, t = O, the dif- 
ferential equation derived in (a) is satisfied 
when i, =e'—e 7 A,t= 0. 

c) Find the expression for the voltage v, across the 
current source. 


d) What is the initial value of v,? Does this make 
sense in terms of known circuit behavior? 


Figure P6.39 


6.40 a) Show that the two coupled coils in Fig. P6.40 can 
be replaced by a single coil having an inductance 
of Lan = L, + Ly + 2M. (Hint: Express v,, as a 
function of igp.) 
b) Show that if the connections to the terminals 
of the coil labeled LL, are reversed, 
Le 1 FE 2M, 


Figure P6.40 


M 
yoO™ i 
eo YYY.—_»—__1 YY Y\—_#@ 
a ame Se © Lf, 


6.41 a) Show that the two magnetically coupled coils in 
Fig. P6.41 (see page 210) can be replaced by a 
single coil having an inductance of 


[ily ~ M : 
byes oe ae 
L, + L, - 2M 

(Hint: Let i, and i, be clockwise mesh currents in 
the left and right “windows” of Fig. P6.41, respec- 
tively. Sum the voltages around the two meshes. 
In mesh 1 let v,, be the unspecified applied volt- 
age. Solve for di,/dt as a function of V,p.) 


b 


— 


Show that if the magnetic polarity of coil 2 is 
reversed, then 


L,L, — M? 


i= ee 
ae ase OM 
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Figure P6.41 


The polarity markings on two coils are to be deter- 
mined experimentally. The experimental setup is 
shown in Fig. P6.42. Assume that the terminal con- 
nected to the negative terminal of the battery has 
been given a polarity mark as shown. When the 
switch is opened, the dc voltmeter kicks upscale. 
Where should the polarity mark be placed on the 
coil connected to the voltmeter? 


Figure P6.42 


+ 


dc 
voltmeter 


The physical construction of four pairs of magneti- 
cally coupled coils is shown in Fig. P6.43. (See 
page 211.) Assume that the magnetic flux is confined 
to the core material in each structure. Show two possi- 
ble locations for the dot markings on each pair of coils. 
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6.44 


6.45 


6.46 


6.47 


The self-inductances of the coils in Fig. 6.30 are 
L, = 18 mH and L, = 32 mH. If the coefficient of 
coupling is 0.85, calculate the energy stored in the 
system in millijoules when (a) 7; = 6 A, i; = 9A; 
(b) i, = -6A, i, = —9 A; (c) i, = —6A, iy = 9A; 
and (d) i; = 6A, i, = —9A. 

The coefficient of coupling in Problem 6.44 is 
increased to 1.0. 


a) If i; equals 6 A, what value of /, results in zero 
stored energy? 

b) Is there any physically realizable value of /2 that 
can make the stored energy negative? 


Two magnetically coupled coils have self-inductances 
of 60 mH and 9.6 mH, respectively. The mutual induc- 
tance between the coils is 22.8 mH. 


a) What is the coefficient of coupling? 


b) For these two coils, what is the largest value that 
M can have? 

c) Assume that the physical structure of these cou- 
pled coils is such that ?; = >. What is the turns 
ratio N,/N> if N, is the number of turns on the 
60 mH coil? 


The self-inductances of two magnetically coupled 
coils are 72 mH and 40.5 mH, respectively. The 72 mH 
coil has 250 turns, and the coefficient of coupling 


6.48 


6.49 


between the coils is 4. The coupling medium is non- 

magnetic. When coil 1 is excited with coil 

2 open, the flux linking only coil 1 is 0.2 as large as the 

flux linking coil 2. 

a) How many turns does coil 2 have? 

b) What is the value of 9, in nanowebers per 
ampere? 

c) What is the value of #,,; in nanowebers per 
ampere? 

d) What is the ratio (¢y2/@)2)? 


Two magnetically coupled coils are wound on a 
nonmagnetic core. The self-inductance of coil 1 is 
288 mH, the mutual inductance is 90 mH, the coeffi- 
cient of coupling is 0.75, and the physical structure 
of the coils is such that PP}, = Po. 


a) Find Ly and the turns ratio Ny/N>. 
b) If N, = 1200, what is the value of #, and Y? 


The self-inductances of two magnetically coupled coils 
are L, = 180 yuH and L, = 500 wH. The coupling 
medium is nonmagnetic. If coil | has 300 turns and 
coil 2 has 500 turns, find ?,,; and Y,, (in nanowebers 
per ampere) when the coefficient of coupling is 0.6. 


6.50 a) Starting with Eq. 6.59, show that the coefficient 


of coupling can also be expressed as 


k=,]| bai \f bra 
di J\ b2 7 
b) On the basis of the fractions $2;/@, and $)2/¢5, 
explain why k is less than 1.0. 
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6.51 Rework the Practical Perspective example, except 


PRACTICAL 
PERSPECTIVE 


that this time, put the button on the bottom of the 
divider circuit, as shown in Fig. P6.51. Calculate the 
output voltage v(t) when a finger is present. 


Figure P6.51 


capacitor 


v(t) 


6.52 Some lamps are made to turn on or off when the 


a ue Das is touched. These use a one-terminal variation 


of the capacitive switch circuit discussed in the 
Practical Perspective. Figure P6.52 shows a circuit 
model of such a lamp. Calculate the change in the 
voltage w(t) when a person touches the lamp. 
Assume all capacitors are initially discharged. 


Figure P6.43 


ao ™ 


yr 


(a) 


Figure P6.52 
10 pF Lamp Person 10 pF 


10 pF v(t) 100 pF 
v(t) = 


6.53 In the Practical Perspective example, we calculated 

feaca the Output voltage when the elevator button is the 

upper capacitor in a voltage divider. In 

Problem 6.51, we calculated the voltage when the 

button is the bottom capacitor in the divider, and we 

got the same result! You may wonder if this will be 

true for all such voltage dividers. Calculate the volt- 

age difference (finger versus no finger) for the cir- 

cuits in Figs. P6.53 (a) and (b), which use two 
identical voltage sources. 
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Figure P6.53 


25 PF Fixed 


v(t) ee capacitor 
2 pF + 


t) No finger 
v(t) ie Button of) 6 


(a) 


v,(t) ee 25 pF 25 pF capacitor 


2pF + 
u(t) Finger 
v,(t) oe Button pak 


(b) 


Response of First-Order 
RL and RC Circuits 


CONTENTS In Chapter 6, we noted that an important attribute of inductors 
and capacitors is their ability to store energy. We are now in a 


CHAPTER 


ee 


CHAPTER 


7.1 The Natural Response of an RL Circuit p. 214 


7.2 The Natural Response of an RC Circuit p. 220 
7.3 The Step Response of RL and energy is either released or acquired by an inductor or capacitor 


position to determine the currents and voltages that arise when 


RC Circuits p. 224 in response to an abrupt change in a dc voltage or current source. 
7.4 A General Solution for Step and Natural 
Responses p. 231 
7.5 Sequential Switching p. 236 | 
7.6 Unbounded Response p. 240 tors. For brevity, such configurations are called RE (resistor- 


In this chapter, we will focus on circuits that consist only of 
sources, resistors, and either (but not both) inductors or capaci- 


7.7 The Integrating Amplifier p. 241 | inductor) and RC (resistor-capacitor) circuits. 
Our analysis of RL and RC circuits will be divided into three 


/ CHAPTER OBJECTIVES phases. In the first phase, we consider the currents and voltages 


| 
4 Beanie to determine He temnat response of that arise when stored energy in an inductor or capacitor is sud- 
both RL and RC circuits. _ denly released to a resistive network. This happens when the 
2 Be able to determine the step response of both inductor or capacitor is abruptly disconnected from its de source. 
RL and RC circuits. at te ‘ 
Ss Bee _ Thus we can reduce the circuit to one of the two equivalent forms 
3 Know how to analyze circuits with sequential beet ; 
switching. _ shown in Fig. 7.1 on page 214. The currents and voltages that arise 
4 Be able to analyze op amp circuits containing in this configuration are referred to as the natural response of the 
vest oie aeons circuit, to emphasize that the nature of the circuit itself, not exter- 
nal sources of excitation, determines its behavior. 

In the second phase of our analysis, we consider the currents 
and voltages that arise when energy is being acquired by an induc- 
tor or capacitor due to the sudden application of a dc voltage or 
current source. This response is referred to as the step response. 
The process for finding both the natural and step responses is the 
same; thus, in the third phase of our analysis, we develop a general 
method that can be used to find the response of RL and RC cir- 
cuits to any abrupt change in a dc voltage or current source. 

Figure 7.2 on page 214 shows the four possibilities for the gen- 
eral configuration of RL and RC circuits. Note that when there 


are no independent sources in the circuit, the Thévenin voltage or 


Norton current is zero, and the circuit reduces to one of those 
shown in Fig. 7.1; that is, we have a natural-response problem. 

RL and RC circuits are also known as first-order circuits, 
because their voltages and currents are described by first-order 
differential equations. No matter how complex a circuit may 
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Practical Perspective _ 


A Flashing Light Circuit 


You can probably think of many different applications that 
require a flashing light. A still camera used to take pictures in 
low light conditions employs a bright flash of light to illumi- 
nate the scene for just long enough to record the image on 
film. Generally, the camera cannot take another picture until 
the circuit that creates the flash of light has “re-charged.” 
Other applications use flashing lights as warning for haz- 
ards, such as tall antenna towers, construction sites, and 
secure areas. In designing circuits to produce a flash of light 
the engineer must know the requirements of the application. 
For example, the design engineer has to know whether the 
flash is controlled manually by operating a switch (as in the 
case of a camera) or if the flash is to repeat itself automati- 
cally at a predetermined rate. The engineer also has to know if 
the flashing light is a permanent fixture (as on an antenna) or 


a temporary installation (as at a construction site). Another 
question that has to be answered is whether a power source is 
readily available. 

Many of the circuits that are used today to control flashing 
lights are based on electronic circuits that are beyond the 
scope of this text. Nevertheless we can get a feel for the 
thought process involved in designing a flashing light circuit 
by analyzing a circuit consisting of a dc voltage source, a resis- 
tor, a capacitor, and a lamp that is designed to discharge a 
flash of light at a critical voltage. Such a circuit is shown in the 
figure. We shall discuss this circuit at the end of the chapter. 
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(b) 


Figure 7,1 A The two forms of the circuits for natural 
response. (a) RL circuit. (b) RC circuit. 


Rt 


+ 


Vin 


(d) 


Figure 7.2 A Four possible first-order circuits. 

(a) An inductor connected to a Thévenin equivalent. 
(b) An inductor connected to a Norton equivalent. 
(c) A capacitor connected to a Thévenin equivalent. 
(d) A capacitor connected to a Norton equivalent. 


= 


Figure 7.3 A An RL circuit. 


+ 


= 


i(0) = 4 L Rv 


Figure 7.4 A The circuit shown in Fig. 7.3, for’ = 0. 


appear, if it can be reduced to a Thévenin or Norton equivalent connected 
to the terminals of an equivalent inductor or capacitor, it is a first-order 
circuit. (Note that if multiple inductors or capacitors exist in the original 
circuit, they must be interconnected so that they can be replaced by a sin- 
gle equivalent element.) 

After introducing the techniques for analyzing the natural and step 
responses of first-order circuits, we discuss some special cases of interest. 
The first is that of sequential switching, involving circuits in which switching 
can take place at two or more instants in time. Next is the unbounded 
response. Finally, we analyze a useful circuit called the integrating amplifier. 


7.1 The Natural Response 
of an RL Circuit 


The natural response of an RL circuit can best be described in terms of the 
circuit shown in Fig. 7.3. We assume that the independent current source 
generates a constant current of 7, A, and that the switch has been in a 
closed position for a long time. We define the phrase a long time more 
accurately later in this section. For now it means that all currents and volt- 
ages have reached a constant value. Thus only constant, or dc, currents can 
exist in the circuit just prior to the switch’s being opened, and therefore 
the inductor appears as a short circuit (Ldi/dt = 0) prior to the release of 
the stored energy. 

Because the inductor appears as a short circuit, the voltage across the 
inductive branch is zero, and there can be no current in either Ro or R. 
Therefore, all the source current /, appears in the inductive branch. 
Finding the natural response requires finding the voltage and current at 
the terminals of the resistor after the switch has been opened, that is, after 
the source has been disconnected and the inductor begins releasing 
energy. If we let ¢ = O denote the instant when the switch is opened, the 
problem becomes one of finding v(t) and i(t) for f = 0. For ¢ = 0, the cir- 
cuit shown in Fig. 7.3 reduces to the one shown in Fig. 7.4. 


Deriving the Expression for the Current 


To find i(t), we use Kirchhoff’s voltage law to obtain an expression involv- 
ing i, R, and L. Summing the voltages around the closed loop gives 


li 
t+ Ri =0, (7.1) 
dt 


where we use the passive sign convention. Equation 7.1 is known as a first- 
order ordinary differential equation, because it contains terms involving 
the ordinary derivative of the unknown, that is, di/dt. The highest order 
derivative appearing in the equation is 1; hence the term first-order. 

We can go one Step further in describing this equation. The coeffi- 
cients in the equation, R and L, are constants; that is, they are not func- 
tions of either the dependent variable i or the independent variable ¢. Thus 
the equation can also be described as an ordinary differential equation 
with constant coefficients. 

To solve Eq. 7.1, we divide by ZL, transpose the term involving / to the 
right-hand side, and then multiply both sides by a differential time dt. The 
result is 

di R 


—dt = ——idt. 7.2 
aot zit (7.2) 


Next, we recognize the left-hand side of Eq. 7.2 as a differential change in 
the current é, that is, di. We now divide through by i, getting 
di R 
— = Sa. 7.3 
i Le (7-3) 
We obtain an explicit expression for i as a function of ¢ by integrating both 
sides of Eq. 7.3. Using x and y as variables of integration yields 


| ieee - (7.4) 
—_—S>=— ——E=> sa C 3 ° 
i(t) * L 


« fy 


in which i(fy) is the current corresponding to time fp, and i(f) is the current 
corresponding to time ¢. Here, tg = 0. Therefore, carrying out the indi- 
cated integration gives 


i(t) R 
Se es 7.5 
20) ve) 
Based on the definition of the natural logarithm, 
i(t) = i(0)e A", (7.6) 


Recall from Chapter 6 that an instantaneous change of current cannot 
occur in an inductor. Therefore, in the first instant after the switch has 
been opened, the current in the inductor remains unchanged. If we use 07 
to denote the time just prior to switching, and 0* for the time immediately 
following switching, then 


(0°) = i(0") = Ip, 


where, as in Fig. 7.1, /) denotes the initial current in the inductor. The initial 
current in the inductor is oriented in the same direction as the reference 
direction of i. Hence Eq. 7.6 becomes 


it) = he WE, 120, (7.7) 


which shows that the current starts from an initial value 7) and decreases 
exponentially toward zero as ¢ increases. Figure 7.5 shows this response. 

We derive the voltage across the resistor in Fig. 7.4 from a direct appli- 
cation of Ohim’s law: 


v=iR=I[pRe EM p> OF. (7.8) 


Note that in contrast to the expression for the current shown in Eq. 7.7, 
the voltage is defined only fort > 0, not att = 0. The reason is that a step 
change occurs in the voltage at zero. Note that for ¢ < 0, the derivative of 
the current is zero, so the voltage is also zero. (This result follows from 
v = Ldi/dt = 0.) Thus 


v(0°) = 0, (7.9) 
v(0") = IpR, (7.10) 


where v(0") is obtained from Eq. 7.8 with ¢ = 0*.! With this step change at 
an instant in time, the value of the voltage at ¢ = 0 is unknown. Thus we 
use ¢ = QO” in defining the region of validity for these solutions. 


' We can define the expressions 0° and 0* more formally. The expression x(07) refers to the 
limit of the variable x as ¢ 0 from the left, or from negative time. The expression (0°) 
refers to the limit of the variable x as f > 0 from the right, or from positive time. 


7.1. The Natural Response of an Ri Circuit 215 


<4 Initial inductor current 


<< Natural response of an RL circuit 


i(t) 


Ih 


0) 


Figure 7.5 &€ The current response for the circuit shown 
in Fig. 7.4. 
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Time constant for RL circuit > 


We derive the power dissipated in the resistor from any of the follow- 
ing expressions: 


p=vi, p=PR, or =, (7.11) 


Whichever form is used, the resulting expression can be reduced to 
PSR 2 Or (7.12) 


The energy delivered to the resistor during any interval of time after the 
switch has been opened is 


i ; 
w= [ pas = [ BRererax 
0 0 


1 
_ PRA — @20R/Et 
2(R/L) ° et 
1 2 
_ 5Lli(l Be @ REN). t= 0. (7.13) 


Note from Eq. 7.13 that as t becomes infinite, the energy dissipated in the 
resistor approaches the initial energy stored in the inductor. 


The Significance of the Time Constant 


The expressions for i(t) (Eq. 7.7) and v(t) (Eq. 7.8) include a term of the 
form e'*/!" The coefficient of —namely, R/L.—determines the rate at 
which the current or voltage approaches zero. The reciprocal of this ratio 
is the time constant of the circuit, denoted 


; L 
T = time constant = R (7.14) 


Using the time-constant concept, we write the expressions for current, 
voltage, power, and energy as 


Oval. £20; (7.15) 
w(t) =TpRe", 1 = 0," (7.16) 
p= bRe*",  ¢ = OF, (7.17) 

1 5 2 
w = SLi(l — e ir) t= 0. (7.18) 


The time constant is an important parameter for first-order circuits, so 
mentioning several of its characteristics is worthwhile. First, it is conven- 
ient to think of the time elapsed after switching in terms of integral multi- 
ples of 7. Thus one time constant after the inductor has begun to release 
its stored energy to the resistor, the current has been reduced to e!, or 
approximately 0.37 of its initial value. 


Table 7.1 gives the value of e~”” for integral multiples of 7 from 1 to 
10. Note that when the elapsed time exceeds five time constants, the 
current is less than 1% of its initial value. Thus we sometimes say that 
five time constants after switching has occurred, the currents and volt- 
ages have, for most practical purposes, reached their final values. For 
single time-constant circuits (first-order circuits) with 1% accuracy, the 
phrase a long time implies that five or more time constants have 
elapsed. Thus the existence of current in the RZ circuit shown in 
Fig. 7.1(a) is a momentary event and is referred to as the transient 
response of the circuit. The response that exists a long time after the 
switching has taken place is called the steady-state response. The phrase 
a long time then also means the time it takes the circuit to reach its 
steady-state value. 

Any first-order circuit is characterized, in part, by the value of its 
time constant. If we have no method for calculating the time constant of 
such a circuit (perhaps because we don’t know the values of its compo- 
nents), we can determine its value from a plot of the circuit’s natural 
response. That’s because another important characteristic of the time 
constant is that it gives the time required for the current to reach its final 
value if the current continues to change at its initial rate. To illustrate, we 
evaluate di/dt at 0* and assume that the current continues to change at 
this rate: 


di, R, Ih 
re jie zo = = (7.19) 


Now, if i starts as Jy) and decreases at a constant rate of J)/7 amperes per 
second, the expression for i becomes 


[ 
i=I,- a (7.20) 


Equation 7.20 indicates that ¢ would reach its final value of zero in 
7 seconds. Figure 7.6 shows how this graphic interpretation is useful in 
estimating the time constant of a circuit from a plot of its natural 
response. Such a plot could be generated on an oscilloscope measuring 
output current. Drawing the tangent to the natural response plot at ¢ = 0 
and reading the value at which the tangent intersects the time axis gives 
the value of r. 

Calculating the natural response of an RL circuit can be summarized 
as follows: 


1. Find the initial current, /9, through the inductor. 
2. Find the time constant of the circuit,r = L/R. 
3. Use Eq. 7.15, pe, to generate i(t) 

from J and +r. 


All other calculations of interest follow from knowing {(f). 
Examples 7.1 and 7.2 illustrate the numerical calculations associated with 
the natural response of an RL circuit. 
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TABLE 7.1 Value of e~“/” For ¢ Equal to 
Integral Multiples of + 


t elt t et 

t 3.678810! 67 2.4788 x 10° 
27 1.3534 x 107! = 7r = 9.1188 x 1074 
3r 49787107 87 3.3546 x 1074 
4r 1.8316 10 =9r_~——-1.2341 x 107 
St 6.7379 X 10% 107 4.5400 x 107 


i= he ™ 


i= [)-(Up/7)t 


0 


Figure 7.6 A A graphic interpretation of the time con- 
stant of the RL circuit shown in Fig. 7.4. 
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The switch in the circuit shown in Fig. 7.7 has 
been closed for a long time before it is opened at 
t = 0. Find 


a) i,(t) fort = 0, 

b) i,(f) fort = 07, 

c) v,(t) fort = 0*, 

d) the percentage of the total energy stored in the 
2 H inductor that is dissipated in the 10 Q resistor. 


400 


Figure 7.7 & The circuit for Example 7.1. 


Solution 


a) The switch has been closed for a long time prior 
to ¢ = 0, so we know the voltage across the 
inductor must be zero at ¢ = 0°. Therefore the 
initial current in the inductor is 20 A att = 0. 
Hence, i;(0") also is 20 A, because an instanta- 
neous change in the current cannot occur in an 
inductor. We replace the resistive circuit con- 
nected to the terminals of the inductor with a 
single resistor of 10 0: 


Rog = 2 + (4010) = 100. 


The time constant of the circuit is L/Req or 
0.2 s, giving the expression for the inductor 
current as 


iy(t) = 2e" A, t= 0. 


Determining the Natural Response of an RL Circuit 


b) We find the current in the 40 Q resistor most 
easily by using current division; that is, 


10 
lL, = kyo 
0 TLD 40 


Note that this expression is valid for ¢ = Ot 
because i, = 0 att = O°. The inductor behaves as 
a short circuit prior to the switch being opened, 
producing an instantaneous change in the current 
i,. Then, 


i,(t) = —4e% A, ¢ = 0%. 


c) We find the voltage v, by direct application of 
Ohm’s law: 


v(t) = 401, = -160e"%V, 1 = 0°. 
d) The power dissipated in the 10 O resistor is 


2 


o 


pee) = a = 25600 Ww, 120". 
The total energy dissipated in the 10 ( resistor is 
Wioo(t) = [ 2se0e a = 256 J. 
The initial energy stored in the 2 H inductor is 
w(0) = 5120) = 5 (2)(400) = 400 J. 


Therefore the percentage of energy dissipated in 
the 10 {) resistor is 


256 
(3 = 64%. 
40001) 4% 
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Determining the Natural Response of an RL Circuit with Parallel Inductors 


In the circuit shown in Fig. 7.8, the initial currents in 
inductors L,; and Lz have been established by 
sources not shown. The switch is opened at t = 0. 


a) Find /,, i5, and i; fort = 0. 


b) Calculate the initial energy stored in the parallel 
inductors. 


c) Determine how much energy is stored in the 
inductors as f — 00. 


d) Show that the total energy delivered to the resis- 
tive network equals the difference between the 
results obtained in (b) and (c). 


Solution 


a) The key to finding currents /), i2, and é3 lies in 
knowing the voltage v(t). We can easily find v(f) 
if we reduce the circuit shown in Fig. 7.8 to the 
equivalent form shown in Fig. 7.9. The parallel 
inductors simplify to an equivalent inductance of 
4 H, carrying an initial current of 12 A. The resis- 
tive network reduces to a single resistance of 
8 QO. Hence the initial value of i(t) is 12 A and 
the time constant is 4/8, or 0.5 s. Therefore 


i(t)=12e 7A, £20. 
Now 2(t) is simply the product 8/, so 
u(t) = %e 7 V, t= OF. 


The circuit shows that v(t) = 0 att = 0°, so the 
expression for v(t) is valid for t = 0°. After 
obtaining v(t), we can calculate 4, ij, and i: 


1 t 
i=c i 96e2* dx — 8 
5 Jo 
=16-96e%A, t=0, 


1 t 
iy = — [ 96e dx — 4 
0 


20 


Figure 7.8 A The circuit for Example 7.2. 


=-16-—24e% A, ¢t 20, 


Note that the expressions for the inductor currents 
i, and {, are valid for f = 0, whereas the expres- 
sion for the resistor current i; is valid for tf = O°. 


4H v(t) 


Figure 7.9 A A simplification of the circuit shown in Fig. 7.8. 


b) The initial energy stored in the inductors is 
1 1 
w= 5 (5)(64) + 5 (20)(16) = 320 J. 


c)As t>©, i4,716A and i> -1.6A. 
Therefore, a long time after the switch has been 
opened, the energy stored in the two inductors is 


w = 3(5)(1-6) + (20)(—1.6)" = 32J. 


d) We obtain the total energy delivered to the resis- 
tive network by integrating the expression for 
the instantaneous power from zero to infinity: 


io @) CO 
w= fl pdt = f 1152e “dt 
0) 0) 


et 99 
= 1152— 2 = 288]. 

4G 
This result is the difference between the initially 
stored energy (320 J) and the energy trapped in 
the parallel inductors (32 J). The equivalent 
inductor for the parallel inductors (which pre- 
dicts the terminal behavior of the parallel com- 
bination) has an initial energy of 288 J; that is, 
the energy stored in the equivalent inductor rep- 
resents the amount of energy that will be deliv- 
ered to the resistive network at the terminals of 
the original inductors. 
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/ ASSESSMENT PROBLEMS 


Objective 1—Be able to determine the natural response of both RL and RC circuits 


7.1 The switch in the circuit shown has been closed 
for a long time and is opened at ¢ = 0. 


a) Calculate the initial value of i. 


b) Calculate the initial energy stored in the 
inductor. 


c) What is the time constant of the circuit for 
t > 0? 


d) What is the numerical expression for i(¢t) for 
t= 0? 


e) What percentage of the initial energy stored 
has been dissipated in the 2 © resistor 5 ms 
after the switch has been opened? 


Answer: (a) —12.5 A; 
(b) 625 mJ; 
(c) 4 ms; 
(d) -12.5e 7A, ¢ = 0; 
(e) 91.8%. 


7.2 Att = 0, the switch in the circuit shown moves 
instantaneously from position a to position b. 


a) Calculate v, fort = 0°. 


b) What percentage of the initial energy stored 
in the inductor is eventually dissipated in 
the 4 () resistor? 


oe0 60 
~O | 


60, 


100 032H4 40 


saat) 


8mH 220 


Answer: (a) —8e7!" V,¢ = 0; 
(b) 80%. 


NOTE: Also try Chapter Problems 7.4, 7.5, and 7.7. 


Figure 7.11 A The circuit shown in Fig. 7.10, after 
switching. 


7.2 The Natural Response 
of an RC Circuit 


As mentioned in Section 7.1, the natural response of an RC circuit is anal- 
ogous to that of an RL circuit. Consequently, we don’t treat the RC circuit 
in the same detail as we did the RL circuit. 

The natural response of an RC circuit is developed from the circuit 
shown in Fig. 7.10. We begin by assuming that the switch has been in posi- 
tion a for a long time, allowing the loop made up of the dc voltage source 
V,, the resistor Rj, and the capacitor C to reach a steady-state condition. 
Recall from Chapter 6 that a capacitor behaves as an open circuit in the 
presence of a constant voltage. Thus the voltage source cannot sustain a 
current, and so the source voltage appears across the capacitor terminals. 
In Section 7.3, we will discuss how the capacitor voltage actually builds to 
the steady-state value of the dc voltage source, but for now the important 
point is that when the switch is moved from position a to position b (at 
t = 0), the voltage on the capacitor is V,. Because there can be no instan- 
taneous change in the voltage at the terminals of a capacitor, the problem 
reduces to solving the circuit shown in Fig. 7.11. 


Deriving the Expression for the Voltage 


We can easily find the voltage v(t) by thinking in terms of node voltages. 
Using the lower junction between R and C as the reference node and sum- 
ming the currents away from the upper junction between R and C gives 


=.0; (7.21) 


Comparing Eq. 7.21 with Eq. 7.1 shows that the same mathematical tech- 
niques can be used to obtain the solution for v(t). We leave it to you to 
show that 


v(t) = v(O)e/F", + = 0. (7.22) 


As we have already noted, the initial voltage on the capacitor equals the 
voltage source voltage V,, or 


v(0") = v(0) = v(0*) = V, = Vo, (7.23) 


where V, denotes the initial voltage on the capacitor. The time constant for 
the RC circuit equals the product of the resistance and capacitance, 
namely, 


T= RC. (7.24) 
Substituting Eqs. 7.23 and 7.24 into Eq. 7.22 yields 
v(t) = Vee", t= 0, (7.25) 


which indicates that the natural response of an RC circuit is an exponen- 
tial decay of the initial voltage. The time constant RC governs the rate of 
decay. Figure 7.12 shows the plot of Eq. 7.25 and the graphic interpreta- 
tion of the time constant. 

After determining v(t), we can easily derive the expressions for i, p, 
and w: 


: v(t) — Vo ~ift + 
tf = ———_ = — F = : ‘ 
1 ras r=0 (7.26) 
V2 
p=vi= aa p20: (7.27) 


1 
= nadie —~e@/) +20. (7.28) 


7.2. The Natural Response of an RC Circuit 


< Initial capacitor voltage 


<4 Time constant for RC circuit 


< Natural response of an RC circuit 


v(t) 


v(t) = Vyew" 


v(t) =Vy— Yo, 
T 


0 T 


Figure 7.12 A The natural response of an RC circuit. 
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Calculating the natural response of an RC circuit can be summarized 


as follows: 


Calculating the natural response of an 
RC circuit > 


1. Find the initial voltage, Vo, across the capacitor. 
2. Find the time constant of the circuit, r = RC. 
3. Use Eq. 7.25, v(t) = Vee”, to generate v(t) from Vo and 7. 


All other calculations of interest follow from knowing v(t). 
Examples 7.3 and 7.4 illustrate the numerical calculations associated with 
the natural response of an RC circuit. 


The switch in the circuit shown in Fig. 7.13 has been 
in position x for a long time. At t = 0, the switch 
moves instantancously to position y. Find 


a) uc(t) fort = 0, 

b) v,(t) fort = 0*, 

c) i,(t) for ¢ = 0*, and 

d) the total energy dissipated in the 60 k) resistor. 


Figure 7.13 A The circuit for Example 7.3. 


Solution 


a) Because the switch has been in position x for a 
long time, the 0.5mF capacitor will charge to 
100 V and be positive at the upper terminal. We 
can replace the resistive network connected to 
the capacitor at ¢ = 0° with an equivalent resist- 
ance of 80k). Hence the time constant of the 
circuit is (0.5 X 107°)(80 x 10°) or 40 ms. Then, 


v(t) = 100e" V. t= 0. 


Determining the Natural Response of an RC Circuit 


b) The easiest way to find v,(t) is to note that the 
resistive circuit forms a voltage divider across 
the terminals of the capacitor. Thus 


48 ; 
v(t) = sare! = 60E°%V, £20". 


This expression for v,(t) is valid for t = 0° 
because v,(0) is zero. Thus we have an instanta- 
ncous change in the voltage across the 240 kO 
resistor. 


c) We find the current i,(f) from Ohm’s law: 


v(t) 


x1 of mA 


i(t) = 
d) The power dissipated in the 60 kQ resistor is 
Peoxalt) = i5(t)(60 X 10°) = 60e°" mW, t= 0. 


The total energy dissipated is 


Wook = [ i2(t)(60 X 10°) dt = 1.2 mJ. 
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Determining the Natural Response of an RC Circuit with Series Capacitors 


The initial voltages on capacitors C, and C> in the 
circuit shown in Fig. 7.14 have been established by 
sources not shown. The switch is closed at ¢ = 0. 


a) Find v,(t), v2(t), and v(t) for ¢ = 0 and i(t) for 
r=0. 

b) Calculate the initial energy stored in the capaci- 
tors C; and C). 


c) Determine how much energy is stored in the 
capacitors as t > ©o. 


d) Show that the total energy delivered to the 
250k resistor is the difference between the 
results obtained in (b) and (c). 


Solution 


a) Once we know v(f), we can obtain the current i(¢) 
from Ohm’s law. After determining i(f), we can 
calculate v,(t) and v2(t) because the voltage across 
a capacitor is a function of the capacitor current. 
To find v(t), we replace the series-connected 
capacitors with an equivalent capacitor. It has a 
capacitance of 4 F and is charged to a voltage of 
20 V. Therefore, the circuit shown in Fig. 7.14 
reduces to the one shown in Fig. 7.15, which 
reveals that the initial value of v(t) is 20 V, and that 
the time constant of the circuit is (4)(250) x 1077, 
or | s. Thus the expression for v(t) is 


u(t) = 20eTV, £20. 
The current i(f) is 
v(t) 
t = 
() = 550,000 


Knowing i(t), we calculate the expressions for 
v,(t) and v2(Z): 


= 80e'pA, 120°. 


10° 7° 
OSA | 80x 10 %e*dx — 4 
+ QO 


II 


I 


(l6e‘-—20)V, +20, 

6 rt 
20. Sp 
(4e%+ 20)V, + =0. 


v(t) = 80 x 10°Se*dx + 24 


II 


b) The initial energy stored in C, is 
1 
wy = 5(5 X 10°)(16) = 40 wJ. 
The initial energy stored in C3 is 


1 
W2 = 3 (20 x 10-°)(576) = 5760 pJ. 


C, (SaF) vi (s) 


Figure 7.15 A A simplification of the circuit shown in Fig. 7.14. 


The total energy stored in the two capacitors is 
Ww, = 40 + 5760 = 5800 pJ. 


c) Ast o, 
v,; 2-20 V and vz—>+20V. 
Therefore the energy stored in the two capaci- 
tors is 


1 
Woo = 30 + 20) x 10°°(400) = 5000 wJ. 


d) The total energy delivered to the 250 k{ resistor is 


a * 400272 
= it = it = 800 wJ. 
es | es i 250.000 ° ee 


Comparing the results obtained in (b) and (c) 
shows that 


800 pJ = (5800 — 5000) wJ. 


The energy stored in the equivalent capacitor in 
Fig. 7.15 is (4 X 107*)(400). or 800 uJ. Because 
this capacitor predicts the terminal behavior of 
the original series-connected capacitors, the 
energy stored in the equivalent capacitor is the 
energy delivered to the 250 k©) resistor. 
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/ ASSESSMENT PROBLEMS 


Objective 1—Be able to determine the natural response of both RL and RC circuits 


7.3 


The switch in the circuit shown has been closed 
for a long time and is opened at t = 0. Find 

a) the initial value of u(r), 

b) the time constant for ¢ > 0, 


c) the numerical expression for v(t) after the 
switch has been opened, 


d) the initial energy stored in the capacitor, and 


e) the length of time required to dissipate 75% 
of the initially stored energy. 


7.4 


The switch in the circuit shown has been closed 
for a long time before being opened at ¢ = 0. 


a) Find v,(t) fort = 0. 


b) What percentage of the initial energy stored 
in the circuit has been dissipated after the 
switch has been open for 60 ms? 


5 WF 


Answer: (a) 200 V; 
(b) 20 ms; 
(c) 200e° V, t = 0; 
(d) 8 mJ; 
(e) 13.86 ms. 


Answer: (a) 8¢°" + 4e% V, ¢ = 0; 
(b) 81.05%. 


NOTE: Also try Chapter Problems 7.23 and 7.26. 


Figure 7.16 A A circuit used to illustrate the step 
response of a first-order RL circuit. 


7.3 The Step Response of RL 
and RC Circuits 


We are now ready to discuss the problem of finding the currents and volt- 
ages generated in first-order RL or RC circuits when either dc voltage or 
current sources are suddenly applied. The response of a circuit to the sud- 
den application of a constant voltage or current source is referred to as the 
step response of the circuit. In presenting the step response, we show how 
the circuit responds when energy is being stored in the inductor or capac- 
itor. We begin with the step response of an RL circuit. 


The Step Response of an RL Circuit 


To begin, we modify the first-order circuit shown in Fig. 7.2(a) by adding a 
switch. We use the resulting circuit, shown in Fig. 7.16, in developing the 
step response of an RL circuit. Energy stored in the inductor at the time 
the switch is closed is given in terms of a nonzero initial current i(0). The 
task is to find the expressions for the current in the circuit and for the volt- 
age across the inductor after the switch has been closed. The procedure is 
the same as that used in Section 7.1; we use circuit analysis to derive the 


differential equation that describes the circuit in terms of the variable of 
interest, and then we use elementary calculus to solve the equation. 

After the switch in Fig. 7.16 has been closed, Kirchhoff’s voltage law 
requires that 


V,= Ri+ L—, (7.29) 


which can be solved for the current by separating the variables i and ¢ and 
then integrating. The first step in this approach is to solve Eq. 7.29 for the 
derivative di/dt: 


Ls ae “) 7.30 
dt L ca 61,20) 


Next, we multiply both sides of Eq. 7.30 by a differential time dt. This step 
reduces the left-hand side of the equation to a differential change in the 


current. Thus 
- V. 
a = A; - vs) dt, (7.31) 


or 


We now separate the variables in Eq. 7.31 to get 
di =K 

eS a. 7.32 

i= (VR) aa 


and then integrate both sides of Eq. 7.32. Using x and y as variables for the 
integration, we obtain 


f is ff ly (7.33) 
————_ = —] ay, ; 
,) oe, (V,/R) L Jo 


where /, is the current at ¢f = 0 and i(f) is the current at any ¢ > 0. 
Performing the integration called for in Eq. 7.33 generates the expression 


i(t) — (V/R) _ -R 


n = t, 7.34 
Ip (VR) L von 
from which 
(OVER) eo (RIL. 
Ty — (V4/R) 
or 
V V, 
i(t) = ae + (1 Pop Jer (7.35) 


When the initial energy in the inductor is zero, /y is zero. Thus Eq. 7.35 

reduces to 
ve OV; 

i(t) = = — Se (REV, 7.36 

=3-5 (7.36) 

Equation 7.36 indicates that after the switch has been closed, the cur- 

rent increases exponentially from zero to a final value of V,/R. The time 

constant of the circuit, L/R, determines the rate of increase. One time 
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< Step response of RL circuit 
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i(t) 


al 


v, 


0.632 R 


0 t 2t 3T 4t 


Figure 7.17 A The step response of the RL circuit 
shown in Fig. 7.16 when [y = 0. 


Figure 7.18 A Inductor voltage versus time. 


St 


constant after the switch has been closed, the current will have reached 
approximately 63% of its final value, or 


V V 
(7) = — — e! = 0.6321—. ; 
i(r) R e 0.6321 R (7.37) 


If the current were to continue to increase at its initial rate, it would reach 
its final value at ¢ = 7; that is, because 


. —V == 
di = (lew = eth, (7.38) 


dt R\T 


the initial rate at which i(t) increases is 


di V, 
FA, ae a (7.39) 


If the current were to continue to increase at this rate, the expression for i 
would be 


t, (7.40) 
from which, at ¢ = 7, 

Lege 7.44 
RR (7.41) 


Equations 7.36 and 7.40 are plotted in Fig. 7.17. The values given by 
Egs. 7.37 and 7.41 are also shown in this figure. 
The voltage across an inductor is Ldi/dt, so from Eq. 7.35, for t = 0", 


—R V, 
v= (=2)(1 = Xt) erty = (V, _- [yRye RE, (7.42) 


The voltage across the inductor is zero before the switch is closed. 
Equation 7.42 indicates that the inductor voltage jumps to V, — /R at 
the instant the switch is closed and then decays exponentially to zero. 

Does the value of v at t = 0* make sense? Because the initial current 
is Jy and the inductor prevents an instantaneous change in current, the 
current is /y in the instant after the switch has been closed. The voltage 
drop across the resistor is /)R, and the voltage impressed across the induc- 
tor is the source voltage minus the voltage drop, that is, V, — oR. 

When the initial inductor current is zero, Eq. 7.42 simplifies to 


v = V, 6 REN, (7.43) 


If the initial current is zero, the voltage across the inductor jumps to V;. We 
also expect the inductor voltage to approach zero as ¢ increases, because the 
current in the circuit is approaching the constant value of V,/R. Figure 7.18 
shows the plot of Eq. 7.43 and the relationship between the time constant 
and the initial rate at which the inductor voltage is decreasing. 
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If there is an initial current in the inductor, Eq. 7.35 gives the solution 
for it. The algebraic sign of J, is positive if the initial current is in the same 
direction as i; otherwise, J) carries a negative sign. Example 7.5 illustrates 
the application of Eq. 7.35 to a specific circuit. 


Determining the Step Response of an RL Circuit 


The switch in the circuit shown in Fig. 7.19 has been 
in position a for a long time. At ¢ = 0, the switch 
moves from position a to position b. The switch is a 
make-before-break type; that is, the connection at 
position b is established before the connection at 
position a is broken, so there is no interruption of 
current through the inductor. 


a) Find the expression for i(t) for t = 0. 


b) What is the initial voltage across the inductor just 
after the switch has been moved to position b? 


c) How many milliseconds after the switch has been 
moved does the inductor voltage equal 24 V? 


d) Does this initial voltage make sense in terms of 
circuit behavior? 


e) Plot both i(t) and u(t) versus ¢. 


——24V abs 10.Q sa({) 


Figure 7.19 A The circuit for Example 7.5. 


Solution 


a) The switch has been in position a for a long time, 
so the 200 mH inductor is a short circuit across 
the 8 A current source. Therefore, the inductor 
carries an initial current of 8 A. This current is 
oriented opposite to the reference direction for i; 
thus Jy is -8 A. When the switch is in position b, 
the final value of i will be 24/2, or 12 A. The time 
constant of the circuit is 200/2, or 100 ms. 
Substituting these values into Eq. 7.35 gives 


I24(=8:= 12)e™ 


~, 


12 -— 20e'!" A, t= 0. 


b) The voltage across the inductor is 
di 
= | — 
dt 
= (.2(200e!") 
= 40e "Vv, += 0". 
The initial inductor voltage is 


v(0") = 40V. 


c) Yes; in the instant after the switch has been 
moved to position b, the inductor sustains a cur- 
rent of 8 A counterclockwise around the newly 
formed closed path. This current causes a 16 V 
drop across the 2 2) resistor. This voltage drop 
adds to the drop across the source, producing a 
40 V drop across the inductor. 


d) We find the time at which the inductor voltage 
equals 24 V by solving the expression 


24 = 40071 
for ¢: 


51.08 x 10° 
= 51.08 ms. 


It 


e) Figure 7.20 shows the graphs of i(¢) and v(t) versus 
t. Note that the instant of time when the current 
equals zero corresponds to the instant of time 
when the inductor voltage equals the source volt- 
age of 24 V, as predicted by Kirchhoff’s voltage law. 


v(V)i(A) 


t (ms) 


100) 200) =©300) =©400 = 500 


-§ 


Figure 7.20 A The current and voltage waveforms for 
Example 7.5. 
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/ ASSESSMENT PROBLEM 


Objective 2—Be able to determine the step response of both RL and RC circuits 


7.5 Assume that the switch in the circuit shown in Answer: (a) 12 A; 
Fig. 7.19 has been in position b for a long time, (b) —200 V; 
and at ¢ = 0 it moves to position a. Find (c) 20 ms; 
(a) i(0*); (b) v(0*); (c) 7, t > 0; (d) i(t), ¢ = 0; (d) -8 + 20e%" A, t = 0; 


and (e) v(t), t = 0°. 


(e) —200e>" V, t = OF. 


NOTE: Also try Chapter Problems 7.35-7.37. 


We can also describe the voltage v(t) across the inductor in Fig. 7.16 
directly, not just in terms of the circuit current. We begin by noting that the 
voltage across the resistor is the difference between the source voltage 
and the inductor voltage. We write 


i(t) = = —- — (7.44) 
where V, is a constant. Differentiating both sides with respect to time yields 
— = -——, (7.45) 


Then, if we multiply each side of Eq. 7.45 by the inductance L, we get an 
expression for the voltage across the inductor on the left-hand side, or 


y= - = (7.46) 


ar ene: (7.47) 
t 


You should verify (in Problem 7.38) that the solution to Eq. 7.47 is identi- 
cal to that given in Eq. 7.42. 

At this point, a general observation about the step response of an 
RL circuit is pertinent. (This observation will prove helpful later.) When 
we derived the differential equation for the inductor current, we obtained 
Eq. 7.29. We now rewrite Eq. 7.29 as 


—+4+—j=—, (7.48) 


Observe that Eqs. 7.47 and 7.48 have the same form. Specifically, each 
equates the sum of the first derivative of the variable and a constant times 
the variable to a constant value. In Eq. 7.47, the constant on the right-hand 
side happens to be zero; hence this equation takes on the same form as the 
natural response equations in Section 7.1. In both Eq. 7.47 and Eq. 7.48, 
the constant multiplying the dependent variable is the reciprocal of the 
time constant, that is, R/L = 1/7. We encounter a similar situation in the 
derivations for the step response of an RC circuit. In Section 7.4, we will 
use these observations to develop a general approach to finding the natu- 
ral and step responses of RL and RC circuits. 


The Step Response of an RC Circuit 


We can find the step response of a first-order RC circuit by analyzing the 
circuit shown in Fig. 7.21. For mathematical convenience, we choose the 
Norton equivalent of the network connected to the equivalent capacitor. 
Summing the currents away from the top node in Fig. 7.21 generates the 
differential equation 


dic 
eed a 7.49 


Division of Eq. 7.49 by C gives 


dUc UC I, 
dt a RC C (7.50) 
Comparing Eq. 7.50 with Eq. 7.48 reveals that the form of the solution for 
Uc is the same as that for the current in the inductive circuit, namely, 
Eq. 7.35. Therefore, by simply substituting the appropriate variables and 
coefficients, we can write the solution for vc directly. The translation 
requires that 7, replace V,, C replace L, 1/R replace R, and Vg replace J). 
We get 


vc = 1,R + (Vo — 1,R)e"*", t = 0. (7.51) 


A similar derivation for the current in the capacitor yields the differential 
equation 


di, Ling 98 
dt RO” 


Equation 7.52 has the same form as Eq. 7.47, hence the solution for 7 is 
obtained by using the same translations used for the solution of 
Eg. 7.50. Thus 


Y 
i= (1, — ewe, t= 0*" (7.53) 


where Vj Is the initial value of uc, the voltage across the capacitor. 

We obtained Eqs. 7.51 and 7.53 by using a mathematical analogy to 
the solution for the step response of the inductive circuit. Let’s see 
whether these solutions for the RC circuit make sense in terms of 
known circuit behavior. From Eq. 7.51, note that the initial voltage 
across the capacitor is VW), the final voltage across the capacitor is /,R, 
and the time constant of the circuit is RC. Also note that the solution 
for vc is valid for ¢ = 0. These observations are consistent with the 
behavior of a capacitor in parallel with a resistor when driven by a con- 
Stant current source. 

Equation 7.53 predicts that the current in the capacitor at t = 0° is 
I, — Y/R. This prediction makes sense because the capacitor voltage can- 
not change instantaneously, and therefore the initial current in the resistor 
is V/R. The capacitor branch current changes instantaneously from zero 
att = 0 to 7, — V/R at t = 0°. The capacitor current is zero at t = ©. 
Also note that the final value of v = J,R. 

Example 7.6 illustrates how to use Eqs. 7.51 and 7.53 to find the step 
response of a first-order RC circuit. 


7.3. The Step Response of RL and RC Circuits 


Figure 7.21 A A circuit used to illustrate the step 
response of a first-order RC circuit. 


<q Step response of an RC circuit 
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Sctul(Cwaem Determining the Step Response of an RC Circuit 


The switch in the circuit shown in Fig. 7.22 has been The value of the Norton current source is the 
in position 1 for a long time. At t = 0, the switch ratio of the open-circuit voltage to the Thévenin 
moves to position 2. Find resistance, or —60/(40 x 10°) = —1.5mA. The 

resulting Norton equivalent circuit is shown in 
a) v,(t) for t = O and Fig. 7.23. From Fig. 7.23, /,R = —60V and 
b) i,(t) fort = 0°. RC =10ms. We have already noted that 


v,(0) = 30 V, so the solution for v, is 


-60 + [30 — (—60)]Je"1™ 


~ 
I 


= -60 + 900 1 V, 6 = 0. 


b) We write the solution for i, directly from 
Eq. 7.53 by noting that 7, = —15mA and 
Figure 7.22 A The circuit for Example 7.6. V,/R = (30/40) x 10-*, or 0.75 mA: 


i, = —2.25¢'" mA, t= 0°. 


We check the consistency of the solutions for v, 


Solution and i, by noting that 


a) The switch has been in position 1 for a long time, 
so the initial value of v, is 40(60/80), or 30 V. To 
take advantage of Eqs. 7.51 and 7.53, we find the i cite = (0.25 x 10°)(—9000e"!"") 
Norton equivalent with respect to the terminals : dt 
of the capacitor fort = 0. To do this, we begin by 
computing the open-circuit voltage, which is 
given by the —75 V source divided across the 
40 kQ and 160 k2 resistors: 


= —2.25e 1 mA. 


Because dv,(0)/dt = 0, the expression for é, 
clearly is valid only fort = 0°. 
160 x 10° 


= —————_. (-75) = -60V. 
“(40 + 160) x 10° | ) 


Next, we calculate the Thévenin resistance, as 


seen to the right of the capacitor, by shorting the + 
—75 V source and making series and parallel 30 V=R0.25 pF 40 KO & 15mA 
combinations of the resistors: 


Figure 7.23 A The equivalent circuit for ¢ > 0 for the circuit 


7.4 A General Solution for Step and Natural Responses 


v/ ASSESSMENT PROBLEM 
Objective 2—Be able to determine the step response of both RL and RC circuits 


7.6 a) Find the expression for the voltage across b) Specify the interval of time for which the 
the 160 k€ resistor in the circuit shown in expression obtained in (a) is valid. 
Fig. 7.22. Let this voltage be denoted vy, and 
assume that the reference polarity for the 
voltage is positive at the upper terminal of Answer: (a) —60 + 72e°'"'V; 
the 160 kf resistor. (b)t 20. 


NOTE: Also try Chapter Problems 7.51 and 7.53. 


7.4 A General Solution for Step 
and Natural Responses 


The general approach to finding either the natural response or the step + 
response of the first-order RL and RC circuits shown in Fig. 7.24 is based oe 

on their differential equations having the same form (compare Eq. 7.48 

and Eq. 7.50). To generalize the solution of these four possible circuits, we 7 
let x(t) represent the unknown quantity, giving x(t) four possible values. It (a) 

can represent the current or voltage at the terminals of an inductor or the 
current or voltage at the terminals of a capacitor. From Eqs. 7.47, 7.48, 
7.50, and 7.52, we know that the differential equation describing any one 
of the four circuits in Fig. 7.24 takes the form 


dx x 
—+—=K, 7.54 
dt cs ( ) 


where the value of the constant K can be zero. Because the sources in the 
circuit are constant voltages and/or currents, the final value of x will be 
constant; that is, the final value must satisfy Eq. 7.54, and, when x reaches 
its final value, the derivative dx/dt must be zero. Hence 


vfp= Kr, (7.55) Ve 
Rim 


where x, represents the final value of the variable. 
We solve Eq. 7.54 by separating the variables, beginning by solving for (d) 


the first derivative: Figure 7.24 A Four possible first-order circuits. 


(a) An inductor connected to a Thévenin equivalent. 
(b) An inductor connected to a Norton equivalent. 
dx a! =(«— Kr) oe => xf) (7.56 (c) A capacitor connected to a Thévenin equivalent. 
dt T t T : 298) (d) A capacitor connected to a Norton equivalent. 
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General solution for natural and step 
responses of RL and RC circuits > 


Calculating the natural or step response of 
RL or RC circuits > 


In writing Eq. 7.56, we used Eq. 7.55 to substitute x for Kr. We now mul- 
tiply both sides of Eq. 7.56 by dt and divide by x — xy to obtain 


= —dt. (7.57) 


Next, we integrate Eq. 7.57. To obtain as general a solution as possible, we 
use time fy as the lower limit and ¢ as the upper limit. Time ¢) corresponds 
to the time of the switching or other change. Previously we assumed that 
fo = 0, but this change allows the switching to take place at any time. 
Using u and v as symbols of integration, we get 


Ody ie 
= ——] dv. (7.58) 
x(ty) He — XF us ty 


Carrying out the integration called for in Eq. 7.58 gives 


x(t) = xp + [x(to) — xp Je", (7.59) 


The importance of Eq. 7.59 becomes apparent if we write it out in words: 


the unknown the final 
variable as a = value of the 
function of time variable 
the initial the final 

+| value of the — value of the | X e—H (ime ofsuilchinall (7.60) 
variable variable 


In many cases, the time of switching — that is, tg—is zero. 
When computing the step and natural responses of circuits, it may 
help to follow these steps: 


1. Identify the variable of interest for the circuit. For RC circuits, it 1s 
most convenient to choose the capacitive voltage; for RL circuits, 
it is best to choose the inductive current. 

2. Determine the initial value of the variable, which is its value at fp. 
Note that if you choose capacitive voltage or inductive current as 
your variable of interest, it is not necessary to distinguish between 
t = tf andt = £9. This is because they both are continuous vari- 
ables. If you choose another variable, you need to remember that 
its initial value is defined at ¢ = f. 

3. Calculate the final value of the variable, which is its value as t > ©0. 

4. Calculate the time constant for the circuit. 


With these quantities, you can use Eq. 7.60 to produce an equation 
describing the variable of interest as a function of time. You can then find 
equations for other circuit variables using the circuit analysis techniques 
introduced in Chapters 3 and 4 or by repeating the preceding steps for the 
other variables. 

Examples 7.7-7.9 illustrate how to use Eq. 7.60 to find the step 
response of an RC or RL circuit. 


2 The expressions fg and fj are analogous to 0° and 0". Thus x(f9) is the limit of x(t) as ¢ > to 
from the left, and x(t) is the limit of x(1) as ¢ > tg from the right. 


The switch in the circuit shown in Fig. 7.25 has been 
in position a for a long time. At t = 0 the switch is 
moved to position b. 


a) What is the initial value of v-? 

b) What is the final value of v,¢-? 

c) What is the time constant of the circuit when the 
switch is in position b? 

d) What is the expression for vc(t) when t = 0? 

e) What is the expression for i(t) when t = 0*? 


f) How long after the switch is in position b does 
the capacitor voltage equal zero? 


g) Plot vc(t) and i(t) versus t. 


Solution 


a) The switch has been in position a for a long time, 
so the capacitor looks like an open circuit. 
Therefore the voltage across the capacitor is the 
voltage across the 60 ( resistor. From the voltage- 
divider rule, the voltage across the 60 12 resistor 
is 40 xX [60/(60 + 20)], or 30 V. As the refer- 
ence for vc is positive at the upper terminal of 
the capacitor, we have vc (0) = —30 V. 


b) After the switch has been in position b for a long 
time, the capacitor will look like an open circuit 
in terms of the 90 V source. Thus the final value 
of the capacitor voltage is + 90 V. 


c) The time constant is 


7 = RC 
= (400 x 10°)(0.5 x 107°) 
= 02s. 


d) Substituting the appropriate values for vs, v(0), 
and ¢ into Eq. 7.60 yields 


vc(t) = 90 + (-30 — 90)e™ 
= 90 —120e"V, 4=0. 


e) Here the value for 7 doesn’t change. Thus we 
need to find only the initial and final values for 
the current in the capacitor. When obtaining the 
initial value, we must get the value of i(0*), 

because the current in the capacitor can change 

instantaneously. This current is equal to the cur- 
rent in the resistor, which from Ohm’s law is 

[90 — (—30)]/(400 x 10*) = 300 A. Note that 

when applying Ohm’s law we recognized that the 
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Using the General Solution Method to Find an RC Circuit's Step Response 


Figure 7.25 A The circuit for Example 7.7. 


capacitor voltage cannot change instantaneously. 
The final value of i(t) = 0, so 


i(t) = 0 + (300 — O)e* 
= 300e "pA, ¢ = 0°. 


We could have obtained this solution by dif- 
ferentiating the solution in (d) and multiplying by 
the capacitance. You may want to do so for your- 
self. Note that this alternative approach to finding 
i(t) also predicts the discontinuity at t = 0. 


f 


— 


To find how long the switch must be in position b 
before the capacitor voltage becomes zero, we 
solve the equation derived in (d) for the time 
when v(t) = 0: 


120e* = 90 or e% = — 


r= iin(2) 
5 KS 


= 57.54 ms. 


SO 


Note that when wc = 0, i = 225 mA and the 
voltage drop across the 400 kQ resistor is 90 V. 


g) Figure 7.26 shows the graphs of u(t) and i(t) 
versus f. 


i(MA) Uc (V) 


300 120 

250 100 A 
200 
150 
100 
50 


Figure 7.26 A The current and voltage waveforms for 
Example 7.7. 
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Seti (wacm Using the General Solution Method with Zero Initial Conditions 


The switch in the circuit shown in Fig. 7.27 has been 
open for a long time. The initial charge on the 
capacitor is zero. At ¢ = 0, the switch is closed. Find 
the expression for 


a) i(t) fort = 0* and 
b) v(t) when t = 0°. 


Figure 7.27 A The circuit for Example 7.8. 


Solution 


a) Because the initial voltage on the capacitor is 


zero, at the instant when the switch is closed the 
current in the 30 kQ branch will be 


(7.5)(20) 
50 
= 3mA. 


i(0*) = 


The final value of the capacitor current will be 
zero because the capacitor eventually will 
appear as an open circuit in terms of dc current. 
Thus iy = 0. The time constant of the circuit will 
equal the product of the Thévenin resistance (as 
seen from the capacitor) and the capacitance. 


The switch in the circuit shown in Fig. 7.28 has been 
open for a long time. At ¢ = 0 the switch is closed. 
Find the expression for 


a) v(t) when t = 07 and 
b) i(t) when t = 0. 


Figure 7.28 A The circuit for Example 7.9. 


Therefore 7 = (20 + 30)10°(0.1) x 10°° = Sms. 
Substituting these values into Eq. 7.60 generates 
the expression 


i(t) =(Q)+ (3 _ O)e x10" 
= 36° mA, ¢ = 0". 


b) To find v(t), we note from the circuit that it 


equals the sum of the voltage across the capaci- 
tor and the voltage across the 30k? resistor. To 
find the capacitor voltage (which is a drop in the 
direction of the current), we note that its initial 
value is zero and its final value is (7.5)(20), or 
150 V. The time constant is the same as before, or 
5 ms. Therefore we use Eq. 7.60 to write 


150 + (0 — 150)e"*™ 
= (150 — 150e° 7") V, ¢ = 0. 


Uc(t) 


Hence the expression for the voltage v(t) is 


v(t) = 150 — 150e°7™ + (30)(3)e77™ 
= (150 — 6067) Vv, += 0. 


As one check on this expression, note that it pre- 
dicts the initial value of the voltage across the 
20 Q resistor as 150 — 60, or 90 V. The instant 
the switch is closed, the current in the 20k 
resistor is (7.5)(30/50), or 4.5 mA. This current 
produces a 90 V drop across the 20 k© resistor, 
confirming the value predicted by the solution. 


SetuliCweme Using the General Solution Method to Find an RL Circuit’s Step Response 


Solution 


a) The switch has been open for a long time, so the 


initial current in the inductor is 5 A, oriented 
from top to bottom. Immediately after the switch 
closes, the current still is 5 A, and therefore the 
initial voltage across the inductor becomes 
20 — 5(1), or 15 V. The final value of the induc- 
tor voltage is 0 V. With the switch closed, the time 
constant is 80/1, or 80 ms. We use Eq. 7.60 to 
write the expression for u(t): 


v(t) = 0 + (15 — O)e/Ox10" 
=15e "Vv, += 0°. 


b) We have already noted that the initial value of 


the inductor current is 5 A. After the switch has 


been closed for a long time, the inductor current 
reaches 20/1, or 20 A. The circuit time constant is 
80 ms, so the expression for /(f) is 


i(t) = 20 + (5 — 20)e?* 
= (20 — I5e PVA, £ = 0. 


7.4 A General Solution for Step and Natural Responses 235 


We determine that the solutions for v(t) and i(t) 
agree by noting that 


v(t) = Lo 


80 x 107[15(12.5)e7!?] 
= 15¢""% Vv, 420. 


NOTE: Assess your understanding of the general solution method by trying Chapter Problems 7.55 and 7.56. 


Example 7.10 shows that Eq. 7.60 can even be used to find the step 


response of some circuits containing magnetically coupled coils. 


There is no energy stored in the circuit in Fig. 7.29 
at the time the switch is closed. 


a) Find the solutions for i.,,, v,, i), and i. 


b) Show that the solutions obtained in (a) make 
sense in terms of known circuit behavior. 


Solution 


a) For the circuit in Fig. 7.29, the magnetically cou- 
pled coils can be replaced by a single inductor 
having an inductance of 

Li\L,—- M* _ 45 - 36 

beg L,+Ll,-2M 18-12 aie 
(See Problem 6.41.) It follows that the circuit in 
Fig. 7.29 can be simplified as shown in Fig. 7.30. 

By hypothesis the initial value of i,, is zero. 
From Fig. 7.30 we see that the final value of i, 
will be 120/7.5 or 16 A. The time constant of the 
circuit is 1.5/7.5 or 0.2 s. It follows directly from 
Eq. 7.60 that 


i, = 16— 1l6e~%A, t=O. 


The voltage v, follows from Kirchhoff’s 
voltage law. Thus, 


v, = 120 — 7.5i, 
1200e"% V, ¢ = 0%. 


To find i; and i, we first note from 
Fig. 7.29 that 


gE? aig ans 


a dt dt dt 
or 
dt dt - 


Selita kem Determining Step Response of a Circuit with Magnetically Coupled Coils 


Figure 7.29 A The circuit for Example 7.10. 


750 i, 


120V 


Figure 7.30 A The circuit in Fig. 7.29 with the magnetically 
coupled coils replaced by an equivalent coil. 


It also follows from Fig. 7.29 that because 
i. = hy + ly, 


=—+—, 

dt dt dt 
Therefore 

ane = 22. 

dt 


Because />(0) is zero we have 


t 
in = [seas 
0 


=-8§+8 A, £20. 
Using Kirchhoff’s current law we get 
i) = 24-24e°A, ¢ 20. 


b) First we observe that i,,(0), 7,(0), and i,(0) are all 
zero, which is consistent with the statement that 
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no energy is stored in the circuit at the instant 
the switch is closed. 

Next we observe v,(0*) = 120 V, which is 
consistent with the fact that i,(0) = 0. 

Now we observe the solutions for i, and 
iy are consistent with the solution for v, by 
observing 


360e — 240e™ 
1200e%V, += 0*,/ 


Or 


= 720e* — 600e~* 
=120e"V, +120. 


The final values of i; and iz can be checked 
using flux linkages. The flux linking the 3 H coil 
(A,) must be equal to the flux linking the 15 H 
coil (Az), because 


Oo dt 
_ ah, 
dt 
Now 
A; = 3i, + 6i> Wb-turns 
and 


Az = 61, + 15i, Whb-turns. 


Regardless of which expression we use, we 
obtain 


Ay = Ay = 24 — 24e-% Wh-turns. 


Note the solution for A; or A» is consistent with 
the solution for v,. 

The final value of the flux linking either 
coil 1 or coil 2 is 24 Wb-turns, that is, 


Ay(CO) = A,(C©) = 24 Wh-turns. 
The final value of ; is 
i(%) =24A 
and the final value of i is 
i(co) = -8 A. 


The consistency between these final values 
for i, and i, and the final value of the flux link- 
age can be seen from the expressions: 


Aj(00) = 34(00) + 6i2(00) 
= 3(24) + 6(—8) = 24 Wb-turns, 
A2(C0) = 64,(00) + 15%2(00) 
= 6(24) + 15(—8) = 24 Wb-turns. 
It is worth noting that the final values of i, 
and iz can only be checked via flux linkage 
because at f = oo the two coils are ideal short 


circuits. The division of current between ideal 
short circuits cannot be found from Ohm’s law. 


NOTE: Assess your understanding of this material by using the general solution method to solve Chapter 
Problems 7.68 and 7.69. 


7.5 Sequential Switching 


Whenever switching occurs more than once in a circuit, we have sequential 
switching. For example, a single, two-position switch may be switched back 
and forth, or multiple switches may be opened or closed in sequence. The 
time reference for all switchings cannot be t = 0. We determine the volt- 
ages and currents generated by a switching sequence by using the tech- 
niques described previously in this chapter. We derive the expressions for 
v(t) and i(t) for a given position of the switch or switches and then use 
these solutions to determine the initial conditions for the next position of 
the switch or switches. 

With sequential switching problems, a premium is placed on obtaining 
the initial value x(to). Recall that anything but inductive currents and 
capacitive voltages can change instantaneously at the time of switching. 
Thus solving first for inductive currents and capacitive voltages is even 
more pertinent in sequential switching problems. Drawing the circuit that 
pertains to each time interval in such a problem is often helpful in the 
solution process. 
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Examples 7.11 and 7.12 illustrate the analysis techniques for circuits 
with sequential switching. The first is a natural response problem with two 


switching times, and the second is a step response problem. 


The two switches in the circuit shown in Fig. 7.31 
have been closed for a long time. At ¢ = 0, switch 1 
is opened. Then, 35 ms later, switch 2 is opened. 

a) Find i, (t) forO = ¢t = 35 ms. 

b) Find i; for ¢ = 35 ms. 


c) What percentage of the initial energy stored in 
the 150 mH inductor is dissipated in the 18 0 
resistor? 


d) Repeat (c) for the 3 © resistor. 
e) Repeat (c) for the 6 () resistor. 


Figure 7.31 A The circuit for Example 7,11. 


Solution 


a) For ¢ < 0 both switches are closed, causing the 
150 mH inductor to short-circuit the 18 2 resis- 
tor. The equivalent circuit is shown in Fig. 7.32. We 
determine the initial current in the inductor by 
solving for i,(0") in the circuit shown in Fig. 7.32. 
After making several source transformations, we 
find i, (0) to be 6A. For 0 = ¢t = 35 ms, switch | 
is open (switch 2 is closed), which disconnects the 
60 V voltage source and the 4 and 12 C2 resis- 
tors from the circuit. The inductor is no longer 
behaving as a short circuit (because the dc source 
is no longer in the circuit), so the 18 resistor is 
no longer short-circuited. The equivalent circuit is 
shown in Fig. 7.33. Note that the equivalent resist- 
ance across the terminals of the inductor is the 
parallel combination of 90 and 18, or 6. 
The time constant of the circuit is (150/6) X 1077, 
or 25 ms. Therefore the expression for i; is 


i; = 60 A, OSt S 35ms. 


Analyzing an RL Circuit that has Sequential Switching 


30, 


4Q 


Figure 7.32 A The circuit shown in Fig. 7.31, for ¢ < 0. 


_f~- 


Figure 7.33 A The circuit shown in Fig. 7.31, for0 = ¢ =35 ms. 
b) When ¢ = 35ms, the value of the inductor 
current is 
i, = 6e'4 = 148A. 
Thus, when switch 2 is opened, the circuit 
reduces to the one shown in Fig. 7.34, and the 
time constant changes to (150/9) x 1077, or 
16.67 ms. The expression for i; becomes 


i, = 14876-0035) At > 35 ms. 


Note that the exponential function is shifted in 
time by 35 ms. 


60 ’,3150 mH 
|i (0.035) = 148A 


Figure 7.34 A The circuit shown in Fig. 7.31, fort = 35 ms. 


c) The 18 {Q resistor is in the circuit only during the 
first 35 ms of the switching sequence. During this 
interval, the voltage across the resistor is 


d 
v1, = 0.15 -(6e™) 


= -36e°" VV. O<t < 35ms. 
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The power dissipated in the 18 () resistor is 


vz, 801 
P= Gag Tze WwW, O<1t < 35ms. 


Hence the energy dissipated is 


0.035 
w= [ 720° dt 
0 


0.035 
72 cas 
& eo fut 


~ =80 


0 
= (.9(1 — e 4) 
= 845.27 mJ. 


The initial energy stored in the 150 mH inductor is 
l 
Ww; = 5(0.15)(36) = 2.7 J = 2700 mJ. 


Therefore (845.27/2700) x 100, or 31.31% of 
the initial energy stored in the 150 mH inductor 
is dissipated in the 18 () resistor. 


d) For 0 < ¢ < 35 ms, the voltage across the 3 


resistor is 
v, 
— |(3 
( \ 


i 
3 L 


030 


=12e°" *V. 


Therefore the energy dissipated in the 3 2 resis- 
tor in the first 35 ms ts 


().035 -8 
1 4de-*™ 
139 = 3 dt 
0) 7 


= 0.6(1 — en) 
= 563.51 mJ. 
For t > 35 ms, the current in the 3 (D resistor is 


—60(1- 0.035) A 


ig = ip = (6e7'“e 


Hence the energy dissipated in the 3 (2) resistor for 
t > 35 ms is 


ee 
2 
Wag = i £3) X 3dt 
J (0.035 


™ 
-| 3(36)e 28 ¢7 120-0035) yy 
J0.035 


—120(1—0.035) | 90 


= 108e28 x {____. 
—120 0.035 


_ 108 


p28 = 
130° 54.73 mJ. 


The total energy dissipated in the 3 (CQ resistor is 


563.51 + 54.73 


W3,)(total) 


ll 


618.24 mJ. 
The percentage of the initial energy stored fs 


618.24 


= X 100 = 22.90%. 
5700 10 22.90% 


e) Because the 6 CQ. resistor is in series with the 3 Q 
resistor, the energy dissipated and the percent- 
age of the initial energy stored will be twice that 
of the 3 2 resistor: 


Weo(total) = 1236.48 mJ, 
and the percentage of the initial energy stored is 
45.80%. We check these calculations by observ- 
ing that 
1236.48 + 618.24 + 845.27 = 2699.99 mJ 
and 


31.31 + 22.90 + 45.80 = 100.01 %. 


The small discrepancies in the summations are 
the result of roundoff errors. 


The uncharged capacitor in the circuit shown in 
Fig. 7.35 is initially switched to terminal a of the 
three-position switch. At t = 0, the switch is moved 
to position b, where it remains for 15 ms. After the 
15 ms delay, the switch is moved to position c, where 
it remains indefinitely. 


a) Derive the numerical expression for the voltage 
across the capacitor. 


b) Plot the capacitor voltage versus time. 


c) When will the voltage on the capacitor equal 
200 V? 


Solution 


a) At the instant the switch is moved to position b, 
the initial voltage on the capacitor is zero. If the 
switch were to remain in position b, the capacitor 
would eventually charge to 400 V. The time con- 
stant of the circuit when the switch is in position b 
is 10 ms. Therefore we can use Eq. 7.59 with 
ty = O to write the expression for the capacitor 
voltage: 


v= 400 + (0 = 400)e1™ 


= (400 — 4007!) V, Ost < 15 ms. 


Note that, because the switch remains in posi- 
tion b for only 15 ms, this expression is valid only 
for the time interval from 0 to 15 ms. After the 
switch has been in this position for 15 ms, the 
voltage on the capacitor will be 


v(15 ms) = 400 — 400e7!* = 310.75 V. 


Therefore, when the switch is moved to position c, 
the initial voltage on the capacitor is 310.75 V. 
With the switch in position c, the final value of 
the capacitor voltage is zero, and the time con- 
stant is 5 ms. Again, we use Eq. 7.59 to write the 
expression for the capacitor voltage: 


yv=O+ (310.75 = Hee) 


= 310.75¢7 2000-91) =v Sms < 10. 
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a 
e 
100 kQ b 


400 V v(t) >= 0.1 pF 


Figure 7.35 A The circuit for Example 7.12. 


In writing the expression for v, we recognized 
that f) = 15 ms and that this expression is valid 
only for ¢ = 15 ms. 


b) Figure 7.36 shows the plot of v versus ¢. 


c) The plot in Fig. 7.36 reveals that the capacitor 
voltage will equal 200 V at two different times: 
once in the interval between 0 and 15 ms and 
once after 15 ms. We find the first time by solving 
the expression 


200 = 400 — 400e7 1, 


which yields ¢; = 6.93 ms. We find the second 
time by solving the expression 


200 = 310,75e ey, 


In this case, t2 = 17.20 ms. 


v(V) 
300 
200 
100 


MUKE  OLOLS) 


eo” 


| 
] 
| 
| 
| 
0 5 10 15 20 25 
Figure 7.36 A The capacitor voltage for Example 7.12. 
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Response of First-Order RL and RC Circuits 


Objective 3—Know how to analyze circuits with sequential switching 


7.7 


In the circuit shown, switch 1 has been closed 7.8 Switch a in the circuit shown has been open for 
and switch 2 has been open for a long time. At a long time, and switch b has been closed for a 
t = 0, switch 1 is opened. Then 10 ms later, long time. Switch a is closed at ¢ = 0 and, after 


switch 2 is closed. Find 


a) v(t) for0 = t = 0.01s, 
b) v,(t) fort = 0.01 s, 


remaining closed for 1 s, is opened again. 
Switch b is opened simultaneously, and both 
switches remain open indefinitely. Determine 
the expression for the inductor current i that is 


c) the total energy dissipated in the 25 kN. valid when (a)0 St = 1sand(b)t = 1s. 


resistor, and 


d) the total energy dissipated in the 100 kN 


resistor. 


t=0 


60 kO. 


Answer: (a) 80e7* V; 


(b) 53.6300 9.00) vy, 
(c) 2.91 mJ; 
(d) 0.29 mJ. 


t= 10ms 


Answer: (a) (3 — 3e°*)A,0 St <1s; 
(b) (-4.8 + 5.98e12-D) A, t = 15. 


NOTE: Also try Chapter Problems 7.71 and 7.78. 


7.6 Unbounded Response 


A circuit response may grow, rather than decay, exponentially with time. 
This type of response, called an unbounded response, is possible if the cir- 
cuit contains dependent sources. In that case, the Thévenin equivalent 
resistance with respect to the terminals of either an inductor or a capacitor 
may be negative. This negative resistance generates a negative time con- 
stant, and the resulting currents and voltages increase without limit. In an 
actual circuit, the response eventually reaches a limiting value when a 
component breaks down or goes into a saturation state, prohibiting fur- 
ther increases in voltage or current. 

When we consider unbounded responses, the concept of a final value 
is confusing. Hence, rather than using the step response solution given in 
Eq. 7.59, we derive the differential equation that describes the circuit con- 
taining the negative resistance and then solve it using the separation of 
variables technique. Example 7.13 presents an exponentially growing 
response in terms of the voltage across a capacitor. 


7.7 The Integrating Amplifier 


Finding the Unbounded Response in an RC Circuit 


a) When the switch is closed in the circuit shown in 
Fig. 7.37, the voltage on the capacitor is 10 V. 
Find the expression for v, for ¢ = 0. 


b) Assume that the capacitor short-circuits when 
its terminal voltage reaches 150 V. How many 
milliseconds elapse before the capacitor short- 
circuits? 


+ oped 
SpE vr, 10kQ 


Figure 7.37 A The circuit for Example 7.13. 


Figure 7.39 AA simplification of the circuit shown in 


; Fig. 7.37. 
Solution "9 


a) To find the Thévenin equivalent resistance with 
respect to the capacitor terminals, we use the test- 
source method described in Chapter 4. Figure 7.38 
shows the resulting circuit, where vy is the test 
voltage and i; is the test current. For vr expressed 
in volts, we obtain 


the circuit shown in Fig. 7.39 is 


dv, ; 
FeO nf Cosine aes Gp 


x 10-6 
(5 10 "ht 5 


Ee is reg yields 
See id (ae) a 
ir = 19 ~ M9) + 39 ™ . 
i j ; ‘ “ i Q A0v. = 0. 
Solving for the ratio v;/i; yields the Thévenin 7 5 
sat We now use the separation of variables technique 
Vy oe 
Ry = — = -5kO to find »,(t): 
ir vo(t) = 100 Vv. 1=0. 


With this Thévenin resistance, we can simplify 


the circuit shown in Fig. 7.37 to the one shown in 
Fig. 7.39. and t = 67.70 ms. 


NOTE: Assess your understanding of this material by trying Chapter Problems 7.85 and 7.87. 


The fact that interconnected circuit elements may lead to ever- 
increasing currents and voltages is important to engineers. If such inter- 
connections are unintended, the resulting circuit may experience 
unexpected, and potentially dangerous, component failures. 


7.7. The Integrating Amplifier 


Recall from the introduction to Chapter 5 that one reason for our interest in 
the operational amplifier is its use as an integrating amplifier. We are now 
ready to analyze an integrating-amplifier circuit, which is shown in Fig. 7.40. 
The purpose of such a circuit is to generate an output voltage proportional 
to the integral of the input voltage. In Fig. 7.40, we added the branch cur- 
rents i and i,, along with the node voltages v,, and v,, to aid our analysis. Figure 7.40 A An integrating amplifier. 


For ¢ = 0, the differential equation describing 


Dividing by the coefficient of the first derivative 


b) v) = 150 V when e™ = 15. Therefore, 40r = In 15, 
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Figure 7.41 A An input voltage signal. 


v,(t) 


Figure 7.42 A The output voltage of an integrating 
amplifier. 


We assume that the operational amplifier is ideal. Thus we take 
advantage of the constraints 


ip + i, = 0, (7.61) 
Vy = Up. (7.62) 
Because v, = 0, 

oe 7.63 

i=, ' 
Ss R, ( ) 
a Gi Wo 7.64 

ip = : : 


Hence, from Eqs. 7.61, 7.63, and 7.64, 


i oe 7.65 
a RO uno?) 


Multiplying both sides of Eq. 7.65 by a differential time dt and then inte- 
grating from fy to ¢ generates the equation 


I at 
v(t) = R ee. Vs dy a Vi(to). (7.66) 
fy 


In Eq. 7.66, fg represents the instant in time when we begin the integration. 
Thus BAO) is the value of the output voltage at that time. Also, because 
Vy, = V, = 0, ¥,(fo) is identical to the initial voltage on the feedback 
okie Cy. 

Equation 7.66 states that the output voltage of an integrating ampli- 
fier equals the initial value of the voltage on the capacitor plus an inverted 
(minus sign), scaled (1/R,C¥) replica of the integral of the input voltage. If 
no energy is stored in the capacitor when integration commences, Eq. 7.66 
reduces to 


t 
v, dy. (7.67) 


by 


| 

Volt 

vl) = Re 
If v, is a step change in a dc voltage level, the output voltage will vary lin- 
early with time. For example, assume that the input voltage is the rectan- 
gular voltage pulse shown in Fig. 7.41. Assume also that the initial value of 
v,(t) is zero at the instant v, steps from 0 to V,,. A direct application of 
Eq. 7.66 yields 


~ 
| 


| 
,= -=— V/V, ft + 0, QOx=t=h. 7.68 
RCp as 


When ¢ lies between f, and 2¢;, 
Vg = = (-V )d 
oO RC; Cp. i Mt a 


Vin 2Vin 
= ty, 
RC RCs 


RG; 


tf; St Ss 2h). (7.69) 


Figure 7.42 shows a sketch of v,(f) versus ¢. Clearly, the output voltage is 
an inverted, scaled replica of the integral of the input voltage. 

The output voltage is proportional to the integral of the input voltage 
only if the op amp operates within its linear range, that is, if it doesn’t sat- 
urate. Examples 7.14 and 7.15 further illustrate the analysis of the inte- 
grating amplifier. 


Analyzing an Integrating Amplifier 


Assume that the numerical values for the signal 
voltage shown in Fig. 7.41 are V,, = 50mV and 
f; = 1s. This signal voltage is applied to the 
integrating-amplifier circuit shown in Fig. 7.40. The 
circuit parameters of the amplifier are R, = 100k, 
Cy, = 0.1 wF, and Vec = 6 V. The initial voltage on 
the capacitor 1s zero. 


a) Calculate v,(¢). 
b) Plot v,(t) versus ¢. 


Solution 
a) ForO <t<15s, 


om 


Vo oa 0 K 107 + 0 
(100 x 10°)(0.1 x 107%) 
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Forl =f <= 2s, 


V, = (St — 10) V. 


b) Figure 7.43 shows a plot of v,(¢) versus ¢. 


Figure 7.43 A The output voltage for Example 7.14. 


Analyzing an Integrating Amplifier that has Sequential Switching 


At the instant the switch makes contact with termi- 
nal a in the circuit shown in Fig. 7.44, the voltage on 
the 0.1 wF capacitor is 5 V. The switch remains at 
terminal a for 9 ms and then moves instantaneously 
to terminal b. How many milliseconds after making 
contact with terminal b does the operational ampli- 
fier saturate? 


Figure 7.44 A The circuit for Example 7.15. 


Solution 


The expression for the output voltage during the 
time the switch is at terminal a is 


1 fi 
5 —- — —-10)d 
mk )dy 
= (-5 + 10001) V. 


il 


Vo 


Thus, 9 ms after the switch makes contact with ter- 
minal] a, the output voltage is —-5 + 9, or 4 V. 

The expression for the output voltage after the 
switch moves to terminal b is 


it f 
Una eae 8d 
10 the ‘ 


= 4 — 800(t — 9 x 107%) 
= (11.2 — 8002) V. 


During this time interval, the voltage is decreas- 
ing, and the operational amplifier eventually satu- 
rates at —6 V. Therefore we set the expression for v,, 
equal to —6 V to obtain the saturation time f,: 

11.2 — 8001, = —6, 
or 


t, = 21.5 ms. 


Thus the integrating amplifier saturates 21.5 ms 
after making contact with terminal b. 
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From the examples, we see that the integrating amplifier can perform 
the integration function very well, but only within specified limits that 
avoid saturating the op amp. The op amp saturates due to the accumula- 
tion of charge on the feedback capacitor. We can prevent it from saturat- 
ing by placing a resistor in parallel with the feedback capacitor. We 
examine such a circuit in Chapter 8. 

Note that we can convert the integrating amplifier to a differentiating 
amplifier by interchanging the input resistance R, and the feedback capac- 
itor Cy. Then 


(7.70) 


We leave the derivation of Eq. 7.70 as an exercise for you. The differentiat- 
ing amplifier is seldom used because in practice it is a source of unwanted 
or noisy signals. 

Finally, we can design both integrating- and differentiating-amplifier 
circuits by using an inductor instead of a capacitor. However, fabricating 
capacitors for integrated-circuit devices is much easier, so inductors are 
rarely used in integrating amplifiers. 


J ASSESSMENT PROBLEMS 


Objective 4—Be able to analyze op amp circuits containing resistors and a single capacitor 


7.9 There is no energy stored in the capacitor at 7.10 a) When the switch closes in the circuit 
the time the switch in the circuit makes contact shown, there is no energy stored in the 
with terminal a. The switch remains at position capacitor. How long does it take to saturate 
a for 32 ms and then moves instantaneously to the op amp? 
position b. How many milliseconds after mak- b) Repeat (a) with an initial voltage on the 
ing contact with terminal a does the op amp capacitor of 1 V, positive at the upper 
saturate? terminal. 

10k0 40 kO 


Answer: (a) 1.11 ms; 
Answer: 262 ms. (b) 1.76 ms. 


NOTE: Also try Chapter Problems 7.95 and 7.96. 


Practical Perspective 
A Flashing Light Circuit 


We are now ready to analyze the flashing light circuit introduced at the 
start of this chapter and shown in Fig. 7.45. The lamp in this circuit 
starts to conduct whenever the lamp voltage reaches a value V,,,,. During 
the time the lamp conducts, it can be modeled as a resistor whose resist- 
ance is R,. The lamp will continue to conduct until the lamp voltage 
drops to the value V,i,. When the lamp is not conducting, it behaves as 
an open circuit. 

Before we develop the analytical expressions that describe the behav- 
ior of the circuit, let us develop a feel for how the circuit works by noting 
the following. First, when the lamp behaves as an open circuit, the dc 
voltage source will charge the capacitor via the resistor R toward a value 
of V, volts. However, once the lamp voltage reaches V,,,,, it starts con- 
ducting and the capacitor will start to discharge toward the Thévenin 
voltage seen from the terminals of the capacitor. But once the capacitor 
voltage reaches the cutoff voltage of the lamp (Vain), the lamp will act as 
an open circuit and the capacitor will start to recharge. This cycle of 
charging and discharging the capacitor is summarized in the sketch shown 
in Fig. 7.46. 

In drawing Fig. 7.46 we have chosen t = 0 at the instant the capacitor 
Starts to charge. The time ¢, represents the instant the lamp starts to con- 
duct, and ¢, is the end of a complete cycle. We should also mention that in 
constructing Fig. 7.46 we have assumed the circuit has reached the repeti- 
tive stage of its operation. Our design of the flashing light circuit requires 
we develop the equation for v;(t) as a function of Vinax, Vinine Vor R, C, and 
R,, for the intervals 0 to ¢, and f, to f,. 

To begin the analysis, we assume that the circuit has been in operation 
for a long time. Let ¢ = O at the instant when the lamp stops conducting. 
Thus, at £ = 0, the lamp is modeled as an open circuit, and the voltage drop 
across the lamp is Vininr aS Shown in Fig. 7.47. 

From the circuit, we find 


v,() = V,, 
vi(0) = Vanins 
7 = RC. 


Thus, when the lamp is not conducting, 
u(t) = V, + (Vinin ~ Vie VRE, 


How long does it take before the lamp is ready to conduct? We can find this 
time by setting the expression for v,(t) equal to V,,,, and solving for ¢. If 
we call this value ¢,, then 


VY, 
t, = RC in—"®— 
Vinax Ys 


When the lamp begins conducting, it can be modeled as a resistance R;, 
as seen in Fig. 7.48. In order to find the expression for the voltage drop 
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Figure 7.45 A A flashing light circuit. 
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Figure 7.46 A Lamp voltage versus time for the 
circuit in Fig. 7.45. 
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Figure 7.47 A The flashing light circuit at ¢ = 0, 
when the lamp is not conducting. 


Figure 7.48 A The flashing light circuit at ¢ = f,, 
when the lamp is conducting. 
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across the capacitor in this circuit, we need to find the Thévenin equivalent 
as seen by the capacitor. We leave to you to show, in Problem 7.106, that 
when the lamp is conducting, 


v(t) = Vin + (Vinax oa Vine Ceo", 


where 
Ry 
V; 
Be RERE 
and 
RR,C 
7 RR, 


We can determine how long the lamp conducts by setting the above expres- 
sion for v(t) to Vain and solving for (ft, — f,), giving 


RRC I Vinax ~ Vth 
ENE man UT 


t—-t)= : 
(fc = fo) R+ Rr, Vinin — Von 


NOTE: Assess your understanding of this Practical Perspective by trying Chapter 
Problems 7.103-7.105. 


summary 


A first-order circuit may be reduced to a Thévenin (or 
Norton) equivalent connected to either a single equiva- 
lent inductor or capacitor. (See page 214.) 


The natural response is the currents and voltages that 
exist when stored energy is released to a circuit that 
contains no independent sources. (See page 212.) 


The time constant of an RL circuit equals the equiva- 
lent inductance divided by the Thévenin resistance as 
viewed from the terminals of the equivalent inductor. 
(See page 216.) 


The time constant of an RC circuit equals the equiva- 
lent capacitance times the Thévenin resistance as 
viewed from the terminals of the equivalent capacitor. 
(See page 221.) 


The step response is the currents and voltages that 
result from abrupt changes in dc sources connected to a 
circuit. Stored energy may or may not be present at the 
time the abrupt changes take place. (See page 224.) 


The solution for either the natural or step response of 
both RL and RC circuits involves finding the initial and 
final value of the current or voltage of interest and the 
time constant of the circuit. Equations 7.59 and 7.60 
summarize this approach. (See page 232.) 


Sequential switching in first-order circuits is analyzed 
by dividing the analysis into time intervals correspon- 
ding to specific switch positions. Initial values for a par- 
ticular interval are determined from the solution 
corresponding to the immediately preceding interval. 
(See page 236.) 


An unbounded response occurs when the Thévenin 
resistance is negative, which is possible when the 
first-order circuit contains dependent sources. (See 
page 240.) 

An integrating amplifier consists of an ideal op amp, a 
capacitor in the negative feedback branch, and a resis- 
tor in series with the signal source. It outputs the inte- 
gral of the signal source, within specified limits that 
avoid saturating the op amp. (See page 241.) 


Problems 


Section 7.1 


7.1 


7.2 


73 


PSPICE 
MULTISIM 


7.4 


PSPICE 
MULTISIM 


In the circuit in Fig. P7.1, the voltage and current 
expressions are 


v=160e'™V, +207: 
i = 6.4e°! A, t= 0. 
Find 
a) R. 
b) 7 (in milliseconds). 
c) L. 


d) the initial energy stored in the inductor. 


e) the time (in milliseconds) it takes to dissipate 
60% of the initial stored energy. 


Figure P7.1 


ase] 


a) Use component values from Appendix H to create 
a first-order RL circuit (see Fig. 7.4) with a time 
constant of 1 ms. Use a single inductor and a net- 
work of resistors, if necessary. Draw your circuit. 


b 


a 


Suppose the inductor you chose in part (a) has 
an initial current of 10 mA. Write an expression 
for the current through the inductor fort = 0. 


c) Using your result from part (b), calculate the 
time at which half of the initial energy stored in 
the inductor has been dissipated by the resistor. 


The switch in the circuit in Fig. P7.3 has been open 
for a long time. At ¢ = 0 the switch is closed. 


a) Determine i,,(0*) and i,(00). 

b) Determine i,(t) fort = 0°. 

c) How many milliseconds after the switch has been 
closed will the current in the switch equal 3 A? 


Figure P7.3 


SQ 


100 


50 mH 


The switch in the circuit in Fig. P7.4 has been closed 
for a long time before opening at ¢ = 0. 


a) Find i,(0 ) and i,(0°). 
b) Find ,(0*) and i,(0°). 


7.5 


7.6 


PSPICE 
MULTISIM 
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c) Find i,(t) fort = 0. 
d) Find i,(t) fort = 0°. 
e) Explain why i,(0°) # i,(0*). 


Figure P7.4 
500 9 


Tone 


The switch shown in Fig. P7.5 has been open a long 
time before closing at ¢ = 0. 


a) Find i,(0°). 
b) Find i, (0°). 
c) Find i,(0°). 
d) Find i,(0"). 
e) Find i,,(0o). 
f) Find i; (00). 
g) Write the expression for i; (¢) fort = 0. 
h) Find », (0°). 
i) Find v,(0"). 


400 mH 


j) Find v,(0v). 


k) Write the expression for v;(t) for ¢ = 0°. 
1) Write the expression for i,(t) fort = 0°. 


Figure P7.5 


100 400 


200, 


The switch in the circuit in Fig. P7.6 has been closed a 
long time. Att = 0 it is opened. Find i,(¢) for ¢ = 0. 


Figure P7.6 


1. sO 12.45 0 ne 


Sn fs _ 


100 


248 


77 


7.8 


7.9 


Response of First-Order RL and RC Circuits 


In the circuit shown in Fig. P7.7, the switch makes 
contact with position b just before breaking contact 
with position a. As already mentioned, this is 
known as a make-before-break switch and is 
designed so that the switch does not interrupt the 
current in an inductive circuit. The interval of time 
between “making” and “breaking” is assumed to be 
negligible. The switch has been in the a position for 
along time. At ¢ = 0 the switch is thrown from posi- 
tion a to position b. 


a) Determine the initial current in the inductor. 

b) Determine the time constant of the circuit 
fort > 0. 

c) Find i, v,, and v, fort = 0. 


d) What percentage of the initial energy stored in 
the inductor is dissipated in the 72 0 resistor 
15 ms after the switch is thrown from position a 
to position b? 


Figure P7.7 


The switch in the circuit seen in Fig. P7.8 has been 
in position | for a long time. At ¢ = 0, the switch 
moves instantaneously to position 2. Find the value 
of R so that 10% of the initial energy stored in the 
10 mH inductor is dissipated in R in 10 ps. 


Figure P7.8 


In the circuit in Fig. P7.8, let J, represent the de cur- 
rent source, o represent the fraction of initial 
energy stored in the inductor that is dissipated in t, 
seconds, and L represent the inductance. 


a) Show that 


_ Lin[i/(l — @)] 
7 7 ae 


b) Test the expression derived in (a) by using it to 
find the value of R in Problem 7.8. 


7.10 In the circuit in Fig. P7.10, the switch has been 
closed for a long time before opening at t = 0. 


a) Find the value of L so that v,(t) equals 0.5 v,(0*) 
when ¢ = 1 ms. 


b) Find the percentage of the stored energy that 
has been dissipated in the 102 resistor when 
t=1ms. 


Figure P7.10 


7.11 In the circuit shown in Fig. P7.11, the switch has 
espe been in position a for along time. Att = 0, it moves 
“euTSIN instantaneously from a to b. 


a) Find i,(t) fort = 0. 


b) What is the total energy delivered to the 8D 
resistor? 


c) How many time constants does it take to deliver 
95% of the energy found in (b)? 


Figure P7.11 


7.12 The switch in the circuit in Fig. P7.12 has been in 
position | for a long time. Att = 0, the switch moves 
instantaneously to position 2. Find v,(t) for t = 0*. 


PSPICE 
MULTISIM 


Figure P7.12 


120 1 4Q 72 mH 


7.13 For the circuit of Fig. P7.12, what percentage of the 
initial energy stored in the inductor is eventually 
dissipated in the 40 Q resistor? 


7.14 The switch in Fig. P7.14 has been closed for a long 
time before opening at ¢ = 0. Find 


a) i,(t), t = 0. 
b) v(t), ¢ = 0". 
c) ig(t), ¢ 2 0". 


Figure P7.14 


7.15 


7.16 
PSPICE 
MULTISIM 


7.17 


PSPICE 
MULTISIM 


7.18 


What percentage of the initial energy stored in the 
inductor in the circuit in Fig. P7.14 is dissipated by 
the 60 2 resistor? 


The switch in the circuit in Fig. P7.16 has been 
closed for a long time before opening at ¢ = 0. Find 
v,(t) fort = 0°. 


Figure P7.16 


The 240 V, 2 © source in the circuit in Fig. P7.17 is 

inadvertently short-circuited at its terminals a,b. At 

the time the fault occurs, the circuit has been in 

operation for a long time. 

a) What is the initial value of the current /,, in the 
short-circuit connection between terminals a,b? 


b) What is the final value of the current i,,,? 


c) How many microseconds after the short circuit 
has occurred is the current in the short equal 
to 114A? 


Figure P7.17 
20 a 


100 150 


240 V Ge 


b 


The two switches in the circuit seen in Fig. P7.18 are 
synchronized. The switches have been closed for a 
long time before opening at t = 0. 


a) How many microseconds after the switches are 
open is the energy dissipated in the 4 k* resis- 
tor 10% of the initial energy stored in the 6 H 
inductor? 


b) At the time calculated in (a), what percentage of 
the total energy stored in the inductor has been 
dissipated? 
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Figure P7.18 
r=0 p=) 


6H 
Oe ™ poe dow a 


7.19 The two switches shown in the circuit in Fig. P7.19 
espicE Operate simultaneously. Prior to ¢ = 0 each switch 
“unis has been in its indicated position for a long time. At 
t = 0 the two switches move instantaneously to 

their new positions. Find 


a) v,(t),t = O°. 
b) i,(t),t = 0. 
Figure P7.19 


7.20 For the circuit seen in Fig. P7.19, find 
a) the total energy dissipated in the 7.5 kQ resistor. 
b) the energy trapped in the ideal inductors. 


Section 7.2 


7.21 In the circuit in Fig. P7.21 the voltage and current 
expressions are 


v= 72e°V, + =0; 
i= 90°" MA, t = 0°. 


Find 

a) R. 

b) C. 

c) 7 (in milliseconds). 

d) the initial energy stored in the capacitor. 

e) how many microseconds it takes to dissipate 
68% of the initial energy stored in the capacitor. 


Figure P7.21 


250 


7.22 


7.23 


7.24 


PSPICE 
MULTISIM 


7.25 


Response of First-Order RL and RC Circuits 


a) Use component values from Appendix H to cre- 
ate a first-order RC circuit (see Fig. 7.11) with a 
time constant of 50 ms. Use a single capacitor 
and a network of resistors, if necessary. Draw 
your circuit. 


b 


— 


Suppose the capacitor you chose in part (a) has an 
initial voltage drop of 50 V. Write an expression for 
the voltage drop across the capacitor fort = 0. 


c) Using you result from part (b), calculate the 
time at which the voltage drop across the capac- 
itor has reached 10 V. 


The switch in the circuit in Fig. P7.23 has been in 
position a for a long time and v. = OV. At t = 0, 
the switch is thrown to position b. Calculate 

a) i, v,, and v2 fort = O°. 

b) the energy stored in the capacitor at t = 0. 


c) the energy trapped in the circuit and the total 
energy dissipated in the 25k resistor if the 
switch remains in position b indefinitely. 


Figure P7,23 


s3kO a oh 


The switch in the circuit in Fig. P7.24 is closed at 
= 0 after being open for a long time. 


a) Find i,(0-) and i,(0°). 

b) Find i,(0*) and i9(0*). 

c) Explain why i;(0°) = i,(0*). 
d) Explain why i,(07) # i,(0*). 
e) Find i,(t) fort = 0. 

f) Find i,(t) fort = 0°. 


Figure P7.24 
100 mA 


2 pF 


In the circuit shown in Fig. P7.25, both switches 
operate together; that is, they either open or close at 
the same time. The switches are closed a long time 
before opening at ¢ = 0. 


7.26 


PSPICE 


MULTISIM 


a) How many microjoules of energy have been 
dissipated in the 12 kQ resistor 12 ms after the 
switches open? 

b) How long does it take to dissipate 75% of the 
initially stored energy? 


Figure P7.25 


1.8kOQ 


Both switches in the circuit in Fig. P7.26 have been 

closed for a long time. At t = 0, both switches open 

simultaneously. 

a) Find i,(t) for ¢ = 0°. 

b) Find v,(t) fort = 0. 

c) Calculate the energy (in microjoules) trapped in 
the circuit. 


Figure P7.26 


7.27 After the circuit in Fig. P7.27 has been in operation 


PSPICE 
MULTISIM 


for a long time, a screwdriver is inadvertently con- 

nected across the terminals a,b. Assume the resist- 

ance of the screwdriver is negligible. 

a) Find the current in the screwdriver at t = 0* and 
f= oo, 

b) Derive the expression for the current in the 
screwdriver for ¢ = 0°. 


Figure P7.27 


a 
30.0 ee 
1 wF ; 
b 


7.28 The switch in the circuit seen in Fig. P7.28 has been 


in position x for a long time. At ¢ = 0, the switch 
moves instantaneously to position y. 


a) Find @ so that the time constant for ¢ > 0 is 
40 ms. 


b) For the @ found in (a), find va. 


7.29 


7.30 


PSPICE 
MULTISIM 


7.31 


PSPICE 
MULTISIM 


7.32 


Figure P7.28 


a) In Problem 7.28, how many microjoules of 
energy are generated by the dependent current 
source during the time the capacitor discharges 
to0 V? 

b) Show that for ¢ = 0 the total energy stored and 
generated in the capacitive circuit equals the 
total energy dissipated. 


The switch in the circuit in Fig. P7.30 has been in 
position | for a long time before moving to posi- 
tion 2 att = 0. Findi,(t) fort = 0°. 


Figure P7.30 


At the time the switch is closed in the circuit in 
Fig. P7.31, the voltage across the paralleled capaci- 
tors is 50 V and the voltage on the 250 nF capacitor 
is 40 V. 


a) What percentage of the initial energy stored in 
the three capacitors is dissipated in the 24kQ 
resistor? 


b) Repeat (a) for the 400 0 and 16 kQ resistors. 


c) What percentage of the initial energy is trapped 
in the capacitors? 


Figure P7.31 


At the time the switch is closed in the circuit shown 
in Fig. P7.32, the capacitors are charged as shown. 


a) Find »v,(t) fort = 0°. 
b) What percentage of the total energy initially 


stored in the three capacitors is dissipated in the 
250 kQ. resistor? 
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c) Find v,(t) for? = 0. 

d) Find v(t) fort = 0. 

e) Find the energy (in millijoules) trapped in the 
ideal capacitors. 


Figure P7.32 


Section 7.3 


7.33 


7.34 


7.35 


PSPICE 


MULTISIM 


The current and voltage at the terminals of the 
inductor in the circuit in Fig. 7.16 are 


i(t) = (4+ 4e) A, += 0; 


ie 


v(t) = —80e v, 


a) Specify the numerical values of V,, R, Z,, and L. 


b) How many milliseconds after the switch has 
been closed does the energy stored in the induc- 
tor reach 9 J? 


a) Use component values from Appendix H to 
create a first-order RL circuit (see Fig. 7.16) 
with a time constant of 8 ys. Use a single induc- 
tor and a network of resistors, if necessary. 
Draw your circuit. 


b 


— 


Suppose the inductor you chose in part (a) has 
no initial stored energy. At ¢ = 0, a switch con- 
nects a voltage source with a value of 25 V in 
series with the inductor and equivalent resist- 
ance. Write an expression for the current 
through the inductor for ¢ = 0. 


c) Using your result from part (b), calculate the 
time at which the current through the inductor 
reaches 75% of its final value. 


The switch in the circuit shown in Fig. P7.35 has 
been closed for a long time before opening at ¢ = 0. 


a) Find the numerical expressions for i;(t) and 
v,(t) for t = 0. 
b) Find the numerical values of v;(0*) and v,(0*). 
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Figure P7.35 


40 4mH !. 


7.36 After the switch in the circuit of Fig. P7.36 has been 
open for a long time, it is closed at ¢ = 0. Calculate 
(a) the initial value of i; (b) the final value of i; 
(c) the time constant for t = 0; and (d) the numeri- 
cal expression for i(t) when ¢t = 0. 


Figure P7.36 
75 mH 20 kQ 


5kQ 4k 
“i 
isov(" ) 20 kA ce 


7.37 The switch in the circuit shown in Fig. P7.37 has 
psricE been in position a for a long time. At t = 0, the 
MULTISIM : . we 

switch moves instantaneously to position b. 


a) Find the numerical expression for i,(t) when 
t2 0. 


b) Find the numerical expression for v,(t) for 
re 0", 


Figure P7.37 


7.38 a) Derive Eq. 7.47 by first converting the Thévenin 
equivalent in Fig. 7.16 to a Norton equivalent 
and then summing the currents away from the 
upper node, using the inductor voltage wv as the 
variable of interest. 


b) Use the separation of variables technique to find 
the solution to Eq. 7.47. Verify that your solution 
agrees with the solution given in Eq. 7.42. 


7.39 The switch in the circuit shown in Fig. P7.39 has 
been closed for a long time. The switch opens at 
t = 0. Fort = 0°: 
a) Find »,(¢) as a function of 7,, Rj, Ro, and L. 
b) Explain what happens to v,(t) as R> gets larger 
and larger. 


c) Find vsy as a function of /,, Ry, Ro, and L. 


d) Explain what happens to vsy as R, gets larger 
and larger. 


Figure P7.39 


7.40 The switch in the circuit in Fig. P7.40 has been 
closed for a long time. A student abruptly opens the 
switch and reports to her instructor that when the 
switch opened, an electric arc with noticeable per- 
sistence was established across the switch, and at 
the same time the voltmeter placed across the coil 
was damaged. On the basis of your analysis of the 
circuit in Problem 7.39, can you explain to the stu- 
dent why this happened? 


Figure P7.40 
R 


d'Arsonval 


Y, 
ub voltmeter 


7.41 The switch in the circuit in Fig. P7.41 has been 
psrice open a long time before closing at t = 0. Find v,(¢) 
MULTISIM fort = Ot. 


Figure P7.41 


7.42 The switch in the circuit in Fig. P7.42 has been open a 


tees long time before closing at ¢ = 0. Find i,(¢) for ¢ = 0. 


Figure P7.42 


80 mH LQ 200, 


15S 
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7.43 The switch in the circuit in Fig. P7.43 has been 
espice Open a long time before closing att = 0. Find v,(t) 
MULTISIM for t > Qr. 


Figure P7.46 


Figure P7.43 


7.47 For the circuit in Fig. P7.46, find (in joules): 
a) the total energy dissipated in the 40 OQ resistor; 
b) the energy trapped in the inductors; 


c) the initial energy stored in the inductors. 


7.44 There is no energy stored in the inductors Ly and L> 7.48 The current and voltage at the terminals of the 
at the time the switch is opened in the circuit shown capacitor in the circuit in Fig. 7.21 are 


in Fig. P7.44. 

a) Derive the expressions for the currents /,(t) and 
in(t) fort = 0. 

b) Use the expressions derived in (a) to find i,(©) 
and i2(0°). 


i(t) = 3e°"" mA, t= 0°; 


v(t) = (40 — 24e7°"7 Vv, tt = 0. 


a) Specify the numerical values of /,, V,, R, C, 
Figure P7.44 and 7. 
b) How many microseconds after the switch has 


been closed does the energy stored in the capac- 
itor reach 81% of its final value? 


7.49 a) Use component values from Appendix H to cre- 
ate a first-order RC circuit (see Fig. 7.21) with a 
time constant of 250 ms. Use a single capacitor 
and a network of resistors, if necessary. Draw 


7.45 The make-before-break switch in the circuit of 


pspice Fig. P7.45 has been in position a for a long time. At 
MULTISIM 


t = 0, the switch moves instantaneously to posi- your circuit. 
tion b. Find b) Suppose the capacitor you chose in part (a) has an 
a) v,(t), t = 0. initial voltage drop of 100 V. Att = 0,a switch con- 
b) i,(t), ¢ = 0. nects a current source with a value of 1 mA in par- 
; allel with the capacitor and equivalent resistance. 
c) in(t), ¢ = 0. Write an expression for the voltage drop across 

the capacitor for¢ = 0. 

Piguet / 89 c) Using your result from part (b), calculate the 


time at which the voltage drop across the capici- 
tor reaches 50 V. 


7.50 The switch in the circuit shown in Fig. P7.50 has 
spice ~— been closed a long time before opening att = 0. 


MULTISIM ; ae ; 
a) What is the initial value of i,(f)? 
b) What is the final value of i,,(t)? 
c) What is the time constant of the circuit fort = 0? 


d) What is the numerical expression for i,(t) when 
t= 0"? 


7.46 The switch in the circuit in Fig. P7.46 has been in 
espe position 1 for a long time. At f = 0 it moves instan- 


MULTISIM 


taneously to position 2. How many milliseconds 
after the switch operates does v, equal 100 V? 


e) What is the numerical expression for v,(t) when 
t= ot? 
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Figure P7.50 
2kO 


7.51 The switch in the circuit shown in Fig. P7.51 has 
espice been closed a long time before opening at ¢ = 0. 
MULTISIM For t > 0%, find 


a) v,(t). 
b) i,(t). 
c) i, (ft). 
d) i,(t). 
e) 1,(0*). 


Figure P7.51 


AO 8k 


5 mA 15 KID, 60 kO “=< 500 nF 


7.52 The switch in the circuit seen in Fig. P7.52 has been in 
pspce ~— position a for a long time. Att = 0, the switch moves 
“unsit’ instantaneously to position b. For ¢ = 0", find 


a) v(t). 
b) 7,(¢). 
c) v,(t). 
d) v,(0"). 


Figure P7.52 
10k0 


4mA 


7.53 The circuit in Fig. P7.53 has been in operation for a 

pspice Jong time. At tf = 0, the voltage source reverses 

mes™ polarity and the current source drops from 3 mA to 
2mA. Find v,(t) fort = 0. 


Figure P7.53 


7.54 The switch in the circuit scen in Fig. P7.54 has been 

pspice in position a for a long time. At tf = 0, the switch 

musi" moves instantaneously to position b. Find »,(t) and 
i,(t) fort = 0". 


Figure P7.54 


7.55 Assume that the switch in the circuit of Fig. P7.55 
has been in position a for a long time and that at 
t = 0 it is moved to position b. Find (a) uc¢(0*); 
(b) ve(co); (c) t fort > 0; (d) i(0"); (e) ve, t = 0; 
and (f) i,¢ = 0°. 


Figure P7.55 
400 kO b SD 


50 V 30 V 


7.56 The switch in the circuit of Fig. P7.56 has been in 
position a for a long time. At 1 = 0 the switch is 
moved to position b. Calculate (a) the initial voltage 
on the capacitor; (b) the final voltage on the capaci- 
tor; (c) the time constant (in microseconds) for 
t > OQ; and (d) the length of time (in microseconds) 
required for the capacitor voltage to reach zero 
after the switch is moved to position b. 


40 kQ ey 1LSmA 


7.57 The switch in the circuit in Fig. P7.57 has been in 
esPicE position a for a long time. At ¢ = 0, the switch 
muinsi® moves instantaneously to position b. At the instant 

the switch makes contact with terminal b, switch 2 
opens. Find v,(t) for t = 0. 


Figure P7.56 


10kQ 


Figure P7.57 
40 kO ; 1 


7.58 The switch in the circuit shown in Fig. P7.58 has 
eserce been in the OFF position for a long time. At ¢ = 0, 
mumsi" the switch moves instantaneously to the ON posi- 

tion. Find v,(t) fort = 0. 


Figure P7.58 


7.59 Assume that the switch in the circuit of Fig. P7.58 

espce has been in the ON position for a long time before 

muimsi® switching instantaneously to the OFF position at 
t = 0. Find 2, (ft) fort = 0. 


7.60 The switch in the circuit shown in Fig. P7.60 opens at 

pspce = ¢ = (0) after being closed for a long time. How many 

must milliseconds after the switch opens is the energy 
stored in the capacitor 36% of its final value? 


7.61 a) Derive Eq. 7.52 by first converting the Norton 
equivalent circuit shown in Fig. 7.21 to a Thévenin 
equivalent and then summing the voltages around 
the closed loop, using the capacitor current i as the 
relevant variable. 


b 


— 


Use the separation of variables technique to find 
the solution to Eq. 7.52. Verify that your solution 
agrees with that of Eq. 7.53. 


7.62 There is no energy stored in the capacitors C, and 
C, at the time the switch is closed in the circuit seen 
in Fig. P7.62. 


a) Derive the expressions for v,(f) and v(t) for 
t= 0. 


b) Use the expressions derived in (a) to find v;(c) 
and v2(0o). 


Figure P7.60 
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Figure P7.62 


7.63 The switch in the circuit in Fig. P7.63 has been in 
position x for a long time. The initial charge on the 
10 nF capacitor is zero. At ¢ = 0, the switch moves 
instantaneously to position y. 


a) Find v,(t) fort = 0°. 
b) Find v,(t) fort = 0. 


Figure P7.63 


10 kO, 


@iay 20k 


7.64 The switch in the circuit of Fig. P7.64 has been in 
pspice ~— position a for a long time. At ¢ = 0, it moves instan- 
moms taneously to position b. For ¢ = 0*, find 


a) v,(t). 
b) i,(t). 
c) v,(f). 
d) v2(t). 
e) the energy trapped in the capacitors as tf > oo. 


Figure P7.64 


2.2kO Ay 6.25k0 


40 V 
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7.65 Repeat (a) and (b) in Example 7.10 if the mutual 
inductance is reduced to zero. 


7.66 There is no energy stored in the circuit in Fig. P7.66 
pspice at the time the switch is closed. 


MULTISIM 
a) Find i(t) fort = 0. 
b) Find v,(t) for t = 0*. 
c) Find v(t) fort = 0. 


d) Do your answers make sense in terms of known 
circuit behavior? 


Figure P7.66 


10H v(t) 


7.67 Repeat Problem 7.66 if the dot on the 10 H coil is at 


espe the top of the coil. 
MULTISIM 


7.68 There is no energy stored in the circuit of Fig. P7.68 
at the time the switch is closed. 


a) Find i,(t) fort = 0. 
b) Find v,(t) for t = 0°. 
c) Find i;(t) fort = 0. 
d) Find i,(t) fort = 0. 


e) Do your answers make sense in terms of known 
circuit behavior? 


Figure P7.68 


7.69 There is no energy stored in the circuit in Fig. P7.69 
pspcE_ at the time the switch is closed. 


sd a) Find i,(t) for ¢ = 0. 
b) Find »,(¢) for t = 0°. 
c) Find i,(t) fort = 0. 
d) Find i,(t) fort = 0. 
e) Do your answers make sense in terms of known 
circuit behavior? 


Figure P7.69 
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7.70 In the circuit in Fig. P7.70, switch A has been open 

eseice and switch B has been closed for a long time. At 

muiTisit’ + = 0, switch A closes. Five seconds after switch A 
closes, switch B opens. Find i; (t) for ¢ = 0. 


Figure P7.70 


7.71 The action of the two switches in the circuit seen in 
pseice ~= Fig. P7.71 is as follows. Fort < 0, switch 1 is in posi- 
mumisi™’ tion a and switch 2 is open. This state has existed for 

a long time. At t = 0, switch 1 moves instanta- 
neously from position a to position b, while switch 2 
remains open. Ten milliseconds after switch 1 oper- 
ates, switch 2 closes, remains closed for 10 ms and 
then opens. Find v,(t) 25 ms after switch 1 moves to 
position b. 


Figure P7,71 


7.72 For the circuit in Fig. P7.71, how many milliseconds 
after switch 1 moves to position b is the energy 
stored in the inductor 4% of its initial value? 


7.73 The switch in the circuit shown in Fig. P7.73 has 
pspice been in position a for a long time. At ¢ = 0, the 
mulisIM” switch is moved to position b, where it remains for 

1 ms. The switch is then moved to position c, where 
it remains indefinitely. Find 


a) i(0*). 

b) i(200 ps). 
c) i(6 ms). 
d) v(17 ms). 
e) v(1* ms). 


Figure P7.73 


a 
b c 
2O0A ep 60 2 
1200 


7.74 There is no energy stored in the capacitor in the cir- 

psPice §= Cut in Fig. P7.74 when switch 1 closes at ¢ = 0. Ten 

mumsit’ microseconds later, switch 2 closes. Find v,(t) for 
t= 0, 


Figure P7.74 


1 
Den 


7.75 The capacitor in the circuit seen in Fig. P7.75 has 

pspice been charged to 300 V. At ¢ = 0, switch 1 closes, 

munis’ causing the capacitor to discharge into the resistive 

network. Switch 2 closes 200 us after switch 1 

closes. Find the magnitude and direction of the cur- 

rent in the second switch 300 ys after switch 1 
closes. 


2 16k 


Figure P7.75 


60 kQ 


7.76 In the circuit in Fig. P7.76, switch 1 has been in posi- 
tion a and switch 2 has been closed for a long time. 
At t = 0, switch 1 moves instantaneously to posi- 
tion b. Eight hundred microseconds later, switch 2 
opens, remains open for 300 us, and then recloses. 
Find v, 1.5 ms after switch 1 makes contact with 
terminal b. 


Figure P7.76 
QO + 800 yes 


7.5 mA 
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7.77 For the circuit in Fig. P7.76, what percentage of the 
espe initial energy stored in the 500 nF capacitor is dissi- 
menisit pated in the 3 kf resistor? 


7.78 The switch in the circuit in Fig. P7.78 has been in 
pspice. = position a for a long time. At ¢ = 0, it moves instan- 
mms" taneously to position b, where it remains for five 
seconds before moving instantaneously to position 

c. Find v, for t = 0. 


Figure P7.78 


SmA 100 kO 


7.79 The voltage waveform shown in Fig. P7.79(a) is 
pspce applied to the circuit of Fig. P7.79(b). The initial 
meirisi"' current in the inductor is zero. 


a) Calculate v,(¢). 
b) Make a sketch of v,(¢) versus ¢. 
c) Findi, att = 5 ms. 


Figure P7.79 


vy (V) 
80 
0 2.5 ¢(ms) 
(a) (b) 


7.80 The current source in the circuit in Fig. P7.80(a) 
psrce. generates the current pulse shown in Fig. P7.80(b). 
musi’ There is no energy stored at t = 0. 


a) Derive the numerical expressions for v,(t) for 
the time intervals t <0, 0 =t S 75 ys, and 
75 pS St < oO, 


b) Calculate v, (75° ws) and v, (75" ys). 
c) Calculate i, (75° ws) and i, (75* ws). 


Figure P7.80 


i, (mA) 
25 
250 mH 
0 75 t (ps) 


(b) 
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7.81 The voltage waveform shown in Fig. P7.81(a) is 
psprce applied to the circuit of Fig. P7.81(b). The initial 
mums voltage on the capacitor is zero. 


a) Calculate v,(t). 
b) Make a sketch of v,(t) versus t. 


Figure P7.81 
0; (V) 
50 


0 1 
(a) (b) 


7.82 The voltage signal source in the circuit in Fig. P7.82(a) 
pspice ig generating the signal shown in Fig. P7.82(b). There is 
muitisI¥ no stored energy att = 0. 


a) Derive the expressions for v,(t) that apply in the 
intervals¢ <0; 0 =t = 4ms;4ms S¢=8ms; 
and&8ms = t <o© 

b) Sketch v, and v, on the same coordinate axes. 


c) Repeat (a) and (b) with R reduced to 50 kQ. 


Figure P7.82 
R = 200k 


(a) 


(b) 


7.83 The current source in the circuit in Fig. P7.83(a) 
pspice = generates the current pulse shown in Fig. P7.83(b). 
musi" There is no energy stored at ¢ = 0. 


a) Derive the expressions for i,(t) and v,(t) for the 


time intervals ¢ <0; O<t< 2ms; and 
2ms<t< ©, 

b) Calculate i,(0°); i,(0*); é,(0.0027); and 
i,(0.002*). 

c) Calculate v,(0°); v,(0°); v,(0.002°); and 
v,(0.002*). 


d) Sketch i,(t) versus ¢ for the interval 
—Ims<¢< 4ms. 
e) Sketch v,(f) versus ¢ for the interval 
—-Ilms <1 < 4ms. 
Figure P7.83 
i, (MA) 
20 
0.2 wF 
0) 2 ¢(ms) 
(a) (b) 


Section 7.6 


7.84 The capacitor in the circuit shown in Fig. P7.84 is 
espce charged to 20 V at the time the switch is closed. If 
mans’ the capacitor ruptures when its terminal voltage 
equals or exceeds 20 kV, how long does it take to 
rupture the capacitor? 


Figure P7.84 


12 x 1077, 


7.85 The switch in the circuit in Fig. P7.85 has been 
pspice closed for a long time. The maximum voltage rating 
mus of the 1.6 uF capacitor is 14.4 kV. How long after 
the switch is opened does the voltage across the 
capacitor reach the maximum voltage rating? 


Figure P7.85 


7.86 The inductor current in the circuit in Fig. P7.86 is 

pseice 25 mA at the instant the switch is opened. The 

mumsi* inductor will malfunction whenever the magnitude 

of the inductor current equals or exceeds 5 A. How 

long after the switch is opened does the inductor 
malfunction? 


Figure P7.86 


4kO 


7.87 The gap in the circuit seen in Fig. P7.87 will arc over 


PSPICE 
MULTISIM 


whenever the voltage across the gap reaches 45 kV. 
The initial current in the inductor is zero. The value 
of 8 is adjusted so the Thévenin resistance with 
respect to the terminals of the inductor is —5 kQ. 


a) What is the value of B? 


b) How many microseconds after the switch has 
been closed will the gap arc over? 


Figure P7.87 


200 mH Gap 


7.88 The circuit shown in Fig. P7.88 is used to close the 


switch between a and b for a predetermined length 
of time. The electric relay holds its contact arms 
down as long as the voltage across the relay coil 
exceeds 5 V. When the coil voltage equals 5 V, the 
relay contacts return to their initial position by a 
mechanical spring action. The switch between a and 
b is initially closed by momentarily pressing the 
push button. Assume that the capacitor is fully 
charged when the push button is first pushed down. 
The resistance of the relay coil is 25 kQ, and the 
inductance of the coil is negligible. 


a) How long will the switch between a and b 
remain closed? 


b) Write the numerical expression for i from the 
time the relay contacts first open to the time the 
capacitor is completely charged. 


c) How many milliseconds (after the circuit 
between a and b is interrupted) does it take the 
capacitor to reach 85% of its final value? 
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Figure P7.88 
Push button 


2 pF 


Section 7.7 


7.89 The voltage pulse shown in Fig. P7.89(a) is applied 


PSPICE 
MULTISIM 


PSPICE 
MULTISIM 


to the ideal integrating amplifier shown in 
Fig. P7.89(b). Derive the numerical expressions for 
v,(t) when v,(0) = 0 for the time intervals 


a)t <0. 

b) 0 <¢t = 250 ms. 

c) 250 ms = ¢ = 500 ms. 
d) 500 ms = t < ov, 


Figure P7.89 
V, (mV) 


200 


500 (ms) 
~200 


(b) 
7.90 Repeat Problem 7.89 with a 5 MQ resistor placed 


across the 400 nF feedback capacitor. 
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7.91 
PSPICE 
MULTISIM 


7.92 


PSPICE 
MULTISIM 


7.93 


PSPICE 
MULTISIM 
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The energy stored in the capacitor in the circuit 
shown in Fig. P7.91 is zero at the instant the switch 
is closed. The ideal operational amplifier reaches 
saturation in 15 ms. What is the numerical value of 
R in kilo-ohms? 


Figure P7.91 


At the instant the switch is closed in the circuit of 
Fig. P7.91, the capacitor is charged to 6 V, positive at 
the right-hand terminal. If the ideal operational 
amplifier saturates in 40 ms, what is the value of R? 


The voltage source in the circuit in Fig. P7.93(a) is 
generating the triangular waveform shown in 
Fig. P7.93(b). Assume the energy stored in the 
capacitor is zero at ¢ = O and the op amp is ideal. 


a) Derive the numerical expressions for v,(t) for 
the following time intervals: 0 = +t = 1 ps; 
lusStS3yps;and3ys Sts 4uys. 

b) Sketch the output waveform between 0 and 4 ps. 

c) Ifthe triangular input voltage continues to repeat 
itself for t > 4 us, what would you expect the 
output voltage to be? Explain. 


Figure P7.93 


800 pF 


(b) 


7.94 
PSPICE 
MULTISIM 


There is no energy stored in the capacitors in the 
circuit shown in Fig. P7.94 at the instant the two 
switches close. Assume the op amp 1s ideal. 


a) Find v, as a function of v,, v,, R, and C. 
b) On the basis of the result obtained in (a), 
describe the operation of the circuit. 


c) How long will it take to saturate the amplifier 
if v, = 40mV; »% = 15mV; R = 50k0; 
C = 10nF; and Vc = 6 V? 


Figure P7.94 


7.95 
PSPICE 
MULTISIM 


Vv 


At the time the double-pole switch in the circuit 
shown in Fig. P7.95 is closed, the initial voltages on 
the capacitors are 12 V and 4 V, as shown. Find the 
numerical expressions for v,(t), vo(t), and v; (¢) that 
are applicable as long as the ideal op amp operates 
in its linear range. 


Figure P7.95 


7.96 


PSPICE 
MULTISIM 


100kQ + 


At the instant the switch of Fig. P7.96 is closed, the 
voltage on the capacitor is 56 V. Assume an ideal 
operational amplifier. How many milliseconds 
after the switch is closed will the output voltage v, 
equal zero? 
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Figure P7.96 7.99 The circuit shown in Fig. P7.99 is known as an 


SEA ae eseice §=astable multivibrator and finds wide application in 
MULTISIM 


Sections 7.1-7.7 


7.97 The circuit shown in Fig. P7.97 is known as a 


PSPICE 
MULTISIM 


monostable multivibrator. The adjective monostable 
is used to describe the fact that the circuit has one 
stable state. That is, if left alone, the electronic 
switch T, will be ON, and T, will be OFF. (The opera- 
tion of the ideal transistor switch is described in 
detail in Problem 7.99.) T, can be turned OFF by 
momentarily closing the switch S. After S returns to 
its open position, T> will return to its ON state. 


a) Show that if T is ON, T, is OFF and will stay OFF. 


b) Explain why T> is turned OFF when S is momen- 
tarily closed. 


c) Show that T, will stay orF for RC In2 s. 


Figure P7.97 


7.98 The parameter values in the circuit in Fig. P7.97 


are Voc =6V; R, = 5.0k0; 

C = 250 pF; and R = 23,083 0. 

a) Sketch 2... versus ¢, assuming that after S is 
momentarily closed, it remains open until the 
circuit has reached its stable state. Assume S is 
closed at ¢ = 0. Make your sketch for the inter- 
val-5 =t < 10 ys. 


b) Repeat (a) for i,2 versus ¢. 


Ry, = 20 kQ; 


pulse circuits. The purpose of this problem is to 
relate the charging and discharging of the capaci- 
tors to the operation of the circuit. The key to ana- 
lyzing the circuit is to understand the behavior of 
the ideal transistor switches T, and T>. The circuit is 
designed so that the switches automatically alter- 
nate between ON and oFF. When T; is OFF, T, is ON 
and vice versa. Thus in the analysis of this circuit, we 
assume a Switch is either ON or OFF. We also assume 
that the ideal transistor switch can change its state 
instantaneously. In other words, it can snap from 
OFF to ON and vice versa. When a transistor switch is 
ON, (1) the base current i, is greater than zero, 
(2) the terminal voltage v,, is zero, and (3) the ter- 
minal voltage v,, is zero, Thus, when a transistor 
switch is ON, it presents a short circuit between the 
terminals b,e and c,e. When a transistor switch is 
OFF, (1) the terminal voltage 2, is negative, (2) the 
base current is zero, and (3) there is an open circuit 
between the terminals c,e. Thus when a transistor 
switch is OFF, it presents an open circuit between 
the terminals b,e and c,e. Assume that T, has been 
ON and has just snapped ofr, while T, has been OFF 
and has just snapped ON. You may assume that at 
this instance, C, is charged to the supply voltage 
Vcc, and the charge on C, is zero. Also assume 
C, = C, and R, = R, = 10R;. 

a) Derive the expression for Up,2 during the inter- 

val that T> is OFF. 


b) Derive the expression for U,¢2 during the inter- 
val that T> is OFF. 


c) Find the length of time T> is OFF. 


d) Find the value of v2 at the end of the interval 
that T> is OFF. 

e) Derive the expression for i,; during the interval 
that T, is OFF. 

f) Find the value of i,, at the end of the interval 
that T, is OFF. 


g) Sketch v2 versus ¢ during the interval that T, 
iS OFF. 


h) Sketch i,; versus t during the interval that T, 
is OFF. 
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Figure P7.99 
PSPICE 
MULTISIM 


Ry 


Vice 


7.100 The component values in the circuit of Fig. P7.99 
are Vc = 9V; Rp, = 3kO; Cy = Cy = 2 nF; and 
R, = Ro = 18k. 
a) How long is T, in the OFF state during one cycle 
of operation? 
b) How long is T, in the ON state during one cycle 
of operation? 


c) Repeat (a) for T). 

d) Repeat (b) for T,. 

e) At the first instant after T, turns ON, what is the 
value of é;,,? 


f) At the instant just before T, turns OFF, what is 
the value of i,;? 


g) What is the value of v2 at the instant just 
before T, turns ON? 


7.101 Repeat Problem 7.100 with C, =3 nF and 
C,=2.8nF. All other component values are 
unchanged. 


7.102 The astable multivibrator circuit in Fig. P7.99 is to 
satisfy the following criteria: (1) One transistor 
switch is to be ON for 48 ws and OFF for 36 us for 
each cycle; (2) R, =2k0; (3) Veco =5S5V; 
(4) R; = Ro; and (5) 6R; = R, S 5OR,. What are 
the limiting values for the capacitors C, and C3? 


7.103 Suppose the circuit in Fig. 7.45 models a portable 
PRACTICAL flashing light circuit. Assume that four 15 Vv batter- 
ies power the circuit, and that the capacitor value is 
10 wF. Assume that the lamp conducts when its 
voltage reaches 4 V and stops conducting when its 
voltage drops below 1 V. The lamp has a resistance 
of 20 kQ. when it is conducting and has an infinite 
resistance when it is not conducting. 
a) Suppose we don’t want to wait more than 10s in 
between flashes. What value of resistance R is 
required to meet this time constraint? 


b) For the value of resistance from (a), how long 
does the flash of light last? 


7.104 In the circuit of Fig. 7.45, the lamp starts to conduct 
feacrical whenever the lamp voltage reaches 15 V. During 
eserce the time when the lamp conducts, it can be modeled 
mutism as a 10 kQ) resistor. Once the lamp conducts, it will 
continue to conduct until the lamp voltage drops to 

5 V. When the lamp is not conducting, it appears as 

an open circuit. V,= 40V; R= 800k); and 

C =.25 uF. 

a) How many times per minute will the lamp 
turn on? 

b) The 800 kQ. resistor is replaced with a variable 
resistor R. The resistance is adjusted until the 
lamp flashes 12 times per minute. What is the 
value of R? 


7.105 In the flashing light circuit shown in Fig. 7.45, the 
practical Jamp can be modeled as a 1.3 kQ resistor when it is 


pspice CONducting. The lamp triggers at 900 V and cuts off 
MULTISIM at 300 Y. 


a) If ¥, = 1000 V, R = 3.7kQ, and C = 250 wF, 
how many times per minute will the light flash? 


b) What is the average current in milliamps deliv- 
ered by the source? 


c) Assume the flashing light is operated 24 hours 
per day. If the cost of power is 5 cents per kilowatt- 
hour, how much does it cost to operate the light 
per year? 


7.106 a) Show that the expression for the voltage drop 

feactical, §=—- across the capacitor while the lamp is conduct- 
ing in the flashing light circuit in Fig. 7.48 is 
given by 


v(t) = Vern + (Vercaw — Vine to 


where 
Ry 
Va = > 
m™ R+R,* 
— RRC 
Pe ee R, 

b) Show that the expression for the time the lamp 
conducts in the flashing light circuit in Fig. 7.48 
is given by 

RRiC | Vinax — 
( t. - to) ee L in max lu 
R+ Rp, Vinin ~ Vin 
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7.107 The relay shown in Fig. P7.107 connects the 30 V de _—‘*Figure P7.107 
practical generator to the dc bus as long as the relay current + 
Perspective ¢ 
is greater than 0.4 A. If the relay current drops to a= =30V 
0.4 A or less, the spring-loaded relay immediately 
connects the dc bus to the 30 V standby battery. The 
resistance of the relay winding is 60 (2. The induc- 
tance of the relay winding is to be determined. 


a) Assume the prime motor driving the 30 V dc 
generator abruptly slows down, causing the gen- 30 V 
erated voltage to drop suddenly to 21 V. What de 
value of £ will assure that the standby battery gen 
will be connected to the dc bus in 0.5 seconds? 

b) Using the value of L determined in (a), state 
how long it will take the relay to operate if the 
generated voltage suddenly drops to zero. 


springs DC loads 


3 | 1.) i ae 


CHAPTER 


Natural and Step 
Responses of RLC Circuits 


R CONTENTS In this chapter, discussion of the natural response and step 
response of circuits containing both inductors and capacitors is 


8.1 Introduction to the Natural Response of a 
Parallel RLC Circuit p. 266 limited to two simple structures: the parallel RLC circuit and the 


8.2 The Forms of the Natural Response of a series RLC circuit. Finding the natural response of a parallel RLC 
Parallel RLC Circuit p. 270 


8.3 The Step Response of a Parallel ; ; 
RLC Circuit p. 280 branches by the release of energy stored in the inductor or capac- 


circuit consists of finding the voltage created across the parallel 


8.4 The Natural and Step Response of a Series itor or both. The task is defined in terms of the circuit shown in 


BEE EERE te 252 Fig. 8.1 on page 266. The initial voltage on the capacitor, Vj, repre- 
8.5 A Circuit with Two Integrating 


Amplifiers p. 289 sents the initial energy stored in the capacitor. The initial current 


through the inductor, /), represents the initial energy stored in the 


JS CHAPTER OBJECTIVES inductor. If the individual branch currents are of interest, you can 


_ find them after determining the terminal voltage. 
1 Be able to determine the natural response and 


the step response of parallel RIC circuits. We derive the step response of a parallel RLC circuit by using 


2 Be able to determine the natural response and Fig. 8.2 on page 266. We are interested in the voltage that appears 

the step response of series RLC circuits. across the parallel branches as a result of the sudden application 
of a de current source. Energy may or may not be stored in the 
circuit when the current source is applied. 

Finding the natural response of a series RLC circuit consists 
of finding the current generated in the seriesconnected elements 
by the release of initially stored energy in the inductor, capacitor, 
or both. The task is defined by the circuit shown in Fig. 8.3 on 
page 266. As before, the initial inductor current, J), and the initial 
capacitor voltage, Vj), represent the initially stored energy. If any 
of the individual element voltages are of interest, you can find 
them after determining the current. 

We describe the step response of a series RLC circuit in terms 
of the circuit shown in Fig. 8.4 on page 266. We are interested in 
the current resulting from the sudden application of the de volt- 
age source. Energy may or may not be stored in the circuit when 
the switch is closed. 

If you have not studied ordinary differential equations, deri- 
vation of the natural and step responses of parallel and series 
RLC circuits may be a bit difficult to follow. However, the results 
are important enough to warrant presentation at this time. We 
begin with the natural response of a parallel RLC circuit and 
cover this material over two sections: one to discuss the solution 
of the differential equation that describes the circuit and one to 
present the three distinct forms that the solution can take. After 
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Practical Perspective 
An Ignition Circuit 
In this chapter we introduce the step response of an RLC cir- 
cuit. An automobile ignition circuit is based on the transient 
response of an RLC circuit. In such a circuit, a switching oper- 
ation causes a rapid change in the current in an inductive 
winding known as an ignition coil. The ignition coil consists 
of two magnetically coupled coils connected in series. This 
series connection is also known as an autotransformer. The 
coil connected to the battery is referred to as the primary 
winding and the coil connected to the spark plug is referred 
to as the secondary winding. The rapidly changing current in 
the primary winding induces via magnetic coupling (mutual 
inductance) a very high voltage in the secondary winding. 
This voltage, which peaks at from 20 to 40 kV, is used to 
ignite a spark across the gap of the spark plug. The spark 
ignites the fuel-air mixture in the cylinder. 


Ignition coil ) 
(autotransformer/]* ; 
Secondary 


Primary 


Spark | 


Battery plug 
Switcl~ 1 ee Ee dees 
(condenser) 


(distributor point) 


A schematic diagram showing the basic components of an 
ignition system is shown in the accompanying figure. In 
today’s automobile, electronic (as opposed to mechanical) 
switching is used to cause the rapid change in the primary 
winding current. An understanding of the electronic switching 
circuit requires a knowledge of electronic components that is 
beyond the scope of this text. However, an analysis of the 
older, conventional ignition circuit will serve as an introduc- 
tion to the types of problems encountered in the design of a 
useful circuit. 
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Figure 8.1 A A circuit used to illustrate the natural 
response of a parallel RLC circuit. 


Figure 8.2 A A circuit used to illustrate the step 
response of a parallel RLC circuit. 


Figure 8.3 A A circuit used to illustrate the natural 
response of a series RLC circuit. 


Figure 8.4 & A circuit used to illustrate the step 
response of a series RLC circuit. 


introducing these three forms, we show that the same forms apply 
to the step response of a parallel RLC circuit as well as to the natu- 
ral and step responses of series RLC circuits. 


8.1 Introduction to the Natural 
Response of a Parallel RLC Circuit 


The first step in finding the natural response of the circuit shown in Fig. 8.1 
is to derive the differential equation that the voltage v must satisfy. We 
choose to find the voltage first, because it is the same for each component. 
After that, a branch current can be found by using the current-voltage 
relationship for the branch component. We easily obtain the differential 
equation for the voltage by summing the currents away from the top node, 
where each current is expressed as a function of the unknown voltage v: 


Vv 1 f' dv 
—+— +Iy+ C— =0. 8.1 
R af vat 0 C dt () ( ) 


We eliminate the integral in Eq. 8.1 by differentiating once with respect to ¢, 
and, because /, is a constant, we get 


dv Vv dy 
—+—+C—, =0. 8.2 
dt L er : oo 


= 

R 
We now divide through Eq. 8.2 by the capacitance C and arrange the 
derivatives in descending order: 


dv, ldv,v_,y Sis 
dt’? RC dt LC a 
Comparing Eq. 8.3 with the differential equations derived in Chapter 7 
reveals that they differ by the presence of the term involving the second 
derivative. Equation 8.3 is an ordinary, second-order differential equation 
with constant coefficients. Circuits in this chapter contain both inductors and 
capacitors, so the differential equation describing these circuits is of the sec- 
ond order. Therefore, we sometimes call such circuits second-order circuits. 


The General Solution of the Second-Order Differential 
Equation 


We can’t solve Eq. 8.3 by separating the variables and integrating as we 
were able to do with the first-order equations in Chapter 7. The classical 
approach to solving Eq. 8.3 is to assume that the solution is of exponential 
form, that is, to assume that the voltage is of the form 


v = Ae™, (8.4) 


where A and s are unknown constants. 

Before showing how this assumption leads to the solution of Eq. 8.3, 
we need to show that it is rational. The strongest argument we can make in 
favor of Eq. 8.4 is to note from Eq. 8.3 that the second derivative of the 
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solution, plus a constant times the first derivative, plus a constant times the 
solution itself, must sum to zero for all values of ¢. This can occur only if 
higher order derivatives of the solution have the same form as the solu- 
tion. The exponential function satisfies this criterion. A second argument 
in favor of Eq. 8.4 is that the solutions of all the first-order equations we 
derived in Chapter 7 were exponential. It seems reasonable to assume that 
the solution of the second-order equation also involves the exponential 
function. 

If Eq. 8.4 is a solution of Eq. 8.3, it must satisfy Eq. 8.3 for all values of ¢. 
Substituting Eq. 8.4 into Eq. 8.3 generates the expression 


As ,  Ae* 
s7e™ gested Seal 
As*“e RC LC 0, 
or 
He ee 6 (8.5) 
RC Le ; 


which can be satisfied for all values of ¢ only if A is zero or the parentheti- 
cal term is zero, because e” # 0 for any finite values of st. We cannot use 
A = 0 as a general solution because to do so implies that the voltage is 
zero for all time —a physical impossibility if energy is stored in either the 
inductor or capacitor. Therefore, in order for Eq. 8.4 to be a solution of 
Eq. 8.3, the parenthetical term in Eq. 8.5 must be zero, or 


sr +——-+-——=0. (8.6) 


Equation 8.6 is called the characteristic equation of the differential equa- 
tion because the roots of this quadratic equation determine the mathe- 
matical character of v(¢). 

The two roots of Eq. 8.6 are 


1 1 \ 1 
BO cima cae + a ees : 
oS ORG (sis) Rey a 
fe ee ae at ee me op ale. Be 
oe 2RC 2RC LC 8-2) 


If either root is substituted into Eq. 8.4, the assumed solution satisfies the 
given differential equation, that is, Eq. 8.3. Note from Eq. 8.5 that this 
result holds regardless of the value of A. Therefore, both 


v = Aj,e*" and 


Saf 


v= Are” 


< Characteristic equation, parallel 
RLC circuit 
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Neper frequency, parallel RLC circuit > 


Resonant radian frequency, parallel 
RLC circuit > 


satisfy Eq. 8.3. Denoting these two solutions v, and v2, respectively, we can 
show that their sum also is a solution. Specifically, if we let 


PHP RM + t= Ae tr Aje™, (8.9) 
then 
dv . 
dt = Ase" =P Azs,e™, (8.10) 
dv . 
es Aste! + Asse, (8.11) 
dt. 


Substituting Eqs. 8.9-8.11 into Eq. 8.3 gives 


; 1 1 1 ] 
A,e (si + RC + a) + A, (3 + RC” au 2) = (). (8.12) 


But each parenthetical term is zero because by definition s,; and sz are 
roots of the characteristic equation. Hence the natural response of the 
parallel RLC circuit shown in Fig. 8.1 is of the form 


v= Aye" + Are, (8.13) 


Equation 8.13 is a repeat of the assumption made in Eq. 8.9. We have 
shown that v; is a solution, v2 is a solution, and v, + v> is a solution. 
Therefore, the general solution of Eq. 8.3 has the form given in Eq. 8.13. 
The roots of the characteristic equation (s,; and s,) are determined by the 
circuit parameters R, L, and C. The initial conditions determine the values 
of the constants A; and A). Note that the form of Eq. 8.13 must be modi- 
fied if the two roots s; and sy are equal. We discuss this modification when 
we turn to the critically damped voltage response in Section 8.2. 

The behavior of v(t) depends on the values of s; and s2. Therefore the 
first step in finding the natural response is to determine the roots of the 
characteristic equation. We return to Eqs. 8.7 and 8.8 and rewrite them 
using a notation widely used in the literature: 


Ss, = -at Va? — we, (8.14) 
= —-a — Va’ — w, (8.15) 


wm 
w 
[ 


where 


a= a, (8.16) 
2RC 
1 
= 8.17 
Wo TC ( ) 


These results are summarized in Table 8.1. 
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TABLE 8.1 Natural Response Parameters of the Parallel RLC Circuit 


Value In 
Parameter Terminology Natural Response 
$1. 89 Characteristic roots 3) = —-a + Va? — wh 
Sp = —a — Var‘ — wp 
1 
a Neper frequency e= 
Sail 2RC 
l 
Wy Resonant radian frequency 1) i — 
VLC 


The exponent of e must be dimensionless, so both s; and sj (and 
hence @ and wy) must have the dimension of the reciprocal of time, or fre- 
quency. To distinguish among the frequencies 51, 52, a, and wp, we use the 
following terminology: s; and s, are referred to as complex frequencies, a 
is called the neper frequency, and wp 1s the resonant radian frequency. The 
full significance of this terminology unfolds as we move through the 
remaining chapters of this book. All these frequencies have the dimen- 
sion of angular frequency per time. For complex frequencies, the neper 
frequency, and the resonant radian frequency, we specify values using the 
unit radians per second (rad/s). The nature of the roots s, and sz depends 
on the values of a and wy. There are three possible outcomes. First, if 
ws < a’, both roots will be real and distinct. For reasons to be discussed 
later, the voltage response is said to be overdamped in this case. Second, 
if w3 > a’, both s, and s> will be complex and, in addition, will be conju- 
gates of each other. In this situation, the voltage response is said to be 
underdamped. The third possible outcome is that w§ = a’. In this case, 5, 
and s will be real and equal. Here the voltage response is said to be 
critically damped. As we shall see, damping affects the way the voltage 
response reaches its final (or steady-state) value. We discuss each case 
separately in Section 8.2. 

Example 8.1 illustrates how the numerical values of s; and sz are 
determined by the values of R, L, and C. 


Example 8.1 


Figure 8.5 A A circuit used to illustrate the natural response of 
a parallel RLC circuit. 


Finding the Roots of the Characteristic Equation of a Parallel RLC Circuit 


a) Find the roots of the characteristic equation that Solution 
governs the transient behavior of the voltage 
shown in Fig. 8.5 if R = 200 2, L = 50 mH, and a) For the given values of R, L, and C, 
C = 0.2 pF. 
: 1 10° 
b) Will the response be overdamped, underdamped, a= —— = —— = 125 X 10’ rad/s, 
or critically damped? 2RC —_(400)(0.2) / 
c) Repeat (a) and (b) for R = 312.5 . 1 (10°)(10°) 
: © wR = — = ~~ = 108 rad”/s”. 
d) What value of R causes the response to be criti- LC (50)(0.2) 
cally damped? 
From Eqs. 8.14 and 8.15, 
s; = -1.25 x 10° + V/1.5625 x 10° — 10° 
= —12,500 + 7500 = —5000 rad/s, 
8) = -1.25 x 104 — V1.5625 x 10° — 108 
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b) The voltage response is overdamped because In this case, the voltage response is under- 
4 ) A 2) 2 
wi <a. damped since wi > a’. 
c) For R = 312.50, d) For critical damping, a” = 5, so 
10° 2 
a = ———— = 8000 rad/s, ie eee 
(625)(0.2) / (sic) eS 10°, 
a? = 64 x 10° = 0.64 x 10° rad?/s?. or 
As wi remains at 10° rad?/s’, sade 104, 
s; = —8000 + /6000 rad/s, ane 
and 
sy = —8000 — 6000 rad/s. 10° . 
(In electrical engineering, the imaginary number (2 x 10*)(0.2) pee 


V—1 is represented by the letter j, because the 
letter i represents current.) 


J ASSESSMENT PROBLEM 


Objective 1—Be able to determine the natural response and the step response of parallel RLC circuits 


8.1. The resistance and inductance of the circuit in Answer: (a) 500 nF; 
Fig. 8.5 are 100 1 and 20 mH, respectively. 
a) Find the value of C that makes the voltage = 
response critically damped. ; eye = ea + 75000 rad 
b) If C is adjusted to give a neper frequency of 1 A J a / : 
. sy = —5000 — j5000 rad/s; 
5 krad/s, find the value of C and the roots of 
the characteristic equation. 
c) If Cis adjusted to give a resonant frequency (c) C = 125 nF, 
of 20 krad/s, find the value of C and the 8; = —5359 rad/s, 
roots of the characteristic equation. Sy = —74,641 rad/s. 


NOTE: Also try Chapter Problem 8.1. 


8.2 The Forms of the Natural Response 
of a Parallel RLC Circuit 


So far we have seen that the behavior of a second-order RLC circuit depends 
on the values of s; and s2, which in turn depend on the circuit parameters R, 
L,and C. Therefore, the first step in finding the natural response is to calcu- 
late these values and, relatedly, determine whether the response is over-, 
under-, or critically damped. 

Completing the description of the natural response requires finding two 
unknown coefficients, such as A, and A> in Eq. 8.13. The method used to do 
this is based on matching the solution for the natural response to the initial 
conditions imposed by the circuit, which are the initial value of the current (or 
voltage) and the initial value of the first derivative of the current (or voltage). 
Note that these same initial conditions, plus the final valuc of the variable, will 
also be needed when finding the step response of a second-order circuit. 

In this section, we analyze the natural response form for each of the 
three types of damping, beginning with the overdamped response. As we will 
see, the response equations, as well as the cquations for evaluating the 
unknown coefficients, are slightly different for each of the three damping 
configurations. This is why we want to determine at the outset of the problem 
whether the response is over-, under-, or critically damped. 
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The Overdamped Voltage Response 


When the roots of the characteristic equation are real and distinct, the volt- 
age response of a parallel RLC circuit is said to be overdamped. The solu- 
tion for the voltage is of the form 


v = Aye! + Aze™, (8.18) 


where s; and s» are the roots of the characteristic equation. The constants 
A, and A, are determined by the initial conditions, specifically from the 
values of v(0*) and dv(0*)/dt, which in turn are determined from the ini- 
tial voltage on the capacitor, WV), and the initial current in the inductor, Jo. 

Next, we show how to use the initial voltage on the capacitor and the 
initial current in the inductor to find A, and A). First we note from Eq. 8.18 
that A; and A>. First we note from Eq. 8.18 that 


v(0T) = A, + Ad, (8.19) 
dv(0*) 
i _ S,Ay te SA. (8.20) 
le 


With s, and s. known, the task of finding A, and A reduces to finding 
v(0*) and dvu(0*)/dt. The value of v(0*) is the initial voltage on the capac- 
itor Vy. We get the initial value of dv/drt by first finding the current in the 
capacitor branch at t = 0°. Then, 


dv(0*) _ ic(0*) 
ae ae (8.21) 


We use Kirchhoff’s current law to find the initial current in the capac- 
itor branch. We know that the sum of the three branch currents at t = 0° 
must be zero. The current in the resistive branch at ¢ = 0" is the initial 
voltage V) divided by the resistance, and the current in the inductive 
branch is /,). Using the reference system depicted in Fig. 8.5, we obtain 


ic(0*) = ate Io. (8.22) 
R 
After finding the numerical value of i-(0"), we use Eq. 8.21 to find the ini- 
tial value of dv/dt. 
We can summarize the process for finding the overdamped response, 
v(t), as follows: 


1. Find the roots of the characteristic equation, s; and sz, using the val- 
ues of R, L,and C. 

2. Find v(0°) and dv(0")/dt using circuit analysis. 

3. Find the values of A, and A, by solving Eqs. 8.23 and 8.24 
simultaneously: 


v(0T) = A; + Ad, (8.23) 


dv(0*) ic (0*) 
a rae = s,A, + 5Ap. (8.24) 


4. Substitute the values for 51, s2, Aj. and A, into Eq. 8.18 to deter- 
mine the expression for v(t) for t = 0. 


Examples 8.2 and 8.3 illustrate how to find the overdamped response of a 
parallel RLC circuit. 


<4 Voltage natural response—overdamped 
parallel RLC circuit 
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Schuillce-ewag Finding the Overdamped Natural Response of a Parallel RLC Circuit 


For the circuit in Fig. 8.6, v(0*) =12V, and 

i,(0*) = 30 mA. 

a) Find the initial current in each branch of the 
circuit. 

b) Find the initial value of dv/dt. 

c) Find the expression for v(f). 

d) Sketch v(t) in the interval 0 = ¢ = 250 ms. 


Solution 


a) The inductor prevents an instantaneous change 
in its current, so the initial value of the inductor 
current is 30 mA: 


i,(0') = i; (0) _ i,(0") = 30 mA. 


The capacitor holds the initial voltage across the 
parallel elements to 12 V. Thus the initial current 
in the resistive branch, ip(0*), is 12/200, or 
60 mA. Kirchhoff’s current law requires the sum 
of the currents leaving the top node to equal 
zero at every instant. Hence 


ic(0") 


—iz(0") — ig(0*) 
= —90 mA. 


Note that if we assumed the inductor current and 
capacitor voltage had reached their dc values at 
the instant that energy begins to be released, 
ic(0") = 0. In other words, there is an instanta- 
neous change in the capacitor current at ¢ = 0. 


b) Because ic = C(dv/dt), 


ivn(0) — -90 x 103 
GO) 2: Se EASON Ss 
dt 0.2 x 10 


c) The roots of the characteristic equation come 
from the values of R, L, and C. For the values 
specified and from Eggs. 8.14 and 8.15 along with 
8.16 and 8.17, 


—1.25 x 104 + V1.5625 x 10° — 108 


Sy 


Il 


—12,500 + 7500 = —5000 rad/s, 


Sy = -1.25 x 104 — 2 1.5625 x 10° — 108 


—12,500 — 7500 = —20,000 rad/s. 


Figure 8.6 A The circuit for Example 8.2. 


Because the roots are real and distinct, we know 
that the response is overdamped and hence has 
the form of Eq. 8.18. We find the co-efficients A, 
and A, from Egs. 8.23 and 8.24. We’ve already 
determined 51, 82, v(0*), and dvu(0*)/dt, so 


12 = A + A», 


—450 x 10° 


—5000A;, — 20,000Ap. 


We solve two equations for A, and A; to obtain 
A, = —14V and A, = 26 V. Substituting these 
values into Eq. 8.18 yields the overdamped volt- 
age response: 


v(t) = (— 140 Sa 2Ge7 20.000 ) V t= 0. 


As a check on these calculations, we note that 
the solution yields v(0) = 12 V and dv(0")/dt 
= —450,000 V/s. 


d) Figure 8.7 shows a plot of v(f) versus ¢ over the 


interval 0 <= ¢ <= 250 ms. 


u(t) (V) 


t (us) 


100 150 200 250 


Figure 8.7 A The voltage response for Example 8.2. 
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Seuiltceememe Calculating Branch Currents in the Natural Response of a Parallel RLC Circuit 


Derive the expressions that describe the three 
branch currents ip, i;, and ic in Example 8.2 
(Fig. 8.6) during the time the stored energy is being 
released. 


Solution 
We know the voltage across the three branches 
from the solution in Example 8.2, namely, 

v(t) = (— 14e790 a 266720000") V. ¢2=0. 


The current in the resistive branch is then 


v(t) 


ig(t) = ~~ = (—70e 5 + 13027) mA, 1 = 0. 


200 


There are two ways to find the current in the induc- 
tive branch. One way is to use the integral relation- 
ship that exists between the current and the voltage 
at the terminals of an inductor: 


af 
i, (t) = ‘al v(x) dx + Io. 


J/ ASSESSMENT PROBLEMS 


A second approach is to find the current in the 
capacitive branch first and then use the fact that 
ig + ip + ic = 0. Let’s use this approach. The cur- 
rent in the capacitive branch is 


dv 


ic(t) = Coe 


= 0.2 x 10°°(70,000e — 520,000e-2”." ) 
= (146500 — 104¢720.0007) mA ¢ = OF. 


Note that i-(0*) = —90 mA, which agrees with the 
result in Example 8.2. 

Now we obtain the inductive branch current 
from the relationship 


ig(t) = —ir() — tc(t) 


(56e7 700% = 26 e~ 20-000 ) mA, t>=0. 


We leave it to you, in Assessment Problem 8.2, to 
show that the integral relation alluded to leads to 
the same result. Note that the expression for i, 
agrees with the initial inductor current, as it must. 


Objective 1—Be able to determine the natural response and the step response of parallel RLC circuits 


8.2 Use the integral relationship between i, and v 


to find the expression for i; in Fig. 8.6. 


Answer: i,(t) = (56e °°" — 26¢779°%) mA, ¢t = 0. 


8.3. The element values in the circuit shown are 


R = 2kQ, L = 250 mH, andC = 10 nF. The 


initial current J, in the inductor is —4 A, and 
the initial voltage on the capacitor is 0 V. The 
output signal is the voltage v. Find (a) ig(0*); 
(b) ic(0*); (c) du(0*)/dt; (d) Ay; (e) Ao; and 
(f) v(t) when ¢ = 0. 


NOTE: Also try Chapter Problems 8.8, 8.11, and 8.18. 


Answer: (a) 0; 


(b) 4A; 

(c) 4 x 10° V/s; 

(d) 13,333 V; 

(e) —13,333 V; 

(£) 13,333(e7 10000 — 940.0008) vy, 
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Damped radian frequency > 


Voltage natural response—underdamped 
parallel RLC circuits > 


The Underdamped Voltage Response 


9 4. . . . . 
When w > a”, the roots of the characteristic equation are complex, and 
the response is underdamped. For convenience, we express the roots s, 
and s> as 


sy = -at —(w “ a’) 
=a + iV 0% — 
= —a + jog (8.25) 
S$. = -Qa — Jog, (8.26) 
where 
wn = Vos — a. (8.27) 


The term w, is called the damped radian frequency. We explain later the 
reason for this terminology. 
The underdampcd voltage response of a parallel RLC circuit is 


v(t) = Bye cos wat + Boe sin wat, (8.28) 


which follows from Eq. 8.18. In making the transition from Eq. 8.18 to 
Eq. 8.28, we use the Euler identity: 


eV!’ = cos@ + jsind. (8.29) 


Thus, 


v(t) = Ager sie + Ase (et seunt 


A je ele! a Axe Me sod 


e “ (A, COS Wyt + fA, sin wat + AzCOS wyt — fA SiN wyt) 
= e T(A, + A») COS Wt + (A, = A)) sin wat]. 


At this point in the transition from Eq. 8.18 to 8.28, replace the arbitrary 
constants A; + A, and j(A; — A>) with new arbitrary constants denoted 
B, and B; to get 


v =e ™“(B, cos wyt + By sin wat) 


= Bye ™ COs Wat + Bye sin wil. 


The constants B, and B, are real, not complex, because the voltage is a 
real function. Don’t be misled by the fact that B, = j(A, — A2). In this 
underdamped case, A, and A, are complex conjugates, and thus B; and B, 
are real. (See Problems 8.12 and 8.13.) The reason for defining the under- 
damped response in terms of the coefficients B, and By is that it yields a sim- 
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pler expression for the voltage, v. We determine B, and B, by the initial 
energy stored in the circuit, in the same way that we found A, and A; for the 
overdamped response: by evaluating v at f = 0* and its derivative att = 0°. 
As with s; and s2, @ and wy are fixed by the circuit parameters R, L, and C. 

For the underdamped response, the two simultaneous equations that 
determine B, and B, are 


v0") = Vy = Bi, (8.30) 


dv(0*) - i(0*) 
dt C 


= —aB, + wyPo. (8.31) 


Let’s look at the general nature of the underdamped response. First, 
the trigonometric functions indicate that this response is oscillatory; that 
is, the voltage alternates between positive and negative values. The rate at 
which the voltage oscillates is fixed by w,. Second, the amplitude of the 
oscillation decreases exponentially. The rate at which the amplitude falls 
off is determined by a. Because a determines how quickly the oscillations 
subside, it is also referred to as the damping factor or damping coefficient. 
That explains why w, is called the damped radian frequency. If there is no 
damping, a = 0 and the frequency of oscillation is w). Whenever there is a 
dissipative element, R, in the circuit, a@ is not zero and the frequency of 
oscillation, w,, is less than wp. Thus when a is not zero, the frequency of 
oscillation is said to be damped. 

The oscillatory behavior is possible because of the two types of cnergy- 
storage elements in the circuit: the inductor and the capacitor. (A mechan- 
ical analogy of this electric circuit is that of a mass suspended on a spring, 
where oscillation is possible because energy can be stored in both the 
spring and the moving mass.) We say more about the characteristics of the 
underdamped response following Example 8.4, which examines a circuit 
whose response is underdamped. In summary, note that the overall 
process for finding the underdamped response is the same as that for the 
overdamped response, although the response equations and the simulta- 
neous equations used to find the constants are slightly different. 


Chil Ce-eas Finding the Underdamped Natural Response of a Parallel RLC Circuit 


In the circuit shown in Fig. 8.8, W, = 0, and Solution 

Ty = —12.25 mA. 

a) Calculate the roots of the characteristic equation. a) Because 

b) Calculate v and dv/dt at t = 0". tof 

c) Calculate the voltage response for ¢ = 0. a= = 200 rad/s, 


2RC —_2(20)10(0.125) 


1 10° F 
= pe V@0is) 


we have 


d) Plot v(t) versus ¢ for the time interval 
0 =f <= 11ims. 


3 2 
Figure 8.8 A The circuit for Example 8.4. wy > ar. 
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Therefore, the response is underdamped. Now, c) From Eggs. 8.30 and 8.31, B,; = 0 and 
wy = Vos — o& = V10% — 4 x 10! = 10096 5 ew 
7 Wa 
= 979.80 rad/s, 


Substituting the numerical values of a, wy, By. 
§, = —a + jwy = —200 + j979.80 rad/s, and By into the expression for v(t) gives 


= =e jo = 2000 = ono s0yad/s v(t) = 100e° 7 sin 979.80 V, ¢ = 0. 

d) Figure 8.9 shows the plot of v(t) versus ¢ for the 
first 11 ms after the stored energy is released. It 
clearly indicates the damped oscillatory nature 
of the underdamped response. The voltage »(f) 
approaches its final value, alternating between 
values that are greater than and less than the 
final value. Furthermore, these swings about the 

v(0) = vo(0*) = YH = 0. final value decrease exponentially with time. 


For the underdamped case, we do not ordinarily 
solve for s; and s, because we do not use them 
explicitly. However, this example emphasizes 
why 5; and sj are known as complex frequencies. 

b) Because v is the voltage across the terminals of a 
capacitor, we have 


Because v(0°) = 0, the current in the resistive v(V) 
branch is zero at ¢ = 0°. Hence the current in 
the capacitor at ¢ = 0° is the negative of the 
inductor current: 


ic(O*) = —(-12.25) = 12.25 mA. 
Therefore the initial value of the derivative is 


dv(0*) _ (12.25)(10"7) 
dt — (0.125)(107) 


= 98,000 V/s. 
Figure 8.9 A The voltage response for Example 8.4. 


Characteristics of the Underdamped Response 


The underdamped response has several important characteristics. First, as 
the dissipative losses in the circuit decrease, the persistence of the oscilla- 
tions increases, and the frequency of the oscillations approaches wy. In 
other words, as R — ©v, the dissipation in the circuit in Fig. 8.8 approaches 
zero because p = v*/R. As R> ©&,a—0, which tells us that wy > ay. 
When a@ = 0, the maximum amplitude of the voltage remains constant; 
thus the oscillation at wy is sustained. In Example 8.4, if R were increased 
to infinity, the solution for v(t) would become 


v(t) = 98 sin 1000r V, ¢ = 0. 


Thus, in this case the oscillation is sustained, the maximum amplitude of 
the voltage is 98 V, and the frequency of oscillation is 1000 rad/s. 

We may now describe qualitatively the difference between an under- 
damped and an overdamped response. In an underdamped system, the 
response oscillates, or “bounces,” about its final value. This oscillation is 
also referred to as ringing. In an overdamped system, the response 
approaches its final value without ringing or in what is sometimes 
described as a “sluggish” manner. When specifying the desired response of 
a second order system, you may want to reach the final value in the short- 
est time possible, and you may not be concerned with small oscillations 
about that final value. If so, you would design the system components to 
achieve an underdamped response. On the other hand, you may be con- 
cerned that the response not excecd its final value, perhaps to ensure that 
components are not damaged. In such a case, you would design the system 
components to achieve an overdamped response, and you would have to 
accept a relatively slow rise to the final value. 
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ou ASSESSMENT PROBLEM 


Objective 1—Be able to determine the natural and the step response of parallel RLC circuits 


8.4 A 10mH inductor,a 1 pF capacitor, and a vari- 
able resistor are connected in parallel in the 
circuit shown. The resistor is adjusted so that 
the roots of the characteristic equation are 
—8000 + j6000 rad/s. The initial voltage on the 
capacitor is 10 V, and the initial current in the 


inductor is 80 mA. Find Answer: (a) 62.5 9: 

a) R; (b) —240,000 V/s; 

b) dv(0")/dt; (c) B, = 10 V, By = —80/3 V; 

c) B, and B, in the solution for v; and (d) i,(t) = 10e*[8 cos 60008 

d) i,(t). + (82/3) sin 6000¢] mA when t = 0. 


NOTE: Also try Chapter Problems 8.7 and 8.19. 


The Critically Damped Voltage Response 


The second-order circuit in Fig. 8.8 is critically damped when w = a”, or 


Ww) = a. When a circuit is critically damped, the response is on the verge of 
oscillating. In addition, the two roots of the characteristic equation are 
real and equal; that is, 


1 
S$) = 8 = a= —T SS. 8.32 
ee 2 TRC (8.32) 
When this occurs, the solution for the voltage no longer takes the form 
of Eq. 8.18. This equation breaks down because if s; = s) = —a, it pre- 
dicts that 
v = (A, + Ag)e™ = Age, (8.33) 


where Ay is an arbitrary constant. Equation 8.33 cannot satisfy two inde- 
pendent initial conditions (Vj), J)) with only one arbitrary constant, Ao. 
Recall that the circuit parameters R and C fix a. 

We can trace this dilemma back to the assumption that the solution 
takes the form of Eq. 8.18. When the roots of the characteristic equation 
are equal, the solution for the differential equation takes a different 
form, namely 


v(t) = Dyte™ + Dye™. (8.34) <4 Voltage natural response—critically 
damped parallel RLC circuit 


Thus in the case of a repeated root, the solution involves a simple expo- 
nential term plus the product of a linear and an exponential term. The jus- 
tification of Eq. 8.34 is left for an introductory course in differential 
equations. Finding the solution involves obtaining D, and D, by following 
the same pattern set in the overdamped and underdamped cases: We use 
the initial values of the voltage and the derivative of the voltage with 
respect to time to write two equations containing D, and/or Dp. 
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From Eq. 8.34, the two simultaneous equations needed to determine 
D, and D, are 


v(0") = YW = Do, (8.35) 


dv(0") — ic(0") _ 
6 


Dd; —_ aD. (8.36) 


As we can see, in the case of a critically damped response, both the 
equation for v(t) and the simultaneous equations for the constants D,; and 
D, differ from those for over- and underdamped responses, but the general 
approach is the same. You will rarely encounter critically damped systems 
in practice, largely because wy must equal a exactly. Both of these quanti- 
ties depend on circuit parameters, and in a real circuit it is very difficult to 
choose component values that satisfy an exact equality relationship. 

Example 8.5 illustrates the approach for finding the critically damped 
response of a parallel] RLC circuit. 


Sel Ce:mem Finding the Critically Damped Natural Response of a Parallel RLC Circuit 


a) For the circuit in Example 8.4 (Fig. 8.8), find the Substituting these values for a, D,, and D> into 
value of R that results in a critically damped volt- Eq. 8.34 gives 
age response. ‘nt 
= ny t 
b) Calculate v(t) fort = 0. v(t) = 98,000ce Nae oe 
c) Plot u(t) versus ¢for0 < ¢ = 7 ms. c) Figure 8.10 shows a plot of v(t) versus ¢ in the 
interval 0 = ¢ = 7 ms. 
Solution 
a) From Example 8.4, we know that wf = 10°. u(y) 
Therefore for critical damping, 40 
‘ l 32 
a= 10 = ——, 
. 2RC D4 
Ol 
i 16 
R= a 4000 © 
(2000)(0.125) ' ° 
b) From the solution of Example 8.4, we know that 0) j- O :e i 2 eG ots) 
v(0°) = 0 and dv(0*)/dt = 98,000 V/s. From 
Eqs. 8.35 and 8.36, D. = 0 and D, = 98,000 V/s. Figure 8.10 A The voltage response for Example 8.5. 


J ASSESSMENT PROBLEM 


Objective 1—Be able to determine the natural and the step response of parallel RLC circuits 


8.5 The resistor in the circuit in Assessment Answer: (a) 100 0); 
Problem 8.4 is adjusted for critical damping. (b) 50 V: 
The inductance and capacitance values are : 
0.4 H and 10 pF, respectively. The initial energy (c) 250 mA; 
stored in the circuit is 25 mJ and is distributed (d) —50,000 V/s, 50 V: 
equally between the inductor and capacitor. 
Find (a) R:(b) Vo; (c) Ip; (d) D; and D, in the (e) ip(t) = (—500te>™ + 0.5027) A, 
solution for v; and (e) ig, f = 0°. r=0. 


NOTE: Also try Chapter Problems 8.9 and 8.20. 


8.2 The Forms of the Natural Response of a Parallel RLC Circuit 


A Summary of the Results 


We conclude our discussion of the parallel RLC circuit’s natural response 
with a brief summary of the results. The first step in finding the natural 
response is to calculate the roots of the characteristic equation. You then 
know immediately whether the response is overdamped, underdamped, or 
critically damped. 

If the roots are real and distinct (w3 < a”), the response is over- 
damped and the voltage is 


v(t) = Aye + Are™, 
where 


9 3 
$; = -at a — Wh, 


oy ante 2 
$82 = 7a — a” — We, 


1 
ame vou 

Pe 
() ew 


The values of A, and A, are determined by solving the following simulta- 
neous equations: 


v(0") = A, + Ad, 


dv(0") : ic(0") 
dpe GE 


3 S|A, + SA. 
2 . 
If the roots are complex wi > a* the response is underdamped and 
the voltage is 
v(t) = Bye cos wyt + Boe ™ sin ayt. 
where 
\/2 2 
Oy = wy 7 &. 


The values of B,; and B, are found by solving the following simultaneous 
equations: 


| 


vo(0") = Y= By, 


lo(0" ic(O* 
— = wn = —aB, a wyBo. 


If the roots of the characteristic equation are real and equal (wp = a”). 
the voltage response is 


v(t) = Dite™ + Dye. 


where a is as in the other solution forms. To determine values for the con- 
stants D, and D3, solve the following simultaneous equations: 


v(0") 


Vy = Da, 


dO") ic(O") 


dt C 


279 


280 = Natural and Step Responses of RLC Circuits 


Figure 8.11 A A circuit used to describe the step 
response of a parallel RLC circuit. 


8.3 The Step Response of a Parallel 
RLC Circuit 


Finding the step response of a parallel RLC circuit involves finding the 
voltage across the parallel branches or the current in the individual 
branches as a result of the sudden application of a dc current source. 
There may or may not be energy stored in the circuit when the current 
source is applied. The task is represented by the circuit shown in Fig. 8.11. 
To develop a general approach to finding the step response of a second- 
order circuit, we focus on finding the current in the inductive branch (i; ). 
This current is of particular interest because it does not approach zero as 
t increases. Rather, after the switch has been open for a long time, the 
inductor current equals the dc source current /. Because we want to focus 
on the technique for finding the step response, we assume that the initial 
energy stored in the circuit is zero. This assumption simplifies the calcula- 
tions and doesn’t alter the basic process involved. In Example 8.10 
we will see how the presence of initially stored energy enters into the 
general procedure. 

To find the inductor current i;, we must solve a second-order differ- 
ential equation equated to the forcing function /, which we derive as fol- 
lows. From Kirchhoft’s current law, we have 


ti, tig tic = 71, 


or 
pe i (8.37) 
- R dt 
Because 
ae (8.38) 
v= L—, : 
dt 
we get 
dv di, 
= = ma 8.39 
Substituting Eqs. 8.38 and 8.39 into Eq. 8.37 gives 
pees iclt =] (8.40) 
LR dt dt’ , 
For convenience, we divide through by LC and rearrange terms: 
Pip Adin, ie aus 


+ + =—, 
dt? RC dt Le-  -LG 


Comparing Eq. 8.41 with Eq. 8.3 reveals that the presence of a nonzero 
term on the right-hand side of the equation alters the task. Before show- 
ing how to solve Eq. 8.41 directly, we obtain the solution indirectly. 
When we know the solution of Eq. 8.41, explaining the direct approach 
will be easier. 


The Indirect Approach 


We can solve for /; indirectly by first finding the voltage v. We do this with 
the techniques introduced in Section 8.2, because the differential equation 
that v must satisfy is identical to Eq. 8.3. To see this, we simply return to 
Eq. 8.37 and express i, as a function of v; thus 


ile v dv 
— —+C—=]. 
tf var a R Cc a I (8.42) 


Differentiating Eq. 8.42 once with respect to ¢ reduces the right-hand side 
to zero because J is a constant. Thus 


Lauer de, 
L Rat dt° 
Or 
LP 1 ; 
a ag 2 ea (8.43) 


+ a a es 
dt2 RC at LC 


As discussed in Section 8.2, the solution for v depends on the roots of the 
characteristic equation. Thus the three possible solutions are 


v = Aye + Are, (8.44) 
v = Bee“ cos wat + Boe sin wyt, (8.45) 
v = Dite™ + Doe. (8.46) 


A word of caution: Because there is a source in the circuit for tf > 0, you 
must take into account the value of the source current at = 0* when you 
evaluate the coefficients in Eqs. 8.44-8.46. 

To find the three possible solutions for /;, we substitute Eqs. 8.44-8.46 
into Eq. 8.37. You should be able to verify, when this has been done, that 
the three solutions for 7; will be 


ip = 1+ Ate’ + Ase, (8.47) 
ip ={+ Bie“ COS wf - Bie! sin wit, (8.48) 
ip = T+ Dite" + Die, (8.49) 


where Aj, A}, Bi, Bs, D), and D3, are arbitrary constants. 

In each case, the primed constants can be found indirectly in terms of 
the arbitrary constants associated with the voltage solution. However, this 
approach is cumbersome. 


The Direct Approach 


It is much easier to find the primed constants directly in terms of the ini- 
tial values of the response function. For the circuit being discussed, we 
would find the primed constants from i, (0) and di,(0)/dt. 

The solution for a second-order differential equation with a constant 
forcing function equals the forced response plus a response function 


8.3 The Step Response of a Parallel RLC Circuit 
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identical in form to the natural response. Thus we can always write the 
solution for the step response in the form 


or 


ae of the same ae 
Ip + : 


= 8.50 
as the natural response cy) 
function of the same form 
=V, + (8.51) 
as the natura] response 


where J; and V; represent the final value of the response function. The 
final value may be zero, as was, for example, the case with the voltage v in 
the circuit in Fig. 8.8. 

Examples 8.6-8.10 illustrate the technique of finding the step 
response of a parallel RLC circuit using the direct approach. 


Scliite-mem Finding the Overdamped Step Response of a Parallel RLC Circuit 


The initial energy stored in the circuit in Fig. 8.12 is 
zero. At t = 0, a de current source of 24 mA is 
applied to the circuit. The value of the resistor is 
400 9. 

a) What is the initial value of i,? 

b) What is the initial value of di;/dt? 

c) What are the roots of the characteristic equation? 


d) What is the numerical expression for i, (t) when 
t = 0? 


Figure 8.12 A The circuit for Example 8.6. 


Solution 


a) No energy is stored in the circuit prior to the 
application of the dc current source, so the initial 
current in the inductor is zero. The inductor pro- 
hibits an instantaneous change in inductor cur- 
rent; therefore i,(0) = 0 immediately after the 
switch has been opened. 


b) The initial voltage on the capacitor is zero 
before the switch has been opened; therefore it 
will be zero immediately after. Now, because 
v= Ldi,/dt, 


di, 


sahee ty 
ape? 0. 


c) From the circuit elements, we obtain 


i 10” 
2 = = —_ = 5x l 8 
OTC = ae 

1 10° 

= —— = —_____ = 5 x ]' rad/s, 
“IRC (2)(400)(25) vas 
or 
a? = 25 x 10°. 


Because wi < a”, the roots of the characteristic 
equation are real and distinct. Thus 


s; = -5 X 104 + 3 x 107 = —20,000 rad/s, 


% = -5 x 10*- 3 x 10 


—80,000 rad/s. 


d) Because the roots of the characteristic equation 
are real and distinct, the inductor current response 
will be overdamped. Thus i; (t) takes the form of 
Eq. 8.47, namely, 


ip = Ty + Ale + Abe™. 


> Inductor current in overdamped parallel 
RLC circuit step response 


Hence, from this solution, the two simultaneous 
equations that determine Aj and A} are 


i,(0) = If + Aj + Ad = 0, 
di 
—£(0) = s,A{ + AS = 0. 
dt 
Solving for Aj and A4 gives 
A, = -32mA and A} = 8mA. 


The numerical solution for 7; (£) is 


iy (t) = (24 a2 32 e~ 20.0008 fhe ReW 80.0008 ) mA, t=O. 
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Selicm-Mwae Finding the Underdamped Step Response of a Parallel RLC Circuit 


The resistor in the circuit in Example 8.6 (Fig. 8.12) 
is increased to 625 . Find i; (t) fort = 0. 


Solution 


Because L and C remain fixed, wa has the same 
value as in Example 8.6; that is, wj = 16 x 10°. 
Increasing R to 6259) decreases a to 
3.2 x 10* rad/s. With wi > a, the roots of the 
characteristic equation are complex. Hence 


—3.2 x 104 + j2.4 x 10° rad/s, 


I} 


Sy 


Sy = —3.2 xX 10* — j2.4 x 10‘ rad/s. 


The current response is now underdamped and 
given by Eq. 8.48: 


ip(t) = Ip + Bye cos wat + Bye sin wat. 


> Inductor current in underdamped parallel 
RLC circuit step response 


Here, @ is 32,000 rad/s, wy is 24,000 rad/s, and 
Iris 24mA. 

As in Example 8.6, B, and By are determined 
from the initial conditions. Thus the two simultane- 
ous equations are 


(0) = wyBs — aB, = 0. 
Then, 
By = —24mA 
and 
BS = —32 mA. 


The numerical solution for i; (t) is 


ip(t) = (24 — 24e732-0% cos 24,0008 


~ 32¢7 32.000 sin 24,000t) mA, ¢ = 0. 


Scuiieseem Finding the Critically Damped Step Response of a Parallel RLC Circuit 


The resistor in the circuit in Example 8.6 (Fig. 8.12) 
is set at 500 2. Find 7; for ¢ = 0. 


Solution 


We know that w3 remains at 16 xX 10°. With R set at 
500 9, a becomes 4 x 10*s7', which corresponds 
to critical damping. Therefore the solution for i; (t) 
takes the form of Eq. 8.49: 


ip(t) = Ip + Dito + Dien, 


> Inductor current in critically damped parallel 
RLC circuit step response 


i,(t) = (24 — 960,000re~ 40:00" 


Again, D; and D are computed from initial 
conditions, or 


i,(0) = Ty ig D5 = 0), 


di , ; 
= (0) = Di — aDs =0. 


Thus 
D, = —960,000mA/s and Ds = —24mA. 


The numerical expression for i, (t) is 


— 24e7 40.0001) mA, t = 0. 
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Selul(esmem Comparing the Three-Step Response Forms 


a) Plot on a single graph, over a range from 0 to 
220 ws, the overdamped, underdamped, and 
critically damped responses derived in 
Examples 8.6-8.8. 


b) Use the plots of (a) to find the time required for 
iz to reach 90% of its final value. 


c) On the basis of the results obtained in (b), which 
response would you specify in a design that puts 
a premium on reaching 90% of the final value of 
the output in the shortest time? 


d) Which response would you specify in a design 
that must ensure that the final value of the cur- 
rent is never exceeded? 


Solution 


a) See Fig. 8.13. 


b) The final value of i; is 24 mA, so we can read the 
times off the plots corresponding toi; = 21.6 mA. 
Thus f,4 = 130 ws, tg = 97 ws, and t,q = 74 ps. 

c) The underdamped response reaches 90% of the 
final value in the fastest time, so it is the desired 
response type when speed is the most important 
design specification. 


Example 8.10 


Energy is stored in the circuit in Example 8.8 
(Fig. 8.12, with R = 500 (2) at the instant the de cur- 
rent source is applied. The initial current in the 
inductor is 29 mA, and the initial voltage across the 
capacitor is 50 V. Find (a) i,(0); (b) di;,(0)/dt; 
(c) iz(t) for t = 0; (d) v(t) fort = 0. 


Solution 


a) There cannot be an instantaneous change of cur- 
rent in an inductor, so the initial value of i, in the 
first instant after the dc current source has been 
applied must be 29 mA. 


b) The capacitor holds the initial voltage across the 
inductor to 50 V. Therefore 


di, 


ry 


(0*) = 50, 
dir 


5 
=O) = x x 10° = 2000 A/s. 


Underdamped (R = 625 (2) 


(Overdamped (R= 4000) 


| Critically damped (R = 500 0) 


0 20 60 100 140 180 


Figure 8.13 A The current plots for Example 8.9. 


d) From the plot, you can see that the under- 
damped response overshoots the final value of 
current, whereas neither the critically damped 
nor the overdamped response produces currents 
in excess of 24 mA. Although specifying either of 
the latter two responses would meet the design 
specification, it is best to use the overdamped 
response. It would be impractical to require a 
design to achieve the exact component values 
that ensure a critically damped response. 


Finding Step Response of a Parallel RLC Circuit with Initial Stored Energy 


c) From the solution of Example 8.8, we know that 
the current response is critically damped. Thus 


ir (t) = Ty oF Dite™ + Dse™, 


where 


a= se = 40,000 rad/s and /y = 24mA. 


Notice that the effect of the nonzero initial 
stored energy is on the calculations for the con- 
stants D) and D5, which we obtain from the ini- 
tial conditions. First we use the initial value of 
the inductor current: 


(0) = I, + Dy = 29mA, 
from which we get 


DS = 29 —24=5mA. 
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The solution for Dj is d) We can get the expression for v(t), ¢ = 0 by 
using the relationship between the voltage and 
di current in an inductor: 
—“(0*) = Di — aD} = 2000, 
dt 
di; 
or ut) = L—- 


dt 
D', = 2000 + aD} 


(25 x 10°°)[(2.2 x 10°)(—40,000)te 


= 2000 + (40,000)(5 x 1074) 42.2 & 10%e~40.000" 


= 2200 A/s = 2.2 X 10°mA/s. + (5)(—40,000)e~4.0"7] x 107 


Il 


, re 6 5-40,000 40,000 
Thus the numerical expression for i, (t) is —2.2 x 10%te ‘+ 30e ‘V,¢ 20. 


in(t) = (24 + 2.2 X 10%e~ 4.0 To check this result, let’s verify that the initial 
voltage across the inductor is 50 V: 


+ 5e700) mA, t= 0. v(0) = ~2.2 X 10°(0)(1) + S0(1) = SOV. 


J ASSESSMENT PROBLEM 


Objective 1—Be able to determine the natural response and the step response of parallel RLC circuits 


8.6 Inthe circuit shown, R = 5000, L = 0.64 H, Answer: (a) 80 mA; 
C = 1ypF,and/ = —1A. The initial voltage (b) —1.58 A: 
drop across the capacitor is 40 V and the initial ; 
inductor current is 0.5 A. Find (a) ip(0*); (c) 62.5 A/s; 
ere eer ea Ere: 
Seaman enosteuome a aa 3 
=e Sat (—1000 — 7750) rad/s; 


(e) [-1 + e 111.5 cos 750t 
+ 2.0833 sin 750t] A, for ¢ = 0; 


(f) e140 cos 750¢ — 2053.33 sin 750f) V, 
fort = 0°. 


NOTE: Also try Chapter Problems 8.29-8.31. 


8.4 The Natural and Step Response 
of a Series RLC Circuit 


The procedures for finding the natural or step responses of a series RLC 
circuit are the same as those used to find the natural or step responses of a 
parallel RLC circuit, because both circuits are described by differential 
equations that have the same form. We begin by summing the voltages 
around the closed path in the circuit shown in Fig. 8.14. Thus 


rt ai Oe i 
Pa Db tS | dt + Vg-= 0. 
Ri lors ch id7 +V = 0 (8.52) 


We now differentiate Eq. 8.52 once with respect to ¢ to get 


. 2. . ‘ Saat : 
di Ss Figure 8.14 A A circuit used to illustrate the natural 


= +—= (0, 8.53 . ee: 
dt dt* Cc ( ) response of a series ALC circuit. 
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Characteristic equation—series 
RLC circuit > 


Neper frequency—series RLC circuit > 


Resonant radian frequency—series 
RLC circuit > 


Current natural response forms in series 
RLC circuits F > 


Figure 8.15 A A circuit used to illustrate the step 
response of a series ALC circuit. 


which we can rearrange as 


Big Bee se 8.54 
de Ldt LC ; eae) 


Comparing Eq. 8.54 with Eq. 8.3 reveals that they have the same form. 
Therefore, to find the solution of Eq. 8.54, we follow the same process that 
led us to the solution of Eq. 8.3. 

From Eq. 8.54, the characteristic equation for the series RLC circuit is 


Cree rere 8.55 
L LC eee) 


The roots of the characteristic equation are 


see eee (et ees 8.56 
i 2L 2L jot 78) 

or 
Sio = ~at a — wp. (8.57) 


The neper frequency (a) for the series RLC circuit is 


R 
a= oF rad/s, (8.58) 


and the expression for the resonant radian frequency is 


— 


wy = rad/s. (8.59) 


5 


Note that the equation for neper frequency of the series RLC circuit differs 
from that of the parallel RLC circuit, but the equations for resonant and 
damped radian frequencies are the same. 

The current response will be overdamped, underdamped, or critically 
damped according to whether w) < a*, wh > a”, or wi = a’, respectively. 
Thus the three possible solutions for the current are as follows: 


i(t) = A,e*" + A,ze** (overdamped), (8.60) 
i(t) = Bye cos wat + Boe sin wt (underdamped), _— (8.61) 
i(t) = Dite™ + Dye (critically damped). (8.62) 


When you have obtained the natural current response, you can find the 
natural voltage response across any circuit element. 

To verify that the procedure for finding the step response of a series 
RLC circuit is the same as that for a parallel RLC circuit, we show that the 
differential equation that describes the capacitor voltage in Fig. 8.15 has 
the same form as the differential equation that describes the inductor cur- 
rent in Fig. 8.11. For convenience, we assume that zero energy is stored in 
the circuit at the instant the switch is closed. 

Applying Kirchhoff’s voltage law to the circuit shown in Fig. 8.15 gives 


V =Ri+ Lo + U¢. (8.63) 
r¢ 
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The current (2) is related to the capacitor voltage (v;:) by the expression 


duc 8 64 
i= C—, ; 
ar (8.64) 
from which 
di duc 
= : .65 
at dt? ee) 


Substitute Eqs. 8.64 and 8.65 into Eq. 8.63 and write the resulting 
expression as 
auc 
d’?  L dt 


(8.66) 


Equation 8.66 has the same form as Eq. 8.41; therefore the procedure for 
finding uv; parallels that for finding i;. The three possible solutions for vc 
are as follows: 


Uc = V,; + Aje™ + Aje™ (overdamped), (8.67) 


Vc = Ve + Bie cos wat + Bye™™ sin wat (underdamped), (8.68) 


Uc = Vp + Dite™ + De (critically damped), (8.69) 


where V;, is the final value of vc. Hence, from the circuit shown in Fig. 8.15, 
the final value of uc is the de source voltage V. 

Example 8.11 and 8.12 illustrate the mechanics of finding the natural 
and step responses of a series RLC circuit. 


Example 8.11 


The 0.1 uF capacitor in the circuit shown in 
Fig. 8.16 is charged to 100 V. At ¢ = 0 the capacitor 
is discharged through a series combination of a 
100 mH inductor and a 560 2: resistor. 


Solution 
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< Capacitor voltage step response forms in 
series RLC circuits 


Finding the Underdamped Natural Response of a Series RLC Circuit 


a) The first step to finding i(t) is to calculate the 
roots of the characteristic equation. For the given 


element values, 


a) Find i(t) fort = 0. 
b) Find u¢(t) fort = 0. 


Figure 8.16 A The circuit for Example 8.11. 


_ (10°)(10°) | 


~ (100)(0.1) 10s 


= 2800 rad/s. 


288 Natural and Step Responses of RLC Circuits 


Next, we compare w) to a” and note that we > a’, 
because 


a? = 7.84 x 10° 
= 0.0784 x 10°. 


At this point, we know that the response is under- 
damped and that the solution for i(t) is of the form 


i(t) = Bye™ cos wyt + Be“ sin wyt, 


where a = 2800 rad/s and wy = 9600 rad/s. The 
numerical values of B, and B, come from the initial 
conditions. The inductor current is zero before the 
switch has been closed, and hence it is zero immedi- 
ately after. Therefore 


i(0) =O0= By. 


To find B>, we evaluate di(0*)/dt. From the circuit, we 
note that, because i(0) = 0 immediately after the 
switch has been closed, there will be no voltage drop 
across the resistor. Thus the initial voltage on the 
capacitor appears across the terminals of the inductor, 
which leads to the expression, 


Example 8.12 


No energy is stored in the 100 mH inductor or the 
0.4 wF capacitor when the switch in the circuit 
shown in Fig. 8.17 is closed. Find u(t) for t = 0. 


48 V 


Figure 8.17 A The circuit for Example 8.12. 


Solution 


The roots of the characteristic equation are 


Pape cere peas Feeg oe WO 
= 0.2 0.2 (0.1)(0.4) 


(—1400 + j4800) rad/s, 


5. = (—1400 — 4800) rad/s. 


vc(t) = (100 cos 96004 + 29.17 sin 9600r)e PV, 4 = 0. 


or 
di(0*) Vo 100... 
— = — = CX ILE 
dt L100 
= 1000 A/s. 


Because B, = 0, 


é 
a = 400B,e2""(24 cos 9600t — 7 sin 96001). 
Thus 
di(0*) 
TP = 9600Bp, 
1000 
By = —— * 0.1042 A. 
29609 


The solution for i(t) is 
i(t) = 0.1042e778 sin 9600t A, t = 0. 


b) To find uc(t), we can use either of the following rela- 


tionships: 


1 t 
UC = ~5 [iar + 100 or 


di 
Uc = iR+ L—. 
. dt 
Whichever expression is used (the second is recom- 
mended), the result is 


Finding the Underdamped Step Response of a Series RLC Circuit 


The roots are complex, so the voltage response is 
underdamped. Thus 


uc(t) = 48 + Bye!" cos 48008 
+ Bhe 40 sin 4800r, t = 0. 


No energy is stored in the circuit initially, so both 
uc(0) and duc(0*)/dt are zero. Then, 


vc(0) = 0 = 48 + Bi, 


dv¢(0* 
ae = 0 = 4800B% — 1400B'. 
a 


Solving for B, and B; yields 
Bi = -48V, 
B, = -14V. 
Therefore, the solution for u¢(t) is 
uclt) = (48 — 48e7 4" cos 48008 
— 14¢e7'4 sin 48001) V,  ¢ = 0. 


vl ASSESSMENT PROBLEMS 


8.5 A Circuit with Two Integrating Amplifiers 


Objective 2—Be able to determine the natural response and the step response of series RLC circuits 


8.7. The switch in the circuit shown has been in 
position a for a long time. At ¢ = 0, it moves to 
position b. Find (a) i(0*); (b) vc(0"); 

(c) di(O*)/dt; (d) 51, 52; and (e) i(t) for t = 0. 


Answer: (a) 0; 


(b) 50 V; 
(c) 10,000 A/s; 8.8 Find u(t) fort = 0 for the circuit in 
(4) (-8000 + j6000) rad/s, Assessment Problem 8.7. 

(—8000 — j6000) rad/s; Answer: [100 — e°°""(50 cos 6000t 


(e) (1.67e ®™ sin 60002) A for t = 0. 
NOTE: Also try Chapter Problems 8.50-8.52. 


8.5 A Circuit with Two Integrating 
Amplifiers 


A circuit containing two integrating amplifiers connected in cascade! is 
also a second-order circuit; that is, the output voltage of the second inte- 
erator is related to the input voltage of the first by a second-order differ- 
ential equation. We begin our analysis of a circuit containing two cascaded 
amplifiers with the circuit shown in Fig. 8.18. 


Figure 8.18 A Two integrating amplifiers connected in cascade. 


We assume that the op amps are ideal. The task is to derive the differ- 
ential equation that establishes the relationship between v,, and v,. We 
begin the derivation by summing the currents at the inverting input termi- 
nal of the first integrator. Because the op amp is ideal, 


An ee oe 
R, AL Vo1) = (). (8.70) 
From Eq. 8.70, 
AV, 1 
dt = "RC, * (8.71) 


' In a cascade connection, the output signal of the first amplifier (v,, in Fig. 8.18) is the input 
signal for the second amplifier. 


+ 66.67 sin 60001)] V fort = 0. 
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Now we sum the currents away from the inverting input terminal of the 
second integrating amplifier: 


= Vol d 
—— = + C,;—(0 — v,) = 0, 8.72 
or 
dv, 1 Gis 
— = : 
Differentiating Eq. 8.73 gives 
dv, 1 avo) 
= (8.74) 


de ReCa dt” 


We find the differential equation that governs the relationship between », 
and v, by substituting Eq. 8.71 into Eq. 8.74: 
d’v, 1 1 
~ ama 
dt? RC, RC) . 


Example 8.13 illustrates the step response of a circuit containing two cas- 
caded integrating amplifiers. 


(8.75) 


Sel te-mwem §=Analyzing Two Cascaded Integrating Amplifiers 


No energy is stored in the circuit shown in Fig. 8.19 0.1 uF 
when the input voltage v, jumps instantaneously 
from 0 to 25 mV. 


] uF 


a) Derive the expression for v,(t) forO0 = ¢ S ty. 
b) How long is it before the circuit saturates? 


Solution ; — 
Figure 8.19 A The circuit for Example 8.13. 


a) Figure 8.19 indicates that the amplifier scaling 


factors are Hence 
7409) t 
a hee __1000_ = A(), | dy =2 | dx, 
RiC, = (250)(0.1) 2(0) J0 
| 1000 from which 
RoC, (S00)(1) ~~ g(t) — g(0) = 2¢. 
Now, because v, = 25 mV for ¢ > 0, Eq. 8.75 However, 
becomes dv,(0) 
? [Oss —« 
v 


ie = (40)(2)(25 x 1073) = 2. 


To solve for v,, we let 


because the energy stored in the circuit ini- 
tially is zero, and the op amps are ideal. (See 
Problem 8.57.) Then, 

dv, 


= LV, 
gl) dt ° "= 2% and v, = t + v,(0). 
at 
then, 
But v,(0) = 0, so the experssion for v,, becomes 
dg(t) a 
Fm 2, and dg(t) = 2dt. v, =P, OFtS teu 


8.5 A Circuit with Two Integrating Amplifiers 291 


b) The second integrating amplifier saturates when Solving for v, yields 
v, reaches 9 V or t = 3s. But it is possible that 


the first integrating amplifier saturates before ot ea 
t = 3s. To explore this possibility, use Eq. 8.71 to Thus, at ¢ = 3s, v,; = —3 V, and, because the power 
find dv, /dt: supply voltage on the first integrating amplifier is 


+5 V, the circuit reaches saturation when the second 
amplifier saturates. When one of the op amps satu- 
rates, we no longer can use the linear model to predict 
the behavior of the circuit. 


dv, 


= —40(25) x 10 = —-1. 
dt (25) 


NOTE: Assess your understanding of this material by trying Chapter Problem 8.63. 


Two Integrating Amplifiers with Feedback Resistors 


Figure 8.20 depicts a variation of the circuit shown in Fig. 8.18. Recall from 
Section 7.7 that the reason the op amp in the integrating amplifier satu- 
rates is the feedback capacitor’s accumulation of charge. Here, a resistor is 
placed in parallel with each feedback capacitor (C, and C2) to overcome 
this problem. We rederive the equation for the output voltage. v,, and 
determine the impact of these feedback resistors on the integrating ampli- 
fiers from Example 8.13. 

We begin the derivation of the second-order differential equation that 
relates v,,, to v, by summing the currents at the inverting input node of the 
first integrator: 


“8 + se + C50 — 041) = 0. (8.76) 
We simplify Eq. 8.76 to read 
dv, l me: 
de © RIG, RG), oe 
For convenience, we let 7; = R,C, and write Eq. 8.77 as 
CGT os Maton a= WE (8.78) 


at T| R,C, 


The next step is to sum the currents at the inverting input terminal of the 
second integrator: 


OS ang: SO Sy, 
es + es 
Ry Ry 


/ 
4:0 = 4.) = 6. (8.79) 
dt 


Figure 8.20 A Cascaded integrating amplifiers with feedback resistors. 
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We rewrite Eq. 8.79 as 


dv, Yo _ Vol 8.80 
dt T? = R,C>’ ( , ) 
where T, = R,C>. Differentiating Eq. 8.80 yields 
d’v, i Ldvy 1 dv, a 
dt? 72 at RyC> dt” ee) 
From Eq. 8.78, 
dVo\ Vol Ug 
ee i te ae ; 8.82 
dt T1 RAC, ( ) 
and from Eq. 8.80, 
te dv, RyCr 3.8 
Vor = b\2 dt T Up ( . 3) 


We use Eqs. 8.82 and 8.83 to eliminate dv,,/dt from Eq. 8.81 and obtain 
the desired relationship: 


dey + ( + : \o + ( ) ut (8.84) 
—+— — ly, = ———. 
dt? ™T 872) dt 772) °° RAC {RpyCo 


From Eq. 8.84, the characteristic equation is 


s? + (4 + +)s ae 0. (8.85) 


7172 
The roots of the characteristic equation are real, namely, 


= 


Ss, = 8.86 

S| a (8.86) 
—] 

Ss = —., 8.87 

$9 a ( ) 


Example 8.14 illustrates the analysis of the step response of two cascaded 
integrating amplifiers when the feedback capacitors are shunted with 
feedback resistors. 


The parameters for the circuit shown in Fig. 8.20 
are R, = 100kQ, R, = 500kQ, C, = 0.1 pF, 
R, = 25kQ0, R, = 100kQ, and C, = 1yF. The 
power supply voltage for each op amp is +6 V. The 
signal voltage (v,) for the cascaded integrating 
amplifiers jumps from 0 to 250 mV at t = 0. No 
energy is stored in the feedback capacitors at the 
instant the signal is applied. 


a) Find the numerical expression of the differential 
equation for v,. 

b) Find v,(t) for t = 0. 

c) Find the numerical expression of the differential 
equation for v,). 

d) Find v,,(t) for t = 0. 


Solution 


a) From the numerical values of the circuit parame- 
ters, we have 7, = R,C, = 0.058; rz = RC, 
= 0.10, and v,/R,C;R,C. = 1000 V/s’. Substi- 
tuting these values into Eq. 8.84 gives 


d’v, n 394% 
dt? dt 


+ 200v, = 1000. 


b) The roots of the characteristic equation are 
s; = —20rad/s and s, = —10rad/s. The final 
value of v, is the input voltage times the gain of 
each stage, because the capacitors behave as 
open circuits as f — co. Thus, 


(—500) (-100) _ 


100 25 Ne 


V,(00) = (250 x 1077) 


NOTE: Assess your understanding of this material by trying Chapter Problem 8.64. 
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The solution for v, thus takes the form: 


Vo =5 + Aje dt + Ae 2, 


With v,(0) = 0 and dv,(0)/dt = 0, the numeri- 
cal values of Aj and Aj are Aj; = —10V and 
A5 = 5 V. Therefore, the solution for v, is 


v,(t) = (5 — 10e3 + Se) V, t= 0. 


The solution assumes that neither op amp 
saturates. We have already noted that the final 
value of v, is 5 V, which is less than 6 V; hence the 
second op amp does not saturate. The final value 
of v,; is (250 X 107*)(—500/100), or —1.25 V. 
Therefore, the first op amp does not saturate, and 
our assumption and solution are correct. 


c) Substituting the numerical values of the parame- 
ters into Eq. 8.78 generates the desired differen- 
tial equation: 


AVo 
at 


+ 2005, = —25. 


d) We have already noted the initial and final val- 
ues of v1, along with the time constant 7. Thus 
we write the solution in accordance with the 
technique developed in Section 7.4: 


= ~1.25 + [0 — (—1.25)]e2™ 


eS 
= 
| 


—1.25 +1.25e°V, t=0. 


294 Natural and Step Responses of RLC Circuits 


Figure 8.21 A The circuit diagram of the conven- 
tional automobile ignition system. 


Practical Perspective 


An Ignition Circuit 

Now let us return to the conventional ignition system introduced at the 
beginning of the chapter. A circuit diagram of the system is shown in 
Fig. 8.21. Consider the circuit characteristics that provide the energy to 
ignite the fuel-air mixture in the cylinder. First, the maximum voltage avail- 
able at the spark plug, v,,, must be high enough to ignite the fuel. Second, 
the voltage across the capacitor must be limited to prevent arcing 
across the switch or distributor points. Third, the current in the primary 
winding of the autotransformer must cause sufficient energy to be stored in 
the system to ignite the fuel-air mixture in the cylinder. Remember that the 
energy stored in the circuit at the instant of switching is proportional to the 
primary current squared, that is, wo = $1 i°(0). 


EXAMPLE 


a) Find the maximum voltage at the spark plug, assuming the following val- 
ues in the circuit of Fig. 8.21: Vy, = 12V, R=4Q0, L =3mH, 
C = 0.4 uF, and a = 100. 


b) What distance must separate the switch contacts to prevent arcing at 
the time the voltage at the spark plug is maximum? 


Solution 


a) We analyze the circuit in Fig. 8.21 to find an expression for the spark 
plug voltage v,,. We limit our analysis to a study of the voltages in the 
circuit prior to the firing of the spark plug. We assume that the current 
in the primary winding at the time of switching has its maximum possi- 
ble value V;./R, where R is the total resistance in the primary circuit. 
We also assume that the ratio of the secondary voltage (v2) to the pri- 
mary voltage (v,) is the same as the turns ratio N>/N, . We can justify 
this assumption as follows. With the secondary circuit open, the voltage 
induced in the secondary winding is 


di 
v7,= M—, ; 
V> 7 (8.88) 
and the voltage induced in the primary winding is 
di 
= L—, ; 
Vv} dt (8 89) 
It follows from Eqs. 8.88 and 8.89 that 
V2 M 
A Ee 8.90 
ie (8.90) 


It is reasonable to assume that the permeance is the same for the fluxes 
dy, and do; in the iron-core autotransformer; hence Eq. 8.90 reduces to 


V2 Ni NoP N> 
see hess =—-=q 
Vv) NiP N, 


(8.91) 


We are now ready to analyze the voltages in the ignition circuit. 
The values of R, L, and C are such that when the switch is opened, the 
primary coil current response is underdamped. Using the techniques 


developed in Section 8.4 and assuming t = 0 at the instant the switch 
is opened, the expression for the primary coil current is found to be 


V;. a 
i= “ise cost + (| sin of | (8.92) 
R Wy 
where 
R 
C= Ne 
2L 


ee eee 
Wy = iC. 


(See Problem 8.66(a).) The voltage induced in the primary winding 
of the autotransformer is 


di Vue 
= — Le sin wat. (8.93) 


= {—= 
Hi ae ca RE 


(See Problem 8.66(b).) It follows from Eq. 8.91 that 


—aViac —at os 
Wo = =e sin wt. 8.94 
2 = ORC d (8.94) 


The voltage across the capacitor can be derived either by using the 
relationship 


t 
v. = al idx + v.(0) (8.95) 
C Jo 


or by summing the voltages around the mesh containing the primary 
winding: 


di 
Ve = Vie = 1h = ae (8.96) 
In either case, we find 
v. = Val -— e™ cos wyt + Ke™ sin wt], (8.97) 


where 


1/1 
KS Se eee 
Wi (a «| 
(See Problem 8.66(c).) As can be seen from Fig. 8.21, the voltage 


across the spark plug is 


Usp = Vde + U2 


= Ma = ne e sin ot (8.98) 
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b 


~~ 


To find the maximum value of Usp, we find the smallest positive value of 
time where dv,,/dt is zero and then evaluate v,, at this instant. The 


expression for finay iS 
1 By Wd 
tmax = —~tan'| — }. (8.99) 
Wad a 


(See Problem 8.67) For the component values in the problem statement, 
we have 


R_ 4x 10° 


2L 


10° 
@7 = 4 Pe — (666.67)? = 28,859.81 rad/s. 


Substituting these values into Eq. 8.99 gives 


= 666.67 rad/s, 


a= 


and 


tmax = 53.63 pS. 


Now use Eq. 8.98 to find the maximum spark plug voltage, Us5(tmax): 


Usp(tmax) = —25,975.69 V. 


The voltage across the capacitor at fax is obtained from Eq. 8.97 as 


UAtmax) = 262.15 V. 


The dielectric strength of air is approximately 3 x 10° V/m, so this 
result tells us that the switch contacts must be separated by 
262.15/3 x 10°, or 87.38, wm to prevent arcing at the points at tmax- 

In the design and testing of ignition systems, consideration must 
be given to nonuniform fuel-air mixtures; the widening of the spark plug 
gap over time due to the erosion of the plug electrodes; the relationship 
between available spark plug voltage and engine speed; the time it takes 
the primary current to build up to its initial value after the switch 
is closed; and the amount of maintenance required to ensure reliable 
operation. 

We can use the preceding analysis of a conventional ignition system 
to explain why electronic switching has replaced mechanical switching in 
today’s automobiles. First, the current emphasis on fuel economy and 
exhaust emissions requires a spark plug with a wider gap. This, in turn, 
requires a higher available spark plug voltage. These higher voltages (up 
to 40 kV) cannot be achieved with mechanical switching. Electronic 
switching also permits higher initial currents in the primary winding of 
the autotransformer. This means the initial stored energy in the system is 
larger, and hence a wider range of fuel-air mixtures and running condi- 
tions can be accommodated. Finally, the electronic switching circuit elim- 
inates the need for the point contacts. This means the deleterious effects 
of point contact arcing can be removed from the system. 


NOTE: Assess your understanding of the Practical Perspective by trying Chapter 
Problems 8.68 and 8.69. 


Summary | 


¢ The characteristic equation for both the parallel and 
series RLC circuits has the form 


s* + 2as + wi = 0, 


where a = 1/2RC for the parallel] circuit,a = R/2L for 
the series circuit, and w§ = 1/LC for both the parallel 
and series circuits. (See pages 267 and 286.) 


¢ The roots of the characteristic equation are 
82 = -at Var — wh. 


(See page 268.) 


* The form of the natural and step responses of series 
and parallel RLC circuits depends on the values of a” 
and wy, such responses can be overdamped, 
underdamped, or critically damped. These terms 
describe the impact of the dissipative element (R) on 
the response. The neper frequency, a, reflects the effect 
of R. (See pages 268 and 269.) 


* The response of a second-order circuit is overdamped, 
underdamped, or critically damped as shown in 
Table 8.2. 


¢ In determining the natural response of a second-order 
circuit, we first determine whether it is over-, under-, or 
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critically damped, and then we solve the appropriate 
equations as shown in Table 8.3. 


In determining the step response of a second-order cir- 
cuit, we apply the appropriate equations depending on 
the damping, as shown in Table 8.4. 


For each of the three forms of response, the unknown 
coefficients (i.e., the As, B s, and Ds) are obtained by 
evaluating the circuit to find the initial value of the 
response, x(0), and the initial value of the first deriva- 
tive of the response, dx(0)/dt. 


When two integrating amplifiers with ideal op amps are 
connected in cascade, the output voltage of the second 
integrator is related to the input voltage of the first by an 
ordinary, second-order differential equation. Therefore, 
the techniques developed in this chapter may be used to 
analyze the behavior of a cascaded integrator. (See 
pages 289 and 290.) 


We can overcome the limitation of a simple integrating 
amplifier —the saturation of the op amp due to charge 
accumulating in the feedback capacitor—by placing a 
resistor in parallel with the capacitor in the feedback 
path. (See page 291.) 


TABLE 8.2 The Response of a Second-Order Circuit is Overdamped, Underdamped, or Critically Damped 


fia a Sean alare ores eee: 
Overdamped ae > wi 
Underdamped a < wh 
Critically damped a? = wh 


The voltage or current is on the verge of oscillating about its final value 


The voltage or current approaches its final value without oscillation 


The voltage or current oscillates about its final value 


TABLE 8.3 In Determining the Natural Response of a Second-Order Circuit, We First Determine Whether it is Over-, Under-, 


or Critically Damped, and Then We Solve the Appropriate Equations 


Damping Natural Response Equations — 
Overdamped x(t) = Aje*! + Are 
Underdamped x(t) = (B, cos wat + Bo sin wygt)e™™' 
Critically damped x(t) = (Dit + Dye™™ 


Coefficient Equations 


x(0) = Ay + Ap; 
dx/at(0) = AjS| + A2S> 
x(0) = By; 


dx/dt(0) = —-aB, + wyBo, 
where wy = Vwi — a 
x(0) = Dy, 

dx/dt(0) = D, — aD, 
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Natural and Step Responses of RLC Circuits 


on the Damping 


Damping _ Step Response Equations* 

Overdamped x(t) = X, + Aje + Abe™ 
Underdamped x(t) = X, + (Bi cos wat + By sin wgt)e 
Critically damped x(t) = X, + Di te™*! + Dpe™ 


: where X; is the final value of x(t). 


Problems 


Sections 8.1-8.2 


8.1 


8.2 


PSPICE 
MULTISIM 


8.3 
PSPICE 
MULTISIM 


8.4 


PSPICE 
MULTISIM 


8.5 


The resistance, inductance, and capacitance in a 
parallel RLC circuit are 20000, 250 mH, and 
10 nF, respectively. 


a) Calculate the roots of the characteristic equation 
that describe the voltage response of the circuit. 


b) Will the response be over-, under-, or critically 
damped? 

c) What value of R will yield a damped frequency 
of 12 krad/s? 


d) What are the roots of the characteristic equation 
for the value of R found in (c)? 


e) What value of R will result in a critically damped 
response? 


The circuit elements in the circuit in Fig. 8.1 are 
R = 200 2, C = 200 nF, and L = 50 mH. The ini- 
tial inductor current is —45 mA, and the initial 
capacitor voltage is 15 V. 


a) Calculate the initial current in each branch of 
the circuit. 


b) Find v(t) fort = 0. 
c) Find i, (t) fort = 0. 


The resistance in Problem 8.2 is increased to 
312.5 Q. Find the expression for u(t) for t = 0. 


The resistance in Problem 8.2 is increased to 250 2. 
Find the expression for u(t) for ¢ = 0. 


a) Design a parallel RLC circuit (see Fig. 8.1) using 
component values from Appendix H, with a res- 
onant radian frequency of 5000 rad/s. Choose a 
resistor or create a resistor network so that the 
response is critically damped. Draw your circuit. 


8.6 


38.7 


8.8 


8.9 


In Determining the Step Response of a Second-Order Circuit, We Apply the Appropriate Equations Depending 


Coefficient Equations 


x(0) = X, + Ay + Ad; 
dx/dt(0) = Aj sy) + Ab 52 


x(0) = X, + Bi; 
dx/dt(0) = —aB + waB> 
x(0) = X; + Dh; 


dx/dt(0) = Di — aD 


b) Calculate the roots of the characteristic equa- 
tion for the resistance in part (a). 


a 


— 


Change the resistance for the circuit you 
designed in Problem 8.5(a) so that the response 
is underdamped. Continue to use components 
from Appendix H. Calculate the roots of the 
characteristic equation for this new resistance. 


b 


— 


Change the resistance for the circuit you designed 
in Problem 8.5(a) so that the response is over- 
damped. Continue to use components from 
Appendix H. Calculate the roots of the character- 
istic equation for this new resistance. 


The natural voltage response of the circuit in 
Fig. 8.1 is 
v(t) = 75e°"'(cos 6000 — 4sin 6000L)V, +t = 0, 


when the inductor is 400 mH. Find (a) C; (b) R; 
(c) Vo; (d) 7g; and (e) iz (“). 

Suppose the capacitor in the circuit shown in 
Fig. 8.1 has a value of 0.1 wF and an initial voltage 


of 24 V. The initial current in the inductor is zero. 
The resulting voltage response for ¢ = O is 


v(t) — — 872508 4 32710001 Vv. 


a) Determine the numerical values of R, L, a, 
and Wy. 


b) Calculate ig(t), i (t), and ic(t) for t = 0°. 


The voltage response for the circuit in Fig. 8.1 is 
known to be 


8.10 


8.11 


G int: 


8.12 


The initial current in the inductor (/)) is -10 mA, 
and the initial voltage on the capacitor (Vo) is 8 V. 
The inductor has an inductance of 4 H. 


a) Find the values of R,C, D,, and Dy. 
b) Find i-(t) fort = 0°. 
The natural response for the circuit shown in Fig. 8.1 
is known to be 
v(t) = —11e7" + 206°" V, t= 0. 


If C = 2mFand L = 12.5H, findi,(0") in milli- 
amperes. 

The initial value of the voltage v in the circuit in 
Fig. 8.1 is zero, and the initial value of the capacitor 
current, i.(0*), is 45 mA. The expression for the 
capacitor current is known to be 


it) = Aye 2 + A, ek > Qt 
when R is 250 2. Find 
a) the values of a, wo, L,C, Ay, and A 


dic(0*) _ 


dt 


_ diz (0") 


i dt 


dt L R C 
b) the expression for v(t), ¢ = 0, 

c) the expression for ip(t) = 0, 

d) the expression for i; (t) = 0. 

Assume the underdamped voltage response of the 
circuit in Fig. 8.1 is written as 


v(t) = (Ay + Ae cos wat + f(A; — Aye“ sin wyt 


8.13 


8.14 


PSPICE 
MULTISIM 


8.15 


PSPICE 
MULTISIM 


The initial value of the inductor current is J), and 
the initial value of the capacitor voltage is Vy. Show 
that A, is the conjugate of A,. (Hint: Use the same 
process as outlined in the text to find A; and Aj.) 


Show that the results obtained from Problem 8.12— 
that is, the expressions for A, and A,—are consistent 
with Eqs. 8.30 and 8.31 in the text. 


§kQ, L=8H, 
6mA. 


In the circuit in Fig. 8.1, R 
C = 125 nF, Vp = 30 V, and Jy 
a) Find v(t) for’ = 0. 

b) Find the first three values of t for which dv/dt is 


zero. Let these values of t be denoted fj, f, 
and f3. 


c) Show that t; — 4 = Ty. 

d) Show that t, — t; = T,,/2. 

e) Calculate v(t)), v(t), and v(f3). 

f) Sketch v(t) versus tfor0 St S by. 


a) Find v(t) for ¢ = 0 in the circuit in Problem 8.14 
if the 5 kQ resistor is removed from the circuit. 


b) Calculate the frequency of v(t) in hertz. 
c) Calculate the maximum amplitude of 2() in volts. 


di (0°) _ —v(0) = a ic(0") 
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8.16 In the circuit shown in Fig. 8.1, a 2.5 H inductor is 


PSPICE 
MULTISIM 


8.17 


PSPICE 
MULTISIM 


a 


PSPICE 
MULTISIM 


shunted by a 100 nF capacitor, the resistor R is 
adjusted for critical damping, Vg = —15 V, and 
Ip = —SmA. 

a) Calculate the numerical value of R. 

b) Calculate v(t) for t = 0. 

c) Find v(t) when i-(t) = 0. 

d) What percentage of the initially stored energy 


remains stored in the circuit at the instant i-(t) 
is 0? 


The resistor in the circuit in Example 8.4 is changed 
to 3200 2. 


a) Find the numerical expression for v(t) when 
t= 0. 

b) Plot v(t) versus ¢ for the time interval 
Q0=+t=7ms. Compare this response with 
the one in Example 8.4 (R = 20kQ) and 
Example 8.5 (R = 4kQ). In particular, compare 
peak values of v(t) and the times when these 
peak values occur. 


The two switches in the circuit seen in Fig. P8.18 
operate synchronously. When switch 1 is in position 
a, Switch 2 is in position d. When switch 1 moves to 
position b, switch 2 moves to position c. Switch 1 has 
been in position a for a long time. At ¢ = 0, the 
switches move to their alternate positions. Find 
v,(t) fort = 0. 


Figure P8.18 


8.19 The resistor in the circuit of Fig. P8.18 is increased 
pspice = from 100 © to 200 ©. Find »,(¢) for t = 0. 
MULTISIM 

8.20 The resistor in the circuit of Fig. P8.18 is increased 
espce = from 100 2 to 125 21. Find v,(t) for t = 0. 
MULTISIM 

8.21 The switch in the circuit of Fig. P8.21 has been in 
Pspce_ = position a for a long time. At ¢ = 0 the switch 
ms" moves instantaneously to position b. Find v,(t) for 

pea 0. 

Figure P8.21 


1kOQ 
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8.22 The inductor in the circuit of Fig. P8.21 is decreased 
to 10 H. Find v,(¢) for t = 0. 


8.23 The inductor in the circuit of Fig. P8.21 is decreased 
to 6.4 H. Find v,(t) for t = 0. 


Section 8.3 


8.24 For the circuit in Example 8.6, find, for t = 0, 
perce (a) u(t); (b) én(Z); and (c) éc(Z). 


MULTISIM 


8.25 For the circuit in Example 8.7, find, for t = 0, 
PsPICE = (a) v(t) and (b) i¢-(f). 


MULTISIM 


8.26 For the circuit in Example 8.8, find v(t) for t = 0. 
PSPICE 
MULTISIM 


8.27 The switch in the circuit in Fig. P8.27 has been open 
ri a long time before closing at ¢ = 0. Find 


MULTISIM 
a) v(t) fort = 0°, 
b) i;(t) fort = 0. 


Figure P8.27 


156.25 0 


312.5 mH 


8.28 Use the circuit in Fig. P8.27 
ney a) Find the total energy delivered to the inductor. 

b) Find the total energy delivered to the equivalent 
resistor. 

c) Find the total energy delivered to the capacitor. 

d) Find the total energy delivered by the equiva- 
lent current source. 

e) Check the results of parts (a) through (d) 
against the conservation of energy principle. 


8.29 Assume that at the instant the 60 mA dc current 
‘urs Source is applied to the circuit in Fig. P8.29, the ini- 
tial current in the SO mH inductor is —45 mA, and 
the initial voltage on the capacitor is 15 V (positive 
at the upper terminal). Find the expression for i; (t) 

fort = Oif R equals 200 2. 


Figure P8.29 


60 mA Ge i,(0)1 50 mH 200 nF 


R 


8.30 The resistance in the circuit in Fig. P8.29 is changed 
espice §=— to. 312.5 Q. Find i, (t) fort = 0. 


MULTISIM 
8.31 The resistance in the circuit in Fig. P8.29 is changed 
esece = to 250 (1. Find i; (t) for t = 0. 


MULTISIM 

8.32. The switch in the circuit in Fig. P8.32 has been 
pspicE open a long time before closing at ¢ = 0. Find i;(f) 
MULTISIM fort > (). 


Figure P8.32 


1SV 


8.33 Switches | and 2 in the circuit in Fig. P8.33 are syn- 

pspice chronized. When switch 1 is opened, switch 2 closes 

mumsi" and vice versa. Switch 1 has been open a long time 
before closing at ¢ = 0. Find i;(t) fort = 0. 


8.34 The switch in the circuit in Fig. P8.34 has been open 
espce for a long time before closing at ¢ = 0. Find v,(f) 
MULTISIM for t > (). 


Figure P8.34 


400 la 


8.35 a) For the circuit in Fig. P8.34, find i, for ¢ = 0. 


PSPICE 
MULTISIM 


1.25H 


b) Show that your solution for i, is consistent with 
the solution for v, in Problem 8.34. 


8.36 The switch in the circuit in Fig. P8.36 has been 
pspice ~=open a long time before closing at tf = 0. At the 
mms" time the switch closes, the capacitor has no stored 

energy. Find v, fort = 0. 


Figure P8.36 
250 0 


Figure P8.33 


SkQ2 


8.37 There is no energy stored in the circuit in Fig. P8.37 


PSPICE 
MULTISIM 


8.38 


PSPICE 
MULTISIM 


when the switch is closed at t = 0. Find v,(t) 
for ¢t = 0. 


Figure P8.37 


400 0 ly 


1.25H 


a) For the circuit in Fig. P8.37, find i, fort = 0. 


b) Show that your solution for i, is consistent with 
the solution for uv, in Problem 8.37. 


Section 8.4 


8.39 


8.40 


8.41 a) 


The initial energy stored in the 31.25 nF capacitor 
in the circuit in Fig. P8.39 is 9 xJ. The initial energy 
stored in the inductor is zero. The roots of the char- 
acteristic equation that describes the natural behav- 
ior of the current i are —4000 s7! and —16,000 s! 
a) Find the numerical values of R and L. 


b) Find the numerical values of i(0) and di(0)/dt 
immediately after the switch has been closed. 


c) Find i(t) for 
d) How many microseconds after the switch closes 
does the current reach its maximum value? 


e) What is the maximum value of / in milliamperes? 
f) Find v;(t) fort = 0. 


Figure P8.39 


31.25 nF 


a) Design a series RLC circuit (see Fig. 8.3) using 
component values from Appendix H, with a res- 
onant radian frequency of 20 krad/s. Choose a 
resistor or create a resistor network so that the 
response is critically damped. Draw your circuit. 


b) Calculate the roots of the characteristic equa- 
tion for the resistance in part (a). 


Change the resistance for the circuit you 
designed in Problem 8.40(a) so that the response 
is underdamped. Continue to use components 
from Appendix H. Calculate the roots of the 
characteristic equation for this new resistance. 
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b) Change the resistance for the circuit you 
designed in Problem 8.40(a) so that the response 
is overdamped. Continue to use components 
from Appendix H. Calculate the roots of the 
characteristic equation for this new resistance. 


8.42 The current in the circuit in Fig. 8.3 is known to be 


i= Bye? cos 1500¢ + Bre? sin 15004, ¢ = 0. 


The capacitor has a value of 80 nF; the initial value 
of the current is 7.5 mA; and the initial voltage on 
the capacitor is -30 V. Find the values of R, L, B,, 
and B>. 


8.43 Find the voltage across the 80 nF capacitor for the 


circuit described in Problem 8.42. Assume the refer- 
ence polarity for the capacitor voltage is positive at 
the upper terminal. 


8.44 In the circuit in Fig. P8.44, the resistor is adjusted 


PSPICE 
MULTISIM 


for critical damping. The initial capacitor voltage is 
15 V, and the initial inductor current is 6 mA. 


a) Find the numerical value of R. 


b) Find the numerical values of i and di/dt immedi- 
ately after the switch is closed. 


c) Find v(t) for t = 0. 


Figure P8.44 


125 mH 


8.45 The switch in the circuit shown in Fig. P8.45 has 


PSPICE 
MULTISIM 


been in position a for a long time. At ¢ = 0, the 
switch is moved instantaneously to position b. Find 
i(t) fort = 0. 


Figure P8.45 


200 


10H 


8.46 The switch in the circuit in Fig. P8.46 on the next 


PSPICE 
MULTISIM 


page has been in position a for a long time. At t = 0, 
the switch moves instantaneously to position b. 


a) What is the initial value of v,? 
b) What is the initial value of dv,/dt? 


c) What is the numerical expression for v,(t) 
fort = 0? 
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Figure P8.46 


44 2kO 


3 kO 


400 mH 


8.47 The switch in the circuit shown in Fig. P8.47 has 
espce been closed for a long time. The switch opens at 
MULTESIM t= 0. Find 


a) i,(t) fort = 0, 
b) v,(t) for t = 0. 


Figure P8.47 


f=0 
300 0 


pol) 


v(t) =~ 40 nF 


8.48 The switch in the circuit shown in Fig. P8.48 has 
been closed for a long time. The switch opens at 
t = 0. Find v,(t) for t = 0. 
Figure P8.48 
100 
1H 
700 


200 


8.49 The circuit shown in Fig. P8.49 has been in operation 
espe for along time. Att = 0, the source voltage suddenly 
Mounsiv jumps to 250 V. Find v,(t) for t = 0. 


Figure P8.49 


8 kO 160 mH 


8.50 The initial energy stored in the circuit in Fig. P8.50 


pspice i$ zero, Find v,(t) for ¢ = 0. 
MULTISIM 


8.51 


8.52 


8.53 


PSPICE 
MULTISIM 


Figure P8.50 
62.5 mH 


250 Q 


The capacitor in the circuit shown in Fig. P8.50 is 
changed to 4 pF. The initial energy stored is still 
zero. Find v,(f) fort = 0. 


The capacitor in the circuit shown in Fig. P8.50 is 
changed to 2.56 uF. The initial energy stored is still 
zero. Find v,,(t) for ¢ = 0. 


The switch in the circuit of Fig. P8.53 has been in 
position a for a long time. At ¢ = 0 the switch 
moves instantaneously to position b. Find 


a) v,(0") 
b) dv,(0°)/dt 
c) v,(t) fort = 0. 


Figure P8.53 


8.54 


8.55 


PSPICE 
MULTISIM 


40 V 781.25 nF 


b 3kQ 


500 mH 


v,(0) 20 V 


The switch in the circuit shown in Fig. P8.54 has 
been closed for a long time before it is opened at 
t = 0. Assume that the circuit parameters are such 
that the response is underdamped. 


a) Derive the expression for v,(t) as a function of 
V,, a, wy, C,and R fort = 0. 


b) Derive the expression for the value of f when 
the magnitude of v, is maximum. 


Figure P8.54 
1=() 


The circuit parameters in the circuit of Fig. P8.54 

are R= 48000, L=64mH, C=4nF, and 

Ve= =IZN, 

a) Express v,(t) numerically for t = 0. 

b) How many microseconds after the switch opens 
is the inductor voltage maximum? 


8.56 


PSPICE 
MULTISIM 


8.58 


c) What is the maximum value of the inductor 
voltage? 
d) Repeat (a)-(c) with R reduced to 480 Q. 


The two switches in the circuit scen in Fig. P8.56 
Operate synchronously. When switch 1 is in 
position a, switch 2 is closed. When switch 1 is 
in position b, switch 2 is open. Switch | has been in 
position a for a long time. At ¢ = 0, it moves instan- 
taneously to position b. Find v,(f) fort = 0. 


Figure P8.56 
40 


8Q 100 mH 


18Q 


Assume that the capacitor voltage in the circuit of 
Fig. 8.15 is underdamped. Also assume that no 
energy is stored in the circuit elements when the 
switch is closed. 


a) Show that duc-/dt = (wa/@g)Ve™ sin wyt. 
b) Show that duc /dt = 0 when ¢ = na/w,y, where 
n= OQ,1,2..... 
c) Let ¢, = n7/wy, and show that w¢(t,) 
=VeS Valeri, 
d) Show that 
1. wUe(t;) — V 


a = 


n + 
Ty UVc(t3) — V 


where Ty = t3 — ty). 


The voltage across a 100 nF capacitor in the circuit 
of Fig. 8.15 is described as follows: After the switch 
has been closed for several seconds, the voltage is 
constant at 100 V. The first time the voltage exceeds 
100 V, it reaches a peak of 163.84 V. This occurs 
a/7 ms after the switch has been closed. The second 
time the voltage exceeds 100 V, it reaches a peak of 
126.02 V. This second peak occurs 37/7 after the 
switch has been closed. At the time when the switch 
is closed, there is no energy stored in cither the 
capacitor or the inductor. Find the numerical values 
of R and L. (Hint: Work Problem 8.57 first.) 


Section 8.5 


8.59 


8.60 


Show that, if no energy is stored in the circuit 
shown in Fig. 8.19 at the instant v, jumps in value, 
then dv,/dt equals zero at t = 0. 


a) Find the equation for v,(t) for 0 S$ ¢ < f,, in 
the circuit shown in Fig. 8.19 if v,,(0) = 5 V and 
v,(0) = 8V. 


8.61 


8.62 
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b) How long does the circuit take to reach 
saturation? 


a) Rework Example 8.14 with feedback resistors 
R, and Ry removed. 


b) Rework Example 8.14 with v,,(0) = —2 V and 
v,(0) = 4V. 


a) Derive the differential equation that relates 
the output voltage to the input voltage for the 
circuit shown in Fig. P8.62. 


b) Compare the result with Eq. 8.75 when 
R,C, = RoC, = RC in Fig. 8.18. 

c) What is the advantage of the circuit shown in 
Fig. P8.62? 


Figure P8.62 


8.63 


PSPICE 
MULTISIM 


The voltage signal of Fig. P8.63(a) is applied to 
the cascaded integrating amplifiers shown in 
Fig. P8.63(b). There is no energy stored in the 
capacitors at the instant the signal is applied. 


a) Derive the numerical expressions for v,(t) and 
v,\(t) for the time intervals 0 = t = 0.5s and 
0.58 St S bea 


b) Compute the value of t.,;. 


Figure P8.63 


v, (mV) 


t (s) 


(a) 


200 nF 


100 kQ 


400 kQ. 
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8.64 


PSPICE 
MULTISIM 


8.65 


Natural and Step Responses of RLC Circuits 


The circuit in Fig. P8.63(b) is modified by adding a 
1 MQ resistor in parallel with the 500 nF capacitor 
and a 3 MQ) resistor in parallel with the 200 nF 
capacitor. As in Problem 8.63, there is no energy 
stored in the capacitors at the time the signal is 
applied. Derive the numerical expressions for v,(t) 
and v,\(t) for the time intervals 0 = t <= 0.5s and 
t205s. 


We now wish to illustrate how several op amp cir- 
cuits can be interconnected to solve a differential 
equation. 

a) Derive the differential equation for the spring- 
mass system shown in Fig. P8.65(a). Assume 
that the force exerted by the spring is directly 
proportional to the spring displacement, that 


Figure P8.65 


(b) 


the mass is constant, and that the frictional 
force is directly proportional to the velocity of 
the moving mass. 


b 


No 


Rewrite the differential equation derived in (a) 
so that the highest order derivative is expressed 
as a function of all the other terms in the equa- 
tion. Now assume that a voltage equal to d*x/dt? 
is available and by successive integrations gen- 
erates dx/dt and x. We can synthesize the coeffi- 
cients in the equations by scaling amplifiers, and 
we can combine the terms required to generate 
d’x/dt? by using a summing amplifier. With 
these ideas in mind, analyze the interconnection 
shown in Fig. P8.65(b). In particular, describe 
the purpose of each shaded area in the circuit 
and describe the signal at the points labeled B, 


| [x00 —— 


C, D, E, and F, assuming the signal at A repre- 
sents d?x/dr*. Also discuss the parameters R; R,, 
Cy; Ro, Co; R3, Ry; Rs, Re; and R7, Rg in terms 
of the coefficients in the differential equation. 


Sections 8.1-8.5 


8.66 a) Derive Eq. 8.92. 
ersptcrive D) Derive Eq. 8.93. 
c) Derive Eq. 8.97. 

8.67 Derive Eq. 8.99. 


PRACTICAL 
PERSPECTIVE 


8.68 a) Using the same numerical values used in the 
practical = Practical Perspective example in the text, find 
the instant of time when the voltage across the 

capacitor is maximum. 
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b) Find the maximum value of v,. 
c) Compare the values obtained in (a) and (b) with 
Emax and Veltmax): 
8.69 The values of the parameters in the circuit in 
faacncal. Fig. 8.21 are R=30; L=5mH; C = 0.25 uF; 
Vac = 12 V; and a = 50. Assume the switch opens 
when the primary winding current is 4 A. 
a) How much energy is stored in the circuit at 
t= 0"? 
b) Assume the spark plug does not fire. What is the 
maximum voltage available at the spark plug? 
c) What is the voltage across the capacitor when 
the voltage across the spark plug is at its maxi- 
mum value? 


8.70 Repeat Problem 8.68 using the values given in 
Problem 8.69. 


9.1 The Sinusoidal Source p. 308 


9.2 The Sinusoidal Response p. 311 
9.3 The Phasor p. 312 
9.4 The Passive Circuit Elements in the 


Frequency Domain p. 317 


9.5 Kirchhoff’s Laws in the Frequency 


Domain p. 321 


9.6 Series, Parallel, and Delta-to-Wye 


Simplifications p. 322 


9.7 Source Transformations and 


Thévenin-Norton Equivalent Circuits p. 329 


9.8 The Node-Voltage Method p. 332 
9.9 The Mesh-Current Method p. 333 
9.10 The Transformer p. 334 

9.11 The Ideal Transformer p. 338 
9.12 Phasor Diagrams p. 344 


J/ CHAPTER OBJECTIVES 


1 


oT 


Understand phasor concepts and be able to 
perform a phasor transform and an inverse 
phasor transform. 


Be able to transform a circuit with a sinusoidal 
source into the frequency domain using phasor 
concepts. 


Know how to use the following circuit analysis 
techniques to solve a circuit in the frequency 
domain: 


° Kirchhoff’s laws; 

« Series, parallel, and delta-to-wye 
simplifications; 

¢ Voltage and current division; 

* Thévenin and Norton equivalents; 

* Node-voltage method; and 

¢ Mesh-current method. 


Be able to analyze circuits containing linear 
transformers using phasor methods. 


Understand the ideal transformer constraints 
and be able to analyze circuits containing ideal 
transformers using phasor methods. 
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Sinusoidal 
Steady-State Analysis 


Thus far, we have focused on circuits with constant sources; in 


this chapter we are now ready to consider circuits energized by 
time-varying voltage or current sources. In particular, we are inter- 
ested in sources in which the value of the voltage or current varies 
sinusoidally. Sinusoidal sources and their effect on circuit behavior 
form an important area of study for several reasons. First, the gen- 
eration, transmission, distribution, and consumption of electric 
energy occur under essentially sinusoidal steady-state conditions. 
Second, an understanding of sinusoidal behavior makes it possible 
to predict the behavior of circuits with nonsinusoidal sources. 
Third, steady-state sinusoidal behavior often simplifies the design 
of electrical systems. Thus a designer can spell out specifications in 
terms of a desired steady-state sinusoidal response and design the 
circuit or system to meet those characteristics. If the device satis- 
fies the specifications, the designer knows that the circuit will 
respond satisfactorily to nonsinusoidal inputs. 

The subsequent chapters of this book are largely based on a 
thorough understanding of the techniques needed to analyze cir- 
cuits driven by sinusoidal sources. Fortunately, the circuit analysis 
and simplification techniques first introduced in Chapters 1-4 
work for circuits with sinusoidal as well as dc sources, so some of 
the material in this chapter will be very familiar to you. The chal- 
lenges in first approaching sinusoidal analysis include developing 
the appropriate modeling equations and working in the mathe- 
matical realm of complex numbers. 


= 5 Fg eee 
a 


Practical Perspective _ 


A Household Distribution Circuit 

Power systems that generate, transmit, and distribute electri- 
cal power are designed to operate in the sinusoidal steady 
state. The standard household distribution circuit used in the 
United States is the three-wire, 240/120 V circuit shown in 
the accompanying figure. 

The transformer is used to reduce the utility distribution 
voltage from 13.2 kV to 240 V. The center tap on the second- 
ary winding provides the 120 V service. The operating fre- 
quency of power systems in the United States is 60 Hz. Both 
50 and 60 Hz systems are found outside the United States. 


The voltage ratings alluded to above are rms values. The rea- 
son for defining an rms value of a time-varying signal is 
explained in Chapter 10. 


307 


308 — Sinusoidal Steady-State Analysis 


/+——T——+| 


Figure 9.1 A A sinusoidal voltage. 


Figure 9.2 A The sinusoidal voltage from Fig. 9.1 
shifted to the right when @ = 0. 


9.1 The Sinusoidal Source 


A sinusoidal voltage source (independent or dependent) produces a volt- 
age that varies sinusoidally with time. A sinusoidal current source (inde- 
pendent or dependent) produces a current that varies sinusoidally with 
time. In reviewing the sinusoidal function, we use a voltage source, but our 
observations also apply to current sources. 

We can express a sinusoidally varying function with either the sine 
function or the cosine function. Although either works equally well, we 
cannot use both functional forms simultaneously. We will use the cosine 
function throughout our discussion. Hence, we write a sinusoidally varying 
voltage as 


v = V,,cos (wt + ¢). (9.1) 


To aid discussion of the parameters in Eq. 9.1, we show the voltage 
versus time plot in Fig. 9.1. 

Note that the sinusoidal function repeats at regular intervals. Such a 
function is called periodic. One parameter of interest is the length of time 
required for the sinusoidal function to pass through all its possible values. 
This time is referred to as the period of the function and is denoted T. It is 
measured in seconds. The reciprocal of T gives the number of cycles per 
second, or the frequency, of the sine function and is denoted f, or 


(9.2) 


SI 


A cycle per second is referred to as a hertz, abbreviated Hz. (The term 
cycles per second rarely is used in contemporary technical literature.) The 
coefficient of ¢ in Eq. 9.1 contains the numerical value of T or f. Omega (w) 
represents the angular frequency of the sinusoidal function, or 


w = Inf = 27/T (radians/second). (9.3) 


Equation 9.3 is based on the fact that the cosine (or sine) function passes 
through a complete set of values each time its argument, wi, passes 
through 27 rad (360°). From Eq. 9.3, note that, whenever ¢ is an integral 
multiple of 7, the argument wt increases by an integral multiple of 27 rad. 

The coefficient V,,, gives the maximum amplitude of the sinusoidal 
voltage. Because +1 bounds the cosine function, +V,, bounds the ampli- 
tude. Figure 9.1 shows these characteristics. 

The angle @ in Eq. 9.1 is known as the phase angle of the sinusoidal 
voltage. It determines the value of the sinusoidal function at t = 0; there- 
fore, it fixes the point on the periodic wave at which we start measuring 
time. Changing the phase angle @ shifts the sinusoidal function along the 
time axis but has no effect on either the amplitude (V,,,) or the angular fre- 
quency (w). Note, for example, that reducing ¢ to zero shifts the sinusoidal 
function shown in Fig. 9.1 ¢@/w time units to the right, as shown in Fig. 9.2. 
Note also that if @ is positive, the sinusoidal function shifts to the left, 
whereas if @ is negative, the function shifts to the right. (See Problem 9.5.) 

A comment with regard to the phase angle is in order: wt and ¢ must 
carry the same units, because they are added together in the argument of 
the sinusoidal function. With wt expressed in radians, you would expect @ 
to be also. However, @ normally is given in degrees, and wt is converted 
from radians to degrees before the two quantities are added. We continue 
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this bias toward degrees by expressing the phase angle in degrees. Recall 
from your studies of trigonometry that the conversion from radians to 
degrees is given by 


9 


(number of degrees) = (number of radians). (9.4) 


7 


Another important characteristic of the sinusoidal voltage (or cur- 
rent) is its rms value. The rms value of a periodic function is defined as the 
square root of the mean value of the squared function. Hence, if 
v = V,,cos (wt + ), the rms value of v is 


1 tot T 
Vims = 1 =f V2,cos*(wt + &)dt. (9.5) 
t 


a 


Note from Eq. 9.5 that we obtain the mean value of the squared voltage by 
integrating v’ over one period (that is, from fy to fg + T) and then dividing 
by the range of integration, 7. Note further that the starting point for the 
integration f, is arbitrary. 

The quantity under the radical sign in Eq. 9.5 reduces to V?,/2. (See 
Problem 9.6.) Hence the rms value of v is 


—_—— (9.6) rms value of a sinusoidal voltage source 


The rms value of the sinusoidal voltage depends only on the maximum 
amplitude of v, namely, V,,,. The rms value is not a function of either the 
frequency or the phase angle. We stress the importance of the rms value as 
it relates to power calculations in Chapter 10 (see Section 10.3). 

Thus, we can completely describe a specific sinusoidal signal if we know 
its frequency, phase angle, and amplitude (either the maximum or the rms 
value). Examples 9.1, 9.2, and 9.3 illustrate these basic properties of the 
sinusoidal] function. In Example 9.4, we calculate the rms value of a periodic 
function, and in so doing we clarify the meaning of root mean square. 


Sechiceewes Finding the Characteristics of a Sinusoidal Current 


A sinusoidal current has a maximum amplitude of Solution 
20 A. The current passes through one complete cycle 


in 1 ms. The magnitude of the current at zero time a) From the statement of the problem, T = 1 ms; 


is 10 A. hence f = 1/T = 1000 Hz. 
b) w = 27f = 20007 rad/s. 
a) What is the frequency of the current in hertz? c) We have i(t) = I, cos (wt + ) = 20cos(2000at 
: + $), but i(0) = 10 A. Therefore 10 = 20cos¢ 
b) What is the frequency in radians per second? and ¢ = 60°. Thus the expression for i(t) becomes 


c) Write the expression for i(t) using the cosine i(t) = 20 cos (2000mt + 60°). 


function. Express ¢ in degrees. d) From the derivation of Eq. 9.6, the rms value of a 
sinusoidal current is /,,/V/2. Therefore the rms 
d) What is the rms value of the current? value is 20/ V2, or 14.14 A. 
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Schill (meas Finding the Characteristics of a Sinusoidal Voltage 


A sinusoidal voltage is given by the expression Solution 
v = 300 cos (1207t + 30°). 
a) From the expression for v, w = 1207 rad/s. 
Because w = 27/7. T = 27/w = + S, 
a) What is the period of the voltage in milliseconds? or 16.667 ms. 


b) What is the frequency in hertz? Ryne teauencpie cree 
c) From (a), # = 27/16.667; thus, at f = 2.778 ms, 


c) What is the magnitude of v at f = 2.778 ms? wt is nearly 1.047 rad, or 60°. Therefore, 
v(2.778 ms) = 300 cos (60° + 30°) = OV. 


d) What is the rms value of v? d) Vims = 300/V2 = 212.13 V. 


Schuiliteeem Translating a Sine Expression to a Cosine Expression 


We can translate the sine function to the cosine Solution 
function by subtracting 90° (7/2 rad) from the argu- 


MenLorihacne (incon a) Verification involves direct application of the 


trigonometric identity 
cos(a — £8) =cosacosf + sina sin B. 


We let a = wt + 6 and B = 90°. As cos 90° = 0 and 
sin 90° = 1, we have 


Stn (ORS) COS (ORS 07) cos(a — 8) = sina = sin(wt + 0) = cos(wt + 6 — 90°). 


a) Verify this translation by showing that 


b) From (a) we have 


b) Use the result in (a) to express sin (wt + 30°) as 
a cosine function. sin(wt + 30°) = cos(wt + 30° — 90°) = cos(wt — 60°). 


Seriiceeem Calculating the rms Value of a Triangular Waveform 


Calculate the rms value of the periodic triangular Solution 
current shown in Fig. 9.3. Express your answer in 


. Q ‘ ‘; Ses 
terms of the peak current /,, From Eq. 9.5, the rms value of i is 


1 fy tT 
fims = al dt. 


Interpreting the integral under the radical sign as 
the area under the squared function for an interval 
of one period is helpful in finding the rms value. 
The squared function with the area between () and 
T shaded is shown in Fig. 9.4, which also indicates 
Figure 9.3 A Periodic triangular current. that for this particular function, the area under the 


squared current for an interval of one period is 
equal to four times the area under the squared cur- 
rent for the interval 0 to 7/4 seconds; that is, 


fotT T/4 
| Pdt = 4 [ dt. 
ty 0 


etc. 


-T/2-T/4 Ol T/4 TR 37/4 T 


Figure 9.4 A i” versus f. 


The analytical expression for i in the interval 0 to 
T/4 is 


4, 
p= et 0<1(<T/4. 
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The area under the squared function for one 
period is 


ely tT T/A 16L;, PT 
| Pdt = 4 | ; fdt = 
ty Jo iG 3 


The mean, or average, value of the function is 
simply the area for one period divided by the 
period. Thus 


< p 
Emean = T 3 3° 


The rms value of the current is the square root of 
this mean value. Hence 


| ee oF 


sl> 


NOTE: Assess your understanding of this material by trying Chapter Problents 9.1, 9.4, 9.8. 


9.2 The Sinusoidal Response 


Before focusing on the steady-state response to sinusoidal sources, let’s R 
consider the problem in broader terms, that is, in terms of the total 


response. Such an overview will help you keep the steady-state solution in 
perspective. The circuit shown in Fig. 9.5 describes the general nature of 


the problem. There, v, is a sinusoidal voltage, or 


v, = V,, cos (wt + @). 


© 


(9.7) Figure 9.5 A An Ri circuit excited by a sinusoidal 
voltage source. 


For convenience, we assume the initial current in the circuit to be zero and 
measure time from the moment the switch is closed. The task is to derive 
the expression for i(t) whent = 0. It is similar to finding the step response 
of an RL circuit, as in Chapter 7. The only difference is that the voltage 
source is now a time-varying sinusoidal voltage rather than a constant, or 
dc, voltage. Direct application of Kirchhoff’s voltage law to the circuit 


shown in Fig. 9.5 leads to the ordinary differential equation 


LS + Ri = V,, cos (wt + ¢), 
i 


(9.8) 


the formal solution of which is discussed in an introductory course in dif- 
ferential equations. We ask those of you who have not yet studied differ- 


ential equations to accept that the solution for / is 


at 
VR + ol? 


Ves cos (od _ Ae (REM 


gy re 
VR + 0°L? 


cos (wt + d — 0), 


(9.9) 
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where 0 is defined as the angle whose tangent is wL/R. Thus we can easily 
determine 6 for a circuit driven by a sinusoidal source of known frequency. 

We can check the validity of Eq. 9.9 by determining that it satisfies 
Eq. 9.8 for all values of ¢ = 0; this exercise is left for your exploration in 
Problem 9.10. 

The first term on the right-hand side of Eq. 9.9 is referred to as the 
transient component of the current because it becomes infinitesimal as 
time elapses. The second term on the right-hand side is known as the 
steady-state component of the solution. It exists as long as the switch 
remains closed and the source continues to supply the sinusoidal voltage. 
In this chapter, we develop a technique for calculating the steady-state 
response directly, thus avoiding the problem of solving the differential 
equation. However, in using this technique we forfeit obtaining either the 
transient component or the total response, which is the sum of the tran- 
sient and steady-state components. 

We now focus on the steady-state portion of Eq. 9.9. It is important to 
remember the following characteristics of the steady-state solution: 


1. The steady-state solution is a sinusoidal function. 


2. The frequency of the response signal is identical to the frequency of 
the source signal. This condition is always true in a linear circuit 
when the circuit parameters, R, L, and C, are constant. (If frequen- 
cies in the response signals are not present in the source signals, 
there is a nonlinear element in the circuit.) 


3. The maximum amplitude of the steady-state response, in general, 
differs from the maximum amplitude of the source. For the circuit 
being discussed, the maximum amplitude of the response signal is 
V,,/V R? + w°L?, and the maximum amplitude of the signal source 
18 Vip. 

4. The phase angle of the response signal, in general, differs from the 
phase angle of the source. For the circuit being discussed, the phase 
angle of the current is @ — 6 and that of the voltage source is @. 


These characteristics are worth remembering because they help you 
understand the motivation for the phasor method, which we introduce in 
Section 9.3. In particular, note that once the decision has been made to 
find only the steady-state response, the task is reduced to finding the max- 
imum amplitude and phase angle of the response signal. The waveform 
and frequency of the response are already known. 


NOTE: Assess your understanding of this material by trying Chapter 
Problem 9.9. 


9.3 The Phasor 


The phasor is a complex number that carries the amplitude and phase 
angle information of a sinusoidal function.! The phasor concept is rooted 
in Euler’s identity, which relates the exponential function to the trigono- 
metric function: 


e*/® = cos@ + jsing. (9,10) 


Equation 9.10 is important here because it gives us another way of express- 
ing the cosine and sine functions. We can think of the cosine function as the 


‘Tf you feel a bit uneasy about complex numbers, peruse Appendix B. 


real part of the exponential function and the sine function as the imaginary 
part of the exponential function; that is, 


cos#@ = R{e!*}, (9.11) 
and 
sind = S{e/"}, (9.12) 


where Jt means “the real part of” and S means “the imaginary part of.” 

Because we have already chosen to use the cosine function in analyz- 
ing the sinusoidal steady state (see Section 9.1), we can apply Eq. 9.11 
directly. In particular, we write the sinusoidal voltage function given by 
Eq. 9.1 in the form suggested by Eq. 9.11: 


v = V,, cos (wt + $) 
= V,R {elu toy 
= V,Rf{elmel?}. (9.13) 


We can move the coefficient V,,, inside the argument of the real part of the 
function without altering the result. We can also reverse the order of the 
two exponential functions inside the argument and write Eq. 9.13 as 


v= R{V,,e/Felh. (9.14) 


In Eq. 9.14, note that the quantity V,,e’* is a complex number that carries 
the amplitude and phase angle of the given sinusoidal function. This 
complex number is by definition the phasor representation, or phasor 
transform, of the given sinusoidal function. Thus 


V =V,,e/% = P{V,, cos (wt + o)}, (9,15) 


where the notation P{V,,, cos (wt + #)} is read “the phasor transform of 
V,, COS (wt + ).” Thus the phasor transform transfers the sinusoidal func- 
tion from the time domain to the complex-number domain, which is also 
called the frequency domain, since the response depends, in general, on w. 
As in Eq. 9.15, throughout this book we represent a phasor quantity by 
using a boldface letter. 

Equation 9.15 is the polar form of a phasor, but we also can express a 
phasor in rectangular form. Thus we rewrite Eq. 9.15 as 


V = V,,cos@ + jV,,sin @. (9.16) 


Both polar and rectangular forms are useful in circuit applications of the 
phasor concept. 

One additional comment regarding Eq. 9.15 is in order. The frequent 
occurrence of the exponential function e® has led to an abbreviation that 
lends itself to text material. This abbreviation is the angle notation 


1/o° = le’. 


We use this notation extensively in the material that follows. 


<q Phasor transform 
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Inverse Phasor Transform 


So far we have emphasized moving from the sinusoidal function to its pha- 
sor transform. However, we may also reverse the process. That is, for a 
phasor we may write the expression for the sinusoidal function. Thus for 
V = 100/-—26°, the expression for v is 100 cos (wt — 26°) because we 
have decided to use the cosine function for all sinusoids. Observe that we 
cannot deduce the value of w from the phasor. The phasor carries only 
amplitude and phase information. The step of going from the phasor 
transform to the time-domain expression is referred to as finding the 
inverse phasor transform and is formalized by the equation 


PV ei} = RLV, ite}, (9.17) 


where the notation P'{V,,e/”} is read as “the inverse phasor transform of 
V,,e/%.” Equation 9.17 indicates that to find the inverse phasor transform, we 
multiply the phasor by e/” and then extract the real part of the product. 

The phasor transform is useful in circuit analysis because it reduces 
the task of finding the maximum amplitude and phase angle of the steady- 
state sinusoidal response to the algebra of complex numbers. The follow- 
ing observations verify this conclusion: 


1. The transient component vanishes as time elapses, so the steady- 
state component of the solution must also satisfy the differential 
equation. (See Problem 9.10[b].) 


2. In a linear circuit driven by sinusoidal sources, the steady-state 
response also is sinusoidal, and the frequency of the sinusoidal 
response is the same as the frequency of the sinusoidal source. 


3. Using the notation introduced in Eq. 9.11, we can postulate that the 
steady-state solution is of the form R{ Ae’’e!*"}, where A is the 
maximum amplitude of the response and 8 is the phase angle of the 
response. 


4. When we substitute the postulated steady-state solution into the 
differential equation, the exponential term e!” cancels out, leaving 
the solution for A and # in the domain of 
complex numbers. 


We illustrate these observations with the circuit shown in Fig. 9.5 (see 
p. 311). We know that the steady-state solution for the current i is of the form 


iss(t) a R {Tne}, (9.18) 


where the subscript “ss” emphasizes that we are dealing with the steady- 
state solution. When we substitute Eq. 9.18 into Eq. 9.8, we gencrate the 
expression 


Ri joLl peel} + KR{RL eel} = R{V,,e eh. (9.19) 


In deriving Eq. 9.19 we recognized that both differentiation and multiplica- 
tion by a constant can be taken inside the real part of an operation. We also 
rewrote the right-hand side of Eq. 9.8, using the notation of Eq. 9.11. From 


the algebra of complex numbers, we know that the sum of the real parts is the 
same as the real part of the sum. Therefore we may reduce the left-hand side 
of Eq. 9.19 to a single term: 


R{(joL + R)L,eFel"} = R{V,,e/Fei}. (9.20) 


Recall that our decision to use the cosine function in analyzing the 
response of a circuit in the sinusoidal steady state results in the use of 
the # operator in deriving Eq. 9.20. If instead we had chosen to use the 
sine function in our sinusoidal steady-state analysis, we would have 
applied Eq. 9.12 directly, in place of Eq. 9.11, and the result would be 
Eq. 9.21: 


S{(joL + R)lnelPel"} = S{VyelFel™}. (9.21) 


Note that the complex quantities on either side of Eq. 9.21 are identical to 
those on either side of Eq. 9.20. When both the real and imaginary parts of 
two complex quantities are equal, then the complex quantities are them- 
selves equal. Therefore, from Eqs. 9,20 and 9.21, 


(joL + R)I,e/8 = V,,e!?, 


Or 


Vine!? 


: 9.22 
R + joL One 


Ine? = 


Note that e/’ has been eliminated from the determination of the ampli- 
tude (/,,) and phase angle (8) of the response. Thus, for this circuit, the 
task of finding /,, and 8 involves the algebraic manipulation of the com- 
plex quantities V,,e/? and R + jwL. Note that we encountered both polar 
and rectangular forms. 

An important warning is in order: The phasor transform, along with 
the inverse phasor transform, allows you to go back and forth between 
the time domain and the frequency domain. Therefore, when you obtain 
a solution, you are either in the time domain or the frequency domain. 
You cannot be in both domains simultaneously. Any solution that con- 
tains a mixture of time domain and phasor domain nomenclature is 
nonsensical. 

The phasor transform is also useful in circuit analysis because it applies 
directly to the sum of sinusoidal functions. Circuit analysis involves sum- 
ming currents and voltages, so the importance of this observation is obvi- 
ous. We can formalize this property as follows: If 


v=, tm +t ++ +4, (9.23) 


where all the voltages on the right-hand side are sinusoidal voltages of the 
same frequency, then 


V=aV,+V,+ °°: +V,. (9.24) 
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Thus the phasor representation is the sum of the phasors of the individual 
terms. We discuss the development of Eq. 9.24 in Section 9.5. 

Before applying the phasor transform to circuit analysis, we illus- 
trate its usefulness in solving a problem with which you are already 
familiar: adding sinusoidal functions via trigonometric identities. 
Example 9.5 shows how the phasor transform greatly simplifies this 


type of problem. 


Seluilk-memem Adding Cosines Using Phasors 


If y; = 20 cos (wf — 30°) and y, = 40 cos (wt + 60°), 
express y = y,; + y) aS a Single sinusoidal function. 


a) Solve by using trigonometric identities. 
b) Solve by using the phasor concept. 


Solution 


a) First we expand both y, and y9, using the cosine 
of the sum of two angles, to get 


y, = 20 cos wt cos 30° + 20 sin wt sin 30°; 
y2 = 40 cos wt cos 60° — 40 sin wt sin 60°. 
Adding y; and y2, we obtain 
y = (20 cos 30 + 40 cos 60) cos wt 
+ (20sin 30 — 40 sin 60) sin wt 


= 37.32 cos wt — 24.64 sin ot. 


To combine these two terms we treat the 
co-efficients of the cosine and sine as sides of a right 
triangle (Fig. 9.6) and then multiply and divide the 
right-hand side by the hypotenuse. Our expression 
for y becomes 


37,32 24.64 
= 44.72 i Saas 
y (7 cena Ur uae ) 


= 44.72( cos 33.43° cos wt — sin 33.43° sin wf). 


Again, we invoke the identity involving the 
cosine of the sum of two angles and write 


y = 44.72 cos (wt + 33.43°). 


44.72 24.64 


37.32 


Figure 9.6 A A right triangle used in the solution for y. 


b) We can solve the problem by using phasors as 
follows: Because 


y=yt yo, 


then, from Eq. 9.24, 


Y= Y, + Y> 
= 20/—30° + 40/60° 


= (17.32 — j10) + (20 + j34.64) 
= 37.32 + j24.64 


= 44.72 733.43”. 
Once we know the phasor Y, we can write the 
corresponding trigonometric function for y by 


taking the inverse phasor transform: 


y = PUL44.72e/PF-31 = RK {44.72e/ Beier} 


= 44.72 cos (wt + 33.43°). 


The superiority of the phasor approach for 
adding sinusoidal functions should be apparent. 
Note that it requires the ability to move back 
and forth between the polar and rectangular 
forms of complex numbers. 
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/ ASSESSMENT PROBLEMS 


Objective 1—Understand phasor concepts and be able to perform a phasor transform and an inverse phasor transform 


9.1 Find the phasor transform of each trigonomet- (c) 11.18/—26.57° A; 
ric function: (d) 339.90 /61.51° mV. 
a) v = 170cos (377t — 40°) V. 
b) i = 10sin(1000¢ + 20°) A. 9.2 Find the time-domain expression correspon- 
c) i = [5cos (wt + 36.87°) + 10 cos(wt angie cacr poset 
— 53.13°)] A. a) V = 18.6/—54° V. 
d) v = [300 cos (20,000t + 45°) b) I = (20 745° — 50 /—30") mA. 
— 100 sin(20,000ar + 30°)] mV. c) V = (20 + j80 — 30 /15°) V. 
Answer: (a) 170/—40° V; Answer: (a) 18.6cos (wt — 54°) V; 
(b) 10/—70° A; (b) 48.81 cos (wt + 126.68°) mA; 


(c) 72.79 cos (wt + 97.08°) V. 
NOTE: Also try Chapter Problem 9.11. 


9.4 The Passive Circuit Elements 
in the Frequency Domain 


The systematic application of the phasor transform in circuit analysis 
requires two steps. First, we must establish the relationship between the 
phasor current and the phasor voltage at the terminals of the passive cir- 
cuit elements. Second, we must develop the phasor-domain version of 
Kirchhoff’s laws, which we discuss in Section 9.5. In this section, we estab- 
lish the relationship between the phasor current and voltage at the termi- 
nals of the resistor, inductor, and capacitor. We begin with the resistor and 
use the passive sign convention in all the derivations. 


The V-I Relationship for a Resistor 


From Ohin’s law, if the current in a resistor varies sinusoidally with time — R 
that is, iff = 1,,cos (wt + 6;)—the voltage at the terminals of the resistor, fe is 
as shown in Fig. 9.7, is a 
v = RII, cos (wt + 6;)] Figure 9.7 A A resistive element carrying a sinusoidal 
current. 
= RI,,[ cos (wt + 6;)], (9.25) 


where /,,, is the maximum amplitude of the current in amperes and @; is 
the phase angle of the current. 
The phasor transform of this voltage is 


V = Rie! = Ry, / 9}. (9.26) 


But /,,,/6; is the phasor representation of the sinusoidal current, so we can 
write Eq. 9.26 as 


V = RI, (9.27) <4 Relationship between phasor voltage and 
phasor current for a resistor 
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R 
o—w—e 
+ YWoo-= 

I 


Figure 9.8 A The frequency-domain equivalent circuit of 
a resistor. 


Uv v 


Figure 9.9 A A plot showing that the voltage and cur- 
rent at the terminals of a resistor are in phase. 


Relationship between phasor voltage and > 
phasor current for an inductor 


joL 
@e— YYY.—_# 
a, 


Figure 9.10 A The frequency-domain equivalent circuit 
for an inductor. 


which states that the phasor voltage at the terminals of a resistor is simply 
the resistance times the phasor current. Figure 9.8 shows the circuit dia- 
gram for a resistor in the frequency domain. 

Equations 9.25 and 9.27 both contain another important picce of 
information—namely, that at the terminals of a resistor, there is no phase 
shift between the current and voltage. Figure 9.9 depicts this phase rela- 
tionship, where the phase angle of both the voltage and the current wave- 
forms is 60°. The signals are said to be in phase because they both reach 
corresponding values on their respective curves at the same time (for 
example, they are at their positive maxima at the same instant). 


The V-I Relationship for an Inductor 


We derive the relationship between the phasor current and phasor voltage 
at the terminals of an inductor by assuming a sinusoidal current and using 
Ldi/dt to establish the corresponding voltage. Thus, for i = [,, cos (wt 
+ 6;), the expression for the voltage is 


v= ie = —wLI,, sin (wt + 6;). (9.28) 
We now rewrite Eq. 9.28 using the cosine function: 
v = —wLI,, cos (wt + 0; — 90°). (9.29) 
The phasor representation of the voltage given by Eq. 9.29 is 
V = -oLI,,e8%-™) 
= —wLI,, elie DP 
(9.30) 
= jwLI,,e"% 
= joLl. 


Note that in deriving Eq. 9.30 we used the identity 


= fl 6 . 8 ° ; 
ge? = cos 90° — jsin90° = —j. 


Equation 9.30 states that the phasor voltage at the terminals of an inductor 
equals jwL times the phasor current. Figure 9.10 shows the frequency- 
domain equivalent circuit for the mductor. It is important to note that the 
relationship between phasor voltage and phasor current for an inductor 
applies as well for the mutual inductance in one coil due to current flowing 
in another mutually coupled coil. That is, the phasor voltage at the termi- 
nals of one coil in a mutually coupled pair of coils equals jwM times the 
phasor current in the other coil. 
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We can rewrite Eq. 9.30 as 


V = (oL /90°)1,/0; 


= wll, /(0; +90)’, (9.31) 


which indicates that the voltage and current are out of phase by exactly 
90°. In particular, the voltage leads the current by 90°, or, equivalently, the 
current lags behind the voltage by 90°. Figure 9.11 illustrates this concept 
of voltage leading current or current lagging voltage. For example, the volt- 
age reaches its negative peak exactly 90° before the current reaches its 
negative peak. The same observation can be made with respect to the 
zeTo-going-positive crossing or the positive peak. 

We can also express the phase shift in seconds. A phase shift of 90° 
corresponds to one-fourth of a period: hence the voltage leads the current 
by 7/4, or 7 second. 


The V-I Relationship for a Capacitor 


We obtain the relationship between the phasor current and phasor voltage 
at the terminals of a capacitor from the derivation of Eq. 9.30. In other 
words, if we note that for a capacitor that 


and assume that 
v = V,, cos (wt + 0,), 
then 
I = joCV. (9.32) 


Now if we solve Eq. 9.32 for the voltage as a function of the current, we get 


1 
V=7—I1. 9.33 
jot (9.33) 
Equation 9.33 demonstrates that the equivalent circuit for the capacitor in 
the phasor domain is as shown in Fig. 9.12. 
The voltage across the terminals of a capacitor lags behind the current 
by exactly 90°. We can easily show this relationship by rewriting Eq. 9.33 as 


1 
Vie 7, 


Li ° 
oe / (8, ~ 90)°. (9.34) 


Le 
90° 


Figure 9.11 A A plot showing the phase relationship 
between the current and voltage at the terminals of an 
inductor (@; = 60°). 


< Relationship between phasor voltage and 
phasor current for a capacitor 


1 /jwC 
psie 
+ Vo- 

I 


Figure 9.12 A The frequency domain equivalent circuit 
of a capacitor. 
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The alternative way to express the phase relationship contained in 
Fgq. 9.34 is to say that the current leads the voltage by 90°. Figure 9.13 
shows the phase relationship between the current and voltage at the ter- 
minals of a capacitor. 


Impedance and Reactance 


We conclude this discussion of passive circuit elements in the frequency 
Figure 9.13 A A plot showing the phase relationship domain with an important observation. When we compare Eggs. 9.27, 9.30, 


between the current and voltage at the terminals of a and 9.33, we note that they are all of the form 
capacitor (6; = 60°). 


Definition of impedance > V = ZI, (9.35) 


where Z represents the impedance of the circuit element. Solving for Z in 
Eq. 9.35, you can see that impedance is the ratio of a circuit element’s volt- 
age phasor to its current phasor. Thus the impedance of a resistor is R, the 
impedance of an inductor is jwL, the impedance of mutual inductance is 
jwM, and the impedance of a capacitor is 1/jwC. In all cases, impedance 
is measured in ohms. Note that, although impedance is a complex number, 
it is not a phasor. Remember, a phasor is a complex number that shows up 
as the coefficient of e/. Thus, although all phasors are complex numbers, 
not all complex numbers are phasors. 
TABLE 9.1 Impedance and Reactance Values Impedance in the frequency domain is the quantity analogous to 
resistance, inductance, and capacitance in the time domain. The imaginary 
part of the impedance is called reactance. The values of impedance and 
reactance for each of the component values are summarized in Table 9.1. 
Resistor R = And finally, a reminder. If the reference direction for the current in a 
passive circuit element is in the direction of the voltage rise across the ele- 
ment, you must insert a minus sign into the equation that relates the volt- 
age to the current. 


Circuit 
Element Impedance Reactance 


Inductor jJoL wL 


Capacitor i(-1/@C) —1/oC 


u ASSESSMENT PROBLEMS 


Objective 2—Be able to transform a circuit with a sinusoidal source into the frequency domain using phasor concepts 


9.3. Thecurrent in the 20 mH inductor is 9.4 ‘The voltage across the terminals of the 5 uF 
10 cos (10,000¢ + 30°) mA. Calculate (a) the capacitor is 30 cos (4000t + 25°) V. Calculate 
inductive reactance; (b) the impedance of the (a) the capacitive reactance; (b) the impedance 
inductor; (c) the phasor voltage V; and of the capacitor; (c) the phasor current I; and 
(d) the steady-state expression for v(t). (d) the steady-state expression for i(¢). 

20 mH va 
+ ie + vo 
{ “4 
Answer: (a) 200 Q:; Answer: (a) —50 0; 
(b) 7200 0; (b) —j50 O; 
(c) 2 /120° V; (c) 0.6/115° A; 
(d) 2 cos (10,000¢ + 120°) V. (d) 0.6 cos (4000¢ + 115°) A. 


NOTE: Also try Chapter Problems 9.13 and 9.14. 


9.5 Kirchhoff’s Laws 
in the Frequency Domain 


We pointed out in Section 9.3, with reference to Eqs. 9.23 and 9.24, that the 
phasor transform is useful in circuit analysis because it applies to the sum 
of sinusoidal functions. We illustrated this usefulness in Example 9.5. We 


now formalize this observation by developing Kirchhoff’s laws in the fre- 
quency domain. 


Kirchhoff’s Voltage Law in the Frequency Domain 
We begin by assuming that v, — v, represent voltages around a closed 
path in a circuit. We also assume that the circuit is operating in a sinusoidal 
steady state. Thus Kirchhoff’s voltage law requires that 

Vv] + U2 totes + Vy = 0, (9.36) 


which in the sinusoidal steady state becomes complex 


Vin, COS (wt + 01) + V,,, Cos (wt + 6.) + --- + V,, cos (wt + 0,) = 0. 
(9.37) 


We now use Euler’s identity to write Eq. 9.37 as 
RV, eel} + RLV, }ticee + R {Vy elnelor } (9.38) 
which we rewrite as 
RLV, clei + Vip elel + + + Vin cre} = 0. (9.39) 


Factoring the term e’“’ from each term yields 
R{(V,,,e!" Viner Scale 5 Vin cenyel"} = 0, 


or 
R{(V) + Vo + --- + V, Jed = 0. (9.40) 

But e/” # 0, so 
Vi¢ Vo+--° +V, =9, (9.41) 
which is the statement of Kirchhoff’s voltage law as it applies to phasor 
voltages. In other words, Eq. 9.36 applies to a set of sinusoidal voltages in 


the time domain, and Eq. 9.41 is the equivalent statement in the fre- 
quency domain. 


Kirchhoff’s Current Law in the Frequency Domain 


A similar derivation applies to a set of sinusoidal currents. Thus if 


ip tit --: +i, = 0, (9.42) 


9.5 — Kirchhoff’s Laws in the Frequency Domain 


<4 KVL in the frequency domain 


321 


322 Sinusoidal Steady-State Analysis 


KCL in the frequency domain > 


/ ASSESSMENT PROBLEM 


then 

It+Lt+--: +1,=9, (9.43) 
where I, I,,---, 1, are the phasor representations of the individual cur- 
rents £1, fo,°°+, b)- 


Equations 9.35, 9.41, and 9.43 form the basis for circuit analysis in the 
frequency domain. Note that Eq. 9.35 has the same algebraic form as Ohm’s 
law, and that Eqs. 9.41 and 9.43 state Kirchhoff’s laws for phasor quantities. 
Therefore you may use all the techniques developed for analyzing resistive 
circuits to find phasor currents and voltages. You need learn no new analytic 
techniques; the basic circuit analysis and simplification tools covered in 
Chapters 2-4 can all be used to analyze circuits in the frequency domain. 
Phasor circuit analysis consists of two fundamental tasks: (1) You must be 
able to construct the frequency-domain model of a circuit; and (2) you must 
be able to manipulate complex numbers and/or quantities algebraically. We 
illustrate these aspects of phasor analysis in the discussion that follows, 
beginning with series, parallel, and delta-to-wye simplifications. 


Objective 3—Know how to use circuit analysis techniques to solve a circuit in the frequency domain 


9.5 Four branches terminate at a common node. i, = 100cos (wt + 25°) A, 
The reference direction of each branch current iy = 100 cos (wt + 145°) A, and 
(i;, to, 43, and i4) is toward the node. If iz = 100 cos (wt — 95°) A, find ig. 


NOTE: Also try Chapter Problem 9.15. 


Figure 9.14 & Impedances in series. 


Answer: i, = 0. 


9.6 Series, Parallel, and Delta-to-Wye 
Simplifications 


The rules for combining impedances tn series or parallel and for making 
delta-to-wye transformations are the same as those for resistors. The only 
difference is that combining impedances involves the algebraic manipula- 
tion of complex numbers. 


Combining Impedances in Series and Parallel 


Impedances in series can be combined into a single impedance by simply 
adding the individual impedances. The circuit shown in Fig. 9.14 defines the 
problem in general terms. The impedances Z;, Z2,---, Z,, are connected in 
series between terminals a,b. When impedances are in series, they carry the 
same phasor current I. From Eq. 9.35, the voltage drop across each imped- 
ance is Z,], ZI, ---, Z,,1, and from Kirchhoff’s voltage law, 


Vab = Zy41 ot Zl a Z,1 
= (Ap te ee oe Zk (9.44) 
The equivalent impedance between terminals a,b is 
Vab 
Zab = TT SL bk Lav Oe eZ (9.45) 


Example 9.6 illustrates a numerical application of Eq. 9.45. 


Scum am Combining Impedances in Series 


A 90Q resistor, a 32 mH inductor, and a 5 uF 
capacitor are connected in series across the termi- 
nals of a sinusoidal voltage source, as shown in 
Fig. 9.15. The steady-state expression for the source 
voltage v, is 750 cos (S000f + 30°) V. 


a) Construct the frequency-domain equivalent 
circuit. 


b) Calculate the steady-state current i by the phasor 
method. 


Us 5 pF 


Figure 9.15 A The circuit for Example 9.6. 


Solution 


a) From the expression for v,, we have 
w = 5000 rad/s. Therefore the impedance of the 
32 mH inductor is 


Z, = jwL = j(S000)(32 X 107°) = 160 0, 
and the impedance of the capacitor is 


—1 10° 


wc ~! Goo0y5) 40 


Zo=] 


v/ ASSESSMENT PROBLEM 


Objective 3—Know how to use circuit analysis techniques to solve a circuit in the frequency domain 


9.6 Using the values of resistance and inductance in 


the circuit of Fig. 9.15, let V, = 125 /—60° V 
and w = 5000 rad/s. Find 


a) the value of capacitance that yields a 


steady-state output current i with a phase 


angle of —105°. 
NOTE: Also try Chapter Problem 9.24. 
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The phasor transform of v, is 
V, = 750 730° V. 


Figure 9.16 illustrates the frequency-domain 
equivalent circuit of the circuit shown in Fig. 9.15. 

b) We compute the phasor current simply by divid- 
ing the voltage of the voltage source by the equiv- 
alent impedance between the terminals a,b. From 
Eq. 9.45, 


Zay = 90 + j160 — j40 
= 90 + 120 = 150/753.13° 0. 
Thus 


a 750 /30° 
150 /53.13° 


We may now write the steady-state expression 
for i directly: 


= 5 /-23.13° A. 


i = Scos (S000 — 23.13°) A. 


a 909 j1600 


| al 


I 
750/30° 
ee ~j40 0 
b 


Figure 9.16 A The frequency-domain equivalent circuit of the 
circuit shown in Fig. 9.15. 


b) the magnitude of the steady-state output 
current é, 


Answer: (a) 2.86 uF; 


(b) 0.982 A. 
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Figure 9.17 A Impedances in parallel. 


Impedances connected in parallel may be reduced to a single equiva- 
lent impedance by the reciprocal relationship 


(9.46) 


Figure 9.17 depicts the parallel connection of impedances. Note that when 
impedances are in parallel, they have the same voltage across their termi- 
nals. We derive Eq. 9.46 directly from Fig. 9.17 by simply combining 
Kirchhoff’s current law with the phasor-domain version of Ohm’s law, that 
is, Eq. 9.35. From Fig. 9.17, 


l= #4 el 


ne 


Or 
Be ee ihe, He 9.47 
Z,. (9.47) 


Canceling the common voltage term out of Eq. 9.47 reveals Eq. 9.46. 
From Eq. 9.46, for the special case of just two impedances in parallel, 


Z;Zy 
ah = 9.48 


We can also express Eq. 9.46 in terms of admittance, defined as the recip- 
rocal of impedance and denoted Y. Thus 


Y= = = G + jB (siemens). (9.49) 


Admittance is, of course, a complex number, whose real part, G, is called 
conductance and whose imaginary part, B, is called susceptance. Like 
admittance, conductance and susceptance are measured in siemens (S). 
Using Eq. 9.49 in Eq. 9.46, we get 


Yo = VY, +Yot- + Y,. (9.50) 


The admittance of each of the ideal passive circuit elements also is 
worth noting and is summarized in Table 9.2. 

Example 9.7 illustrates the application of Eqs. 9.49 and 9.50 to a spe- 
cific circuit. 


TABLE 9.2 Admittance and Susceptance Values 


Circuit Element Admittance (Y) Susceptance 
Resistor G (conductance) — 
Inductor j(-1/oL) —l/oL 


Capacitor joc | aC 
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Schimas Combining Impedances in Series and in Parallel 


The sinusoidal current source in the circuit shown in 
Fig. 9.18 produces the current i, = 8 cos 200,000r A. 


a) Construct the frequency-domain equivalent 
circuit. 


b) Find the steady-state expressions for v, é, io, 
and i3. 


Solution 


a) The phasor transform of the current source is 
8 /0°; the resistors transform directly to the fre- 
quency domain as 10 and 6 Q; the 40 wH 
inductor has an impedance of j8 Q. at the given 
frequency of 200,000 rad/s; and at this fre- 
quency the 1 wF capacitor has an impedance of 
—j5 Q. Figure 9.19 shows the frequency-domain 
equivalent circuit and symbols representing the 
phasor transforms of the unknowns. 


b) The circuit shown in Fig. 9.19 indicates that we 
can easily obtain the voltage across the current 
source once we know the equivalent impedance 
of the three parallel branches. Moreover, once 
we know V, we can calculate the three phasor 
currents I,, Ip, and I; by using Eq. 9.35. To find 
the equivalent impedance of the three branches, 
we first find the equivalent admittance simply 
by adding the admittances of each branch. The 
admittance of the first branch ts 


a 
10 


the admittance of the second branch is 


Y; = 015, 


oar, 
y,=——-2 
“ 6 + 78 100 


= 0.06 — j0.08 S, 


and the admittance of the third branch is 


1 
Y3 = eae j0.2 S. 


The admittance of the three branches is 


) at Jee Sauer © 
= 0.16 + j0.12 
= ().2/36.87° S. 


The impedance at the current source is 


1 
Z= yo 5 /-36.87° 0. 


1 pF 


Figure 9.19 A The frequency-domain equivalent circuit. 


The Voltage V is 


V = ZI = 40 /-36.87" V. 


Hence 
40 /-36.87° 
l= —— = 4 /-36.87° = 3.2 — j24A, 
40 / -36.87° a 
LS Eee = —j4A, 
and 
40 /-36.87° 
I; = OL OST _ /53.13° = 4.8 + j6.4 A. 


a 790° 


We check the computations at this point by veri- 
fying that 


I, + I, ass I, =I. 
Specifically, 
3.2 — j24 - j4+48+ j64 =8 + j0. 


The corresponding steady-state time-domain 
expressions are 


v = 40 cos (200,000t — 36.87°) V, 
iy = 4cos (200,000t — 36.87°) A, 
ir = 4cos (200,000r — 90°) A, 

fz = 8 cos (200,000 + 53.13°) A. 
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/ ASSESSMENT PROBLEMS 


Objective 3—Know how to use circuit analysis techniques to solve a circuit in the frequency domain 


9.7. A 20 Q resistor is connected in parallel with a Answer: (a) 9 — j120; 
5 mH inductor. This parallel combination is (b) 21 + j30; 
connected in series with a 5 Q resistor and a 
25 wF capacitor. ic) 4 krad/s; 


(d) 150. 
a) Calculate the impedance of this inter- 


connection if the frequency is 2 krad/s. 
9.8 The interconnection described in Assessment 


D) Repeal (2) ton a itequency oh 8: krad/s: Problem 9.7 is connected across the terminals 


c) At what finite frequency does the imped- of a voltage source that is generating 
ance of the interconnection become purely v = 150 cos 4000 V. What is the maximum 
resistive? amplitude of the current in the 5 mH inductor? 
d) What is the impedance at the frequency 
found in (c)? Answer: 7.07 A. 


NOTE: Also try Chapter Problems 9.28, 9.29, and 9.32. 


Delta-to-Wye Transformations 


The A-to-Y transformation that we discussed in Section 3.7 with regard 
to resistive circuits also applies to impedances. Figure 9.20 defines the 
A-connected impedances along with the Y-equivalent circuit. The 
Y impedances as functions of the A impedances are 


Z, = aan 9.51) 
ay ee oe ae a a 
Z= Leh (9.52) 
: Z, + Zp + Le , 
Figure 9.20 A The delta-to-wye transformation. 
Z3= Lak (9.53) 
La af Zp + Zs: 


The A-to-Y transformation also may be reversed; that is, we can start 
with the Y structure and replace it with an equivalent A structure. The A 
impedances as functions of the Y impedances are 


_ ZZ + ZZ4 + ZZ; 


Zs: , 9.54 
a Z, (9.54) 
£12, + 2523+ 232 
Zz, = 142 243 3 1 (9.55) 
22 
Z\Z2 + 2223+ 232 
Z, = EN ees. (9.56) 


Z3 


The process used to derive Eqs. 9.51-9.53 or Eqs. 9.54-9.56 is the same 
as that used to derive the corresponding equations for pure resistive cir- 
cuits. In fact, comparing Eqs. 3.44-3.46 with Eqs. 9.51-9.53, and 
Eqs. 3.47-3.49 with Eqs. 9.54-9.56, reveals that the symbol Z has replaced 


9.6 Series, Parallel, and Delta-to-Wye Simplifications 327 


the symbo] R. You may want to review Problem 3.62 concerning the deri- 
vation of the A-to-Y transformation. 

Example 9.8 illustrates the usefulness of the A-to-Y transformation in 
phasor circuit analysis. 


Scuiiicmeem-m Using a Delta-to-Wye Transform in the Frequency Domain 


Use a A-to-Y impedance transformation to find Ip. Inserting the Y-equivalent impedances into the cir- 

I, L.&, Gy. ik, Vj. and V2 in the circuit in Fig. 9.21. cuit, we get the circuit shown in Fig 9.22, which we 
can now simplify by scries-parallel reductions. The 
impedence of the abn branch is 


Zam = 12 + j4— j4 = 12, 


and the impedance of the acn branch is 


Zen = 63.2 + j2.4 - j2.4 — 3.2 = 600. 


Figure 9.21 A The circuit for Example 9.8. 


Solution 


First note that the circuit is not amenable to scries 
or parallel simplification as it now stands. A A-to-Y 
impedance transformation allows us to solve for all] 
the branch currents without resorting to cither the 
node-voltage or the mesh-current method. If we 
replace either the upper delta (abc) or the lower 


delta (bcd) with its Y equivalent, we can further Figure 9.22 & The circuit shown in Fig. 9.21, with the lower 
simplify the resulting circuit by series-parallel com- delta replaced by its equivalent wye. 

binations. In deciding which delta to replace, the 

sum of the impedances around each delta is worth Note that the abn branch is in parallel with the acn 
checking because this quantity forms the denomi- branch. Therefore we may replace these two branches 
nator for the equivalent Y impedances. The sum with a single branch having an impedance of 

around the lower delta is 30 + 740, so we choose to 

eliminate it from the circuit. The Y impedance con- (60)(12) 

necting to terminal b is an a 10.0. 


Combining this 10 resistor with the impedance 


Zi = 2 2) = 12 + /4Q, between n and d reduces the circuit shown in Fig, 9.22 
30 + 740 to the one shown in Fig. 9.23. From the latter circuit, 
the Y impedance connecting to terminal c is 120 /0° 
In = SM = 493.13 = 2.4 + 3.2 A. 
| 18 — j24 
af AEE ss ies aie 
2" 30+ j40°°= eres Once we know Ip, we can work back through the 


equivalent circuits to find the branch currents in 
and the Y impedance connecting to terminal d is the original circuit. We begin by noting that Ip is 
the current in the branch nd of Fig. 9.22. Therefore 
(20 + j60)(—j20) 
= AD, eae 
23 =" 30 + j40 ie Via = (8 — j24)ly = 96 — j32V. 
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We may now calculate the voltage V,,, because To find the branch currents I, Iy, and I,, we must 
first calculate the voltages V; and V>. Refering to 
V = Van + Vag Fig. 9.21, we note that 


and both V and V,, are known. Thus 


328 
V, = 120 /0° — (-j4)I, = = + j8V 
Van = 120 — 96 + j32 = 24 + j32V. ZO = IBN, 


We now compute the branch currents I,,,, and I,.y: 104 
V, = 120 /0° — (63.2 + j2.4)I, = 96 — ing ™. 
24 + j32 8 
abn — 12 Teoy de A, 


We now calculate the branch currents I, Ij, and Is: 
— 24+ 532 4 8 


ten en 9 Tag 
Vi-v 4 2, 
et I= to a a 

In terms of the branch currents defined in Fig. 9.21, 10 3 3 
Cheese as ee ee Gk 
3 +" 20+ j60 3 

4 8 
Ie dha =o ae V2 26 
10 15 =—— = — + J48A. 
Is = 90 5 1 4 


We check the calculations of I, and I, by noting that 


l+h = 24+ j32 =. We check the calculations by noting that 


2 26 
Iya I, + 1, = 3 + is 7 J1.6 + j4.8 = 2.4 + j3.2 =Iy, 
120/0° 4 2 12.8 8 
f . 
i ht+h= 7+5t+j—— ~fN65=24+j5=f, 
-j24.0 BA eB Gi ae. 7 pare 
: + aalifi Seat 4 4 12.8 8 26 
Figure 9.23 & A simplified version of the circuit shown in te et ee PS he ey. 
Fig. 9.22. a ee oe (an a ee ae ? 


/ ASSESSMENT PROBLEM 


Objective 3—Know how to use circuit analysis techniques to solve a circuit in the frequency domain 


9.9 Use aA-to-Y transformation to find the 140 
current I in the circuit shown. 
400 _; 
Answer: I = 4 /28.07° A. : J15 0, 
136/0° @ 50 O 
V 
400, 100 


NOTE: Also try Chapter Problem 9.37. 
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9.7 Source Transformations and 
Thévenin-Norton Equivalent Circuits 


The source transformations introduced in Section 4.9 and the Thévenin- 
Norton equivalent circuits discussed in Section 4.10 are analytical tech- 
niques that also can be applied to frequency-domain circuits. We prove 
the validity of these techniques by following the same process used in 
Sections 4.9 and 4.10, except that we substitute impedance (Z) for resist- 
ance (R). Figure 9.24 shows a source-transformation equivalent circuit 
with the nomenclature of the frequency domain. 

Figure 9.25 illustrates the frequency-domain version of a Thévenin 


Figure 9.24 A A source transformation in the 
frequency domain. 


equivalent circuit. Figure 9.26 shows the frequency-domain equivalent of 
a Norton equivalent circuit. The techniques for finding the Thévenin ee a 
‘ : ; ; Mane Frequency-domain 
equivalent voltage and impedance are identical to those used for resistive linear circuit; 
circuits, except that the frequency-domain equivalent circuit involves the may contain > ee Vin 
manipulation of complex quantities. The same holds for finding the oe Fred aa 
Norton equivalent current and impedance. weed eb b 
Example 9.9 demonstrates the application of the source-transformation 
equivalent circuit to frequency-domain analysis. Example 9.10 illustrates Figure 9.25 & The frequency-domain version of a 
the details of finding a Thévenin equivalent circuit in the frequency domain. —_Thévenin equivalent circuit. 
@a a 
Frequency-domain 
linear circuit; 
may contain — a 
both independent 
and dependent 
sources. eb b 
Figure 9.26 A The frequency-domain version of a Norton 
equivalent circuit. 
Seluiitceemm Performing Source Transformations in the Frequency Domain 
Use the concept of source transformation to find the current source and the 1 + j3 Q impedance. The 


phasor voltage Vo in the circuit shown in Fig. 9.27. source current is 


12 OQ 9290 060 


40 
i= Sey A. 
[+93 19! ~ 3) i 


Thus we can modify the circuit shown in Fig. 9.27 to 
the one shown in Fig. 9.28. Note that the polarity 
reference of the 40 V source determines the refer- 
ence direction for I. 

Next, we combine the two parallel branches 
into a single impedance, 


Figure 9.27 A The circuit for Example 9.9. 


Solution 


We can replace the series combination of the (1 + j3)(9 — j3) 
voltage source (40 /0°) and the impedance of = Sige 
1+ j3Q with the parallel combination of a 


=18+ j240, 
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which is in parallel with the current source of 
4 — j12 A. Another source transformation con- 
verts this parallel combination to a series combina- 
tion consisting of a voltage source in series with the 
impedance of 1.8 + j2.4 (. The voltage of the volt- 
age source is 


V = (4— j12)(1.8 + j2.4) = 36 — j12V. 


Using this source transformation, we redraw the 
circuit as Fig. 9.29. Note the polarity of the voltage 
source. We added the current Ip to the circuit to 
expedite the solution for Vo. 


02Q j0.60 


Figure 9.28 A The first step in reducing the circuit shown 
in Fig. 9.27. 


Example 9.10 


Find the Thévenin equivalent circuit with respect to 
terminals a,b for the circuit shown in Fig. 9.30. 


—j40 0 


Figure 9.30 A The circuit for Example 9.10. 


18Q jf24Q2 02qQ j060 


Figure 9.29 A The second step in reducing the circuit shown 
in Fig. 9.27. 


Also note that we have reduced the circuit to a 
simple series circuit. We calculate the current I, by 
dividing the voltage of the source by the total series 
impedance: 


_ 36 -jl2 123 - jl) 
12-716 43 — jd) 
39 + j27 


= —— = 1.56 + j1.08 A. 
53 1.56 + j1.08 A 


We now obtain the value of Vo by multiplying Ip by 
the impedance 10 — 19: 


Vy = (1.56 + j1.08)(10 — j19) = 36.12 — j18.84 V. 


Finding a Thévenin Equivalent in the Frequency Domain 


Solution 


We first determine the Thévenin equivalent voltage. 
This voltage is the open-circuit voltage appearing at 
terminals a,b. We choose the reference for the 
Thévenin voltage as positive at terminal a. We can 
make two source transformations relative to the 
120 V,12 ©, and 60 ( circuit elements to simplify this 
portion of the circuit. At the same time, these transfor- 
mations must preserve the identity of the controlling 
voltage V, because of the dependent voltage source. 

We determine the two source transformations by 
first replacing the series combination of the 120 V 
source and 12 Q) resistor with a 10 A current source 
in parallel with 12 0. Next, we replace the parallel 
combination of the 12 and 60 O resistors with a single 
10 © resistor. Finally, we replace the 10 A source in 
parallel with 10 O with a 100 V source in series with 
10 Q. Figure 9.31 shows the resulting circuit. 

We added the current I to Fig. 9.31 to aid fur- 
ther discussion. Note that once we know the current 
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I, we can compute the Thévenin voltage. We find I 
by summing the voltages around the closed path in 
the circuit shown in Fig. 9.31. Hence 


100 = 101 — j40I + 1201 + 10V, = (130 — j40)I + 10V,. 


—j40. 0 


Figure 9.32 A A circuit for calculating the Thévenin equivalent 
impedance. 


The branch currents I, and I, have been added to 


Figure 9.31 A A simplified version of the circuit shown the circuit to simplify the calculation of I,. By 
in Fig. 9.30. straightforward applications of Kirchhoff’s circuit 
laws, you should be able to verify the following 
We relate the controlling voltage V, to the current I relationships: 
by noting from Fig. 9.31 that 
Vv; 
V, = 100 — 10I. = : = 101. 
, * 10 — j40° Ye ae 
Then, 
L. = V; — 10V, 
—900 ; 120 
I= 30 — 740 = 18 /—126.87" A. 
rs _ ~Vx(9 + JA) 
we now calculate V,: 120(1 — j4) 
° Bg. I; = 1, + hh 
V, = 100 — 180 /-126.87° = 208 + 7144 V. 
V, 9+ j4 
Finally, we note from Fig. 9.31 that Zs 10 — 740 ~ 7 
Vip, = 10V, + 1201 _ V3 - J4) 
= 2080 + j1440 + 120(18) /-126.87° 12(10 — 40) 
= 784 — j288 = 835.22 /-20.17° V. a - = 91.2 — j38.40. 
T 


To obtain the Thévenin impedance, we may 
use any of the techniques previously used to find 
the Thévenin resistance. We illustrate the test- Figure 9.33 depicts the Thévenin equivalent circuit. 
source method in this example. Recall that in 
using this method, we deactivate all independent 
sources from the circuit and then apply either a 


test voltage source or a test current source to the 91.20 Co 
terminals of interest. The ratio of the voltage to . 
the current at the source is the Thévenin imped- 784 — j288 

ance. Figure 9.32 shows the result of applying this Vv 

technique to the circuit shown in Fig. 9.30. Note ‘ 


that we chose a test voltage source V;. Also note 
that we deactivated the independent voltage 


source with an appropriate short-circuit and pre- Figure 9.33 A The Thévenin equivalent for the circuit shown 


served the identity of V,. in Fig. 9.30. 
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J ASSESSMENT PROBLEMS 


Objective 3—Know how to use circuit analysis techniques to solve a circuit in the frequency domain 


9.10 Find the steady-state expression for v,(f) in 9.11 Find the Thévenin equivalent with respect to 
the circuit shown by using the technique of terminals a,b in the circuit shown. 
source transformations. The sinusoidal voltage 
sources are 


v, = 240cos (40002 + 53.13°) V, 
v2 = 96 sin 4000t V. 


j100 102 


15 mH 20 0 


Answer: Vy, = Va, = 10 745° V; 
Answer: 48cos (4000t + 36.87°) V Zrm=5—- js. 


NOTE: Also try Chapter Problems 9.45, 9.46, and 9.49. 


9.8 The Node-Voltage Method 


In Sections 4.2-4.4, we introduced the basic concepts of the node-voltage 
method of circuit analysis. The same concepts apply when we use the 
node-voltage method to analyze frequency-domain circuits. Example 9.11 
illustrates the solution of such a circuit by the node-voltage technique. 
Assessment Problem 9.12 and many of the Chapter Problems give you an 
opportunity to use the node-voltage method to solve for steady-state sinu- 
soidal responses. 


Scuteeees §Using the Node-Voltage Method in the Frequency Domain 


Use the node-voltage method to find the branch 1 10 j2Q2 4 590 
currents I,, I, and I, in the circuit shown in Fig. 9.34. 


10 j20 50 


10.6/0° 


Figure 9.35 A The circuit shown in Fig. 9.34, with the node 
voltages defined. 


Figure 9.34 A The circuit for Example 9.11. 


Solution Summing the currents away from node 1 yields 
We can describe the circuit in terms of two node volt- A oe 
ages because it contains three essential nodes. Four —10.6 + To sg Page = (). 


branches terminate at the essential node that stretches 
across the bottom of Fig. 9.34, so we use it as the refer- 
ence node. The remaining two essential nodes are 
labeled 1 and 2, and the appropriate node voltages are 
designated V, and V3. Figure 9.35 reflects the choice ; _ ~ 10.6 + 7212 
of reference node and the terminal labels. With Pt 2) Vo ; aa 


Multiplying by 1 + j2 and collecting the coeffi- 
cients of V, and V> generates the expression 


Summing the currents away from node 2 gives 


V.-Vi Vo. Vo — 201, 


———_— + = 0. 
i ay =o 5 
The controlling current I, is 
L- Vip 
* 1+ j2° 


Substituting this expression for I, into the node 2 
equation, multiplying by 1 + /2, and collecting 
coefficients of V, and V2 produces the equation 


—5V, + (48 + j0.6)V> = 0. 


The solutions for V, and V, are 


V, = 68.40 — f16.80 V, 
V> = 68 — j26V. 
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Hence the branch currents are 


V, 

.=— = 6.84 - jf. 

I, = 75 = 6:84 — 1.68 A, 
V, — Vs 

bs 396 

ta 3.76 + 1.68 A, 
V, — 201, . 

NT Gad a 


2 


V. 
I, = = 52 + f13.6A. 


To check our work, we note that 


I, + 1, = 6.84 — j1.68 + 3.76 + /1.68 


= 10.6A, 
I, =I, + I. = —1.44 — jll.92 + 5.2 + j13.6 
= 3.76 + 1.68 A. 


Objective 3—Know how to use circuit analysis techniques to solve a circuit in the frequency domain 


9.12 Use the node-voltage method to find the steady- 
state expression for v(f) in the circuit shown. The 
sinusoidal sources are i, = 10 cos wt A and 
v, = 100 sin wt V, where w = 50 krad/s. 


Answer: v(t) = 31.62 cos(50,000¢ — 71.57°) V. 
NOTE: Also try Chapter Problems 9.55 and 9.59. 


20 0 


9.9 The Mesh-Current Method 


We can also use the mesh-current method to analyze frequency-domain cir- 
cuits. The procedures used in frequency-domain applications are the same 
as those used in analyzing resistive circuits. In Sections 4.54.7, we intro- 
duced the basic techniques of the mesh-current method; we demonstrate 
the extension of this method to frequency-domain circuits in Example 9.12. 


Secu teemweas Using the Mesh-Current Method in the Frequency Domain 


Use the mesh-current method to find the voltages or 

V,, V2,and V3in the circuit shown in Fig. 9.36 on the 

next page. 150 = (13 — j14)I, — (12 — j16)b. 
Solution Summing the voltages around mesh 2 generates the 


The circuit has two meshes and a dependent volt- equation 


age source, sO we must write two mesh-current 
equations and a constraint equation. The reference 
direction for the mesh currents I, and IE, is clock- 
wise, as shown in Fig. 9.37. Once we know I, and L, 
we can easily find the unknown voltages. Summing 
the voltages around mesh | gives 


150 = (1 + j2)I, + (12 — j16)(1, — L), 


= (12 — j16)(_, — I) + 1 + j3)L + 391,. 


Figure 9.37 reveals that the controlling current I, is 
the difference between I, and 1, that is, the con- 
straint is 


1, = I, a L. 
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Solving for I, and I, yields 
I, = -26 — js2A, 
I, = —24 — j58 A, 
I, = —2 + j6A. 
The three voltages are 


V, = (1 + j2)E, = 78 -— jl04v, 


Figure 9.36 A The circuit for Example 9.12. V2 = (12 — j16)I, = 72 + j104V, 


me) 720 10 j3Q V3; = (1 + j3)I, = 150 — 130 V. 
Also 


301, = ~78 + j234V. 


We check these calculations by summing the volt- 
ages around closed paths: 


—150 + V, + V, = —150 + 78 — j104 + 72 


+ j104 = 0, 
Figure 9.37 A Mesh currents used to solve the circuit shown —-V, + V3 + 391, = -—72 -— j104 + 150 — /130 
in Fig. 9.36. 

— 78 + j234 = 0, 


Substituting this constraint into the mesh 2 equa- 
tion and simplifying the resulting expression gives 


0 = (27 + j16)E, — (26 + j13)b. — j130 — 78 + j234 = 0. 


~150 + V, + V3 + 391, = —150 + 78 — j104 + 150 


/ ASSESSMENT PROBLEM 


Objective 3—Know how to use circuit analysis techniques to solve a circuit in the frequency domain 


9.13 Use the mesh-current method to find the pha- 
sor current Tin the circuit shown. 


Answer: JI = 29 + j2 = 29.07 /3.95° A. 


NOTE: Also try Chapter Problems 9.60 and 9.64. 


9.10 The Transformer 


A transformer is a device that is based on magnetic coupling. Transformers 
are used in both communication and power circuits. In communication cir- 
cuits, the transformer is used to match impedances and eliminate dec signals 
from portions of the system. In power circuits, transformers are used to estab- 
lish ac voltage levels that facilitate the transmission, distribution, and con- 
sumption of electrical power. A knowledge of the sinusoidal steady-state 


behavior of the transformer is required in the analysis of both communication 
and power systems. In this section, we will discuss the sinusoidal steady-state 
behavior of the linear transformer, which is found primarily in communica- 
tion circuits. In Section 9.11, we will deal with the ideal transformer, which is 
used to model the ferromagnetic transformer found in power systems. 

Before starting we make a useful observation. When analyzing circuits 
containing mutual inductance use the meshor loop-current method for writ- 
ing circuit equations. The node-voltage method is cumbersome to use when 
mutual inductance in involved. This is because the currents in the various 
coils cannot be written by inspection as functions of the node voltages. 


The Analysis of a Linear Transformer Circuit 


A simple transformer is formed when two coils are wound on a single core 
to ensure magnetic coupling. Figure 9.38 shows the frequency-domain cir- 
cuit model of a system that uses a transformer to connect a load to a 
source. In discussing this circuit, we refer to the transformer winding con- 
nected to the source as the primary winding and the winding connected to 
the load as the secondary winding. Based on this terminology, the trans- 
former circuit parameters arc 


R, = the resistance of the primary winding, 


R, = the resistance of the secondary winding, 


L, = the self-inductance of the primary winding, 
L, = the self-inductance of the secondary winding, 
M = the mutual inductance. 


The internal voltage of the sinusoidal source is V,, and the internal 
impedance of the source is Z,. The impedance Z,, represents the load con- 
nected to the secondary winding of the transformer. The phasor currents 
I, and I, represent the primary and secondary currents of the transformer, 
respectively. 

Analysis of the circuit in Fig. 9.38 consists of finding I, and I, as func- 
tions of the circuit parameters V,, Z,, R), L,, L2, Ro, M,Z, and w. We are 
also interested in finding the impedance scen looking into the transformer 
from the terminals a,b. To find I, and I., we first write the two mesh-cur- 
rent cquations that describe the circuit: 


V. = (Z, + R, 4F Jol), = jJoML, (9.57) 


() = —jwMI, + (R> + Jol» + Z, )Io. (9.58) 
To facilitate the algebraic manipulation of Eqs. 9.57 and 9.58, we let 


Zy = Z + RK, + joly, (9.59) 


222 = R3 “t jJoLy + Lex (9.60) 


where Z,, is the total self-impedance of the mesh containing the primary 
winding of the transformer, and Z,. is the total self-impedance of the 
mesh containing the secondary winding. Based on the notation introduced 
in Egs. 9.59 and 9.60, the solutions for I, and I, from Eqs. 9.57 and 9.58 are 


ee ae (9.61) 
2,22 + wM? a 
joM jJoM 
L = —————V, = L.. (9.62) 
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Source b Transformer d Load 


Figure 9.38 A The frequency domain circuit model for a 
transformer used to connect a load to a source. 
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To the internal source voltage V,, the impedance appears as V,/I,, or 


V, 21222 + w?M? w?M2 
= LS SS i 9.63 
The impedance at the terminals of the source is Z;,, — Z,, SO 
2442 242 
wo M wM 
Liege Ligh Ze Ry S OL FF 6 


Note that the impedance Z,,, is independent of the magnetic polarity 
of the transformer. The reason is that the mutual inductance appears in 
Eq. 9.64 as a squared quantity. This impedance is of particular interest 
because it shows how the transformer affects the impedance of the load as 
seen from the source. Without the transformer, the load would be con- 
nected directly to the source, and the source would see a load impedance 
of Z,; with the transformer, the load is connected to the source through 
the transformer, and the source sees a load impedance that is a modified 
version of Z,, as seen in the third term of Eq. 9.64. 


Reflected Impedance 


The third term in Eq. 9.64 is called the reflected impedance (Z,.), because 
it is the equivalent impedance of the secondary coil and load impedance 
transmitted, or reflected, to the primary side of the transformer. Note that 
the reflected impedance is due solely to the existence of mutual induc- 
tance; that is, if the two coils are decoupled, M becomes zero, Z, becomes 
zero, and Z,, reduces to the self-impedance of the primary coil. 

To consider reflected impedance in more detail, we first express the 
load impedance in rectangular form: 


Ay = Ry, FX, (9.65) 


where the load reactance X, carries its own algebraic sign. In other words, 
X_ is a positive number if the load is inductive and a negative number if 
the load is capacitive. We now use Eq. 9.65 to write the reflected imped- 
ance in rectangular form: 


9 
w*M? 


Z. = —-.OV___—_ 
: R> + Ri. + j(@L, + X,) 


w°M?7[(Rz + Ry) — j(wL2 + X1)] 
(R2 + Ri + (wl + XY 
w*M? 


~ ZF [(Ro + Ri) — jl@L2 + X1)). (9.66) 
22 


The derivation of Eq. 9.66 takes advantage of the fact that, when Z, is 
written in rectangular form, the self-impedance of the mesh containing the 
secondary winding is 


2 = R, + Ry + j(@L + X,). (9.67) 


Now observe from Eq. 9.66 that the self-impedance of the secondary 
circuit is reflected into the primary circuit by a scaling factor of 
(wM/|Z2|)”, and that the sign of the reactive component (wl, + X/) is 
reversed. Thus the linear transformer reflects the conjugate of the self- 
impedance of the secondary circuit (Z3) into the primary winding by a 
scalar multiplier. Example 9.13 illustrates mesh current analysis for a cir- 
cuit containing a linear transformer. 
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setulae § Analyzing a Linear Transformer in the Frequency Domain 


The parameters of a certain linear transformer are 
R, = 200 0, R, = 100 0, L; = 9H, L, = 4H, and 
k = 0.5. The transformer couples an impedance 
consisting of an 800 1) resistor in series with a 1 wF 
capacitor to a sinusoidal voltage source. The 300 V 
(rms) source has an internal impedance of 
500 + 100 9 and a frequency of 400 rad/s. 


a) Construct a frequency-domain equivalent circuit 
of the system. 


b) Calculate the self-impedance of the primary 
circuit. 


c) Calculate the self-impedance of the secondary 
circuit. 

d) Calculate the impedance reflected into the pri- 
mary winding. 

e) Calculate the scaling factor for the reflected 
impedance. 


f) Calculate the impedance seen looking into the 
primary terminals of the transformer. 


g) Calculate the Thévenin equivalent with respect 
to the terminals c,d. 


Solution 


a) Figure 9.39 shows the frequency-domain equiva- 
lent circuit. Note that the internal voltage of the 
source serves as the reference phasor, and that 
V, and V, represent the terminal voltages of the 
transformer. In constructing the circuit in 
Fig. 9.39, we made the following calculations: 


jwL, = j(400)(9) = (3600 2, 
joL, = j(400)(4) = j1600 Q, 
M = 05V(9)(4) = 3H, 
joM = j(400)(3) = j1200 Q, 


1 10° © 
joC 5400 


—j2500 2. 


500 0 j/1002 4, 2000 


300 /0° V 


Figure 9.39 A The frequency-domain equivalent circuit for Example 9.13. 


b) The self-impedance of the primary circuit is 


Zi, = 500 + 7100 + 200 + 73600 = 700 + (3700 9. 


c) The self-impedance of the secondary circuit is 


Z>y = 100 + {1600 + 800 — 2500 = 900 — j900 2. 


d) The impedance reflected into the primary 
winding is 


1200 


2 
zZ,=(———— +j 
; ¢.. = aa) (900 + j900) 


_ = (900 + 7900) = 800 + j800 ©. 


e) The scaling factor by which 23, is reflected is 8/9. 


f) The impedance seen looking into the primary ter- 
minals of the transformer is the impedance of the 
primary winding plus the reflected impedance; thus 


Zan = 200 + (3600 + 800 + j800 = 1000 + j4400 2. 


g) The Thévenin voltage will equal the open circuit 
value of V.g. The open circuit value of V.g will 
equal j1200 times the open circuit value of I). 
The open circuit value of I, is 


_ 300 70° 
700 + j3700 


= 79.67 /—79.29" mA. 


Therefore 
Vin = j1200(79.67 / -79.29°) x 107 
= 95.60 /10.71° V. 
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The Thévenin impedance will be equal to the imped- The Thévenin equivalent is shown in Fig. 9.40. 
ance of the secondary winding plus the impedance 
reflected from the primary when the voltage source is 171.09 0 f1224.26 O 
replaced by a short-circuit. Thus 
95.60 /10.71° 
Vv 


1200 
(700 + 3700] 


171.09 + j1224.26 ©. 


2 
Zr, = 100 + j1600 + ( ) (700 — j3700) 


d 


Figure 9.40 A The Thévenin equivalent circuit for Example 9.13. 


/ ASSESSMENT PROBLEM 


Objective 4—Be able to analyze circuits containing linear transformers using phasor methods 


9.14 A linear transformer couples a load consisting 


of a 360 € resistor in series with a 0.25 H : 
inductor to a sinusoidal voltage source, as 
shown. The voltage source has an internal 
impedance of 184 + j0 O and a maximum volt- 
age of 245.20 V, and it is operating at 800 rad/s. 

Source b Transformer d Load 


The transformer parameters are R, = 1000, 
L, = 0.5 H, Rp = 400, Ly = 0.125 H, and -_ 
k = 0.4. Calculate (a) the reflected impedance; Answer. (a) 10.24 = 7] 7-08:0), , 

(b) the primary current; and (c) the secondary (b) 0.5 cos(800r — 53.13") A; 
current. (c) 0.08 cos 8001 A. 


NOTE: Also try Chapter Problems 9.76 and 9.77. 


9.11 The Ideal Transformer 


An ideal transformer consists of two magnetically coupled coils having MN; 
and N, turns, respectively, and exhibiting these three properties: 

1. The coefficient of coupling is unity (k = 1). 

2. The self-inductance of each coil is infinite (L; = Ly = ©). 

3. The coil losses, due to parasitic resistance, are negligible. 
Understanding the behavior of ideal transformers begins with Eq. 9.64 


which describes the impedance at the terminals of a source connected to a 
linear transformer. We repeat this equation below and examine it further. 


Exploring Limiting Values 


A useful relationship between the input impedance and load impedance, 
as given by Z,, in Eq. 9.68, emerges as L; and L, each become infinitely 
large and, at the same time, the coefficient of coupling approaches unity: 


2 ? 
“Mé- 

Zap = Zi + “—— -Z, 
Zy 


Dag? 
w°M 


Ea Tae on Pe 9.68 
(R> + joL, + Zi) ( ) 


= R, + Jol, + 


Transformers wound on ferromagnetic cores can approach this condition. 
Even though such transformers are nonlinear, we can obtain some useful 
information by constructing an ideal model that ignores the nonlinearities. 

To show how Z,, changes when & = | and L, and L> approach infin- 
ity, we first introduce the notation 


2) = R> + R, + f(wmL> + X1) = Ro» + [Xn 


“ 


and then rearrange Eq. 9.68: 


wM?R» w’M?X>, 
Zab = R, + 2 3 J | re: 2 
R3y + Xi Ron + X35) 

= Rap at jXap- (9.69) 


At this point, we must be careful with the coefficient of j in Eq. 9.69 
because, as L, and L; approach infinity, this coefficient is the difference 
between two large quantities. Thus, before letting L, and L, increase, we 
write the coefficient as 
b hea ae Lots )Mool) X22 = wl, (1 = ae. (9.70) 

Ry + Xx Rj, + XX 


where we recognize that, when A = 1, M? = LL». Putting the term mul- 
tiplying wL, over a common denominator gives 


Re + whyX, + xt) 


aes = wl, ( R + x2 (9.71) 
22 22 


Factoring wl, out of the numerator and denominator of Eq. 9.71 yields 


Lj X_ + (Rb + X{)/oLy 


2 = 7 (Ralolae + (la KUOLe oe 


As k approaches 1.0, the ratio L,/L, approaches the constant value of 
(N,/N>)*, which follows from Eqs. 6.54 and 6.55. The reason is that, as the 
coupling becomes extremely tight, the two permeances #, and 9, become 
equal. Equation 9.72 then reduces to 


Ni \? 
Xab = Tae XL; (9.73) 


as Ly >> OO, L,— co,andk > 1.0. 
The same reasoning leads to simplification of the reflected resistance 
in Eq. 9.69: 


w°M?Ry Bis ks (*) x (9.74 
Ry + X2 rx Gb 22 Nj 2 74) 
Applying the results given by Eqs. 9.73 and 9.74 to Eq. 9.69 yields 
N,\ N,\ : 
Zap = Ry + Np Ry + Ny (Ry + jX,). (9.75) 


Compare this result with the result in Eq. 9.68. Here we see that when the 
coefficient of coupling approaches unity and the self-inductances of the 
coupled coils approach infinity, the transformer reflects the secondary 
winding resistance and the load impedance to the primary side by a scaling 
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Figure 9.41 A The circuits used to verify the volts- 
per-turn and ampere-turn relationships for an ideal 


transformer. 


Voltage relationship for an ideal 
transformer > 


factor equal to the turns ratio (N,/N>) squared. Hence we may describe the 
terminal behavior of the ideal transformer in terms of two characteristics. 
First, the magnitude of the volts per turn is the same for each coil, or 


(9.76) 


Second, the magnitude of the ampere-turns is the same for each coil, or 
ELM] = [IQA]. (9.77) 


We are forced to use magnitude signs in Eqs. 9.76 and 9.77, because we 
have not yet established reference polarities for the currents and voltages; 
we discuss the removal of the magnitude signs shortly. 

Figure 9.41 shows two lossless (R; = R2 = 0) magnetically coupled 
coils. We use Fig. 9.41 to validate Eqs. 9.76 and 9.77. In Fig. 9.41(a), coil 2 is 
open; in Fig. 9.41(b), coil 2 is shorted. Although we carry out the following 
analysis in terms of sinusoidal steady-state operation, the results also 
apply to instantaneous values of v and /. 


Determining the Voltage and Current Ratios 


Note in Fig. 9.41(a) that the voltage at the terminals of the open-circuit 
coil is entirely the result of the current in coil 1; therefore 


V, = joMI,. (9.78) 
The current in coil 1 is 
| mi (9.79) 
jwL; 
From Eqs. 9.78 and 9.79, 
Vv, = maa (9.80) 


For unity coupling, the mutual inductance equals VL,L2, so Eq. 9.80 
becomes 


Vv, = = Vig (9.81) 


For unity coupling, the flux linking coil 1 is the same as the flux linking 
coil 2, so we need only one permeance to describe the self-inductance of 
each coil. Thus Eq. 9.81 becomes 


v, = [NB y, = My (9.82) 
or 
Mil se Na (9.83) 
N, N2 


Summing the voltages around the shorted coil of Fig. 9.41(b) yields 


QO = —jwMI, + joLoh, (9.84) 


from which, for k = 1, 


Bi Aap SE ee (9.85) 
I, M VLL» Ly Nv : 
Equation 9.85 is equivalent to 
LN, = LN>. (9.86) 


Figure 9.42 shows the graphic symbol for an ideal transformer. The 
vertical lines in the symbol represent the layers of magnetic material from 
which ferromagnetic cores are often made. Thus, the symbol reminds us 
that coils wound on a ferromagnetic core behave very much like an ideal 
transformer. 

There are several reasons for this. The ferromagnetic material creates 
a space with high permeance. Thus most of the magnetic flux is trapped 
inside the core material, establishing tight magnetic coupling between 
coils that share the same core. High permeance also means high self- 
inductance, because L = N*P. Finally, ferromagnetically coupled coils 
efficiently transfer power from one coil to the other. Efficiencies in excess 
of 95% are common, so neglecting losses is not a crippling approximation 
for many applications. 


Determining the Polarity of the Voltage 
and Current Ratios 


We now turn to the removal of the magnitude signs from Egs. 9.76 and 
9.77. Note that magnitude signs did not show up in the derivations of 
Eqs. 9.83 and 9.86. We did not need them there because we had established 
reference polarities for voltages and reference directions for currents. In 
addition, we knew the magnetic polarity dots of the two coupled coils. 

The rules for assigning the proper algebraic sign to Eqs. 9.76 and 9.77 
are as follows: 


If the coil voltages V, and V, are both positive or negative at the dot- 
marked terminal, use a plus sign in Eq. 9.76. Otherwise, use a nega- 
tive sign. 


If the coil currents I, and I, are both directed into or out of the dot- 
marked terminal, use a minus sign in Eq. 9.77. Otherwise, use a 
plus sign. 


The four circuits shown in Fig. 9.43 illustrate these rules. 


Vi _ V2 
N, Np 
Nil, = —Nol, NL, = Noh NI, = Nob 
(a) (b) (c) 


9.11 The Ideal Transformer 


< Current relationship for an ideal 
transformer 


e 
m3 | 


Ideal 


Figure 9.42 A The graphic symbol for an ideal 
transformer. 


< Dot convention for ideal transformers 


Figure 9.43 A Circuits that show the proper algebraic signs for relating the terminal voltages and currents of an ideal transformer. 
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N, = 500 Ny = 2500 The ratio of the turns on the two windings is an important parameter 
eee of the idcal transformer. The turns ratio is defined as either N,;/N> or 
N,/N: both ratios appear in various writings. In this text, we use a to 

V2 denote the ratio N,/N,, or 


*2 9.87 
Cb > ad : 
: M ae 
eure | aa | eee 
Vv; | Vo Figure 9.44 shows three ways to represent the turns ratio of an ideal 
7 7 transformer. Figure 9.44(a) shows the number of turns in each coil explic- 
Ideal itly. Figure 9.44(b) shows that the ratio N,/N, is 5 to 1, and Fig. 9.44(c) 
(c) shows that the ratio Ny/N, is 1 to é. 
Figure 9.44 & Three ways to show that the turns ratio Example 9.14 illustrates the analysis of a circuit containing an ideal 
of an ideal transformer is 5. transformer, 


Schilcm es em Analyzing an Ideal Transformer Circuit in the Frequency Domain 


The load impedance connected to the secondary 025Q j20 
winding of the ideal transformer in Fig. 9.45 consists of 
a 237.5 mQ resistor in series with a 125 wH inductor. 

If the sinusoidal voltage source (v,) 1s generat- 
ing the voltage 2500 cos 400¢ V, find the steady- 
state expressions for: (a) é,; (b) v4; (c) i: and (d) 2%. 


0.2375 0 


0.250 SmH 237.5 mQ Figure 9.46 A Phasor domain circuit for Example 9.14. 


125 wH Therefore 
2500 /0° = (24 + j7)I,, 


Ideal 
Figure 9.45 A The circuit for Example 9.14. 


or 
I, = 100 /—-16.26° A. 
Thus the steady-state expression for i, is 
i; = 100 cos (400¢ — 16.26") A. 


Solution 


a) We begin by constructing the phasor domain 


equivalent circuit. The voltage source becomes b) Vy = 250070" — (100 7-16.26" )(0.25 + j2) 
2500/0° V; the 5 mH inductor converts to an = 2500 — 80 — j185 
impedance of j2 9; and the 125 wH inductor ; 
converts to an impedance of j0.05 0. The phasor = 2420 — 185 = 2427.06 /—-4.37° V. 
domain equivalent circuit is shown in Fig. 9.46. Henke 
It follows directly from Fig. 9.46 that soni yee oer 
= Po 4 
2500/0° = (0.25 + j2)I, + Vi. a TOO COS ) 
and c) I, = 101, = 1000 /—16.26° A. 
Vi = 10V, = 10[(0.2375 Ba j0.05)L]. Therefore 
Because is = 1000 cos (400t — 16.26°) A. 
I, = 101, 
we have d) V2 = O.LV, = 242.71 /-4.37° V. 
V, = 10(0.2375 + j0.05)101, giving 


(23.75 + j5)Ih. vy = 242.71 cos (400 — 4.37") V. 


The Use of an Ideal Transformer for Impedance Matching 


Ideal transformers can also be used to raise or lower the impedance level 
of a load. The circuit shown in Fig. 9.47 illustrates this. The impedance seen 
by the practical voltage source (V, in series with Z,) is V,/I,. The voltage 
and current at the terminals of the load impedance (V> and I,) are related 
to V; and I, by the transformer turns ratio; thus 


V; 
Yio (9.88) 
a 
and 
I, = al. (9.89) 


Therefore the impedance seen by the practical source is 


Zin = ee (9.90) 
1 


52% (9.91) 


Thus, the ideal transformer’s secondary coil reflects the load impedance 
back to the primary coil, with the scaling factor 1/ a” 

Note that the ideal transformer changes the magnitude of Z,, but does 
not affect its phase angle. Whether Zjy is greater or less than Z;, depends 
on the turns ratio a. 

The ideal transformer—or its practical counterpart. the ferromag- 
netic core transformer—can be used to match the magnitude of Z, to 
the magnitude of Z,. We will discuss why this may be desirable in 
Chapter 10. 


v/ ASSESSMENT PROBLEM 


Objective 5—Be able to analyze circuits with ideal transformers 


9.15 The source voltage in the phasor domain circuit 1.5ko 
in the accompanying figure is 25 /0° kV. Find 
the amplitude and phase angle of V> and I). 


Answer: V> = 1868.15 /142.39° V; 


I, = 125 /216.87° A. 
NOTE: Also try Chapter Problem 9.83. 


As we shall see, ideal transformers are used to increase or decrease 
voltages from a source to a load. Thus, ideal transformers are used widely 
in the electric utility industry, where it is desirable to decrease, or step 
down, the voltage level at the power line to safer residential voltage levels. 
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Figure 9.47 A Using an ideal transformer to couple a 
load to a source. 


j6kO 4.0 
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9.12 Phasor Diagrams 


When we are using the phasor method to analyze the steady-state sinu- 
soidal operation of a circuit, a diagram of the phasor currents and voltages 
may give further insight into the behavior of the circuit. A phasor diagram 
shows the magnitude and phase angle of each phasor quantity in the 
complex-number plane. Phase angles are measured counterclockwise from 
the positive real axis, and magnitudes are measured from the origin of the 
axes. For example, Fig. 9.48 shows the phasor quantities 10 /30°, 12 /150’, 
5 /-45°, and 8 /-170°. 

Constructing phasor diagrams of circuit quantities generally involves 
both currents and voltages. As a result, two different magnitude scales are 
necessary, one for currents and one for voltages. The ability to visualize a pha- 
sor quantity on the complex-number plane can be useful when you are check- 
ing pocket calculator calculations. The typical pocket calculator doesn’t offer 
a printout of the data entered. But when the calculated angle is displayed, you 
can compare it to your mental image as a check on whether you keyed in the 
appropriate values. For example, suppose that you are to compute the polar 
form of —7 — 73. Without making any calculations, you should anticipate a 
magnitude greater than 7 and an angle in the third quadrant that is more neg- 
ative than —135° or less positive than 225’, as illustrated in Fig. 9.49. 

Examples 9.15 and 9.16 illustrate the construction and use of phasor 
diagrams. We use such diagrams in subsequent chapters whenever they 
give additional insight into the steady-state sinusoidal operation of the cir- 


Figure 9.48 A A graphic representation of phasors. 


Figure 9.49 & The complex number cuit under investigation. Problem 9.84 shows how a phasor diagram can 
—7 ~ J3 = 7.62 £156.80". help explain the operation of a phase-shifting circuit. 


Seti (eemem Using Phasor Diagrams to Analyze a Circuit 


For the circuit in Fig. 9.50, use a phasor diagram to Vin ZO" : 
find the value of R that will cause the current le Seas es 
; ; j/(5000)(800 x 107°) 
through that resistor, ip, to lag the source current, i,, 
by 45° when w = Skrad/s. and the current phasor for the resistor is given by 


Vin LO" Via a 
te pe ee 


These phasors are shown in Fig. 9.51. The phasor 
diagram also shows the source current phasor, 
sketched as a dotted line, which must be the sum of 
Figure 9.50 A The circuit for Example 9.15. the current phasors of the three circuit components 

and must be at an angle that is 45° more positive than 

P the current phasor for the resistor. As you can see, 
Solution summing the phasors makes an isosceles triangle, so 
the length of the current phasor for the resistor must 
equal 3V,,,. Therefore, the value of the resistor is ; Q). 


By Kirchhoff’s current law, the sum of the currents 
Ip, [,, and I¢ must equal the source current I,. If we 
assume that the phase angle of the voltage V,,, is Ie = jaVv 
zero, we can draw the current phasors for each of : a 
the components. The current phasor for the induc- 

tor is given by 


° ‘i = V,,/R 
V,, /0 b= Ave ee 


I, = ———““+—___ = y,, /-90°, 
* ~~ j(5000)(0.2 x 1079)” cy 


whereas the current phasor for the capacitor is 


given by Figure 9.51 A The phasor diagram for the currents in Fig. 9.50. 
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Example 9.16. Using Phasor Diagrams to Analyze Capacitive Loading Effects 


The circuit in Fig. 9.52 has a load consisting of the 
parallel combination of the resistor and inductor. 
Use phasor diagrams to explore the effect of 
adding a capacitor across the terminals of the load 
on the amplitude of V, if we adjust V, so that the 
amplitude of V,; remains constant. Utility compa- 
nies use this technique to control the voltage drop 
on their lines. 


R, Ly 


Figure 9.52 A The circuit for Example 9.16. 


Solution 


We begin by assuming zero capacitance across the 
load. After constructing the phasor diagram for the 
zero-capacitance case, we can add the capacitor and 
study its effect on the amplitude of V,, holding the 
amplitude of V, constant. Figure 9.53 shows the fre- 
quency-domain equivalent of the circuit shown in 
Fig. 9.52. We added the phasor branch currents I, I,, 
and I, to Fig. 9.53 to aid discussion, 


R, joL, 


Figure 9.53 A The frequency-domain equivalent of the circuit 
in Fig. 9.52. 


Figure 9.54 shows the stepwise evolution of 
the phasor diagram. Keep in mind that we are not 
interested in specific phasor values and positions 
in this example, but rather in the general effect of 
adding a capacitor across the terminals of the 
load. Thus, we want to develop the relative posi- 
tions of the phasors before and after the capacitor 
has been added. 

Relating the phasor diagram to the circuit 
shown in Fig. 9.53 reveals the following points: 


a) Because we are holding the amplitude of the load 
voltage constant, we choose V, as our reference. 


For convenience, we place this phasor on the pos- 
itive real axis. 


b) We know that I, is in phase with V, and that its 
magnitude is [V,|/R2. (On the phasor diagram, 
the magnitude scale for the current phasors is 
independent of the magnitude scale for the volt- 
age phasors.) 

c) We know that I, lags behind V, by 90° and that 
its magnitude is |V,|/wLp. 

d) The line current Tis equal to the sum of I, and I). 

e) The voltage drop across R, is in phase with the 
line current, and the voltage drop across jwL;, 
leads the line current by 90°. 

f) The source voltage is the sum of the load voltage 
and the drop along the line; that is, V, = V, 
+(R, + jol)L 


I, 
— — ———+ FV, ———__>-—> V, 
(1) (2) 


Figure 9.54 A The step-by-step evolution of the phasor 
diagram for the circuit in Fig. 9.53. 


Note that the completed phasor diagram shown in 
step 6 of Fig. 9.54 clearly shows the amplitude and phase 
angle relationships among all the currents and voltages 
in Fig. 9.53. 

Now add the capacitor branch shown in Fig. 9.55. We 
are holding V, constant, so we construct the phasor dia- 
gram for the circuit in Fig. 9.55 following the same steps 
as those in Fig. 9.54, except that, in step 4, we add the 
capacitor current I, to the diagram. In so doing, I, leads 
V, by 90°, with its magnitude being |V, @C]. Figure 9.56 
shows the effect of I, on the line current: Both the magni- 
tude and phase angle of the line current I change with 
changes in the magnitude of I,. As I changes, so do the 
magnitude and phase angle of the voltage drop along the 
line. As the drop along the line changes, the magnitude 
and phase angle of V, change. The phasor diagram shown 
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in Fig. 9.57 depicts these observations. The dotted 
phasors represent the pertinent currents and volt- 
ages before the addition of the capacitor. 

Thus, comparing the dotted phasors of I, R,I, 
JwLyI, and V, with their solid counterparts clearly 
shows the effect of adding C to the circuit. In par- 
ticular, note that this reduces the amplitude of the 
source voltage and stil] maintains the amplitude of Figure 9.56 A The effect of the capacitor current I. on the line 
the load voltage. Practically, this result means that, current I. 
as the load increases (i.e., as I, and I, increase), we 
can add capacitors to the system (i.e., increase I,) 
so that under heavy load conditions we can main- 
tain V, without increasing the amplitude of the 
source voltage. 


R, jol, 


Figure 9.55 A The addition of a capacitor to the circuit shown Figure 9.57 A The effect of adding a load-shunting capacitor to 
in Fig. 9.53. the circuit shown in Fig. 9.53 if V, is held constant. 


NOTE: Assess your understanding of this material by trying Chapter Problems 9.84 and 9.85. 


Practical Perspective 


A Household Distribution Circuit 

Let us return to the household distribution circuit introduced at the begin- 
ning of the chapter. We will modify the circuit slightly by adding resistance 
to each conductor on the secondary side of the transformer to simulate more 
accurately the residential wiring conductors. The modified circuit is shown 
in Fig. 9.58. In Problem 9.88 you will calculate the six branch currents on 
the secondary side of the distribution transformer and then show how to 
calculate the current in the primary winding. 


NOTE: Assess your understanding of this Practical Perspective by trying Chapter 
Problems 9.88 and 9.89. 


Figure 9.58 A Distribution circuit. 


The general equation for a sinusoidal source is 


v = V,,cos(wt + ) (voltage source), 


or 
i = I,,cos(wt + @) (current source), 


where V,, (or J,,) is the maximum amplitude, w is the 
frequency, and ¢ is the phase angle. (See page 308.) 


The frequency, w, of a sinusoidal response is the same as 
the frequency of the sinusoidal source driving the circuit. 
The amplitude and phase angle of the response are usu- 
ally different from those of the source. (See page 311.) 


The best way to find the steady-state voltages and cur- 
rents in a circuit driven by sinusoidal sources is to per- 
form the analysis in the frequency domain. The following 
mathematical transforms allow us to move between the 
time and frequency domains. 


¢ The phasor transform (from the time domain to the 
frequency domain): 


V= Ve? = P{Vin cos(wt * $)}. 


¢ The inverse phasor transform (from the frequency 
domain to the time domain): 


P UV? = R{Vne*el}. 
(See pages 312-313.) 


When working with sinusoidally varying signals, 
remember that voltage leads current by 90° at the ter- 
minals of an inductor, and current leads voltage by 90° 
at the terminals of a capacitor. (See pages 317-320.) 


Impedance (Z) plays the same role in the frequency 
domain as resistance, inductance, and capacitance play 
in the time domain. Specifically, the relationship 
between phasor current and phasor voltage for resis- 
tors, inductors, and capacitors is 


V = ZI, 


where the reference direction for I obeys the passive 
sign convention. The reciprocal of impedance is 
admittance (Y), so another way to express the current- 
voltage relationship for resistors, inductors, and capaci- 
tors in the frequency domain is 


V=l/yY. 
(See pages 320 and 324.) 


All of the circuit analysis techniques developed in 
Chapters 2-4 for resistive circuits also apply to sinu- 
soidal steady-state circuits in the frequency domain. 
These techniques include KVL, KCL, series, and paral- 
lel combinations of impedances, voltage and current 
division, node voltage and mesh current methods, 
source transformations and Thévenin and Norton 
equivalents. 


The two-winding linear transformer is a coupling device 
made up of two coils wound on the same nonmagnetic 
core. Reflected impedance is the impedance of the sec- 
ondary circuit as seen from the terminals of the primary 
circuit or vice versa. The reflected impedance of a linear 
transformer seen from the primary side is the conjugate 
of the self-impedance of the secondary circuit scaled by 
the factor (wM/|Z,|)*. (See pages 335 and 336.) 


The two-winding ideal transformer is a linear trans- 
former with the following special properties: perfect 
coupling (kK = 1), infinite self-inductance in each coil 
(L, = L, = &), and lossless coils (R; = R2 = 0). The 
circuit behavior is governed by the turns ratio a = N,/N,. 
In particular, the volts per turn is the same for each 
winding, or 


and the ampere turns are the same for each winding, or 


TABLE 9.3. Impedance and Related Values 

Element Impedance (2) Reactance 
Resistor R (resistance) — 
Capacitor i(-1/C) —l/oCc 
Inductor Jol ol 


Nil, = + Nob. 
(See page 338.) 
Admittance (Y) Susceptance 
G (conductance) ~ 
joc we 
j(-1/oL) ~lfoL 
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Problems 


Sinusoidal Steady-State Analysis 


Section 9.1 


9.1 


9.2 


9.3 


9.4 


9.6 


Consider the sinusoidal voltage 
v(t) = 80 cos (1000at — 30°) V. 


a) What is the maximum amplitude of the voltage? 
b) What is the frequency in hertz? 

c) What is the frequency in radians per second? 

d) What is the phase angle in radians? 

e) What is the phase angle in degrees? 

f) What is the period in milliseconds? 

g) What is the first time after t = 0 that v = 80 V? 


h) The sinusoidal function is shifted 2/3 ms to the 
left along the time axis. What is the expression 
for u(t)? 

i) What is the minimum number of milliseconds 
that the function must be shifted to the right if 
the expression for v(t) is 80 sin 1000at V? 

j) What is the minimum number of milliseconds 
that the function must be shifted to the left if the 
expression for v(t) is 80 cos 1000at V? 


At ¢ = —2 ms, a sinusoidal voltage is known to be 
zero and going positive. The voltage is next zero at 

= 8 ms. It is also Known that the voltage is 80.9 V 
até = 0. 


a) What is the frequency of v in hertz? 
b) What is the expression for v? 
A sinusoidal current is zero at t = —625 ys and 


increasing at a rate of 80007 A/s. The maximum 
amplitude of the current is 20 A. 


a) What is the frequency of i in radians per second? 
b) What is the expression for i? 


A sinusoidal voltage is given by the expression 
v = 10cos (3769.91t — 53.13°) V. 


Find (a) f in hertz; (b) T in milliseconds; (c) V,,; 
(d) v(0); (e) ¢ in degrees and radians; (f) the smallest 
positive value of t at which v = 0; and (g) the small- 
est positive value of t at which du/dt = 0. 


In a single graph, sketch v = 100 cos (wt + @) ver- 

sus wt for d = —60°, —30°, 0°, 30°, and 60°. 

a) State whether the voltage function is shifting to 
the right or left as ¢ becomes more positive. 

b) What is the direction of shift if @ changes from 
0 to 30°? 


Show that 


to+T V2 T 
[ V2, cos*(wt + d)dt = a 
t 


Q 


9.7 


9.8 


The rms value of the sinusoidal voltage supplied to 
the convenience outlet of a home in Scotland is 
240 V. What is the maximum value of the voltage 
at the outlet? 


Find the rms value of the half-wave rectified sinu- 
soidal voltage shown. 


Figure P9,8 


v v=V,, sin 1,0 <t<T/2 


Section 9.2 


9.9 


9.10 


The voltage applied to the circuit shown in Fig. 9.5 
at t = 0 is 20 cos (800t + 25°) V. The circuit resist- 
ance is 80 Q and the initial current in the 75 mH 
inductor is zero. 


a) Find i(t) fort = 0. 

b) Write the expressions for the transient and 
steady-state components of i(f). 

c) Find the numerical value of i after the switch has 
been closed for 1.875 ms. 

d) What are the maximum amplitude, frequency 
(in radians per second), and phase angle of the 
steady-state current? 


e) By how many degrees are the voltage and the 
steady-state current out of phase? 


a) Verify that Eq. 9.9 is the solution of Eq. 9.8. This 
can be done by substituting Eq. 9.9 into the left- 
hand side of Eq. 9.8 and then noting that it 
equals the right-hand side for all values of t > 0. 
At t = 0, Eq. 9.9 should reduce to the initial 
value of the current. 


b 


— 


Because the transient component vanishes as 
time elapses and because our solution must sat- 
isfy the differential equation for all values of £, 
the steady-state component, by itself, must also 
satisfy the differential equation. Verify this 
observation by showing that the steady-state 
component of Eq. 9.9 satisfies Eq. 9.8. 


Sections 9.3-9.4 


9.11 


Use the concept of the phasor to combine the fol- 
lowing sinusoidal functions into a single trigono- 
metric expression: 

a) y = 50cos(500¢ + 60°) + 100 cos(S500¢ — 30°), 
b) y = 200 cos(377t + 50°) — 100 sin(377# + 150°), 


9.12 


9.13 


c) y = 80cos(100¢ + 30°) — 100 sin(100r — 135°) 
+ 50 cos(100t — 90°), and 


d) y = 250 cos wt + 250 cos(wt + 120°) 
+ 250 cos(wt — 120°). 


The expressions for the steady-state voltage and 
current at the terminals of the circuit seen in 
Fig. P9.12 are 


Vg = 300 cos (SO000at + 78°) V, 


i, = 6sin (5000mt + 123°) A 


a) What is the impedance seen by the source? 


b) By how many microseconds is the current out of 
phase with the voltage? 


Figure P9.12 


Circuit 


A 80 kHz sinusoidal voltage has zero phase angle 
and a maximum amplitude of 25 mV. When this 
voltage is applied across the terminals of a capaci- 
tor, the resulting steady-state current has a maxi- 
mum amplitude of 628.32 nA. 


a) What is the frequency of the current in radians 
per second? 


9.16 


PSPICE 
MULTISIM 


9.17 
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elements are energized by a sinusoidal voltage source 
whose voltage is 600 cos (8000f + 20°)V. 


a) Draw the frequency-domain equivalent circuit. 


b) Reference the current in the direction of the 
voltage rise across the source, and find the pha- 
sor current. 

c) Find the steady-state expression for i(f). 

A 10 2 resistor and a 5 uF capacitor are connected 

in parallel. This parallel combination is also in par- 

allel with the series combination of an 8 ( resistor 
and a 300,H inductor. These three parallel 


branches are driven by a sinusoidal current source 
whose current is 922 cos(20,000r + 30°) A. 


a) Draw the frequency-domain equivalent circuit. 


b) Reference the voltage across the current source 
as a rise in the direction of the source current, 
and find the phasor voltage. 


c) Find the steady-state expression for v(t). 


a) Show that, at a given frequency a, the circuits in 
Fig. P9.17(a) and (b) will have the same imped- 
ance between the terminals a,b if 


- wL3R> 
R3 + w7L3’ 


R3L, 


] aaa, ae Se 
R35 + wL5 


1 


b) Find the values of resistance and inductance that 
when connected in series will have the same 
impedance at 4 krad/s as that of a5 k{) resistor 
connected in parallel with a 1.25 H inductor. 


Figure P9.17 


b) What is the phase angle of the current? 
c) What is the capacitive reactance of the capacitor? R, 
d) What is the capacitance of the capacitor in Rz L3 
microfarads? Ly 
e) What is the impedance of the capacitor? 
9.14 A 400 Hz sinusoidal voltage with a maximum a - 


amplitude of 100 V at ¢ = 0 is applied across the 
terminals of an inductor. The maximum amplitude 
of the steady-state current in the inductor is 20 A. 


a) What is the frequency of the inductor current? 


b) If the phase angle of the voltage is zero, what is 
the phase angle of the current? 


c) What is the inductive reactance of the inductor? 

d) What is the inductance of the inductor in 
millihenrys? 

e) What is the impedance of the inductor? 


Sections 9.5 and 9.6 


9.15 


A 40 resistor, a 5 mH inductor, and a 1.25 pF 


9.18 


a) Show that at a given frequency w, the circuits in 
Fig. P9.17(a) and (b) will have the same imped- 
ance between the terminals a,b if 


_ RP + PL? 


? 
= Rj + w°Lt 
R, °° 


R 
: wL, 

(Hint: The two circuits will have the same 
impedance if they have the same admittance.) 


b) Find the values of resistance and inductance that 
when connected in parallel will have the same 
impedance at 1 krad/s as an 8k?) resistor con- 
nected in series with a 4 H inductor. 


PSPICE 
MULTISIM 


capacitor are connected in series. The series-connected 
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9.19 a) Show that at a given frequency w, the circuits in 
Fig. P9.19(a) and (b) will have the same imped- 
ance between the terminals a,b if 


R 
Ri = 2 VA2? 
1 + w°R5C5 
C= 1 + w°R3C3 


w RSC) 


b) Find the values of resistance and capacitance 
that when connected in series will have the same 
impedance at 40 krad/s as that of a 1000 2 resis- 
tor connected in parallel with a 50 nF capacitor. 


Figure P9.19 


a a 
Ry 
Ro C3 
C 
ii 
(a) (b) 


9.20 a) Show that at a given frequency w, the circuits in 
Fig 9.19(a) and (b) will have the same imped- 
ance between the terminals a,b if 


1 + w’RICi 
Seal er ae 

w RCI 
al 
1+ w*RiC7 


oS 
T 


(Hint: The two circuits will have the same 
impedance if they have the same admittance.) 


b) Find the values of resistance and capacitance that 
when connected in parallel will give the same 
impedance at 50 krad/s as that of a 1 kQO, resistor 
connected in series with a capacitance of 40 nF. 


9.21 a) Using component values from Appendix H, 
combine at least one resistor, inductor, and 
capacitor in series to create an impedance of 
300 — 7400 2) at a frequency of 10,000 rad/s. 


b) At what frequency does the circuit from part (a) 
have an impedance that is purely resistive? 


9.22 a) Using component values from Appendix H, 
combine at least one resistor and one inductor 
in parallel to create an impedance of 
40 + j20 0 at a frequency of 5000 rad/s. (/7int: 
Use the results of Problem 9.18.) 


9,23 


9.24 


9.25 


PSPICE 
MULTISIM 


9.26 


b) Using component values from Appendix H, 
combine at least one resistor and one capacitor 
in parallel to create an impedance of 
4) — j20 Q at a frequency of 5000 rad/s. (Hint: 
Use the result of Problem 9.20.) 


a) Using component values from Appendix H, find 
a single capacitor or a network of capacitors 
that, when combined in parallel with the RL cir- 
cuit from Problem 9.22(a), gives an equivalent 
impedance that is purely resistive at a frequency 
of 5000 rad/s. 


b) Using component values from Appendix H, find 
a single inductor or a network of inductors that, 
when combined in parallel with the RC circuit 
from Problem 9.22(b), gives an equivalent 
impedance that is purely resistive at a frequency 
of 5000 rad/s. 


Three branches having impedances of 3 + j4, 
16 — j12 0, and —j4 Q, respectively, are connected 
in parallel. What are the equivalent (a) admittance, 
(b) conductance, and (c) susceptance of the parallel 
connection in millisiemens? (d) If the parallel 
branches are excited from a sinusoidal current 
source where ¢ = 8coswt A, what is the maximum 
amplitude of the current in the purely capacitive 
branch? 


a) For the circuit shown in Fig. P9.25, find the fre- 
quency (in radians per second) at which the 
impedance Z,, is purely resistive. 

b) Find the value of Z,,, at the frequency of (a). 


Figure P9.25 


160 «wH 
a 


100 25 nF 


Find the admittance Y,, in the circuit seen in 
Fig. P9.26. Express Y,, in both polar and rectangu- 
lar form. Give the value of Y,, in millisiemens. 


Figure P9.26 
—j12.80 


13.60 


9.27 Find the impedance Z,, in the circuit seen in 
Fig. P9.27. Express Z,, in both polar and rectangular 


9.31 


PSPICE 


form. MULTISIM 
Figure P9.27 
ro —j§ QO 
ae—mw-——_| 
100 
-~j200 
j200 
9.32 
b 
9.28 The circuit shown in Fig. P9.28 is operating in the 
sinusoidal steady state. Find the value of w if 
i, = 40 sin (@t + 21.87°) mA, 
Vy = 40 cos (wt — 15°) V. 
Figure P9.28 
600 QO 3.2H 
lo 9.33 
Ve 2.5 wF PSPICE 
MULTISIM 


9.29 


PSPICE 
MULTISIM 


The circuit in Fig. P9.29 is operating in the sinu- 
soidal steady state. Find the steady-state expression 
for v,(t) If ve = 40 cos 50,0007 V. 


Figure P9.29 


9.30 a) For the circuit shown in Fig. P9.30, find the steady- 


PSPICE state expression for v, iff, = 2.cos (16 Xx 10°r) A. 
MULTISIM 


PSPICE 
MULTISIM 


b) By how many nanoseconds does w, lag i,? 
Figure P9.30 
60.0 


12.5 nF 


100.0 ; 
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Find the steady-state expression for i,,(t) in the cir- 
cuit in Fig. P9.31 if vy, = 100 sin SOr mV. 


Figure P9.31 


4Q 240 mH 


2.5 mF 


Find the steady-state expression for v, in the circuit 
of Fig. P9.32 if i, = 500 cos 2000t mA. 


Figure P9,32 


1200 400 


12.5 pF 60 mH 


The phasor current I, in the circuit shown in 
Fig. P9.33 is 2/0° A. 
a) Find I, I,, and V,. 


b) If w = 800 rad/s, write the expressions for i,(¢). 
i(t), and v,(f). 


Figure P9.33 


9.34 The circuit in Fig. P9.34 is operating in the sinusoidal 
steady state. Find v,(¢) if (,(f) = 3. cos 200¢ mA. 


Figure P9.34 


60 
+ 
220 12.5 mF 72 mH 50. © v,(t) 
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9.35 Find the value of Z in the circuit seen in Fig. P9.35 
if V,=100—-f50V, I, = 30+ j20A, and 
V; = 140 + j30 V. 


Figure P9.35 


202 120 j16a 


9.36 Find I, and Z in the circuit shown in Fig. P9.36 if 
V, = 25 /0° V andI, = 5 /90° A. 


Figure P9.36 


9.37 Find Z,, for the circuit shown in Fig P9.37. 


Figure P9.37 


1 
a ~j10 J 


9.38 a) The frequency of the source voltage in the circuit 
PSPICE in Fig. P9.38 is adjusted until i, is in phase with 
mus Ug. What is the value of w in radians per second? 


b) If vy = 20coswt V (where w is the frequency 
found in [a]), what is the steady-state expression 
for v,? 


Figure P9.38 


500 2 ee 


9.39 


PSPICE 
MULTISIM 


9.40 


PSPICE 
MULTISIM 


9.41 


PSPICE 
MULTISIM 


9.42 


PSPICE 
MULTISIM 


The frequency of the sinusoidal voltage source in 
the circuit in Fig. P9.39 is adjusted until the current 
i, is in phase with v,. 

a) Find the frequency in hertz. 


b) Find the steady-state expression for i, (at the 
frequency found in [a]) if v, = 30 coswrt V. 


Figure P9.39 
(50/3) kQ 1.2 kO 


200 mH 


The circuit shown in Fig. P9.40 is operating in the 
sinusoidal steady state. The capacitor is adjusted 
until the current /, is in phase with the sinusoidal 
voltage vy. 


a) Specify the capacitance in microfarads if 
vy = 80cos 50001 V. 


b) Give the steady-state expression for i, when C 
has the value found in (a). 


Figure P9.40 


800 mH 


a) The source voltage in the circuit in Fig. P9.41 is 
Vg = SO0cos 50,0001 V. Find the values of L such 
that 7, is in phase with v, when the circuit is 
operating in the steady state. 


b) For the values of L found in (a), find the steady- 
state expressions for i,. 


Figure P9.41 


2kO nF 


The frequency of the sinusoidal current source in 
the circuit in Fig. P9.42 is adjusted until v, is in 
phase with 7,. 


a) What is the value of w in radians per second? 


b) If i, = 2.5 cos wt mA (where w is the frequency 
found in [a]), what is the steady-state expression 
for v,? 


Figure P9.42 


50 nF 


Section 9.7 


9.43 


9.44 


9.45 


The device in Fig. P9.43 is represented in the fre- 
quency domain by a Norton equivalent. When a 
resistor having an impedance of 5 kQ, is connected 
across the device, the value of Vy is 5 — sl5 V. 
When a capacitor having an impedance of —j3 kQ. 
is connected across the device, the value of [jy is 
4.5 — jomA. Find the Norton current Iy and the 
Norton impedance Zn. 


Figure P9.43 


The sinusoidal voltage source in the circuit 

in Fig. P9.44 is developing a voltage equal to 

247.49 cos (1000r + 45°) V. 

a) Find the Thévenin voltage with respect to the 
terminals a,b. 

b) Find the Thévenin impedance with respect to 
the terminals a,b. 


c) Draw the Thévenin equivalent. 


Figure P9.44 
100 mH 


Use source transformations to find the Thévenin 
equivalent circuit with respect to the terminals a,b 
for the circuit shown in Fig. P9.45. 


Figure P9.45 
foo a 


240/0° V 


9.46 


9.47 


9.48 


9.49 


9.50 
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Use source transformations to find the Norton 
equivalent circuit with respect to the terminals a,b 
for the circuit shown in Fig. P9.46. 


Figure P9.46 
joo Q 


50 0 
309 


—j100 0 


Find the Thévenin equivalent circuit with respect to 
the terminals a,b for the circuit shown in Fig. P9.47. 


Figure P9.47 


faa 


b 


Find the Thévenin equivalent circuit with respect to 
the terminals a,b of the circuit shown in Fig. P9.48. 


Figure P9.48 


270Q sloa 


2500°V ap 0.03, ) 


Find the Norton equivalent with respect to termi- 
nals a,b in the circuit of Fig. P9.49. 


Figure P9.49 


b 


Find Z,y in the circuit shown in Fig, P9.50 when the 
circuit is operating at a frequency of 100 krad/s. 
Figure P9.50 


400 nF Sig 
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9.51 Find the Thévenin impedance seen looking into the 
terminals a,b of the circuit in Fig. P9.51 if the fre- 


quency of operation is (25/7) kHz. 


Figure P9.51 


3.3kO 


9.52 Find the Norton equivalent circuit with respect to 


the terminals a,b for the circuit shown in Fig. P9.52 
when V, = 5/0° V. 


Figure P9.52 


200 0 


9,53 The circuit shown in Fig. P9.53 is operating at a fre- 
quency of 10 rad/s. Assume a is real and lies 
between —10 and +10, that is,—10 = @ = 10. 


a) Find the value of a so that the Thévenin imped- 
ance looking into the terminals a,b is purely 
resistive. 


b) What is the value of the Thévenin impedance for 
the a found in (a)? 


c) Can a be adjusted so that the Thévenin 
impedance equals 500 — j500 ? If so, what is 
the value of a? 


d) For what values of @ will the Thévenin imped- 
ance be inductive? 


Figure P9,53 


100 uF 


Section 9.8 


9.54 Use the node-voltage method to find the steady- 


pspice State expression for v,(t) in the circuit in Fig. P9.54 if 
MULTISIM 


Vy, = 20 cos (2000 — 36.87") V, 
Vg. = 50 sin (20001 — 16.26°) V. 


9.56 


9.57 


PSPICE 
MULTISIM 


Figure P9.54 
100 pF 


1 mH 


Vo] Do? 


Use the node-voltage method to find V, in the cir- 
cuit in Fig. P9.55. 


Figure P9.55 
jloa 


240/0° V oe 


Use the node-voltage method to find the phasor 
voltage V, in the circuit shown in Fig. P9.56. 


Figure P9.56 


20/90° V 


Use the node voltage method to find the steady-state 
expressions for the branch currents /,, é,, and i, in the 
circuit seen in Fig. P9.57 if v, = 50sin 10% V and 
vy = 25 cos (10% + 90°) V. 


Figure P9.57 


9.58 Use the node-voltage method to find V, and I, in the 


circuit seen in Fig. P9.58. 


Figure P9.58 


4+ 


9.59 Use the node-voltage method to find the phasor 
voltage V, in the circuit shown in Fig. P9.59. Express 
the voltage in both polar and rectangular form. 


Figure P9.59 


10+/10 


Section 9.9 


9.60 Use the mesh-current method to find the steady- 
state expression for v,(¢) in the circuit in Fig. P9.54. 


9,61 Use the mesh-current method to find the steady- 
state expression for i,(f) in the circuit in Fig. P9.61 if 


v, = 60 cos 40,000¢ V, 


My = 90 sin (40,000r + 180°) V. 


Figure P9.61 


20 0 


9.62 Use the mesh-current method to find the phasor 
current I, in the circuit in Fig. P9.56. 


9.63 Use the mesh-current method to find the branch 
currents I,, I,, I,, and Ig in the circuit shown in 
Fig. P9.63. 
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Figure P9.63 


9.64 Use the mesh-current method to find the steady- 
psPIcE state expression for v, in the circuit seen in 
mee" Fig. P9.64 if vu, equals 130 cos 10,000¢ V. 


Figure P9.64 
2 uF 


Sections 9.5-9.9 


9.65 Use the concept of current division to find the 
espice steady-state expression for i, in the circuit in 
mee" Fig. P9.65 if ig = 125 cos 12,500¢ mA. 


Figure P9.65 


9.66 Use the concept of voltage division to find the 
pspice steady-state expression for v,(¢) in the circuit in 
mee™ Fig. P9.66 if ug = 75 cos 20,0001 V. 


Figure P9.66 


6kO 2H 12kQ 


3.125 nF 
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9.67 The op amp in the circuit seen in Fig. P9.67 is ideal. 
pspxce Find the steady-state expression for v,(t) when 
mins ve = 2c0s 10% V. 


Figure P9.67 


100 kD 


40 kO 


9.68 The op amp in the circuit in Fig. P9.68 is ideal. 
PSPICE 


vunsim 2) Find the steady-state expression for v,(¢). 


b) How large can the amplitude of v, be before the 
amplifier saturates? 


Figure P9.68 


20kO 
v, = 25 cos 50,0008V 


9.69 The sinusoidal voltage source in the circuit shown in 
pspce Fig. P9.69 is generating the voltage v, = 4 cos 200¢ V. 
MULTISIM oe . 
If the op amp 1s ideal, what is the steady-state expres- 
sion for v,(t)? 


Figure P9.69 


20 kD 


20 kQ, 


9.70 The 250 nF capacitor in the circuit seen in Fig. P9.69 

pspice. ig replaced with a variable capacitor. The capacitor 

munsié’ is adjusted until the output voltage leads the input 
voltage by 135°. 


a) Find the value of C in microfarads. 


b) Write the steady-state expression for v,(f) when 
C has the value found in (a). 


9.71 The operational amplifier in the circuit shown in 
esricE Fig. P9.71 is ideal. The voltage of the ideal sinu- 
mu soidal source is vg = 30cos 10% V. 

a) How small can C, be before the steady-state 
output voltage no longer has a pure sinusoidal 
waveform? 

b) For the value of C, found in (a), write the 
steady-state expression for v,. 


Figure P9.71 


10 nF 


100 QO 


9.72 a) Find the input impedance Z,,, for the circuit in 
Fig. P9.72. Express Z,, as a function of Z and K 
where K = (R>/R}). 

b) If Z is a pure capacitive element, what is the 
capacitance seen looking into the terminals a,b? 


Figure P9.72 


9.73 For the circuit in Fig. P9.73 suppose 


20 cos(2000t — 36.87°) V 


Vj 
Vv = 10 cos(S5000¢ + 16.26°) V 


a) What circuit analysis technique must be used to 
find the steady-state expression for v,(t)? 


b) Find the steady-state expression for v,(¢). 


Figure P9.73 


100 wF 


9.74 For the circuit in Fig. P9.61, suppose 


v, = S5cos 80,000¢ V 
Vp = —2.5 cos 320,000¢ V. 


a) What circuit analysis technique must be used to 
find the steady-state expression for i,,(t)? 


b) Find the steady-state expression for i,(t)? 


Section 9.10 


9.75 A series combination of a 300 Q resistor and a 
100 mH inductor is connected to a sinusoidal volt- 
age source by a linear transformer. The source is 
operating at a frequency of 1 krad/s. At this fre- 
quency, the internal impedance of the source is 
100 + j13.74 Q. The rms voltage at the terminals of 
the source is 50 V when it is not loaded. The param- 
eters of the linear transformer are R; = 41.68 0, 
L, = 180 mH, R, = 5000, L, = 500 mH, and 
M = 270 mH. 


a) What is the value of the impedance reflected 
into the primary? 


b) What is the value of the impedance seen from 
the terminals of the practical source? 


9.76 The sinusoidal voltage source in the circuit seen in 
pspice = Rig. P9.76 is operating at a frequency of 200 krad/s. 
mis" The coefficient of coupling is adjusted until the 
peak amplitude of #, is maximum. 
a) What is the value of k? 


b) What is the peak amplitude of i, if 
v, = 560.cos(2 X 10°) V? 


Figure P9.76 
150.0 


—_ i 


9.77 a) Find the steady-state expressions for the cur- 
PSPICE rents i, and i, in the circuit in Fig. P9.77 when 
eee Vy = 70 cos 5000t V. 


500 100 


e\|*~!e 


200 2 
I 


1 mH 4mH 12.5 nF 
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b) Find the coefficient of coupling. 


c) Find the energy stored in the magnetically cou- 
pled coils at ¢ = 1007 ys and t = 2007 ps. 


Figure P9.77 
100 


30 2 


9.78 For the circuit in Fig. P9.78, find the Thévenin 
equivalent with respect to the terminals c,d. 


Figure P9.78 


j200 45 0 


425 /0° 


f1250 
V (rms) 


9.79 The value of & in the circuit in Fig. P9.79 is adjusted 
so that Z,, is purely resistive when w = 4 krad/s. 
Find Liss 


Figure P9.79 


200 SQ 
a k 
eo], | @ 
12.5 mH 8 mH 12.5 wF 
b 
Section 9.11 


9.80 At first glance, it may appear from Eq. 9.69 that an 
inductive load could make the reactance seen look- 
ing into the primary terminals (i.e., X,,,) look capac- 
itive. Intuitively, we know this is impossible. Show 
that X,, can never be negative if X1 is an inductive 
reactance. 


9.81 a) Show that the impedance seen looking into the 
terminals a,b in the circuit in Fig. P9.81 on the 
next page is given by the expression 


N,\? 
Zab = (1 + x) Zi. 
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b) Show that if the polarity terminals of either one 
of the coils is reversed, 


Ni \- 
Li = | - Ny ZL- 


Figure P9.81 


9.82 a) Show that the impedance seen looking into the 
terminals a,b in the circuit in Fig. P9.82 is given 
by the expression 


Z. 


(+R) 
1+— 
N5 


b) Show that if the polarity terminal of either one 
of the coils is reversed that 


Zab = 


Figure P9.82 


Zan ge 


b 


9.83 Find the impedance Z,, in the circuit in Fig. P9.83 if 


Z. = 80 /60° 2. 


Figure P9.83 


Section 9.12 


9.84 Show by using a phasor diagram what happens to 
espice the magnitude and phase angle of the voltage w, in 
musi’ the circuit in Fig. P9.84 as R, is varicd from zero to 


infinity. The amplitude and phase angle of the 
source voltage are held constant as R, varies. 


Figure P9.84 


Ry 


+ 
v, = V,,, cos wt C 


9.85 The parameters in the circuit shown in Fig. 9.53 are 
R, = 0.1 Q,aL;, = 0.8 0, Ry = 240,01, = 320, 
and V_ = 240 + j0 V. 

a) Calculate the phasor voltage V,. 

b) Connect a capacitor in parallel with the inductor, 
hold V, constant, and adjust the capacitor until 
the magnitude of I is a minimum. What is the 
capacitive reactance? What is the value of V,? 

c) Find the value of the capacitive reactance that 
keeps the magnitude of I as small as possible 
and that at the same time makes 


[V.] = [V,| = 240 V. 


9.86 a) For the circuit shown in Fig. P9.86, compute V, 


and V;. 

Construct a phasor diagram showing the rela- 

tionship between V,, V;, and the load voltage of 

240/70" V. 

c) Repeat parts (a) and (b), given that the load 
voltage remains constant at 240 /0° V, when a 
capacitive reactance of —5) is connected 
across the load terminals. 


b 


— 


Figure P9.86 


0.10 jOo8Q + 


Sections 9.1-9.12 


9.87 You may have the opportunity as an engineering 
graduate to serve as an expert witness in lawsuits 
involving either personal injury or property damage. 
As an example of the type of problem on which you 
may be asked to give an opinion, consider the follow- 
ing event. At the end of a day of fieldwork, a farmer 
returns to his farmstead, checks his hog confinement 
building, and finds to his dismay that the hogs are 


dead. The problem is traced to a blown fuse that 
caused a 240 V fan motor to stop. The loss of ventila- 
tion led to the suffocation of the livestock. The inter- 
rupted fuse is located in the main switch that 
connects the farmstead to the electrical service. 
Before the insurance company settles the claim, it 
wants to know if the electric circuit supplying the 
farmstead functioned properly. The lawyers for the 
insurance company are puzzled because the farmer’s 
wife, who was in the house on the day of the accident 
convalescing from minor surgery, was able to watch 
TV during the afternoon. Furthermore, when she 
went to the kitchen to start preparing the evening 
meal, the electric clock indicated the correct time. The 
lawyers have hired you to explain (1) why the electric 
clock in the kitchen and the television set in the living 
room continued to operate after the fuse in the main 
switch blew and (2) why the second fuse in the main 
switch didn’t blow after the fan motor stalled. After 
ascertaining the loads on the three-wire distribu- 
tion circuit prior to the interruption of fuse A, you 
are able to construct the circuit model shown in 
Fig. P9.87. The impedances of the line conductors 
and the neutral conductor are assumed negligible. 


a) Calculate the branch currents I,, Lh, 13, 1. Is. 
and I, prior to the interruption of fuse A. 

b) Calculate the branch currents after the interrup- 

tion of fuse A. Assume the stalled fan motor 


behaves as a short circuit. 


c) Explain why the clock and television set were 
not affected by the momentary short circuit that 
interrupted fuse A. 

d) Assume the fan motor is equipped with a ther- 

mal cutout designed to interrupt the motor cir- 

cuit if the motor current becomes excessive. 

Would you expect the thermal cutout to oper- 

ate? Explain. 

e) Explain why fuse B is not interrupted when the 

fan motor stalls. 


Figure P9.87 
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a) Calculate the branch currents I,—I, in the cir- 
cuit in Fig. 9.58. 


E 
b) Find the primary current I,,. 


Suppose the 40 © resistance in the distribution cir- 
cuit in Fig. 9.58 is replaced by a 20 (1 resistance. 


a) Recalculate the branch current in the 2Q 
resistor, I. 


b) Recalculate the primary current, I). 

c) On the basis of your answers, is it desirable 
to have the resistance of the two 120 V loads 
be equal? 


A residential wiring circuit is shown in Fig. P9.90. In 

this model, the resistor R3 is used to model a 250 V 
appliance (such as an electric range), and the resis- 
tors R, and R» are used to model 125 V appliances 
(such as a lamp, toaster, and iron). The branches 
carrying I, and I, are modeling what electricians 
refer to as the hot conductors in the circuit, and the 
branch carrying I, is modeling the neutral conduc- 
tor. Our purpose in analyzing the circuit is to show 
the importance of the neutral conductor in the sat- 
isfactory operation of the circuit. You are to choose 
the method for analyzing the circuit. 


a) Show that L, is zero if R,; = Ro. 

b) Show that V, = V2 if Ry = Ro. 

c) Open the neutral branch and calculate V, and V> 
if R,; = 400, R, = 400 0, and R; = 82. 

d) Close the neutral branch and repeat (c). 


e) On the basis of your calculations, explain why 
the neutral conductor is never fused in such a 
manner that it could open while the hot conduc- 
tors are energized. 


Figure P9.90 


—- Ip 


* + 0.020 
125/0° V 


e + 


0.03 2 
Ideal 125/0° V 


— 0.020 


a) Find the primary current I, for (c) and (d) in 
: Problem 9.90. 


b) Do your answers make Sense in terms of known 
circuit behavior? 
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J CHAPTER OBJECTIVES 
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Las) 


eS) 


Understand the following ac power concepts, 
their relationships to one another, and how to 
calculate them in a circuit: 


¢ Instantaneous power; 
¢ Average (real) power; 
¢ Reactive power; 

¢ Complex power; and 
¢ Power factor. 


Understand the condition for maximum real 
power delivered to a load in an ac circuit and be 
able to calculate the load impedance required to 
deliver maximum real power to the load. 

Be able to calculate all forms of ac power in 

ac circuits with linear transformers and in 

ac circuits with ideal transformers. 


360 


Sinusoidal Steady-State 
Power Calculations 


Power engineering has evolved into one of the important sub- 
disciplines within electrical engineering. The range of problems 
dealing with the delivery of energy to do work is considerable, 
from determining the power rating within which an appliance 
operates safely and efficiently, to designing the vast array of gen- 
erators, transformers, and wires that provide electric energy to 
household and industrial consumers. 

Nearly all electric energy is supplied in the form of sinusoidal 
voltages and currents. Thus, after our Chapter 9 discussion of 
sinusoidal circuits, this is the logical place to consider sinusoidal 
steady-state power calculations. We are primarily interested in 
the average power delivered to or supplied from a pair of termi- 
nals as a result of sinusoidal voltages and currents. Other meas- 
ures, such as reactive power, complex power, and apparent 
power, will also be presented. The concept of the rms value of a 
sinusoid, briefly introduced in Chapter 9, is particularly pertinent 
to power calculations. 

We begin and end this chapter with two concepts that should 
be very familiar to you from previous chapters: the basic equa- 
tion for power (Section 10.1) and maximum power transfer 
(Section 10.6). In between, we discuss the general processes for 
analyzing power, which will be familiar from your studies in 
Chapters 1 and 4, although some additional mathematical tech- 
niques are required here to deal with sinusoidal, rather than dc, 
signals. 


ee Te 


Practical Perspective 


, Te a " na we F te = 
" £86 @ 1 Fe > t 


Heating Appliances 

In Chapter 9 we calculated the steady-state voltages and cur- 
rents in electric circuits driven by sinusoidal sources. In this 
chapter we consider power in such circuits. The techniques we 
develop are useful for analyzing many of the electrical devices 
we encounter daily, because sinusoidal sources are the pre- 
dominant means of providing electric power in our homes, 
schools, and businesses. 

One common class of electrical devices is heaters, which 
transform electric energy into thermal energy. Examples include 
electric stoves and ovens, toasters, irons, electric water 
heaters, space heaters, electric clothes dryers, and hair dryers. 
One of the critical design concerns in a heater is power con- 
sumption. Power is important for two reasons: The more power 


a heater uses, the more it costs to operate, and the more heat 
it can produce. 

Many electric heaters have different power settings corre- 
sponding to the amount of heat the device supplies. You may 
wonder just how these settings result in different amounts of 
heat output. The Practical Perspective example at the end of 
this chapter examines the design of a handheld hair dryer 
with three operating settings (see the accompanying figure). 

You will see how the design provides for three different 
power levels, which correspond to three different levels of 
heat output. 


Heater tube 


Fan and motor 


Power cord 


Controls . 
. a 
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Figure 10.1 A The black box representation of a circuit 
used for calculating power. 


10.1 Instantaneous Power 


We begin our investigation of sinusoidal power calculations with the 
familiar circuit in Fig. 10.1. Here, v and i are steady-state sinusoidal signals. 
Using the passive sign convention, the power at any instant of time is 


p= vi. (10.1) 
This is instantaneous power. Remember that if the reference direction of 
the current is in the direction of the voltage rise, Eq. 10.1 must be written 
with a minus sign. Instantaneous power is measured in watts when the 
voltage is in volts and the current is in amperes. First, we write expressions 
for v and i: 

v = V,, cos (wt + @,), (10.2) 
i = I,,cos (wt + 6;), (10.3) 

where 9, is the voltage phase angle, and 6; is the current phase angle. 

We are operating in the sinusoidal steady state, so we may choose any 
convenient reference for zero time. Engineers designing systems that 
transfer large blocks of power have found it convenient to use a zero time 
corresponding to the instant the current is passing through a positive max- 
imum. This reference system requires a shift of both the voltage and cur- 
rent by 9,. Thus Eqs. 10.2 and 10.3 become 

v = V,,, cos (wt + 0, — 9), (10.4) 
i= I, cos wt. (10.5) 


When we substitute Eqs. 10.4 and 10.5 into Eq. 10.1, the expression for the 
instantaneous power becomes 


P = Vint, COS (wt + 6, — 8;) Cos wt. (10.6) 
We could use Eq. 10.6 directly to find the average power; however, by sim- 
ply applying a couple of trigonometric identities, we can put Eq. 10.6 into 


a much more informative form. 
We begin with the trigonometric identity! 


1 1 
cosacos B = 3 60s (a By + 797 C08 (a + B) 


to expand Eq. 10.6; letting a = wt + 6, — 6; and B = otf gives 
Vint ia Vindn 
p= 7 60s (0, — 0;) + 7 008 (Qwt + 6, — 6;). (10.7) 


Now use the trigonometric identity 


cos (a + B) = cosacosB — sinasin B 


' See entry 8 in Appendix F. 


to expand the second term on the right-hand side of Eq. 10.7, which gives 


V, os Vind 
p>. e080, — 0). + 608 (0, — 0;) cos 2wt 


VL, : E 
— a sin (0, — 6;) Sin 2wt. (10.8) 


Figure 10.2 depicts a representative relationship among 2», i, and p, 
based on the assumptions 6, = 60° and 6; = 0°. You can see that the fre- 
quency of the instantaneous power is twice the frequency of the voltage or 
current. This observation also follows directly from the second two terms 
on the right-hand side of Eq. 10.8. Therefore, the instantaneous power 
goes through two complete cycles for every cycle of either the voltage or 
the current. Also note that the instantaneous power may be negative for a 
portion of each cycle, even if the network between the terminals is passive. 
In a completely passive network, negative power implies that energy 
stored in the inductors or capacitors is now being extracted. The fact that 
the instantaneous power varies with time in the sinusoidal steady-state 
operation of a circuit explains why some motor-driven appliances (such as 
refrigerators) experience vibration and require resilient motor mountings 
to prevent excessive vibration. 

We are now ready to use Eq. 10.8 to find the average power at the ter- 
minals of the circuit represented by Fig. 10.1 and, at the same time, intro- 
duce the concept of reactive power. 


wt 
(radians) 


Figure 10.2 A Instantaneous power, voltage, and current versus vi for 
steady-state sinusoidal operation. 


10.2 Average and Reactive Power 


We begin by noting that Eq. 10.8 has three terms, which we can rewrite as 
follows: 


p= P + Pcos2wt — Osin2wt, (10.9) 


10.2 


Average and Reactive Power 
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Average (real) power > 


Reactive power > 


p 


0 0.005 0.01 0.015 0.02 0.025 
Time (s) 


Instantaneous and average power (W) 
~ 


Figure 10.3 A Instantaneous real power and average 
power for a purely resistive circuit. 


where 


Voi Lin 
P= ae a (6, — 9;), (10.10) 


Vinlin 
Q= sin (0, — 0;). (10.11) 


P is called the average power, and Q is called the reactive power. Average 
power is sometimes called real power, because it describes the power in a 
circuit that is transformed from electric to nonelectric energy. Although 
the two terms are interchangeable, we primarily use the term average 
power in this text. 

It is easy to see why P is called the average power. The average power 
associated with sinusoidal signals is the average of the instantaneous 
power over one period, or, in equation form, 


1 tot T 
P= | pdt, (10.12) 
Ny 


where 7 is the period of the sinusoidal function. The limits on Eq. 10.12 
imply that we can initiate the integration process at any convenient time ft) 
but that we must terminate the integration exactly one period later. (We 
could integrate over #7 periods, where v is an integer, provided we multi- 
ply the integral by 1/nT.) 

We could find the average power by substituting Eq. 10.9 directly into 
Eq. 10.12 and then performing the integration. But note that the average 
value of p is given by the first term on the right-hand side of Eq. 10.9, 
because the integral of both cos 2wt and sin 2wt over one period is zero. 
Thus the average power is given in Eq. 10.10. 

We can develop a better understanding of all the terms in Eq. 10.9 and 
the relationships among them by examining the power in circuits that are 
purely resistive, purely inductive, or purely capacitive. 


Power for Purely Resistive Circuits 


If the circuit between the terminals is purely resistive, the voltage and cur- 
rent are in phase, which means that 9, = 6;. Equation 10.9 then reduces to 


p= P + Pcos2oet. (10.13) 


The instantaneous power expressed in Eq. 10.13 is referred to as the 
instantaneous real power. Figure 10.3 shows a graph of Eq. 10.13 for a 
representative purely resistive circuit, assuming w = 377 rad/s. By defini- 
tion, the average power, P, is the average of p over one period. Thus it is 
easy to see just by looking at the graph that P = 1 for this circuit. Note 
from Eq. 10.13 that the instantaneous real power can never be negative, 
which is also shown in Fig. 10.3. In other words, power cannot be extracted 
from a purely resistive network. Rather, all the electric energy is dissi- 
pated in the form of thermal energy. 


Power for Purely Inductive Circuits 


If the circuit between the terminals is purely inductive, the voltage and 
current are out of phase by precisely 90°. In particular, the current Jags the 
voltage by 90° (that is, 6; = 4, — 90°); therefore 6, — 6; = +90°. The 
expression for the instantaneous power then reduces to 


p = —Qsin 2et. (10.14) 


In a purely inductive circuit, the average power is zero. Therefore no 
transformation of energy from electric to nonelectric form takes place. 
The instantaneous power at the terminals in a purely inductive circuit is 
continually exchanged between the circuit and the source driving the cir- 
cuit, at a frequency of 2w. In other words, when p is positive, energy is 
being stored in the magnetic fields associated with the inductive elements, 
and when p is negative, energy is being extracted from the magnetic fields. 
A measure of the power associated with purely inductive circuits is 
the reactive power Q. The name reactive power comes from the character- 
ization of an inductor as a reactive element; its impedance is purely reac- 
tive. Note that average power P and reactive power Q carry the same 
dimension. To distinguish between average and reactive power, we use the 
units watt (W) for average power and var (volt-amp reactive, or VAR) for 
reactive power. Figure 10.4 plots the instantaneous power for a represen- 
tative purely inductive circuit, assuming w = 377 rad/s and Q = 1 VAR. 


Power for Purely Capacitive Circuits 


If the circuit between the terminals is purely capacitive, the voltage and 
current are precisely 90° out of phase. In this case, the current leads the 
voltage by 90° (that is, 6; = 6, + 90°); thus, @,, — 6; = —90°. The expres- 
sion for the instantaneous power then becomes 


p = —Qsin 2ot. (10.15) 


Again, the average power is zero, so there is no transformation of energy 
from electric to nonelectric form. In a purely capacitive circuit, the power 
is continually exchanged between the source driving the circuit and the 
electric field associated with the capacitive elements. Figure 10.5 plots the 
instantaneous power for a representative purely capacitive circuit, assum- 
ing w = 377 rad/s and Q = —1 VAR. 

Note that the decision to use the current as the reference leads to Q 
being positive for inductors (that is,@, — 0; = 90° and negative for capac- 
itors (that is, 6,, -— 6; = —90°. Power engineers recognize this difference in 
the algebraic sign of Q by saying that inductors demand (or absorb) mag- 
netizing vars, and capacitors furnish (or deliver) magnetizing vars. We say 
more about this convention later. 


The Power Factor 


The angle @, — 6; plays a role in the computation of both average and 
reactive power and is referred to as the power factor angle. The cosine of 
this angle is called the power factor, abbreviated pf, and the sine of this 
angle is called the reactive factor, abbreviated rf. Thus 


pf = cos (0, — 6;), (10.16) 


rf = sin (6, — 0;). (10.17) 


Knowing the value of the power factor does not tell you the value of the 
power factor angle, because cos(@,, — 6;) = cos(@; — 6,). To completely 
describe this angle, we use the descriptive phrases lagging power factor and 
leading power factor. Lagging power factor implies that current lags volt- 
age—hence an inductive load. Leading power factor implies that current 
leads voltage —hence a capacitive load. Both the power factor and the reac- 
tive factor are convenient quantities to use in describing electrical loads. 

Example 10.1 illustrates the interpretation of P and Q on the basis of 
a numerical calculation. 


10.2 Average and Reactive Power 365 


O (VAR) 


ACN A 
AVY 


0.005 0.01 0.015 0.02 0.025 
Time (s) 


er average and reactive power 


Figure 10.4 A Instantaneous real power, average 
power, and reactive power for a purely inductive circuit. 
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Figure 10.5 A Instantaneous real power and average 
power for a purely capacitive circuit. 
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erica § Calculating Average and Reactive Power 


a) Calculate the average power and the reactive 
power at the terminals of the network shown in 
Fig. 10.6 if 


v = 100 cos (wt + 15°) V, 


= Asin (wt — 15°) A. 


me 
| 


b) State whether the network inside the box is 
absorbing or delivering average power. 


c) State whether the network inside the box is 
absorbing or supplying magnetizing vars. 


Figure 10.6 A A pair of terminals used for calculating power. 


Solution 


a) Because i is expressed in terms of the sine func- 
tion, the first step in the calculation for P and Q 
is to rewrite 7 as a cosine function: 


i = 4cos (wt — 105°) A. 


We now calculate P and Q directly from 
Eggs. 10.10 and 10.11. Thus 


P= 5(100)(4) cos [15 — (—105)] = —100 W, 


Q= 5100(4) sin [15 — (-105)] = 173.21 VAR. 


b) Note from Fig. 10.6 the use of the passive sign 
convention. Because of this, the negative value 


of —100 W means that the network inside the 
box is delivering average power to the terminals. 


c) The passive sign convention means that, because 
Q is positive, the network inside the box is 
absorbing magnetizing vars at its terminals. 


/ ASSESSMENT PROBLEMS 


Objective 1—Understand ac power concepts, their relationships to one another, and how to calcuate them in a circuit 


10.1 For each of the following sets of voltage and 
current, calculate the real and reactive power 
in the line between networks A and B in the 
circuit shown. In each case, state whether the 
power flow is from A to B or vice versa. Also 


state whether magnetizing vars are being trans- 


ferred from A to B or vice versa. 
a) v = 100cos (wt — 45°) V; 

i = 20 cos (wt + 15°) A. 
b) v = 100 cos (wt — 45°) V; 

i = 20cos (wt + 165°) A. 
c) v = 100cos (wt — 45°) V; 

i = 20cos (wt — 105°) A. 


d) v = 100coswt V; 
i = 20cos (wt + 120°) A. 


NOTE: Also try Chapter Problem 10.1. 


Answer: (a) P = 500 W (A to B), 


Q = —866.03 VAR (B toA); 


(b) P = —866.03 W_ (BtoA), 
=500 VAR (AtoB); 


(c) P = 500 W (A to B), 
O = 866.03 VAR (AtoB); 
(d) P = —500 W (B to A), 


Q = -866.03 VAR (B toA). 


10.2 Compute the power factor and the reactive fac- 


tor for the network inside the box in Fig. 10.6, 
whose voltage and current are described in 
Example 10.1. 


Hint: Use —i to calculate the power and reac- 
tive factors. 


Answer: pf = 0.5 leading; rf = —0.866. 


Appliance Ratings 


Average power is used to quantify the power needs of household appliances. 
The average power rating and estimated annual kilowatt-hour consumption 
of some common appliances are presented in Table 10.1. The energy con- 
sumption values are obtained by estimating the number of hours annually 
that the appliances are in use. For example, a coffeemaker has an estimated 
annual consumption of 140 kWh and an average power consumption during 
operation of 1.2 kW. Therefore a coffeemaker is assumed to be in operation 
140/1.2, or 116.67, hours per year, or approximately 19 minutes per day. 

Example 10.2 uses Table 10.1 to determine whether four common 
appliances can all be in operation without exceeding the current-carrying 
capacity of the household. 


Example 10.2 


home kitchen is wired with #12 conductor and is 
protected by either a 20 A fuse or a 20 A circuit 
breaker. Assume that the following 120 V appli- 


TABLE 10.1 Annual Energy Requirements of Electric Household Appliances 


Making Power Calculations Involving Household Appliances 


The branch circuit supplying the outlets in a typical Solution 


NOTE: Assess your understanding of this material by trying Chapter Problem 10.2. 
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From Table 10.1, the total average power demanded 
by the four appliances is 


ances are in operation at the same time: a cof- P = 1200 + 516 + 1196 + 1146 = 4058 W. 
feemaker, egg cooker, frying pan, and toaster. Will The total current in the protective device is 
the circuit be interrupted by the protective device? 
es 33.82 A 
120 - 


Yes, the protective device will interrupt the circuit. 


Est. kWh Est. kWh 
Average Consumed Average Consumed 
Appliance Wattage Annually* Appliance Wattage  Annually® 
Food preparation Health and beauty 
Coffeemaker 1,200 140 Hair dryer 600 25 
Dishwasher 1,201 165 Shaver 15 0.5 
Egg cooker 516 14 Sunlamp 279 16 
Frying pan 1,196 100 Home entertainment 
Mixer 127 2 Radio 71 86 
Oven, microwave (only) 1,450 190) Television, color, tube type 240 528 
Range, with oven 12,200 596 Solid-state type 145 320 
Toaster 1,146 39 Housewares 
Laundry Clock 2 17 
Clothes dryer 4,856 993 Vacuum cleaner 630 46 
Washing machine, automatic S12 103 a) Based on normal usage. When using these figures for projections, 


Water heater 2,475 4219 such factors as the size of the specific appliance, the geographical 
area of use, and individual usage should be taken into considera- 


Quick recovery type 4.474 4811 tion. Note that the wattages are not additive, since all units are 
Comfort conditioning normally not in operation at the same time. 
Air conditioner (room) 860 860» b) Based on 1000 hours of operation per year. This figure will vary 
on widely depending on the area and the specific size of the unit. See 
> 3 eke Boe ake a . 
De numnencs zd an EEI-Pub #76-2, “Air Conditioning Usage Study,” for an estimate 
Fan (circulating) 88 43 for your location. 
Heater (portable) 1,322 176 Source: Edison Electric Institute. 
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+ 


V,,cos (wt + 6,,) R 


Figure 10.7 A A sinusoidal voltage applied to the 
terminals of a resistor. 


10.3 The rms Value and Power 
Calculations 


In introducing the rms value of a sinusoidal voltage (or current) in 
Section 9.1, we mentioned that it would play an important role in power 
calculations. We can now discuss this role. 

Assume that a sinusoidal voltage is applied to the terminals of a resis- 
tor, as shown in Fig. 10.7, and that we want to determine the average 
power delivered to the resistor. From Eq. 10.12, 


1 ot Tye (ot + 
ee | COs (wot + by) , 


T Jt R 
i ee | “tytT 
ple / V2, cos*(wt + o,)dt |. (10.18) 
hy 


Comparing Eq. 10.18 with Eq. 9.5 reveals that the average power deliv- 
ered to R is simply the rms value of the voltage squared divided by R, or 


2 
= Vims 


R 


If the resistor is carrying a sinusoidal current, say, I,,, cos (wt + ¢,), the 
average power delivered to the resistor is 


P (10.19) 


P= 17 CR, (10.20) 


The rms value is also referred to as the effective value of the sinu- 
soidal voltage (or current). The rms value has an interesting property: 
Given an equivalent resistive load, R, and an equivalent time period, 7, 
the rms value of a sinusoidal source delivers the same energy to R as does 
a dc source of the same value. For example, a dc source of 100 V delivers 
the same energy in T seconds that a sinusoidal source of 100 V,.s delivers, 
assuming equivalent load resistances (sce Problem 10.12). Figure 10.8 
demonstrates this equivalence. Energywise, the effect of the two sources 
is identical. This has led to the term effective value being used inter- 
changeably with rvs value. 

The average power given by Eq. 10.10 and the reactive power given 
by Eq. 10.11 can be written in terms of effective values: 


V1, 
P = —*" cos (6, — 6)) 
Ves oh 
= V5 08 (On ~ 8) 
= Vetter cos (0, — 4)); (10.21) 


v,= 100 V (rms) R 


ae V,=100V (de) R 


Figure 10.8 A The effective value of v, (100 V rms) delivers the 
same power to R as the dc voltage V, (100 V dc). 


and, by similar manipulation, 
Q = Vitel ert sin (0, re 6;). (10.22) 


The effective value of the sinusoidal signal in power calculations is so 
widely used that voltage and current ratings of circuits and equipment 
involved in power utilization are given in terms of rms values. For exam- 
ple, the voltage rating of residential electric wiring is often 240 V/120 V 
service. These voltage levels are the rms values of the sinusoidal voltages 
supplied by the utility company, which provides power at two voltage lev- 
els to accommodate low-voltage appliances (such as televisions) and 
higher voltage appliances (such as electric ranges). Appliances such as 
electric lamps, irons, and toasters all carry rms ratings on their nameplates. 
For example, a 120 V, 100 W lamp has a resistance of 1207/100, or 144.2, 
and draws an rms current of 120/144, or 0.833 A. The peak value of the 
lamp current is 0.833 V2, or 1.18 A. 

The phasor transform of a sinusoidal function may also be expressed 
in terms of the rms value. The magnitude of the rms phasor is equal to the 
rms value of the sinusoidal function. If a phasor is based on the rms value, 
we indicate this by either an explicit statement, a parenthetical “rms” adja- 
cent to the phasor quantity, or the subscript “eff,” as in Eq. 10.21. 

In Example 10.3, we illustrate the use of rms values for calculating power. 


10.3 Therms Value and Power Calculations 369 


Sell (cmwateems Determining Average Power Delivered to a Resistor by Sinusoidal Voltage 


a) A sinusoidal voltage having a maximum ampli- Eq. 10.19, the average power delivered to the 
tude of 625 V is applied to the terminals of a 50 © resistor is 
50 Q resistor. Find the average power delivered (441.94)? 
to the resistor. P= ae 3906.25 W. 


b) Repeat (a) by first finding the current in the 


b) The maximum amplitude of the current in the 


ne resistor is 625/50, or 12.5 A. The rms value of 
Solution the current is 12.5/V2, or approximately 
8.84 A. Hence the average power delivered to 

a) The rms value of the sinusoidal voltage is the resistor is 


625/V2, or approximately 441.94 V. From 


P = (8.84)50 = 3906.25 W. 


/ ASSESSMENT PROBLEM 


Objective 1—Understand ac power concepts, their relationships to one another, and how to calculate them in a circuit 


10.3 The periodic triangular current in Example 9.4, 
repeated here, has a peak value of 180 mA. 
Find the average power that this current deliv- 
ers toa5kQO resistor. 


Answer: 54 W. 


NOTE: Also try Chapter Problem 10.15. 
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Complex power > 


TABLE 10.2 Three Power Quantities and 
Their Units 


Quantity Units 
Complex power volt-amps 
Average power watts 
Reactive power var 


S| = apparent power 


P = average power 


Figure 10.9 A A power triangle. 


Apparent power > 


Q = reactive power 


10.4 Complex Power 


Before proceeding to the various methods of calculating real and reactive 
power in circuits operating in the sinusoidal steady state, we need to intro- 
duce and define complex power. Complex power is the complex sum of 
real power and reactive power, or 

S=P+jQ. (10.23) 
As you will see, we can compute the complex power directly from the volt- 
age and current phasors for a circuit. Equation 10.23 can then be used to 
compute the average power and the reactive power, because P = R{S} 
and Q = S{S}. 

Dimensionally, complex power is the same as average or reactive 
power. However, to distinguish complex power from either average or 
reactive power, we use the units volt-amps (VA). Thus we use volt-amps for 
complex power, watts for average power, and vars for reactive power, as 
summarized in Table 10.2. 

Another advantage of using complex power is the geometric interpre- 
tation it provides. When working with Eq. 10.23, think of P, Q, and |S| as 
the sides of a right triangle, as shown in Fig. 10.9. It is easy to show that the 
angle 6 in the power triangle is the power factor angle 6, — 6;. For the 
right triangle shown in Fig. 10.9, 


OQ 
tan@ = —. 
n P 


But from the definitions of P and Q (Eqs. [10.10] and [10.11], respectively), 


P 7 CVinlinl 2) COs (0, =a 6;) 


(10.24) 


= tan (0, — 6;). (10.25) 


Therefore, @ = 6, — 0;. The geometric relations for a right triangle mean 
also that the four power triangle dimensions (the three sides and the 
power factor angle) can be determined if any two of the four are known. 

The magnitude of complex power is referred to as apparent power. 
Specifically, 


S|} = 2 P? + Q?. (10.26) 
Apparent power, like complex power, is measured in volt-amps. The 
apparent power, or volt-amp, requirement of a device designed to convert 
electric energy to a nonelectric form is more important than the average 
power requirement. Although the average power represents the useful 
output of the energy-converting device, the apparent power represents the 
volt-amp capacity required to supply the average power. As you can see 
from the power triangle in Fig. 10.9, unless the power factor angle is 0° 
(that is, the device is purely resistive, pf = 1, and Q = 0), the volt-amp 
capacity required by the device is larger than the average power used by 
the device. As we will see in Example 10.6, it makes sense to operate 
devices at a power factor close to 1. 

Many useful appliances (such as refrigerators, fans, air conditioners, 
fluorescent lighting fixtures, and washing machines) and most industrial 
loads operate at a lagging power factor. The power factor of these loads 
sometimes is corrected either by adding a capacitor to the device itself or 
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by connecting capacitors across the line feeding the load; the latter 
method is often used for large industrial loads. Many of the Chapter 
Problems give you a chance to make some calculations that correct a lag- 
ging power factor load and improve the operation of a circuit. 

Example 10.4 uses a power triangle to calculate several quantities 
associated with an electrical load. 


Scluiyitcmitem Calculating Complex Power 


An electrical load operates at 240 V rms. The load Solving for Jus, 
absorbs an average power of 8 kW at a lagging 
power factor of 0.8. Logg = 41.67 A. 


a) Colca Mig Omiplex pOMeR On ne 12a: We already know the angle of the load imped- 


b) Calculate the impedance of the load. ance, because it is the power factor angle: 
Solution @ = cos !(0.8) = 36.87". 
a) The power factor is described as lagging, so we ; . 

know that the load is inductive and that the We also know that @ is positive because the 


power factor is lagging, indicating an inductive 
load. We compute the magnitude of the load 
impedance from its definition as the ratio of the 


algebraic sign of the reactive power is positive. 
From the power triangle shown in Fig. 10.10, 


P = |S|cos@, magnitude of the voltage to the magnitude of 
Q = |S|sin@. the current: 
el eee cos @ = 0.8, sin @ = 0.6. Z| = Lan _ 240° Lae 
[Zen = 41.67 
P 8kW 
|S| = Sach Oe = 10kVA, Hence, 
Q = 10sin@ = 6kVAR, Z = 5.76 /36.87° QO = 4.608 + j3.456 2. 


and 
S=8 + j6kVA. 
b) From the computation of the complex power of 
the load, we see that P = 8 kW. Using Eq. 10.21, 
P = Verrler COS (8, — 9;) 


= (240) L,5(0.8) 
= 8000 W Figure 10.10 A A power triangle. 


P 


10.5 Power Calculations 


We are now ready to develop additional equations that can be used to cal- 
culate real, reactive, and complex power. We begin by combining Eggs. 10.10, 
10.11, and 10.23 to get 


Vindin Vindin 
S= a 608 (6, — 6) + j—y sin (0, — 9;) 


Vid iS] 
m 3 n [cos (6, — 0;) + jsin(@, — 6;)] 


Vial ; - 1 
pre WN 5 VnlinZ (On — 6). (10.27) 
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Circuit 


Figure 10.11 A The phasor voltage and current associ- 


ated with a pair of terminals. 


Complex power > 


If we use the effective values of the sinusoidal voltage and current, 
Eq. 10.27 becomes 


ae VetrlettZ (6, = 0;). (10.28) 

Equations 10.27 and 10.28 are important relationships in power calcula- 
tions because they show that if the phasor current and voltage are known at 
a pair of terminals, the complex power associated with that pair of terminals 
is either one half the product of the voltage and the conjugate of the cur- 
rent, or the product of the rms phasor voltage and the conjugate of the rms 


phasor current. We can show this for the rms phasor voltage and current in 
Fig. 10.11 as follows: 


S = Vetter / (On — 91) 
= Verrlege 
= Vege PeIogee™ 
= Vertlert (10.29) 


Note that Iig = Jee follows from Euler’s identity and the trigonomet- 
ric identities cos (—8) = cos(@) and sin (—@) = — sin (6): 


Lappe! = Tet¢ COS (—8;) + lose sin (—6;) 
= Totgcos (0;) — jlete in (6;) 
= Vere 


The same derivation technique could be applied to Eq. 10.27 to yield 
5S Vy (10.30) 
ae 2 . . 


Both Eggs. 10.29 and 10.30 are based on the passive sign convention. If the 
current reference is in the direction of the voltage rise across the termi- 
nals, we insert a minus sign on the right-hand side of each equation. 

To illustrate the use of Eq. 10.30 in a power calculation, let’s use the 
same circuit that we used in Example 10.1. Expressed in terms of the pha- 
sor representation of the terminal voltage and current, 


V = 100 715° V, 
I = 4/—105° A. 


Therefore 


S= 5 (100 /15°)(4 /+105°) = 200 /120° 


= —100 + j173.21 VA. 


Once we calculate the complex power, we can read off both the real and 
reactive powers, because $ = P + jQ. Thus 


P = —100 W, 


Q = 173.21 VAR. 


The interpretations of the algebraic signs on P and Q are identical to those 
given in the solution of Example 10.1. 


Alternate Forms for Complex Power 


Equations 10.29 and 10.30 have several useful variations. Here, we use the 
rms value form of the equations, because rms values are the most common 
type of representation for voltages and currents in power computations. 

The first variation of Eq. 10.29 is to replace the voltage with the prod- 
uct of the current times the impedance. In other words, we can always rep- 
resent the circuit inside the box of Fig. 10.11 by an equivalent impedance, 
as shown in Fig. 10.12. Then, 


Ver = Zloyy: (10.31) 
Substituting Eq. 10.31 into Eq. 10.29 yields 
S = ZV eel cer 
= [Toel?Z 


= [Iunf(R + 7X) 


= Fue? R + flegP?X = P + JQ, (10.32) 
from which 
_ 2 1 5 
P= Merl R = Tink, (10.33) 
pe is 
O = [yf X = al inX. (10.34) 


In Eq. 10.34, X is the reactance of either the equivalent inductance or 
equivalent capacitance of the circuit. Recall from our earlier discussion of 
reactance that it is positive for inductive circuits and negative for capaci- 
tive circuits. 

A second useful variation of Eq. 10.29 comes from replacing the cur- 
rent with the voltage divided by the impedance: 


Vv. * Vv. 2 
oz ver( Se % Neat Pet IO). (10.35) 
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Figure 10.12 A The general circuit of Fig. 10.11 
replaced with an equivalent impedance, 
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Note that if Z is a pure resistive element, 


= [Veil 


P 
R 


and if Z is a pure reactive element, 


_ [Verel? 
a A 


In Eq. 10.37, .X is positive for an inductor and negative for a capacitor. 


The following examples demonstrate various power calculations in 


circuits operating in the sinusoidal steady state. 


Sechuilicmatmem Calculating Average and Reactive Power 


In the circuit shown in Fig. 10.13, a load having an 
impedance of 39 + j26(Q is fed from a voltage 
source through a line having an impedance of 
1 + j4 Q. The effective, or rms, value of the source 
voltage is 250 V. 


a) Calculate the load current I, and voltage V,. 


b) Calculate the average and reactive power deliv- 
ered to the load. 


c) Calculate the average and reactive power deliv- 
ered to the line. 


d) Calculate the average and reactive power sup- 
plied by the source. 


Solution 


a) The line and load impedances are in series across 
the voltage source, so the load current equals the 
voltage divided by the total impedance, or 


I oe 4-—j3 =5 /-36.87° A 
L 40 + 730 — j3 =5 /—36.87° A (rms). 


Because the voltage is given in terms of its 
rms value, the current also is rms. The load volt- 
age is the product of the load current and load 
impedance: 
Vi = (39 + j26)I, = 234 — j13 
= 234.36 /—3.18° V (rms). 
b) The average and reactive power delivered to the 
load can be computed using Eq. 10.29. Therefore 
S = ViIp = (234 — /13)(4 + j3) 


= 975 + j650 VA. 


Thus the load is absorbing an average power of 
975 W and a reactive power of 650 VAR. 


10 J4Q 


250/0° 
V (rms) 


Source a Line »=—~<— - Load 


Figure 10.13 A The circuit for Example 10.5. 


c) The average and reactive power delivered to the 
line are most easily calculated from Eqs. 10.33 
and 10.34 because the line current is known. Thus 


P = (5)°(1) = 25 W, 
Q = (5)°(4) = 100 VAR. 


Note that the reactive power associated with the 
line 1s positive because the line reactance is 
inductive. 

d) One way to calculate the average and reactive 
power delivered by the source is to add the com- 
plex power delivered to the line to that delivered 
to the load, or 


S 


25 + j100 + 975 + j650 
= 1000 + j750 VA. 


The complex power at the source can also be cal- 
culated from Eq. 10.29: 


S, = —2501;. 


(10.36) 


(10.37) 
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The minus sign is inserted in Eq. 10.29 whenever 
the current reference is in the direction of a volt- 


The minus sign implies that both average power 
and magnetizing reactive power are being deliv- 


age rise. Thus 


S, = —250(4 + j3) = —(1000 + j750) VA. 


Sechicmwatmem Calculating Power in Parallel Loads 


The two loads in the circuit shown in Fig. 10.14 can 
be described as follows: Load 1 absorbs an average 
power of 8 kW at a leading power factor of 0.8. Load 
2 absorbs 20 kVA at a lagging power factor of 0.6. 


0.059, j0.500 


250 /0° 
V (rms) 


Figure 10.14 A The circuit for Example 10.6. 


a) Determine the power factor of the two loads in 
parallel. 

b) Determine the apparent power required to sup- 
ply the loads, the magnitude of the current, I,, 
and the average power loss in the transmission 
line. 

c) Given that the frequency of the source is 60 Hz, 
compute the value of the capacitor that would 
correct the power factor to 1 if placed in parallel 
with the two loads. Recompute the values in (b) 
for the load with the corrected power factor. 


Solution 


a) All voltage and current phasors in this problem 
are assumed to represent effective values. Note 
from the circuit diagram in Fig. 10.14 that 
I, = I, + L. The total complex power absorbed 
by the two loads 1s 


S = (250)I; 
= (250)(I, + I,)’ 
= (250)1; + (250)I5 
SASi 4S 


We can sum the complex powers geometrically, 
using the power triangles for each load, as shown 
in Fig. 10.15. By hypothesis, 


- 8000(.6) 
51 = 8000 - | Ta 


= 8000 — j6000 VA, 


ered by the source. Note that this result agrees 
with the previous calculation of S, as it must, 
because the source must furnish all the average 
and reactive power absorbed by the line and load. 


Sy = 20,000(.6) + j20,000(.8) 
= 12,000 + 16,000 VA. 


~36.87° 20 kVA 

8 kW 16KVAR 

-~6kVAR 
10kVR 
12 kW 
(a) (b) 
22.36 kVA 
: 10 kKVAR 
20 kW 
(c) 


Figure 10.15 A (a) The power triangle for load 1. (b) The 
power triangle for load 2. (c) The sum of the power triangles. 


It follows that 
S = 20,000 + 710,000 VA, 


and 


re 20,000 + j10,000 _ 
aml 250 ~ 


80 + j40 A. 


Therefore 
I, = 80 — j40 = 89.44 /—26.57° A. 
Thus the power factor of the combined load is 
pf = cos(O + 26.57°) = 0.8944 lagging. 


The power factor of the two loads in parallel is 
lagging because the net reactive power is positive. 


b) The apparent power which must be supplied to 
these loads is 


|S| = [20 + j10| = 22.36 kVA. 


The magnitude of the current that supplies this 
apparent power Is 


II,| = |80 — j40| = 89.44 A. 
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The average power lost in the line results from 
the current flowing through the line resistance: 


Pine = |I,P?R = (89.44)?(0.05) = 400 W 


Note that the power supplied totals 20,000 + 400 
= 20,400 W, even though the loads require a 
total of only 20,000 W. 


c) As we can see from the power triangle in 


Example 10.7 


Fig. 10.15(c), we can correct the power factor to 1 
if we place a capacitor in parallel with the existing 
loads such that the capacitor supplies 10 kVAR 
of magnetizing reactive power. The value of the 
capacitor is calculated as follows. First, find the 
capacitive reactance from Eq. 10.37: 


= [Verel? 


Q 
(250)? 


— 10,000 


xX 


—6.25 Q. 


Recall that the reactive impedance of a capacitor 
is —1/wC, and w = 27(60) = 376.99 rad/s, if 
the source frequency is 60 Hz. Thus, 


=i =1 


C= OX ~ G16.99)(—6.25) 


= 424.4 uF. 


The addition of the capacitor as the third load is 
represented in geometric form as the sum of the 
two power triangles shown in Fig. 10.16. When 


a) Calculate the total average and reactive power 


delivered to each impedance in the circuit shown 
in Fig. 10.17. 


b) Calculate the average and reactive powers asso- 


ciated with each source in the circuit. 


c) Verify that the average power delivered equals 


the average power absorbed, and that the magnet- 
izing reactive power delivered equals the magnet- 
izing reactive power absorbed. 


the power factor is 1, the apparent power and 
the average power are the same, as seen from the 
power triangle in Fig. 10.16(c). Therefore, the 
apparent power once the power factor has been 
corrected is 


[S| = P = 20 kVA. 
The magnitude of the current that supplies this 


apparent power is 


20,000 
250 


II,| = = 80A. 


The average power lost in the line is thus 
reduced to 


Pine = (I,2R = (80)7(0.05) = 320 W. 


Now, the power supplied totals 20,000 + 320 
= 20,320 W. Note that the addition of the capaci- 
tor has reduced the line loss from 400 W to 320 W. 


22.36 kVA 
a LOkKVAR + |-10kVAR 
20 kW 
(a) (b) 
a 20 kW 
(c) 


Figure 10.16 A (a) The sum of the power triangles for loads 1 
and 2. (b) The power triangle for a 424.4 yxF capacitor at 60 Hz. 
(c) The sum of the power triangles in (a) and (b). 


Balancing Power Delivered with Power Absorbed in an ac Circuit 


V, = 150/0°V 
V, = (78 — j104) V 
V> = (72 + j104) V 
V3 = (150 — j130)V I, = (—24 - j58) A 


I, = (—26 — j52) A 
I, =(-2 + j6)A 


Figure 10.17 A The circuit, with solution, for Example 10.7. 


Solution 


a) The complex power delivered to the (1 + j2) 0 


impedance ts 
| ee 
S1= SW = Pi + iQ: 


= 5(78 — j104)(—26 + j52) 


Il 


1 
5(3380 + j6760) 
= 1690 + j3380 VA. 


Thus this impedance is absorbing an average 
power of 1690 W and a reactive power of 
3380 VAR. The complex power delivered to the 
(12 — j16) O impedance is 


1 . 
Sz = 3 Vals = P, + jQz 


1 
= 5(72 + j104)(-2 — j6) 
= 240 — j320 VA. 


Therefore the impedance in the vertical branch 
is absorbing 240 W and delivering 320 VAR. The 
complex power delivered to the (1 + j3) 0 
impedance is 


1 
S3 = 3 Val = P; + jQ; 


Nl 
= 5(150 — j130)(—24 + j58) 


= 1970 + j5910 VA. 


This impedance is absorbing 1970 W and 
5910 VAR. 
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b) The complex power associated with the inde- 


Cc 


— 


pendent voltage source is 


| rns 
S, a 5 Vs i P, + IQ, 


-3(150)(~26 + j52) 


1950 — 73900 VA. 


Note that the independent voltage source is 
absorbing an average power of 1950 W and 
delivering 3900 VAR. The complex power asso- 
ciated with the current-controlled voltage 
source is 


*(301,)(I3) = P, + jQy 


SS 


ll 


“(-78 + j234)(-24 + j58) 


= —§850 — j5070 VA. 


Both average power and magnetizing reactive 
power are being delivered by the dependent 
source. 

The total power absorbed by the passive imped- 
ances and the independent voltage source is 


Pyvsorbed = Pi + Py + Pz + P, = 5850 W. 


The dependent voltage source is the only circuit 
element delivering average power. Thus 


Paetivered = 5850 W. 


Magnetizing reactive power is being absorbed 
by the two horizontal branches. Thus 


Qabsorbed = Q; + QO, = 9290 VAR. 


Magnetizing reactive power is being delivered 
by the independent voltage source, the capacitor 
in the vertical impedance branch, and the 
dependent voltage source. Therefore 


Qaaivered = 9290 VAR. 


378 Sinusoidal Steady-State Power Calculations 


/ ASSESSMENT PROBLEMS 


Objective 1—Understand ac power concepts, their relationships to one another, and how to calculate them in a circuit 


10.4 The load impedance in the circuit shown is (c) 23.52 W, 94.09 VAR; 
shunted by a capacitor having a capacitive reac- (d) 1152.62 W, —376.36 VAR; 


tance of —52 (. Calculate: 


a) the rms phasors V, and I,, 


b) the average power and magnetizing reactive 
power absorbed by the (39 + j26) 0 load 


(e) 1223.18 VAR. 


10.5 The rms voltage at the terminals of a load is 
250 V. The load is absorbing an average power 


impedance, of 40 kW and delivering a magnetizing reactive 
c) the average power and magnetizing reactive power of 30 kVAR. Derive two equivalent 

power absorbed by the (1 + /4) O line impedance models of the load. 

impedance, 


d) the average power and magnetizing reactive 
power delivered by the source, and 


Answer: 1 2 in series with 0.75 Q of capacitive 
reactance; 1.5625 2 in parallel with 2.083 0 
of capacitive reactance. 


e) the magnetizing reactive power delivered by 


the shunting capacitor. 


10 jaa, 


Source -——>———- Line 


) 
Pt 


Answer: (a) 252.20 /—4.54° V (rms), 
5.38 /—38.23° A (rms); 
(b) 1129.09 W, 752.73 VAR; 


10.6 Find the phasor voltage V, (rms) in the circuit 
shown if loads L, and L, are absorbing 15 kVA 
at 0.6 pf lagging and 6 kVA at 0.8 pf leading, 
respectively. Express V, in polar form. 


jla 


+ 


200 /0° V (rms) 


Answer: 251.64 /15.91° V. 


NOTE: Also try Chapter Problems 10.18, 10.26, and 10.27. 


a 
Generalized linear 
network operating 
; : ; L 
in the sinusoidal 


steady state 


Figure 10.18 A A circuit describing maximum power 
transfer. 


Condition for maximum average power 
transfer > 


10.6 Maximum Power Transfer 


Recall from Chapter 4 that certain systems—for example, those that trans- 
mit information via electric signals—depend on being able to transfer a 
maximum amount of power from the source to the load. We now reexam- 
ine maximum power transfer in the context of a sinusoidal steady-state 
network, beginning with Fig. 10.18. We must determine the load imped- 
ance Z; that results in the delivery of maximum average power to termi- 
nals a and b. Any linear network may be viewed from the terminals of the 
load in terms of a Thévenin equivalent circuit. Thus the task reduces to 
finding the value of Z| that results in maximum average power delivered 
to Z, in the circuit shown in Fig. 10.19. 

For maximum average power transfer, Z, must equal the conjugate of 
the Thévenin impedance; that is, 


Zy = Zh. (10.38) 


We derive Eq. 10.38 by a straightforward application of elementary calcu- 
lus. We begin by expressing Z, and Z,; in rectangular form: 


Ztn = Roy + jXotn (10,39) 
ZL = Ry. + JX. (10.40) 


In both Eqs. 10.39 and 10.40, the reactance term carries its own algebraic 
sign—positive for inductance and negative for capacitance. Because we 
are making an average-power calculation, we assume that the amplitude 
of the Thévenin voltage is expressed in terms of its rms value. We also use 
the Thévenin voltage as the reference phasor. Then, from Fig. 10.19, the 
rms value of the load current I is 


a (10.41) 
(Roy + RL) + j(Xt + X17) 
The average power delivered to the load is 
P = (IPR. (10.42) 
Substituting Eq. 10.41 into Eq. 10.42 yields 
[Vrnl? Re (10.43) 


(Rm + Ry? + (Xn + XL 


When working with Eq. 10.43, always remember that Vj, Rr, and X7y, 
are fixed quantities, whereas R, and X, are independent variables. 
Therefore, to maximize P, we must find the values of Ry and X, where 
aP/AR, and aP/aX, are both zero. From Eq. 10.43, 


aP aI 22 (XL + XH) 
AX, [(Ru + Rey? + (XL + Xn] 


(10.44) 


OP _ \Venl (Re + Rr)? + (Xi + Xn)’ = 2Ri(Re + Rn] 


AR [((RL + Ryn)? + (XL + Xm)? 
(10.45) 
From Eq. 10.44,dP/aX_ is zero when 
X= —X 0p (10.46) 


From Eq. 10.45, dP/dR_, is zero when 
Ry = V Rin + (X, + X1n)’. (10.47) 


Note that when we combine Eq. 10.46 with Eq. 10.47, both derivatives are 
zero when Z,; = Zp. 
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Figure 10.19 A The circuit shown in Fig. 10.18, with 
the network replaced by its Thévenin equivalent. 
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The Maximum Average Power Absorbed 


The maximum average power that can be delivered to Z; when it is set 
equal to the conjugate of Z7, is calculated directly from the circuit in 
Fig. 10.19. When Z; = Z7,, the rms load current is Vy,/2R,, and the max- 
imum average power delivered to the load is 


—WalPRe 1 [Ym 


Prox = = ; 
ey) aaa as G58) 


If the Thévenin voltage is expressed in terms of its maximum amplitude 
rather than its rms amplitude, Eq. 10.48 becomes 


1 Vin 


Puax = 3 R : (10.49) 


Maximum Power Transfer When Z is Restricted 


Maximum average power can be delivered to Z, only if Z, can be set 
equal to the conjugate of Z7,. There are situations in which this is not pos- 
sible. First, Rp and X, may be restricted to a limited range of values. In 
this situation, the optimum condition for R, and X, is to adjust X, as 
near to —Xy, as_ possible and then adjust AR, as close to 
VR, + (X1 + Xp) as possible (see Example 10.9). 

A second type of restriction occurs when the magnitude of Z, can be 
varied but its phase angle cannot. Under this restriction, the greatest 


amount of power is transferred to the load when the magnitude of Z, is 
set equal to the magnitude of Z-y,; that is, when 


[Z| = |Z. (10.50) 


The proof of Eq. 10.50 is left to you as Problem 10.40. 

For purely resistive networks, maximum power transfer occurs when 
the load resistance equals the Thévenin resistance. Note that we first 
derived this result in the introduction to maximum power transfer in 
Chapter 4. 

Examples 10.8-10.11 illustrate the problem of obtaining maximum 
power transfer in the situations just discussed. 


> elutmatesm Determining Maximum Power Transfer without Load Restrictions 


a) For the circuit shown in Fig. 10.20, determine the simplify the circuit shown in Fig. 10.20 to the one 
impedance Z, that results in maximum average shown in Fig. 10.21. Then, 
power transferred to Z,. 16 /0° 

b) What is the maximum average power transferred Th 44 pB — j6 (—j6) 


to the load impedance determined in (a)? 


= 19.2 /-53.13° = 11.52 — 715.36 V. 


Solution 


a) We begin by determining the Thévenin equiva- 
lent with respect to the load terminals a, b. After 
two source transformations involving the 20 V 
source, the 5 2 resistor, and the 20 Q resistor, we 


Figure 10.20 A The circuit for Example 10.8. 


Figure 10.21 AA simplification of Fig. 10.20 by source 
transformations. 


We find the Thévenin impedance by deactivat- 
ing the independent source and calculating the 
impedance seen looking into the terminals a 
and b. Thus, 


ee 5. bes : ; 


For maximum average power transfer, the load 
impedance must be the conjugate of Zyy, so 


Z, = 5.76 + j1.68 0. 


b) We calculate the maximum average power deliv- 


ered to Z, from the circuit shown in Fig. 10.22, in 


— 
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which we replaced the original network with its 
Thévenin equivalent. From Fig. 10.22, the rms magni- 
tude of the load current I is 


_ 19.2/-V2 


a= = 1.1785 A. 
he STG; 1.1785 


The average power delivered to the load is 


19.2 /-53.13° 
Vv 


Figure 10.22 A The circuit shown in Fig. 10.20, with the 
original network replaced by its Thévenin equivalent. 


P = [2,(5.76) = 8 W. 


Example 10.9 


a) For the circuit shown in Fig. 10.23, what value of 
Z, results in maximum average power transfer to 
Z,,? What is the maximum power in milliwatts? 


b) Assume that the load resistance can be varied 
between 0 and 4000 and that the capacitive 
reactance of the load can be varied between 
0 and —2000 0. What settings of Ry and xX, 
transfer the most average power to the load? 
What is the maximum average power that can be 
transferred under these restrictions? 


Solution 


a) If there are no restrictions on R,, and Xj, the 
load impedance is set equal to the conjugate of 
the output or the Thévenin impedance. Therefore 
we set 


R, = 30009 and X, = —40009, 
or 


Z:, = 3000 — j4000 0. 


Determining Maximum Power Transfer with Load Impedance Restriction 


3000Q j400002 , 


R,, 
10 /0° 
V (rms) jXe 


b 


Figure 10.23 A The circuit for Examples 10.9 and 10.10. 


Because the source voltage is given in terms of its 
rms value, the average power delivered to Z, is 
110%, 25 


= 4 3000 = 3 mW = 8.33 mW. 


b) Because R, and X, are restricted, we first set X7, 
as close to —40000 as possible; thus 
X, = —2000 9. Next, we set R, as close to 

R%, + (X, + Xyp)’ as possible. Thus 


R,, = V3000? + (—2000 + 4000)” = 3605.55 2. 
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Now, because R, can be varied from 0 to 4000 Q, 
we can set R, to 3605.55 2. Therefore, the load 
impedance is adjusted to a value of 


Z., = 3605.55 — j2000 0. 


With Z, set at this value, the value of the load 


current is 


i= aay als = 1.4489 /-16.85° mA 
eff 6605.55 + j2000 Sn 


The average power delivered to the load is 
P = (1.4489 x 107*)*(3605.55) = 7.57 mW. 


This quantity is the maximum power that we can 
deliver to a load, given the restrictions on Ry, 
and X_. Note that this is less than the power that 
can be delivered if there are no restrictions; in 
(a) we found that we can deliver 8.33 mW. 


Sel ate em § Finding Maximum Power Transfer with Impedance Angle Restrictions 


A load impedance having a constant phase angle of 
~36.87° is connected across the load terminals a and 
b in the circuit shown in Fig. 10.23. The magnitude of 
Z, is varied until the average power delivered is the 


most possible under the given restriction. 
a) Specify Z, in rectangular form. 
b) Calculate the average power delivered to Z,. 


Solution 


a) From Eq. 10.50, we know that the magnitude of 
Z,, must equal the magnitude of Z;,. Therefore 


Now, as we know that the phase angle of Z, is 
—36.87°, we have 


Z, = 5000 /—36.87° = 4000 — 73000 . 


b) With Z; set equal to 4000 — j3000 Q, the load 


current is 


10 
iS i 78 a, 
el ~ 7990 + 1000 Za 


and the average power delivered to the load is 
P = (1.4142 x 1074)*(4000) = 8 mw. 


This quantity is the maximum power that can be 
delivered by this circuit to a load impedance 
whose angle is constant at —36.87°. Again, this 
quantity is less than the maximum power that can 


IZ.| = |Zry| = [3000 + j4000] = 5000 2. 


AS ASSESSMENT PROBLEM 


Objective 2—Understand the condition for maximum real power delivered to a load in an ac circuit 


10.7. The source current in the circuit shown is 
3 cos 5S000¢ A. 


a) What impedance should be connected 
across terminals a,b for maximum average 
power transfer? 

b) What is the average power transferred to 
the impedance in (a)? 

c) Assume that the load is restricted to pure 
resistance. What size resistor connected 
across a,b will result in the maximum aver- 
age power transferred? 

d) What is the average power transferred to 
the resistor in (c)? 


NOTE: Also try Chapter Problems 10.44, 10.47, and 10.48. 


be delivered if there are no restrictions on Z,. 


Answer: 


3.6 mH 
a 
i 20.9 5 pF 
b 
4M 

(a) 20 — j10 0; 
(b) 18 W; 
(c) 22.36 0; 
(d) 17.00 W. 


Example 10.11 


The variable resistor in the circuit in Fig. 10.24 is 
adjusted until maximum average power is delivered 
to R,. 


a) What is the value of R; in ohms? 


b) What is the maximum average power (in watts) 
delivered to R,;? 


Figure 10.24 A The circuit for Example 10.11. 


Solution 


a) We first find the Thévenin equivalent with 
respect to the terminals of R,. The circuit for 
determining the open circuit voltage in shown in 
Fig. 10.25. The variables V,, V2, 1,, and I, have 
been added to expedite the discussion. 


Figure 10.25 A The circuit used to find the Thévenin voltage. 


First we note the ideal transformer imposes the 
following constraints on the variables V,, V2, I,, and L: 
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Finding Maximum Power Transfer in a Circuit with an Ideal Transformer 


The open circuit value of I, is zero, hence I, is 
zero. It follows that 


V, = 840 /O°V,  V> = 210 /0°V. 


From Fig. 10.25 we note that Vy, is the negative 
of V>, hence 


Vin = —210 /0° V. 


The circuit shown in Fig. 10.26 is used to deter- 
mine the short circuit current. Viewing I, and I, 
as mesh currents, the two mesh equations are 


840 /0° = 801, — 201, + Vy, 


0 = 201, = 201, + V>. 


60 


840 /0° 
V (rms) 


b 


Figure 10.26 A The circuit used to calculate the short circuit 
current. 


When these two mesh current equations are com- 
bined with the constraint equations we get 


840 /0° = —401, + V,, 


V; 
= 251, + —. 
0 = 25, + | 


Solving for the short circuit value of I, yields 
I, = —6 A. 
Therefore the Thévenin resistance is 


—210 
Rry = oe = 350. 
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Maximum power will be delivered to R; when 
R, equals 35 Q. 


b) The maximum power delivered to R,; is most 
easily determined using the Thévenin equivalent. 
From the circuit shown in Fig. 10.27 we have 


=210 


2 
Prax = ( 70 (35) = 315 W. 


35 a 


210/0° 


V (rms) 35.9 


b 


Figure 10.27 A The Thévenin equivalent loaded for maximum 
power transfer. 


/ ASSESSMENT PROBLEMS 


Objective 3—Be able to calculate all forms of ac power in ac circuits with linear transformers and ideal 


transformers 


10.8 Find the average power delivered to the 
100 © resistor in the circuit shown if 
t= 660 cos 5000r V. 


340 10mH, 


8 whe, 20mH 21000 


16 


Answer: 612.5 W. 


10.9 a) Find the average power delivered to the 
400 © resistor in the circuit shown if 
VU, = 248 cos 10,0007 V. 


b) Find the average power delivered to the 
375 Q resistor. 

c) Find the power developed by the ideal volt- 
age source. Check your result by showing the 


power absorbed equals the power developed. 


NOTE: Also try Chapter Problems 10.64 and 10.65. 


Practical Perspective 
Heating Appliances 


d, ea 375.0 400 0 


Answer: (a) 50 W; 
(b) 49.2 W; 
(c) 99.2 W,50 + 49.2 = 99.2 W. 

10.10 Solve Example 10.11 if the polarity dot on the 
coil connected to terminal a is at the top. 

Answer: (a) 15 Q; 

(b) 735 W. 

10.11 Solve Example 10.11 if the voltage source is 
reduced to 146 /0° V rms and the turns ratio is 
reversed to 1:4. 

Answer: (a) 1460 2; 

(b) 58.4 W. 


Heatertube . 


A handheld hair dryer contains a heating element, which is just a resistor 
heated by the sinusoidal current passing through it, and a fan that blows 
the warm air surrounding the resistor out the front of the unit. This is 
shown schematically in Fig. 10.28. The heater tube in this figure is a resis- 
tor made of coiled nichrome wire. Nichrome is an alloy of iron, chromium, 
and nickel. Two properties make it ideal for use in heaters. First, it is more 
resistive than most other metals, so less material is required to achieve the 
needed resistance. This allows the heater to be very compact. Second, 
unlike many other metals, nichrome does not oxidize when heated red hot in 
air. Thus the heater element lasts a long time. 

A circuit diagram for the hair dryer controls is shown in Fig. 10.29. This 
is the only part of the hair dryer circuit that gives you control over the heat 


Fan and motor 


A 


Controls 


Power cord 
Figure 10.28 A Schematic representation of a 
handheld hair dryer. 
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setting. The rest of the circuit provides power to the fan motor and is not of 
interest here. The coiled wire that comprises the heater tube has a connec- 
tion partway along the coil, dividing the coil into two pieces. We model this 
in Fig. 10.29 with two series resistors, R; and R>. The controls to turn the 
dryer on and select the heat setting use a four-position switch in which two 
pairs of terminals in the circuit will be shorted together by a pair of sliding 
metal bars. The position of the switch determines which pairs of terminals 
are shorted together. The metal bars are connected by an insulator, so there 
Figure 10.29 & A circuit diagram for the hair dryer = is no conduction path between the pairs of shorted terminals. 


ra ae 


OFF L M 


controls. The circuit in Fig. 10.29 contains a thermal fuse. This is a protective 
device that normally acts like a short circuit. But if the temperature near 
Thermal fuse the heater becomes dangerously high, the thermal fuse becomes an open 


circuit, discontinuing the flow of current and reducing the risk of fire or 
injury. The thermal fuse provides protection in case the motor fails or the 
airflow becomes blocked. While the design of the protection system is not 
part of this example, it is important to point out that safety analysis is an 
essential part of an electrical engineer's work. 

Now that we have modeled the controls for the hair dryer, let’s deter- 
mine the circuit components that are present for the three switch settings. 
To begin, the circuit in Fig. 10.29 is redrawn in Fig. 10.30(a) for the tow 
switch setting. The open-circuited wires have been removed for clarity. A 
simplified equivalent circuit is shown in Fig. 10.30(b). A similar pair of fig- 
ures is shown for the mepium setting (Fig. 10.31) and the HIGH setting 
(Fig. 10.32). Note from these figures that at the Low setting, the voltage 
source sees the resistors R; and R> in series; at the mepium setting, the volt- 
(b) age source sees only the R> resistor; and at the HIGH setting, the voltage 


Figure 10.30 A (a) The circuit in Fig. 10.29 redrawn © SOUTCE Sees the resistors in parallel. 
for the Low switch setting. (b) A simplified equiva- 
lent circuit for (a). 


Thermal fuse 


Thermal fuse 


(b) 


Figure 10.31 A (a) The circuit in Fig. 10.29 redrawn 
for the meprum switch setting. (b) A simplified equiv- 
alent circuit for (a). 


(b) 


Figure 10.32 A (a) The circuit in Fig. 10.29 redrawn 
for the HIGH switch setting. (b) A simplified equiva- 
lent circuit for (a). 


NOTE: Assess your understanding of this Practical Perspective by trying Chapter 
Problems 10.66-10.68. 
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¢ Instantaneous power is the product of the instanta- + The power factor is the cosine of the phase angle 


neous terminal voltage and current, or p = xvi. The 
positive sign is used when the reference direction for 
the current is from the positive to the negative refer- 
ence polarity of the voltage. The frequency of the 
instantaneous power is twice the frequency of the volt- 
age (or current). (See page 362.) 


Average power is the average value of the instanta- 
neous power over one period. It is the power converted 
from electric to nonelectric form and vice versa. This 
conversion is the reason that average power is also 
referred to as real power. Average power, with the pas- 
sive sign convention, is expressed as 


1 
a a Vind cos(6, — 6;) 


= Voselore COS(A, — 9)). 


(See page 364.) 


Reactive power is the electric power exchanged 
between the magnetic field of an inductor and the 
source that drives it or between the electric field of a 
capacitor and the source that drives it. Reactive 
power is never converted to nonelectric power. 
Reactive power, with the passive sign convention, Is 
expressed as 


1 
Q = a Vndn sin(6, = 6;) 


= Vegelege Sin(6, — 9;). 


Both average power and reactive power can be 
expressed in terms of either peak (V,,,, ,,,) or effective 
(Vere, Zope) current and voltage. Effective values are 
widely used in both household and industrial applica- 
tions. Effective value and rms value are interchangeable 
terms for the same value. (See page 364.) 


between the voltage and the current: 
pf = cos(@,, — 6;). 


The terms /agging and leading added to the description 
of the power factor indicate whether the current is lag- 
ging or leading the voltage and thus whether the load is 
inductive or capacitive. (See page 365.) 


The reactive factor is the sine of the phase angle 
between the voltage and the current: 


rf = sin(6, — 0;). 
(See page 365.) 


Complex power is the complex sum of the real and reac- 
tive powers, or 


S=P+jQ 
1 +: * 
= 5 vi = Verelece 
y2 
ae — lelf 
LoeZ fas ; 


(See page 370.) 

Apparent power is the magnitude of the complex power: 
Is] = VP? + 0%. 

(See page 370.) 


The watt is used as the unit for both instantaneous and 
real power. The var (volt amp reactive, or VAR) is used 
as the unit for reactive power. The volt-amp (VA) is 
used as the unit for complex and apparent power. (See 
page 370.) 


Maximum power transfer occurs in circuits operating in 
the sinusoidal steady state when the load impedance is 
the conjugate of the Thévenin impedance as viewed from 
the terminals of the load impedance. (See page 378.) 


Problems | 


Sections 10.1-10.2 


10.1 


10.2 


10.3 


10.4 


10.5 


PSPICE 
MULTISIM 


The following sets of values for v and i pertain to 
the circuit seen in Fig. 10.1. For each set of values, 
calculate P and Q and state whether the circuit 
inside the box is absorbing or delivering (1) average 
power and (2) magnetizing vars. 
a) v = 100cos(wt + 50°) V, 

i = 10cos(wt + 15°) A. 
b) v = 40cos(wt — 15°) V, 
= 20 cos(wt + 60°) A. 
c) v = 400 cos(wt + 30°) V, 

i = 10sin(wt + 240°) A. 
d) v = 200sin(wt + 250°) V, 

i = Scos(wt + 40°) A. 


om. 


a) A university student is drying her hair with a hair 
dryer while sittmg under a sunlamp and watching 
a basketball game on a color tube-type television. 
At the same time, her roommate is vacuuming 
the rug in their air-conditioned bedroom. If all 
these appliances are supplied from a 120 V 
branch circuit protected by a 15 A circuit breaker, 
will the breaker interrupt the game? 

b) Will the student be able to watch television if 
she turns off the sunlamp and her roommate 
turns off the vacuum cleaner? 


Show that the maximum value of the instantaneous 
power given by Eq. 10.9 is P + VP? + Q? and that 
the minimum value is P — VP? + Q?. 

A load consisting of a 480 © resistor in parallel 
with a (5/9) wF capacitor is connected across the 


terminals of a sinusoidal voltage source v,, where 
v, = 240 cos 50007 V. 


a) What is the peak value of the instantaneous 
power delivered by the source? 


b) What is the peak value of the instantaneous 
power absorbed by the source? 


c) What is the average power delivered to the load? 

d) What is the reactive power delivered to the load? 

e) Does the load absorb or generate magnetiz- 
ing vars? 

f) What is the power factor of the load? 

g) What is the reactive factor of the load? 


Find the average power delivered by the ideal 
current source in the circuit in Fig. P10.5 if 
ig = 4 cos 5000t mA. 


10.6 


PSPICE 
MULTISIM 


10.7 


PSPICE 
MULTISIM 


10.8 


10.9 
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Figure P10.5 


500 0 1000 0 


i 160 nF 100 mH 


Find the average power dissipated in the 30 0 
resistor in the circuit seen in Fig. P10.6 if 
tg = 6 cos 20,0002 A. 


Figure P10.6 


30 és 


1.25 pF 


The op amp in the circuit shown in Fig. P10.7 is 
ideal. Calculate the average power delivered to the 
1 kQ resistor when v, = cos 1000r V. 


Figure P10.7 


1kQ 


a) Calculate the real and reactive power associated 
with each circuit element in the circuit in 
Fig. P9.59. 


b) Verify that the average power generated equals 
the average power absorbed. 

c) Verify that the magnetizing vars generated 
equal the magnetizing vars absorbed. 


Repeat Problem 10.8 for the circuit shown in 
Fig. P9.61. 


388 Sinusoidal Steady-State Power Calculations 


10.10 The load impedance in Fig. P10.10 absorbs 2500 W 
and generates 5000 magnetizing vars. The sinu- 
soidal voltage source develops 7500 W. 

a) Find the values of inductive line reactance that 
will satisfy these constraints. 

b) For each value of line reactance found in (a), 
show that the magnetizing vars developed 
equals the magnetizing vars absorbed. 


Figure P10.10 


jxQ | 


1 200 


Source ae ee Line Ree AEP Load 


Section 10.3 


10.11 a) A personal computer with a monitor and key- 
board requires 40 W at 115 V (rms). Calculate 
the rms value of the current carried by its 
power cord. 


b) A laser printer for the personal computer in 
(a) is rated at 90 W at 115 V (rms). If this printer 
is plugged into the same wall outlet as the com- 
puter, what is the rms value of the current drawn 
from the outlet? 


10.12 A dc voltage equal to Vy, V is applied to a resistor of 
RQ. A sinusoidal voltage equal to v, V is also 
applied to a resistor of R Q. Show that the dc volt- 
age will deliver the same amount of energy in T sec- 
onds (where T is the period of the sinusoidal 
voltage) as the sinusoidal voltage provided V4, 
equals the rms value of v,. (Hint: Equate the two 
expressions for the energy delivered to the resistor.) 


10.13. Find the rms value of the periodic current shown in 
Fig. P10.13. 


Figure P10.13 


i (A) 


20 


0 20 40) 60 80 100 


t (ms) 


10.14 The periodic current shown in Fig. P10.13 dissipates 
an average power of 1280 W in a resistor. What is 
the value of the resistor? 


10.15 a) Find the rms value of the periodic voltage shown 
in Fig. P10.15. 


b) If this voltage is applied to the terminals of a 
4) resistor, what is the average power dissi- 
pated in the resistor? 


Figure P10.15 
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10.16 The voltage V, in the frequency-domain circuit 
shown in Fig. P10.18 is 240 /0°V (rms). 
a) Find the average and reactive power for the 
voltage source. 


b 


— 


Is the voltage source absorbing or delivering 

average power? 

c) Is the voltage source absorbing or delivering 
magnetizing vars? 

d) Find the average and reactive powers associated 

with each impedance branch in the circuit. 

Check the balance between delivered and 

absorbed average power. 


— 


e 


f) Check the balance between delivered and 
absorbed magnetizing vars. 


Figure P10.16 
12.50 SQ 


j200 


10.17 Find the average power, the reactive power, and the 


PSPICE 


apparent power absorbed by the load in the circuit 


MUSIH in Fig. P10.17 if ig equals 40 cos S000t mA. 


10.18 


PSPICE 
MULTISIM 


10.19 


10.20 


10.21 


Figure P10.17 


20 nF 


Load 


a) Find the average power, the reactive power, and 
the apparent power supplied by the voltage 
source in the circuit in Fig. P1018 if 
V, = 40 cos 10% V. 


b) Check your answer in (a) by showing 
Puey = > Pras: 
c) Check your answer in (a) by showing 
Qaey = SD Qabs: 
Figure P10.18 
400 
80 wH 
Dy Ges 60.0 


Two 480 V (rms) loads are connected in parallel. The 
two loads draw a total average power of 40,800 W at 
a power factor of 0.8 lagging. One of the loads draws 
20 kVA at a power factor of 0.96 leading. What is the 
power factor of the other load? 


a) Find V, (rms) and @ for the circuit in Fig. P10.20 
if the load absorbs 2500 VA at a lagging power 
factor of 0.8. 

b) Construct a phasor diagram of each solution 
obtained in (a). 


Figure P10.20 
1Q 


j20 


+ 


250:6° V (rms) 


The two loads shown in Fig. P10.21 can be described 
as follows: Load 1 absorbs an average power of 
60 kW and delivers 70 kVAR magnetizing reactive 
power; load 2 has an impedance of 24 + j7. 


10.22 


10.23 
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The voltage at the terminals of the loads is 
25002 cos 120at V. 


a) Find the rms value of the source voltage. 
b) By how many microseconds is the load voltage 
out of phase with the source voltage? 


c) Does the load voltage lead or lag the source 
voltage? 


Figure P10.21 
0.050 j0.50 


0.052 j0.50 


The three loads in the circuit seen in Fig. P10.22 are 
described as follows: Load 1 is absorbing 7.5 kW 
and 2500 VAR; load 2 is absorbing 10 kVA at a 
0.28 pf lead; load 3 is a 12.5 resistor in parallel 
with an inductor that has a reactance of 501. 


a) Calculate the average power and the magnetiz- 
ing reactive power delivered by each source if 
Ver = Veo = 250/0° V (rms). 

b) Check your calculations by showing your results 
are consistent with the requirements 


> Pics am > Pans 


Y Qaev = > Qavs: 


Figure P10.22 


Suppose the circuit shown in Fig. P10.22 represents 
a residential distribution circuit in which the imped- 
ances of the service conductors are negligible and 
Ver = Veo = 12070° V (rms). The three loads in 
the circuit are L, (a coffee maker and a frying pan); 
L» (a room air conditioner, a hairdryer, and a tube- 
type television set); and L3 (a quick recovery water 
heater and a range with an oven). Assume that all 
these appliances are in operation at the same time. 
The service conductors are protected with 100 A 
circuit breakers. Will the service to this residence be 
interrupted? Explain. 
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10.25 
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The three loads in the circuit shown in Fig. P10.24 

are S; =5 + j1.25 kVA, S, = 6.25 + j2.5 kVA, 

and $3; = 8 + jO kVA. 

a) Calculate the complex power associated with 
each voltage source, V,; and V2: 


b) Verify that the total real and reactive power 
delivered by the sources equals the total real 
and reactive power absorbed by the network. 


Figure P10.24 
0.05 0 


The three parallel loads in the circuit shown in 
Fig. P10.25 can be described as follows: Load 1 is 
absorbing an average power of 7.5 kW and 9 kVAR 
of magnetizing vars; load 2 is absorbing an average 
power of 2.1 kW and generating 1.8 kVAR of mag- 
netizing reactive power; load 3 consists of a 48 0 
resistor in parallel with an inductive reactance of 
19.2 (. Find the rms magnitude and the phase angle 
of V, if V, = 480/0° V (rms). 


Figure P10.25 


The three loads in the circuit in Fig. P10.26 can be 
described as follows: Load 1 is a 240 2 resistor in 
series with an inductive reactance of 70 0; load 2 is 
a capacitive reactance of 120) in series with a 
160 2. resistor; and load 3 is a 30 (0 resistor in series 
with a capacitive reactance of 40 0. The frequency 
of the voltage source is 60 Hz. 


a) Give the power factor and reactive factor of 
each load. 


b) Give the power factor and reactive factor of the 
composite load seen by the voltage source. 


Figure P10.26 


OQ =o ta me 


v 


10.27 Three loads are connected in parallel across a 250 V 


10.28 


10.29 


(rms) line, as shown in Fig. P10.27. Load 1 absorbs 
16 kW and 18 kVAR. Load 2 absorbs 10 kVA at 0.6 pf 
lead. Load 3 absorbs 8 kW at unity power factor. 


a) Find the impedance that is equivalent to the 
three parallel loads. 


b) Find the power factor of the equivalent load as 
seen from the line’s input terminals. 


Figure P10.27 


The three loads in Problem 10.27 are fed from a line 
having a series impedance 0.01 + j0.08, as 
shown in Fig. P10.28. 


a) Calculate the rms value of the voltage (V,) at the 
sending end of the line. 


b) Calculate the average and reactive powers asso- 
ciated with the line impedance. 


c) Calculate the average and reactive powers at the 
sending end of the line. 


d) Calculate the efficiency (7) of the line if the effi- 
ciency is defined as 


y= (Proaa/ Pending end) x 100. 


Figure P10.28 
0.01 0 j0.08 0 


2a 
V (rms) 


a) Find the average power dissipated in the line in 
Fig. P10.29. 


b) Find the capacitive reactance that when con- 
nected in parallel with the load will make the 
load look purely resistive. 


c) What is the equivalent impedance of the load 
in (b)? 

d) Find the average power dissipated in the line 
when the capacitive reactance is connected 
across the load. 

e) Express the power loss in (d) as a percentage of 
the power loss found in (a). 


10.30 


10.32 


Figure P10.29 
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The steady-state voltage drop between the load and 
the sending end of the line seen in Fig. P10.30 is 
excessive. A capacitor is placed in parallel with the 
200 kVA load and is adjusted until the steady-state 
voltage at the sending end of the line has the same 
magnitude as the voltage at the load end, that is, 
6400 V (rms). The 200 kVA load is operating at a 
power factor of 0.6 lag. Calculate the size of the 
capacitor in microfarads if the circuit is operating at 
60 Hz. In selecting the capacitor, keep in mind the 
need to keep the power loss in the line at a reason- 
able level. 


Figure P10.30 
4Q 


j240 


6400,0° V (rms) 


Consider the circuit described in Problem 9.75. 


a) What is the rms magnitude of the voltage across 
the load impedance? 


b) What percentage of the average power devel- 
oped by the practical source is delivered to the 
load impedance? 


A factory has an electrical load of 1600 kW at a lag- 
ging power factor of 0.8. An additional variable 
power factor load is to be added to the factory. The 
new load will add 320 kW to the real power load of 
the factory. The power factor of the added load is to 
be adjusted so that the overall power factor of the 
factory is 0.96 lagging. 

a) Specify the reactive power associated with the 

added load. 


b) Does the added load absorb or deliver magnet- 
izing vars? 
c) What is the power factor of the additional load? 


d) Assume that the voltage at the input to the fac- 
tory is 2400 V (rms). What is the rms magnitude 


10.33 


10.34 


10.35 
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of the current into the factory before the vari- 
able power factor load is added? 


e) What is the rms magnitude of the current into 
the factory after the variable power factor load 
has been added? 


Assume the factory described in Problem 10.32 is fed 
from a line having an impedance of 0.05 + /j0.4 9. 
The voltage at the factory is maintained at 
2400 V (rms). 


a) Find the average power loss in the line before 
and after the load is added. 


b) Find the magnitude of the voltage at the sending 
end of the line before and after the load is added. 


A group of small appliances on a 60 Hz system 
requires 20 kVA at 0.85 pf lagging when operated at 
125 V (rms). The impedance of the feeder supplying 
the appliances is 0.01 + j0.08 Q. The voltage at the 
load end of the feeder is 125 V (rms). 


a) What is the rms magnitude of the voltage at the 
source end of the feeder? 


b) What is the average power loss in the feeder? 


c) What size capacitor (in microfarads) across the 
load end of the feeder is needed to improve the 
load power factor to unity? 


d) After the capacitor is installed, what is the rms 
magnitude of the voltage at the source end of 
the feeder if the load voltage is maintained at 
125 V (rms)? 

e) What is the average power loss in the feeder 
for (d)? 


a) Find the six branch currents I, — I; in the circuit 
in Fig. P10.35. 

b) Find the complex power in each branch of the 
circuit. 

c) Check your calculations by verifying that the 
average power developed equals the average 
power dissipated. 

d) Check your calculations by verifying that the 
magnetizing vars generated equal the magnetiz- 
ing vars absorbed. 


Figure P10.35 
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10.36 a) Find the average power delivered to the 80 
resistor in the circuit in Fig. P10.36. 


b) Find the average power developed by the ideal 
sinusoidal voltage source. 


c) Find Z,p. 
d) Show that the average power developed equals 
the average power dissipated. 


Figure P10.36 
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10.37 a) Find the average power dissipated in each resis- 
tor in the circuit in Fig. P10.37. 


b) Check your answer by showing that the total 
power developed equals the total power 
absorbed. 


Figure P10.37 
150, 


400 Turns 


—p oO 
e 


100 Turns =p 20) 


10.38 The sinusoidal voltage source in the circuit in 
Fig. P10.38 is developing an rms voltage of 2000 V. 
The 4 load in the circuit is absorbing four times 
as much average power as the 25 Q load. The two 
loads are matched to the sinusoidal source that has 
an internal impedance of 500/0° kQ., 


a) Specify the numerical values of a, and a. 
b) Calculate the power delivered to the 25 © load. 


c) Calculate the rms value of the voltage across the 
4 Q resistor. 


Figure P10.38 
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10.39 a) Find the average power delivered by the sinu- 
soidal current source in the circuit of Fig. P10.39. 


b) Find the average power delivered to the 20 0 
resistor. 


Figure P10.39 
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10.40 Prove that if only the magnitude of the load 
impedance can be varied, most average power is 
transferred to the load when |Z,| = |Zy,|. (Hint: In 
deriving the expression for the average load 
power, write the load impedance (Z,) in the form 
Z,, = |Z,|cos 9 + j|Z,|sin@, and note that only 
|Z,| is variable.) 


10.41 For the frequency-domain circuit in Fig. P10.41, 
calculate: 


a) the rms magnitude of V.,. 
b) the average power dissipated in the 9 © resistor. 


c) the percentage of the average power generated 
by the ideal voltage source that is delivered to 
the 9 © load resistor. 


Figure P10.41 
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180 /0° 
V (rms) 


10.42 The 9Q resistor in the circuit in Fig. P10.41 is 
replaced with a variable impedance Z,. Assume Z,, 
is adjusted for maximum average power transfer 
to Z,. 


a) What is the maximum average power that can 
be delivered to Z,,? 


b) What is the average power developed by the 
ideal voltage source when maximum average 
power is delivered to Z,,? 


c) Choose single components from Appendix H to 
form an impedance that dissipates average 
power closest to the value in part (a). Assume 
the source frequency is 60 Hz. 


10.43 


10.44 


10.45 


10.46 


Suppose an impedance equal to the conjugate of 
the Thévenin impedance is connected to the termi- 
nals c,d of the circuit shown in Fig. P9.78. 


a) Find the average power developed by the sinu- 
soidal voltage source. 


b) What percentage of the power developed by the 
source ts lost in the linear transformer? 


a) Determine the load impedance for the circuit 
shown in Fig. P10.44 that will result in maximum 
average power being transferred to the load if 
w = 5 krad/s. 


b) Determine the maximum average power 
delivered to the load from part (a) if v, = 
80 cos 5000r V. 


c) Repeat part (a) when Z,. consists of two com- 
ponents from Appendix H whose values yield a 
maximum average power closest to the value 
calculated in part (b). 


Figure P10.44 
5 wF 


8 mH 


The phasor voltage V,, in the circuit shown in 
Fig. P10.45 is 240 0° V (rms) when no external load 
is connected to the terminals a,b. When a load having 
an impedance of 90 — j30 Q is connected across a,b, 
the value of V,, is 115.2 — j86.4 V (rms). 


a) Find the impedance that should be connected 
across a,b for maximum average power transfer. 


b) Find the maximum average power transferred to 
the load of (a). 


c) Construct the impedance of part (a) using com- 
ponents from Appendix H if the source fre- 
quency is 60 Hz. 


Figure P10.45 
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The load impedance Z;, for the circuit shown in 
Fig. P10.46 is adjusted until maximum average 
power is delivered to Z,. 


a) Find the maximum average power delivered 
to Z\- 


10.47 
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b) What percentage of the total power developed 
in the circuit is delivered to Z,? 


Figure P10.46 


25Q jldQ 


The peak amplitude of the sinusoidal voltage 
source in the circuit shown in Fig. P10.47 is 180 V, 
and its frequency is 5000 rad/s. The load resistor 
can be varied from 0 to 4000 Q, and the load capac- 
itor can be varied from 0.1 uF to 0.5 uF. 

a) Calculate the average power delivered to the 
load when R, = 2000 Q and C, = 0.2 pF. 

b) Determine the settings of R, and C, that will 
result in the most average power being trans- 
ferred to R,. 

c) What is the most average power in (b)? Is it 
greater than the power in (a)? 

d) If there are no constraints on R, and C,, what is 
the maximum average power that can be deliv- 
ered to a load? 

e) What are the values of R,, and C, for the condi- 
tion of (d)? 

f) Is the average power calculated in (d) larger 
than that calculated in (c)? 


Figure P10.47 


6kO 


0.6 H 


a) Assume that R, in Fig. P10.47 can be varied 
between 0 and 10kQ. Repeat (b) and (c) of 
Problem 10.47. 

b) Is the new average power calculated in (a) 
greater than that found in Problem 10.47(a)? 


c) Is the new average power calculated in (a) less 
than that found in 10.47(d)? 


The variable resistor in the circuit shown in 
Fig. P10.49 is adjusted until the average power it 
absorbs is maximum. 

a) Find R. 


b) Find the maximum average power. 
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c) Find a resistor in Appendix H that would have 
the most average power delivered to it. 


Figure P10.49 
60 
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The variable resistor R, in the circuit shown in 
Fig. P10.50 is adjusted until maximum average 
power is delivered to R,. 

a) What is the value of R, in ohms? 

b) Calculate the average power delivered to R,,. 

c) If R, is replaced with a variable impedance Z,, 
what is the maximum average power that can be 
delivered to Z,? 

d) In (c), what percentage of the circuit’s devel- 
oped power is delivered to the load Z,,? 


Figure P10.50 


10.51 


The values of the parameters in the circuit shown 
in Fig. P1051 are L,;=8mH; L,=2mH; 
kK=0.75; R,=19; and R,=70. If 
Vy = 54V2 cos 1000¢ V, find 

a) the rms magnitude of w, 

b) the average power delivered to Ry 


c) the percentage of the average power generated 
by the ideal voltage source that is delivered to R,. 


Figure P10.51 
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10.53 


10.54 


10.55 


10.56 


Assume the coefficient of coupling in the circuit in 
Fig. P10.51 is adjustable. 


a) Find the value of k that makes wv, equal to zero. 


b) Find the power developed by the source when k 
has the value found in (a). 


Assume the load resistor (R,) in the circuit in 
Fig. P10.51 is adjustable. 


a) What value of R, will result in the maximum 
average power being transferred to R,,? 


b) What is the value of the maximum power 
transferred? 


The sending-end voltage in the circuit seen in 
Fig. P10.54 is adjusted so that the rms value of the 
load voltage is always 4000 V. The variable capaci- 
tor is adjusted until the average power dissipated in 
the line resistance is minimum. 


a) If the frequency of the sinusoidal source is 
60 Hz, what is the value of the capacitance in 
microfarads? 

b) If the capacitor is removed from the circuit, 
what percentage increase in the magnitude of V, 
is necessary to maintain 4000 V at the load? 


c) If the capacitor is removed from the circuit, 
what is the percentage increase in line loss? 


Figure P10.54 
1259, jloa 
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Find the impedance seen by the ideal voltage source 
in the circuit in Fig. P10.55 when Z, is adjusted for 
maximum average power transfer to Z,,. 


Figure P10.55 
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10 /0° 
V (rms) 


The impedance Z, in the circuit in Fig. P10.56 is 

adjusted for maximum average power transfer to 

Z,. The internal impedance of the sinusoidal volt- 

age source is 4 + j7 Q. 

a) What is the maximum average power delivered 
to LZ? 

b) What percentage of the average power delivered 
to the linear transformer is delivered to Z,,? 


Figure P10.56 
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10.57 a) Find the steady-state expression for the currents 


PSPICE 
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10.58 


i, and iy in the circuit in Fig. P10.57 when 
vy, = 200 cos 10,0001 V. 


b) Find the coefficient of coupling. 


c) Find the energy stored in the magnetically cou- 
pled coils at ¢ = SOa ps andt = 10077 ps. 


d) Find the power delivered to the 15 ( resistor. 


e) If the 15 resistor is replaced by a variable 
resistor R,, what value of R, will yield maxi- 
mum average power transfer to R,? 


f) What is the maximum average power in (e)? 
& 


— 


Assume the 15 © resistor is replaced by a vari- 
able impedance Z,. What value of Z, will result 
in maximum average power transfer to Z;? 


h) What is the maximum average power in (g)? 


Figure P10.57 
5:0) 


The sinusoidal voltage source in the circuit in 
Fig. P10.58 is operating at a frequency of 20 krad/s. 
The variable capacitive reactance in the circuit is 
adjusted until the average power delivered to the 
100 © resistor is as large as possible. 


a) Find the value of C in microfarads. 
b) When C has the value found in (a), what is the 
average power delivered to the 100 2 resistor? 


c) Replace the 100 © resistor with a variable resis- 
tor R,,. Specify the value of R, so that maximum 
average power is delivered to R,,. 


d) What is the maximum average power that can 
be delivered to R,,? 


Figure P10.58 


100 
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10.59 a) Find the turns ratio N,/N, for the ideal trans- 


10.60 


10.61 


former in the circuit in Fig. P10.59 so that 
maximum average power is delivered to the 
400 2 load. 


b) Find the average power delivered to the 
400 © load. 


c) Find the voltage V,. 


d) What percentage of the power developed by the 
ideal current source is delivered to the 4000 
resistor? 


Figure P10.59 
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The load impedance Z, in the circuit in Fig. P10.60 
is adjusted until maximum average power is trans- 
ferred to Z,. 


a) Specify the value of Z, if N, = 3600 turns and 
N, = 600 turns. 


b) Specify the values of I, and V, when Z, is 
absorbing maximum average power. 


Figure P10.60 
j400 0 


500 


24/0° 
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a) If N, equals 1000 turns, how many turns should 
be placed on the N, winding of the ideal trans- 
former in the circuit seen in Fig. P10.61 so that 
maximum average power is delivered to the 
6800 Q load? 


b) Find the average power delivered to the 6800 
resistor. 


c) What percentage of the average power deliv- 
ered by the ideal voltage source is dissipated in 
the linear transformer? 


396 Sinusoidal Steady-State Power Calculations 


Figure P10.61 
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10.62 The variable load resistor R, in the circuit shown in 
Fig. P10.62 is adjusted for maximum average power 
wimsi#’ transfer to R,. 


a) Find the maximum average power. 


PSPICE 


b) What percentage of the average power developed 
by the ideal voltage source is delivered to Ry 
when &, is absorbing maximum average power? 

c) Test your solution by showing that the power 


developed by the ideal voltage source equals the 
power dissipated in the circuit. 


Figure P10.62 
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10.63 Repeat Problem 10.62 for the circuit shown in 
Fig. P10.63. 


PSPICE 
MULTISIM 


Figure P10.63 


120, 


10.64 Find the average power delivered to the 10 © resis- 
tor in the circuit of Fig. P10.64. 


Figure P10.64 
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10.65 The ideal transformer connected to the 10 9 load 
in Problem 10.64 is replaced with an ideal trans- 
former that has a turns ratio of az1. 


a) What value of a results in maximum average 
power being delivered to the 10 © resistor? 


b) What is the maximum average power? 


Sections 10.1-10.6 


10.66 The hair dryer in the Practical Perspective uses a 
practical G() Hz sinusoidal voltage of 120 V (rms). The heater 
element must dissipate 250 W at the Low setting, 
500 W at the MEDIUM setting, and 1000 W at the 


HIGH setting. 


a) Find the value for resistor R2 using the specifica- 
tion for the MEDIUM setting, using Fig. 10.31. 


b) Find the value for resistor R; using the specifica- 
tion for the LOw setting, using the results from 
part (a) and Fig. 10.30. 


c) Is the specification for the HIGH setting satisfied? 


10.67 As seen in Problem 10.66, only two independent 
practical pOWwer specifications can be made when two resis- 


PERSPECTIVE : . 
pspice tors make up the heating element of the hair dryer. 


mus a) Show that the expression for the HIGH power 


rating (Py) is 


2 
M 


Py ==, 
4 Py - Py 


where Py = the MEDIUM power rating and 
P, = the LOw power rating. 


b) If P, = 250 W and Py = 750 W, what must the 
HIGH power rating be? 


10.68 Specify the values of R, and R; in the hair dryer cir- 
peacricat cuit in Fig. 10.29 if the low power rating is 240 W 
espe and the high power rating is 1000 W. Assume the 


MULTISIM supply voltage is 120 V (rms). (Hint: Work 
Problem 10.67 first.) 


10.69 Ifa third resistor is added to the hair dryer circuit in 
rae : ; ie : 

practical Fig. 10.29, it is possible to design to three independ 
psce ent power specifications. If the resistor R3 is added 
MULTISIM in series with the Thermal fuse, then the correspon- 
ding LOW, MEDIUM, and HIGH power circuit dia- 


grams are as shown in Fig. P10.69. If the three 


power settings are 600 W, 900 W, and 1200 W, 
respectively, when connected to a 120 V (rms) sup- 
ply, what resistor values should be used? 


Figure P10.69 
R3 R3 R; 
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10.70 You have been given the job of redesigning the hair 
gpracncat_ dryer described in Problem 10.66 for use in 
oesicn England. The standard supply voltage in England is 
eee. 220 V (rms). What resistor values will you use in 


muutisia ~yOur design to meet the same power specifications? 


10.71 Repeat Problem 10.68 using single resistor values 
from Appendix H. Calculate the resulting low, 
medium, and high power ratings. 


10.72 Repeat Problem 10.70 using single resistor values 
from Appendix H. Calculate the resulting low, 
medium, and high power ratings. 
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Balanced 
Three-Phase Circuits 


CHAPTER CONTENTS Generating, transmitting, distributing, and using large blocks 
of electric power is accomplished with three-phase circuits. The 


11.1 Balanced Three-Phase Voltages p. 400 


11.2 Three-Phase Voltage Sources p. 401 comprehensive analysis of such systems is a field of study in its 


11.3 Analysis of the Wye-Wye Circuit p. 402 | own right; we cannot hope to cover it in a single chapter. 
11.4 Analysis of the Wye-Delta Circuit p. 407 Fortunately, an understanding of only the steady-state sinusoidal 
11.5 Power Calculations in Balanced Three-Phase behavior of balanced three-phase circuits is sufficient for engi- 


Circuits p. 410 


11.6 Measuring Average Power in Three-Phase ee 2 ; ; : 
Circuits p. 415 mean by a balanced circuit later in the discussion. The same cir- 


neers who do not specialize in power systems. We define what we 


cuit analysis techniques discussed in earlier chapters can be 


J CHAPTER OBJECTIVES applied to either unbalanced or balanced three-phase circuits. 


Here we use these familiar techniques to develop several short- 
1 Know how to analyze a balanced, three-phase ; ha anes 
wye-wye connected circuit. cuts to the analysis of balanced three-phase circuits. 
2 Know how to analyze a balanced, three-phase For economic reasons, three-phase systems are usually 


my cuEp eau yere: feat: designed to operate in the balanced state. Thus, in this introduc- 


3 Be able to calculate power (average, reactive, 


and complex) in any three-phase circutt. tory treatment, we can justify considering only balanced circuits. 


The analysis of unbalanced three-phase circuits, which you will 
encounter if you study electric power in later courses, relies heav- 
ily on an understanding of balanced circuits. 

The basic structure of a three-phase system consists of volt- 
age sources connected to loads by means of transformers and 
transmission lines. To analyze such a circuit, we can reduce it to a 
voltage source connected to a load via a line. The omission of the 
transformer simplifies the discussion without jeopardizing a basic 
understanding of the calculations involved. Figure 11.1 on 
page 400 shows a basic circuit. A defining characteristic of a bal- 
anced three-phase circuit is that it contains a set of balanced 

_ three-phase voltages at its source. We begin by considering these 
_ voltages, and then we move to the voltage and current relation- 
ships for the Y-Y and Y-A circuits. After considering voltage and 
current in such circuits, we conclude with sections on power and 
| power measurement. 


| 
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Practical Perspective 

Transmission and Distribution of Electric Power 

In this chapter we introduce circuits that are designed to 
handle large blocks of electric power. These are the circuits 
that are used to transport electric power from the generating 
plants to both industrial and residential customers. We intro- 
duced the typical residential customer circuit as used in the 
United States as the design perspective in Chapter 9. Now we 
introduce the type of circuit used to deliver electric power to 
an entire residential subdivision. 

One of the constraints imposed on the design and oper- 
ation of an electric utility is the requirement that the utility 
maintain the rms voltage level at the customer's premises. 
Whether lightly loaded, as at 3:00 am, or heavily loaded, as 
at midafternoon on a hot, humid day, the utility is obligated 
to supply the same rms voltage. Recall from Chapter 10 that 
a Capacitor can be thought of as a source of magnetizing 
vars. Therefore, one technique for maintaining voltage levels 
on a utility system is to place capacitors at strategic loca- 
tions in the distribution network. The idea behind this tech- 
nique is to use the capacitors to supply magnetizing vars 


7 


We = 
hy 


close to the loads requiring them, as opposed to sending 
them over the lines from the generator. We shall illustrate 
this concept after we have introduced the analysis of bal- 
anced three-phase circuits. 
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Three-phase 


voltage 
source 


Figure 11.1 A A basic three-phase circuit. 


Vv. 
Va 
Vo 
Vi 
Vi, 
Ve 


Figure 11.2 & Phasor diagrams of a balanced set of 
three-phase voltages. (a) The abc (positive) sequence. 
(b) The acb (negative) sequence. 


11.1 Balanced Three-Phase Voltages 


A set of balanced three-phase voltages consists of three sinusoidal volt- 
ages that have identical amplitudes and frequencies but are out of phase 
with each other by exactly 120°. Standard practice is to refer to the three 
phases as a, b, and c, and to use the a-phase as the reference phase. The 
three voltages are referred to as the a-phase voltage, the b-phase voltage, 
and the c-phase voltage. 

Only two possible phase relationships can exist between the a-phase 
voltage and the b- and c-phase voltages. One possibility is for the b-phase 
voltage to lag the a-phase voltage by 120°, in which case the c-phase volt- 
age must lead the a-phase voltage by 120°. This phase relationship is 
known as the abe (or positive) phase sequence. The only other possibility 
is for the b-phase voltage to lead the a-phase voltage by 120°, in which 
case the c-phase voltage must lag the a-phase voltage by 120°. This phase 
relationship is known as the acb (or negative) phase sequence. In phasor 
notation, the two possible sets of balanced phase voltages are 


Vi = Vin ZO": 

Vp = Vin £7120", 

Ve V pf 120% (11.1) 
and 

Va = Vin Z0°” 

Vp = Vin Z +120", 

Vo = Vin 7-120". (11.2) 


Equations 11.1 are for the abc, or positive, sequence. Equations 11.2 
are for the acb, or negative, sequence. Figure 11.2 shows the phasor dia- 
grams of the voltage sets in Eqs. 11.1 and 11.2. The phase sequence is 
the clockwise order of the subscripts around the diagram from V,. The 
fact that a three-phase circuit can have one of two phase sequences 
must be taken into account whenever two such circuits operate in par- 
allel. The circuits can operate in parallel only if they have the same 
phase sequence. 

Another important characteristic of a set of balanced three-phase 
voltages is that the sum of the voltages is zero. Thus, from either Eqs. 11.1 
or Eggs. 11.2, 


V,.+ V,+V,=0. (11.3) 

Because the sum of the phasor voltages is zero, the sum of the instanta- 
neous voltages also is zero; that is, 

Va, + Vp + VU = 0. (11.4) 

Now that we know the nature of a balanced set of three-phase volt- 


ages, we can state the first of the analytical shortcuts alluded to in the 
introduction to this chapter: If we know the phase sequence and 


one voltage in the set, we know the entire set. Thus for a balanced three- 
phase system, we can focus on determining the voltage (or current) in one 
phase, because once we know one phase quantity, we know the others. 


NOTE: Assess your understanding of three-phase voltages by trying 
Chapter Problems 11.2 and 11.3. 


11.2 Three-Phase Voltage Sources 


A three-phase voltage source is a generator with three separate wind- 
ings distributed around the periphery of the stator. Each winding com- 
prises one phase of the generator. The rotor of the generator is an 
electromagnet driven at synchronous speed by a prime mover, such as a 
steam or gas turbine. Rotation of the electromagnet induces a sinusoidal 
voltage in each winding. The phase windings are designed so that the 
sinusoidal voltages induced in them are equal in amplitude and out of 
phase with each other by 120°. The phase windings are stationary with 
respect to the rotating electromagnet, so the frequency of the voltage 
induced in each winding is the same. Figure 11.3 shows a sketch of a two- 
pole three-phase source. 

There are two ways of interconnecting the separate phase windings to 
form a three-phase source: in either a wye (Y) or a delta (A) configura- 
tion. Figure 11.4 shows both, with ideal voltage sources used to model the 
phase windings of the three-phase generator. The common terminal in the 
Y-connected source, labeled n in Fig. 11.4(a), is called the neutral terminal 
of the source. The neutral terminal may or may not be available for exter- 
nal connections. 

Sometimes, the impedance of each phase winding is so small (com- 
pared with other impedances in the circuit) that we need not account for it 
in modeling the generator; the model consists solely of ideal voltage 
sources, as in Fig. 11.4. However, if the impedance of each phase winding is 
not negligible, we place the winding impedance in series with an ideal 
sinusoidal voltage source. All windings on the machine are of the same 
construction, so we assume the winding impedances to be identical. The 
winding impedance of a three-phase generator is inductive. Figure 11.5 
shows a model of such a machine, in which is the winding resistance, and 
X , is the inductive reactance of the winding. 

Because three-phase sources and loads can be either Y-connected 
or A-connected, the basic circuit in Fig. 11.1 represents four different 
configurations: 


Source Load 
Y ¥ 
¥ A 
A ¥ 
A A 


We begin by analyzing the Y-Y circuit. The remaining three arrangements 
can be reduced to a Y-Y equivalent circuit, so analysis of the Y-Y circuit is 
the key to solving all balanced three-phase arrangements. We then illus- 
trate the reduction of the Y-A arrangement and leave the analysis of the 
A-Y and A-A arrangements to you in the Problems. 
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Figure 11.3 A A sketch of a three-phase voltage source. 


(b) 


Figure 11.4 A The two basic connections of an ideal 
three-phase source. (a) A Y-connected source. 
(b) A A-connected source. 


402 


Balanced Three-Phase Circuits 


(a) (b) 


Figure 11.5 A A model of a three-phase source with winding impedance: (a) a Y-connected source; and 


(b) a A-connected source. 


11.3 Analysis of the Wye-Wye Circuit 


Figure 11.6 illustrates a general Y-Y circuit, in which we included a fourth 
conductor that connects the source neutral to the load neutral. A fourth 
conductor is possible only in the Y-Y arrangement. (More about this 
later.) For convenience, we transformed the Y connections into “tipped- 
over tees.” In Fig. 11.6, Zgq, Zgh, and Z,, represent the internal impedance 
associated with each phase winding of the voltage generator; Z,,, Z,p, and 
Z\, represent the impedance of the lines connecting a phase of the source 
to a phase of the load; Zp is the impedance of the neutral conductor con- 
necting the source neutral to the load neutral; and Za, Zp, and Zc repre- 
sent the impedance of each phase of the load. 

We can describe this circuit with a single node-voltage equation. 
Using the source neutral as the reference node and letting Vx denote the 
node voltage between the nodes N and n, we find that the node-voltage 
equation is 


Vu Vn = Va n Vn a Vo ‘n Vn . Ven 


$f + = 0). 
Zo Za + Lis + Loa ZB + Ziv + Z ob Zc + Lic + Le 


(11.5) 


Figure 11.6 A A three-phase Y-Y system. 
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This is the general equation for any circuit of the Y-Y configuration 
depicted in Fig. 11.6. But we can simplify Eq. 11.5 significantly if we now 
consider the formal definition of a balanced three-phase circuit. Such a 
circuit satisfies the following criteria: 


1. The voltage sources form a set of balanced three-phase voltages. 
In Fig. 11.6, this means that V,,, Vp,, and Ve, are a set of bal- 
anced three-phase voltages. 
2. The impedance of each phase of the voltage source is the same. In 
Fig. 11.6, this means that Z,, = Zgp = Zye- <4 Conditions for a balanced three-phase 
3. The impedance of each line (or phase) conductor is the same. In circuit 
Fig. 11.6, this means that Z1, = Zip = Z ie. 
4. The impedance of each phase of the load is the same. In Fig. 11.6, 
this means that Z, = Zp = Zc. 


There is no restriction on the impedance of a neutral conductor; its 
value has no effect on whether the system is balanced. 
If the circuit in Fig. 11.6 is balanced, we may rewrite Eq. 11.5 as 


1 3 Van uz Vo'n ae Ven 
V (4 + 2) = 5 (11.6) 
BN Zig! Le Zs 


where 
Ze = Zat Zit La = ZR + Zip + Z ob =LZoe+ Lye + Z ge- 


The right-hand side of Eq. 11.6 is zero, because by hypothesis the numera- 
tor is a set of balanced three-phase voltages and Z, is not zero. The only 
value of Vy that satisfies Eq. 11.6 is zero. Therefore, for a balanced three- 
phase circuit, 


Vn = 0. (11.7) 


Equation 11.7 is extremely important. If Vy is zero, there is no differ- 
ence in potential between the source neutral, n, and the load neutral, N; 
consequently, the current in the neutral conductor is zero. Hence we may 
either remove the neutral conductor from a balanced Y-Y configuration 
(I) = 0) or replace it with a perfect short circuit between the nodes n and 
N (Vy = 0). Both equivalents are convenient to use when modeling bal- 
anced three-phase circuits. 

We now turn to the effect that balanced conditions have on the three 
line currents, With reference to Fig. 11.6, when the system is balanced, the 
three line currents are 


Van = Vn Van 

L, = =" __ = —— 11.8 

a Za ny rae + ZL wa Zo ( ) 
V " 4 V V , 

Mo 74 Zmt Ze Ze" (11.8) 
B tb pb b 

Ven — Vn = Ven (11.10) 


Le SS Se ; 
i Zc 2 Lic ae ZL ec Lo 


We see that the three line currents form a balanced set of three-phase cur- 
rents; that is, the current in each line is equal in amplitude and frequency 
and is 120° out of phase with the other two line currents. Thus, if we calcu- 
late the current I, and we know the phase sequence, we have a shortcut 
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Figure 11.7 A A single-phase equivalent circuit. 


Figure 11.8 A Line-to-line and line-to-neutral voltages. 


for finding I,p and Ic. This procedure parallels the shortcut used to find 
the b- and c-phase source voltages from the a-phase source voltage. 

We can use Eq. 11.8 to construct an equivalent circuit for the a-phase 
of the balanced Y-Y circuit. From this equation, the current in the a-phase 
conductor line is simply the voltage generated in the a-phase winding of 
the generator divided by the total impedance in the a-phase of the circuit. 
Thus Eq. 11.8 describes the simple circuit shown in Fig. 11.7, in which the 
neutral conductor has been replaced by a perfect short circuit. The circuit 
in Fig. 11.7 is referred to as the single-phase equivalent circuit of a bal- 
anced three-phase circuit. Because of the established relationships 
between phases, once we solve this circuit, we can easily write down the 
voltages and currents in the other two phases. Thus, drawing a single- 
phase equivalent circuit is an important first step in analyzing a three- 
phase circuit. 

A word of caution here. The current in the neutral conductor in 
Fig. 11.7 is I,4, which is not the same as the current in the neutral conduc- 
tor of the balanced three-phase circuit, which is 


I, =a + Ipp t+ lec. (11.11) 


Thus the circuit shown in Fig. 11.7 gives the correct value of the line cur- 
rent but only the a-phase component of the neutral current. Whenever 
this single-phase equivalent circuit is applicable, the line currents form 
a balanced three-phase set, and the right-hand side of Eq. 11.11 sums 
to zero. 

Once we know the line current in Fig. 11.7, calculating any voltages of 
interest is relatively simple. Of particular interest is the relationship 
between the line-to-line voltages and the line-to-neutral voltages. We 
establish this relationship at the load terminals, but our observations also 
apply at the source terminals. The line-to-line voltages at the load termi- 
nals can be seen in Fig. 11.8. They are Vag, Vgc, and Vca, where the dou- 
ble subscript notation indicates a voltage drop from the first-named node 
to the second. (Because we are interested in the balanced state, we have 
omitted the neutral conductor from Fig. 11.8.) 

The line-to-neutral voltages are Van, Vpn, and Von. We can now 
describe the line-to-line voltages in terms of the line-to-neutral voltages, 
using Kirchhoff’s voltage law: 


Vas = Van — Vpn; (11.12) 
Vec = Vpn = Von; (11.13) 
Vea = Ven — Van: (11.14) 


To show the relationship between the line-to-line voltages and the 
line-to-neutral voltages, we assume a positive, or abc, sequence. Using the 
line-to-neutral voltage of the a-phase as the reference, 


Van = Vg £0"” (11.15) 
Van = Vo / —120°, (11.16) 


Von = Vo Z+120°” (11.17) 


where Vy represents the magnitude of the line-to-neutral voltage. 
Substituting Eqs. 11.15-11.17 into Eqs. 11.12-11.14, respectively, yields 


VaR — Vg LO" i Vo / —120° = V3V 4 730% (11.18) 
Vac = Vg Z7120° — Vag /120° = V3V4 /—90°, (11.19) 


Vea = Vg /120° — Vy /0° = V3Vq 7150". (11.20) 


Equations 11.18—11.20 reveal that 


1. The magnitude of the line-to-line voltage is V3 times the magni- 
tude of the line-to-neutral voltage. 


2. The line-to-line voltages form a balanced three-phase set of voltages. 


3. The set of line-to-line voltages leads the set of line-to-neutral volt- 
ages by 30°. 


We leave to you the demonstration that for a negative sequence, the only 
change is that the set of line-to-line voltages lags the set of line-to-neutral 
voltages by 30°. The phasor diagrams shown in Fig. 11.9 summarize these 
observations. Here, again, is a shortcut in the analysis of a balanced sys- 
tem: If you know the line-to-neutral voltage at some point in the circuit, 
you can easily determine the line-to-line voltage at the same point and 
vice versa. 

We now pause to elaborate on terminology. Line voltage refers to the 
voltage across any pair of lines; phase voltage refers to the voltage across 
a single phase. Line current refers to the current in a single line; phase 
current refers to current in a single phase. Observe that in a A connec- 
tion, line voltage and phase voltage are identical, and in a Y connection, 
line current and phase current are identical. 

Because three-phase systems are designed to handle large blocks of 
electric power, all voltage and current specifications are given as rms val- 
ues. When voltage ratings are given, they refer specifically to the rating of 
the line voltage. Thus when a three-phase transmission line is rated at 
345 kV, the nominal value of the rms line-to-line voltage is 345,000 V. In 
this chapter we express all voltages and currents as rms values. 

Finally, the Greek letter phi (@) is widely used in the literature to 
denote a per-phase quantity. Thus Vy, I, Z4, Pg, and Qy are interpreted 
as voltage/phase, current/phase, impedance/phase, power/phase, and 
reactive power/phase, respectively. 

Example 11.1 shows how to use the observations made So far to solve 
a balanced three-phase Y-Y circuit. 
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Vea 


Vea Ven Vig 


Figure 11.9 A Phasor diagrams showing the relation- 
ship between line-to-line and line-to-neutral voltages in 
a balanced system. (a) The abc sequence. (b) The acb 
sequence. 


A balanced three-phase Y-connected generator a) Construct the a-phase equivalent circuit of 
with positive sequence has an impedance of the system. 


0.2 + j0.5 0O/¢ and an internal voltage of 120 V/¢. 
The generator feeds a balanced three-phase 


b) Calculate the three line currents I,4, Ing, and Ic. 


Y-connected load having an impedance of c) Calculate the three phase voltages at the load, 
39 + j28 0./d. The impedance of the line connect- Van, Vpn, and Ven. 


ing the generator to the load is 0.8 + /1.5 0./¢. The 


a-phase internal voltage of the generator is speci- d) Calculate the line voltages Vag, Vac, and Vea at 
fied as the reference phasor. the terminals of the load. 


406 Balanced Three-Phase Circuits 


e) Calculate the phase voltages at the terminals of 
the generator, V,,,. Vin, and Vey. 


f) Calculate the line voltages V,y. Vac, and V,q at 
the terminals of the generator. 


g) Repeat (a)-(f) for a negative phase sequence. 


Solution 


a) Figure 11.10 shows the single-phase equivalent 
circuit. 


b) The a-phase line current is 
120 /0° 
ha = (02 +08 + 39) + (05 +15 428) 
120 70° 
40 + j30 


= 2.4 /-36.87° A. 


v7 0.20 (0502 4, o8Q fl5SQX “a 


Figure 11.10 A The single-phase equivalent circuit for 
Example 11.1. 


For a positive phase sequence, 
Ing = 2.4 7-156.87" A, 
Toc = 2.4 783.13" A. 
c) The phase voltage at the A terminal of the load is 
Van = (39 + j28)(2.4 /-36.87° ) 
= 115.22 /-1.19° V. 
For a positive phase sequence, 
Ven = 115.22 /-121.19° V, 
Von = 115.22 7118.81" V. 


d) For a positive phase sequence, the line voltages 
lead the phase voltages by 30°; thus 


Van = (V3 730° )Van 
199.58 /28.81° V~, 
= 199.58 J -91.19" V, 


x 
a) 
| 


= 199.58 /148.81° V. 


Vea = 


e) The phase voltage at the a terminal of the source is 
Van = 120 — (0.2 + j0.5)(2.4 7-36.87" ) 
= 120 — 1.29 /31.33° 
= 118.90 — j0.67 
= 118.90 /—0.32° V. 
For a positive phase sequence, 
Von = 118.90 7-120.32° V, 
Ven = 118.90 /119.68° V. 
f) The line voltages at the source terminals are 
Van = (V3 £30" )Van 
= 205.94 /29.68° V, 
Voc = 205.94 /—90.32° V, 
Vea = 205.94 /149.68° V. 


g) Changing the phase sequence has no effect on 
the single-phase equivalent circuit. The three line 
currents are 


La = 2.4 /-36.87° A, 
Ing = 2.4 /83.13° A, 
lec = 2.4 /— 156.87" A. 


The phase voltages at the load are 


Van = 115.22 /-1.19° V, 
Van = 115.22 /118.81° V, 


Von = 115.22 /-121.19" V. 
For a negative phase sequence, the line voltages 
lag the phase voltages by 30°: 


VaB = (V3 /-30° )Van 

= 199.58 7-31.19" V, 
Vac = 199.58 788.81" V, 
Vea = 199.58 /-151.19" V. 


The phase voltages at the terminals of the gener- 
ator are 


Van = 118.90 /-0.32° V, 
Von = 118.90 /119.68° V, 
Ven = 118.90 /-120.32° V. 


The line voltages at the terminals of the genera- 
tor are 


Vab = (V3, —30° Vag 
= 205.94 L= 3032" Vv, 
Vic = 205.94 /89.68° V, 


Vea = 205.94 /-150.32° V. 
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J ASSESSMENT PROBLEMS 


Objective 1—Know how to analyze a balanced, three-phase wye-wye circuit 


11.1 The voltage from A to N in a balanced three- sequence of acb and an internal impedance of 
phase circuit is 240 /—30° V. If the phase 0.02 + j0.16 O/d. Use the a-phase voltage at 
sequence is positive, what is the value of Vgc? the load as the reference and calculate (a) the 


line currents I, Iu, and Ic; (b) the line volt- 


Answer: 415.69 /-120" V. ages at the source, Vap, Vie, and V,.; and (c) the 


11.2 The c-phase voltage of a balanced three-phase internal phase-to-neutral voltages at the source, 
Y-connected system is 450 /—25° V. If the Vain Von and Vern. 
phase sequence is negative, what is the value : 
of Van? Answer: (a) I,4 = 120 7-36.87" A, 


Inp = 120 / 83.13° A, and 


Answer: 779.42 /65° V. 


11.3 The phase voltage at the terminals of a bal- 
anced three-phase Y-connected load is 2400 V. 
The load has an impedance of 16 + j12 0./¢ 
and is fed from a line having an impedance of 
0.10 + j0.80 0/d. The Y-connected source at 
the sending end of the line has a phase 


NOTE: Also try Chapter Problems 11.7, 11.9, and 11.11. 


11.4 Analysis of the Wye-Delta Circuit 


If the load in a three-phase circuit is connected in a delta, it can be trans- 
formed into a wye by using the delta-to-wye transformation discussed in 
Section 9.6. When the load is balanced, the impedance of each leg of the 
wye is one third the impedance of each leg of the delta, or 


(11.21) 


which follows directly from Eqs. 9.51-9.53. After the A load has been 
replaced by its Y equivalent, the a-phase can be modeled by the single- 
phase equivalent circuit shown in Fig. 11.11. 

We use this circuit to calculate the line currents, and we then use the 
line currents to find the currents in each leg of the original A load. The 
relationship between the line currents and the currents in each leg of the 
delta can be derived using the circuit shown in Fig. 11.12. 

When a load (or source) is connected in a delta, the current in each leg 
of the delta is the phase current, and the voltage across each leg is the 
phase voltage. Figure 11.12 shows that, in the A configuration, the phase 
voltage is identical to the line voltage. 

To demonstrate the relationship between the phase currents and line 
currents, we assume a positive phase sequence and let /, represent the 
magnitude of the phase current. Then 


Tap = Ts JO; (11.22) 
Ipc = Le / —120°” (11.23) 


Ica aa I 6 VA 120°. (11.24) 


Ic = 120 7—156.87° A; 


(b) Va, = 4275.02 /—28.38° V, 


Vic = 4275.02 /91.62° V, and 
Vea = 4275.02 /—148.38° V; 


(c) Vain = 2482.05 /1.93° V, 


Vern = 2482.05 /121,93° V, and 
Vern = 2482.05 /—118.07° V. 


Relationship between three-phase 
delta-connected and wye-connected 
<4 impedance 


Vai 


Figure 11.12 A A circuit used to establish the 
relationship between line currents and phase currents in 
a balanced A load. 
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In writing these equations, we arbitrarily selected Iyp as the reference 
phasor. 

We can write the line currents in terms of the phase currents by direct 
application of Kirchhoff’s current law: 


Tia = Tap — Ica 
ig J 0° = 1g f100° 
V314 /—30°, (11.25) 


Il 


Inp = Inc — Isp 

= 16 Z-120" — Ig 70" 

= V3I, /—150’, (11.26) 
Joc = Ica — Ic 


al Is / 120° = Fe 120: 


i Re 


(b) _ V314 / 90°, (11.27) 
Figure 11.13 A Phasor diagrams showing the Comparing Eggs. 11.25—11.27 with Eqs. 11.22-11.24 reveals that the magni- 


relationship between line currents and phase currents in _ tude of the line currents is V3 times the magnitude of the phase currents 

a A-connected load. (a) The positive sequence. (b) The and that the set of line currents lags the set of phase currents by 30”. 

negative sequence. We leave to you to verify that, for a negative phase sequence, the line 
currents are V3 times larger than the phase currents and lead the phase 
currents by 30°. Thus, we have a shortcut for calculating line currents from 
phase currents (or vice versa) for a balanced three-phase A-connected 
load. Figure 11.13 summarizes this shortcut graphically. Example 11.2 
illustrates the calculations involved in analyzing a balanced three-phase 
circuit having a Y-connected source and a A-connected load. 


Analyzing a Wye-Delta Circuit 


The Y-connected source in Example 11.1 feeds a a 0.20 jOSQX 4 030 j090 A 
A-connected load through a distribution line hav- 
ing an impedance of 0.3 + j0.90/¢. The load 


é : 3 39.5.0 
impedance is 118.5 + 85.8 0/¢. Use the a-phase 

internal voltage of the generator as the reference. 120/0° V 

a) Construct a single-phase equivalent circuit of the 728.6 0 


three-phase system. 


b) Calculate the line currents I, ,I,g, and Ic. 


n N 


c) Calculate the phase voltages at the load terminals. 


d) Calculate the phase currents of the load. Figure 11.14 A The single-phase equivalent circuit for 


: : Example 11.2. 
e) Calculate the line voltages at the source terminals. 
Solution b) The a-phase line current is 
a) Figure 11.14 shows the single-phase equivalent Pe 120 70" 
circuit. The load impedance of the Y equivalent is on (0.2 + 0.3 + 39.5) + j(0.5 + 0.9 + 28.6) 
118.5 + j85.8 120 /0° 
—.—— = 39.5 + f28.6 ; = ——_——_ = 2.4 /—36.87° A. 
3 ee 40+ 730 7 28087 
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Hence Once we know I,3, we also know the other load 


Ing = 2.4 7—156.87° A, phase currents: 
Inc = 1.39 /-126.87° A, 
Tec = 2.4 783.13" A. 


Toa = 1.39 / 113.13° A. 
c) Because the load is A connected, the phase volt- Note that we can check the calculation of I, by 
ages are the same as the line voltages. To calcu- 


using the previously calculated Va, and the 
late the line voltages, we first calculate Van: 


impedance of the A-connected load; that is, 
Van = (39.5 + j28.6)(2.4 7-36.87" ) Vag: 202.72. 729.04° 
117.04 /—0.96° V. 


Lie = 
AB Zs 118.5 + j85.8 


= 1.39 /-6.87° A. 
Because the phase sequence is positive, the line 
voltage Vaz is e) To calculate the line voltage at the terminals of 


; the source, we first calculate V,,. Figure 11.14 
Vas = (V3 730°) Van shows that V,,, is the voltage drop across the line 
= 202.72 /29.04° V. 


I 


impedance plus the load impedance, so 
Van = (39.8 + j29.5)(2.4 7-36.87" ) 
= 118.90 / -0.32° V. 


The line voltage V,, is 


Therefore 


Vec = 202.72 / —90.96° V, 


Vea = 202.72 / 149.04" V. 


d) The phase currents of the load may be calculated 
directly from the line currents: 


Vab = (V3 £30" )Van; 
or 
Vab = 205.94 /29.68° V. 


Therefore 


Vic = 205.94 /—90.32° V, 
Veq = 205.94 /149.68° V. 


Iap 


1 
(J 220") Bs 


i 


1.39 /—6.87° A. 


/ ASSESSMENT PROBLEMS 


Objective 2—Know how to analyze a balanced, three-phase wye-delta connected circuit 


11.4 The current Ic, ina balanced three-phase 
A-connected load is 8 /—15° A. If the phase 
sequence is positive, what is the value of I,-? 


11.6 The line voltage Va, at the terminals of a bal- 
anced three-phase A-connected load is 
4160 /0° V.The line current I, is 


69.28 7-10" A. 


a) Calculate the per-phase impedance of the 
load if the phase sequence is positive. 


Answer: 13.86 /—45° A. 


b) Repeat (a) for a negative phase sequence. 
Answer: (a) 104 /-20° 9; 
(b) 104 /+40° Q. 
11.7 The line voltage at the terminals of a balanced 
A-connected load is 110 V. Each phase of the 
load consists of a 3.667 2. resistor in parallel with 


a 2.75 Q inductive impedance. What is the mag- 
nitude of the current in the line feeding the load? 


Answer: 6.93 /-85° A. Answer: 86.60 A. 


11.5 A balanced three-phase A-connected load is 
fed from a balanced three-phase circuit. The 
reference for the b-phase line current is toward 
the load. The value of the current in the 
b-phase is 12 /65" A. If the phase sequence is 
negative, what is the value of I,3? 


NOTE: Also try Chapter Problems 11.12, 11.13, and 11.16. 
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Figure 11.15 & A balanced Y load used to introduce 
average power calculations in three-phase circuits. 


Total real power in a balanced 
three-phase load > 


11.5 Power Calculations in Balanced 
Three-Phase Circuits 


So far, we have limited our analysis of balanced three-phase circuits to 
determining currents and voltages. We now discuss three-phase power 
calculations. We begin by considering the average power delivered to a 
balanced Y-connected load. 


Average Power in a Balanced Wye Load 


Figure 11.15 shows a Y-connected load, along with its pertinent currents and 
voltages. We calculate the average power associated with any one phase by 
using the techniques introduced in Chapter 10. With Eq. 10.21 as a starting 
point, we express the average power associated with the a-phase as 


Px = |Vanlllal cos (0,4 — 9:4), (11.28) 


where 4, and 6,4 denote the phase angles of Vay and Ia, respectively. 
Using the notation introduced in Eq. 11.28, we can find the power associ- 
ated with the b- and c-phases: 


Py = |Vanlllbpl cos (AB — 8); (11.29) 
Pc = |Venlllccl cos (Ac — Gic). (11.30) 


In Eqs. 11.28-11.30, all phasor currents and voltages are written in terms 
of the rms value of the sinusoidal function they represent. 

In a balanced three-phase system, the magnitude of each line-to-neutral 
voltage is the same, as is the magnitude of each phase current. The argu- 
ment of the cosine functions is also the same for all three phases. We 
emphasize these observations by introducing the following notation: 


Vis = |Vanl = [Vani = [Venl. (12.31) 
Tg = Waal = Moet = Wel: (11.32) 

and 
64 = G.4 — Fix = O83 — OR = Oye — Bic. (11.33) 


Moreover, for a balanced system, the power delivered to each phase of the 
load is the same, so 


Pa = Pz, = Pc aa P» _ V 414 Cos 64, (11.34) 
where Py represents the average power per phase. 


The total average power delivered to the balanced Y-connected load 
is simply three times the power per phase, or 


Py = Cia _ BV ola cos 4. (11.35) 


Expressing the total power in terms of the rms magnitudes of the line volt- 
age and current is also desirable. If we let V_ and /,, represent the rms 
magnitudes of the line voltage and current, respectively, we can modify 
Eq. 11.35 as follows: 


V 
Py = (en cos By 


= V3V_I, cos 64. (11.36) 


11.5 


In deriving Eq. 11.36, we recognized that, for a balanced Y-connected 
load, the magnitude of the phase voltage is the magnitude of the line volt- 
age divided by V3, and that the magnitude of the line current is equal to 
the magnitude of the phase current. When using Eq. 11.36 to calculate the 
total power delivered to the load, remember that 6, is the phase angle 
between the phase voltage and current. . 


Complex Power in a Balanced Wye Load 


We can also calculate the reactive power and complex power associated 
with any one phase of a Y-connected load by using the techniques intro- 
duced in Chapter 10. For a balanced load, the expressions for the reactive 
power are 


Og = Volysin 4, (11.37) 


Or = 304 = V3V_I, sin 6,. (11,38) 


Equation 10.29 is the basis for expressing the complex power associated 
with any phase. For a balanced load, 


So = Vanlaa = Vanlos = Venlic = Vol. (11.39) 


where Vy and I, represent a phase voltage and current taken from the 
same phase. Thus, in general, 


Sg Fe FIGy = Vuly, (11.40) 


S7 = 384 = V3V LIL /09- (11.41) 


Power Calculations in a Balanced Delta Load 


If the load is A-connected, the calculation of power —reactive or complex— 
is basically the same as that for a Y-connected load. Figure 11.16 shows a 
A-connected load, along with its pertinent currents and voltages. The 
power associated with each phase is 


Pa = [Vaalllas| cos (Q.an — 9ap): (11.42) 
Px = |Vaclllacl cos (Onc — Ginc): (11.43) 
Po = |Vealllcal cos (@vca — Gica): (11.44) 


For a balanced load, 


[Vaal = [Vacl = [Veal = Vo, (11.45) 
Kaul = [Eecl = [cal = Lg, (11.46) 
9 ,aB — Gas = 9yBc — Ginc = Oca — Gica = 9 (11.47) 
and 
Py = Pp = Po = Pg = Volgcos 64. (11.48) 


Note that Eq. 11.48 is the same as Eq. 11.34. Thus, in a balanced load, 
regardless of whether it is Y- or A-connected, the average power per phase 
is equal to the product of the rms magnitude of the phase voltage, the rms 
magnitude of the phase current, and the cosine of the angle between the 
phase voltage and current. 
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< Total reactive power in a balanced 
three-phase load 


< Total complex power in a balanced three- 
phase load 


Figure 11.16 A A A-connected load used to discuss 
power calculations. 


412 


Balanced Three-Phase Circuits 


The total power delivered to a balanced A-connected load is 


Pry = 3P 4 = 3V 41 4.COs Og 


I 
= svi(4) cos 64 


= V3V,I, cos Oy. (11.49) 


Note that Eq. 11.49 is the same as Eq. 11.36. The expressions for reactive 
power and complex power also have the same form as those developed for 
the Y load: 


QO, = Volgsin 94; (11.50) 
Or = 3Q4 = 3Vglgsin 44; (11.51) 
Sg = Pg + iQs = Vole: (11.52) 
Sp = 384 = V3Vil, /9¢- (11.53) 


Instantaneous Power in Three-Phase Circuits 


Although we are primarily interested in average, reactive, and complex 
power calculations, the computation of the total instantaneous power is 
also important. In a balanced three-phase circuit, this power has an inter- 
esting property: It is invariant with time! Thus the torque developed at the 
shaft of a three-phase motor is constant, which in turn means less vibra- 
tion in machinery powered by three-phase motors. 

Let the instantaneous line-to-neutral voltage vay be the reference, 
and, as before, 0, is the phase angle 6,4 — 0;4. Then, for a positive phase 
sequence, the instantaneous power in each phase is 


PA = Vantaa = Vint m COS wt COS (wt — 494), 
Pa = Upnivp = Vint m Cos (wt — 120°) cos (wt — 64 — 120°), 


Po = Ucnlec = Vint COS (wt + 120°) cos (wt — 6, + 120°), 


where V,,, and /,, represent the maximum amplitude of the phase voltage 
and line current, respectively. The total instantaneous power is the sum of 
the instantaneous phase powers, which reduces to 1.5V,,,/,,, COS 64; that is, 


Pr = Pa + PB + Pc = LV wibni COS Gy. 


Note this result is consistent with Eq. 11.35 since V,, = V2V4 and 
I, = V2I4 (see Problem 11.26). 

Examples 11.3-11.5 illustrate power calculations in balanced three- 
phase circuits. 
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Calculating Power in a Three-Phase Wye-Wye Circuit 


a) Calculate the average power per phase delivered 
to the Y-connected load of Example 11.1. 


b) Calculate the total average power delivered to 
the load. 


c) Calculate the total average power lost in the line. 


d) Calculate the total average power lost in the 
generator. 


e) Calculate the total number of magnetizing vars 
absorbed by the load. 


f) Calculate the total complex power delivered by 
the source. 


Solution 


a) From Example 11.1,Vy = 115.22 V,/,=2.4 A, 
and 64 = —1.19 — (—36.87) = 35.68". Therefore 


Py = (115.22)(2.4) cos 35.68° 
= 224.64 W. 


The power per phase may also be calculated 
from I3.Ry, or 


Py, = (2.4)°(39) = 224.64 W. 
b) The total average power delivered to the load is 
Py = 3P4 = 673.92 W. We calculated the line 


voltage in Example 11.1, so we may also use 
Eq. 11.36: 


Pr = V3(199.58)(2.4) cos 35.68° 
= 673.92 W. 


c) The total power lost in the line is 


Pine = 3(2.4)°(0.8) = 13.824 W. 


d) The total internal power lost in the generator is 
Pon = 3(2.4)°(0.2) = 3.456 W. 
c) The total number of magnetizing vars absorbed 
by the load is 
Or = V3(199.58)(2.4) sin 35.68° 
= 483.84 VAR. 


f) The total complex power associated with the 
source is 


Sp = 3S4 = —3(120)(2.4) /36.87° 
= -691.20 — 7518.40 VA. 


The minus sign indicates that the internal power 
and magnetizing reactive power are being deliv- 
ered to the circuit. We check this result by calcu- 
lating the total and reactive power absorbed by 
the circuit: 


P = 673.92 + 13.824 + 3.456 
= 691.20 W (check), 

QO = 483.84 + 3(2.4)7(1.5) + 3(2.4)7(0.5) 
= 483.84 + 25.92 + 8.64 
= 518.40 VAR(check). 


Calculating Power in a Three-Phase Wye-Delta Circuit 


a) Calculate the total complex power delivered to 
the A-connected load of Example 11.2. 


b) What percentage of the average power at the 
sending end of the line is delivered to the load? 


Solution 


a) Using the a-phase values from the solution of 
Example 11.2, we obtain 


Vo = Vap = 202.72 /29.04* V, 
I, = Tap = 1.39 VA —6.87° A. 
Using Eqs. 11.52 and 11.53, we have 


Sy = 3(202.72 /29.04° (1.39 /6.87° ) 
= 682.56 + 7494.21 VA. 


b) The total power at the sending end of the distri- 
bution line equals the total power delivered to 
the load plus the total power lost in the line; 
therefore 


Pinput = 682.56 + 3(2.4)°(0.3) 
= 687.74 W. 


The percentage of the average power reaching 
the load is 682.56/687.74, or 99.25%. Nearly 
100% of the average power at the input is 
delivered to the load because the impedance of 
the line is quite small compared to the load 
impedance. 
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A balanced three-phase Joad requires 480 kW at a 
lagging power factor of 0.8. The load is fed from a 
line having an impedance of 0.005 + j0.025 Q/¢. 
The line voltage at the terminals of the load is 600 V. 


a) Construct a single-phase equivalent circuit of 
the system. 
b) Calculate the magnitude of the line current. 


c) Calculate the magnitude of the line voltage at 
the sending end of the line. 


d) Calculate the power factor at the sending end of 
the line. 


Solution 
a) Figure 11.17 shows the single-phase equivalent 


circuit. We arbitrarily selected the line-to-neutral 
voltage at the load as the reference. 


0.0059 0.0250 


160 kW at 0.8 lag 


Figure 11.17 A The single-phase equivalent circuit for 
Example 11.5. 


b) The line current Ij, is given by 


600 
(Sia = (160 + j120)10%, 


or 
Ii, = 577.35 /36.87° A. 


Therefore, 1,4 = 577.35 /—36.87° A. The mag- 
nitude of the line current is the magnitude of I, 4: 
I, = 577.35 A. 


We obtain an alternative solution for J, from 
the expression 


Py = V3V LIL Cos O, 
= V3(600)7,(0.8) 
= 480,000 W; 


480,000 
~ 73(600)(0.8) 


1000 
V3 


577.35 A. 


I 


= 


Calculating Three-Phase Power with an Unspecified Load 


c) To calculate the magnitude of the line voltage at 
the sending end, we first calculate V,,. From 
Fig. 11.17, 


Van = Van + Zdya 


600 
= Ws + (0.005 + j0.025)(577.35 /—36.87° ) 
= 357.51 /1.57° V. 
Thus 
Vi = V3|Vanl 
= 619.23 V. 


d) The power factor at the sending end of the line 
is the cosine of the phase angle between V,, 
and Ia: 

pf = cos [1.57° — (—36.87°)] 


= cos 38.44° 


0.783 lagging. 
An alternative method for calculating the power 
factor is to first calculate the complex power at 
the sending end of the line: 

S» = (160 + j120)10° + (577.35)7(0.005 + 0.025) 
= 161.67 + j128.33 kVA 
= 206.41 /38.44° kVA. 
The power factor is 

pf = cos 38.44° 
= 0.783 lagging. 

Finally, if we calculate the total complex power 
at the sending end, after first calculating the 
magnitude of the line current, we may use this 
value to calculate V,. That is, 


V3V iL = 3(206.41) X 10°, 


_ 3(206.41) x 10° 
b 4/3(577.35)* 


= 619.23 V. 


11.6 


/ ASSESSMENT PROBLEMS 
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Objective 3—Be able to calculate power (average, reactive, and complex) in any three-phase circuit 


11.8 The three-phase average power rating of the 11.9 The complex power associated with each phase 
central processing unit (CPU) on a mainframe of a balanced load is 144 + j192 kVA. The line 
digital computer is 22,659 W. The three-phase voltage at the terminals of the load is 2450 V. 


line supplying the computer has a line voltage 
rating of 208 V (rms). The line current is 73.8 A 
(rms). The computer absorbs magnetizing VARs. 


a) What is the magnitude of the line current 
feeding the load? 


b) The load is delta connected, and the imped- 


a) Calculate the total magnetizing reactive ance of each phase consists of a resistance in 
power absorbed by the CPU. parallel with a reactance. Calculate R and X. 
b) Calculate the power factor. c) The load is wye connected, and the imped- 


ance of each phase consists of a resistance in 
series with a reactance. Calculate R and X. 
Answer: (a) 169.67 A; 
Answer: (a) 13,909.50 VAR; (b) R = 41.68 0, X = 31.26 0; 
(b) 0.852 lagging. (c) R=50, X = 6.67 0. 


NOTE: Also try Chapter Problems 11.22 and 11.24. 


11.6 Measuring Average Power 
in Three-Phase Circuits 


The basic instrument used to measure power in three-phase circuits is the 
electrodynamometer wattmeter. It contains two coils. One coil, called the 
current coil, is stationary and is designed to carry a current proportional to 
the load current. The second coil, called the potential coil, is movable and 
carries a current proportional to the load voltage. The important features 
of the wattmeter are shown in Fig. 11.18. 

The average deflection of the pointer attached to the movable coil is 
proportional to the product of the effective value of the current in the cur- 
rent coil, the effective value of the voltage impressed on the potential coil, 
and the cosine of the phase angle between the voltage and current. The 
direction in which the pointer deflects depends on the instantaneous polar- 
ity of the current-coil current and the potential-coil voltage. Therefore each 
coil has one terminal with a polarity mark — usually a plus sign —but some- 
times the double polarity mark + is used. The wattmeter deflects upscale 
when (1) the polarity-marked terminal of the current coil is toward the 
source, and (2) the polarity-marked terminal of the potential coil is con- 
nected to the same line in which the current coil has been inserted. 


The Two-Wattmeter Method 


Consider a general network inside a box to which power is supplied by 
a conducting lines. Such a system is shown in Fig. 11.19. 

If we wish to measure the total power at the terminals of the box, we 
need to know n — 1 currents and voltages. This follows because if we 
choose one terminal as a reference, there are only m — 1 independent 
voltages. Likewise, only  — 1 independent currents can exist in the n con- 
ductors entering the box. Thus the total power is the sum of 7 — 1 product 
terms; that is, p = yf; + Volo + +++ + Vy—qhy-1- 


Watt 


Current-coil 
terminals 

Potential-coil : 
terminals Pointer 


Figure 11.18 A The key features of the 
electrodynamometer wattmeter. 
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General 


network 


Figure 11.19 A A general circuit whose power is 
supplied by conductors. 


re 


Figure 11.20 A A circuit used to analyze the 
two-wattmeter method of measuring average power 
delivered to a balanced load. 


Applying this general observation, we can see that for a three- 
conductor circuit, whether balanced or not, we need only two wattmeters 
to measure the total power. For a four-conductor circuit, we need three 
wattmeters if the three-phase circuit is unbalanced, but only two 
wattmeters if it is balanced, because in the latter case there is no current in 
the neutral line. Thus, only two wattmeters are needed to measure the 
total average power in any balanced three-phase system. 

The two-wattmeter method reduces to determining the magnitude 
and algebraic sign of the average power indicated by each wattmeter. We 
can describe the basic problem in terms of the circuit shown in Fig. 11.20, 
where the two wattmeters are indicated by the shaded boxes and labeled 
W, and W),. The coil notations cc and pc stand for current coil and poten- 
tial coil, respectively. We have elected to insert the current coils of the 
wattmeters in lines aA and cC. Thus, line bB is the reference line for the 
two potential coils. The load is connected as a wye, and the per-phase load 
impedance is designated as Z, = |Z| /0. This is a general representation, 
as any A-connected load can be represented by its Y equivalent; further- 
more, for the balanced case, the impedance angle @ is unaffected by the 
A-to-Y transformation. 

We now develop general equations for the readings of the two 
wattmeters. We assume that the current drawn by the potential coil of the 
wattmeter is negligible compared with the line current measured by the cur- 
rent coil. We further assume that the loads can be modeled by passive circuit 
elements so that the phase angle of the load impedance (6 in Fig. 11.20) lies 
between —90° (pure capacitance) and +90° (pure inductance). Finally, we 
assume a positive phase sequence. 

From our introductory discussion of the average deflection of the 
wattmeter, we can see that wattmeter 1 will respond to the product of 
[Vapi [L,a|, and the cosine of the angle between Vaz and I,,. If we denote 
this wattmeter reading as W;, we can write 


W, = |Vaslllaal cos 6; 
= VAL COS 0,. (11.54) 
It follows that 
W2 = |Vcplllec| cos 42 
= VAL COS 65. (11.55) 
In Eq. 11.54, 6, is the phase angle between Vag and I,,, and in Eq. 11.55, 
6, is the phase angle between Veg and Ic. 
To calculate W,; and W, we express 6, and 6 in terms of the imped- 


ance angle 6, which is also the same as the phase angle between the phase 
voltage and current. For a positive phase sequence, 


6, = 6 + 30° = 6, + 30",” (11.56) 
6. = 8 — 30° = 4% — 30°. (11.57) 


The derivation of Eqs. 11.56 and 11.57 is left as an exercise (see 
Problem 11.34). When we substitute Eqs. 11.56 and 11.57 into Eqs. 11.54 
and 11.55, respectively, we get 


W, = Vii_cos (@4 + 30°), (11.58) 


W, = VJ, cos (84, _ 30°). (11.59) 


11.6 
To find the total power, we add W, and W;; thus 
Pr = W, + Wy = 2V,I, cos 44 cos 30° 
= V3V_IL cos 64, (11.60) 


which is the expression for the total power in a three-phase circuit. 
Therefore we have confirmed that the sum of the two wattmeter readings 
yields the total average power. 

A closer look at Eqs. 11.58 and 11.59 reveals the following about the 
readings of the two wattmeters: 


1. If the power factor is greater than 0.5, both wattmeters read positive. 

2. If the power factor equals 0.5, one wattmeter reads zero. 

3. If the power factor is less than 0.5, one wattmeter reads negative. 

4. Reversing the phase sequence will interchange the readings on the 
two wattmeters. 


These observations are illustrated in the following example and in 
Problems 11.41-11.51. 


Example 11.6 


Calculate the reading of each wattmeter in the 
circuit in Fig. 11.20 if the phase voltage at the 
load is 120 V and (a) Z,=8 + j6Q; 
(b) Zy = 8 — j6Q; (c) Z, =5 + j5V3.0; and 
(d) Z, = 10 /—-75° Q. (e) Verify for (a)-(d) that 


120/10 = 12A. 


L 
W, = (120-V3)(12) cos (36.87° + 30°) 
= 979.75 W, 
W, = (120V3)(12) cos (36.87° — 30°) 


= 2476.25 W. 


b) Zy = 10 /-36.87° 0, Vi, = 120V3 V, and 
I, = 120/10 = 12 A. 


W, = (120V3)(12) cos (—36.87° + 30°) 
= 2476.25 W, 
W, = (120V3)(12) cos (—36.87° — 30°) 


979.75 W. 


NOTE: Assess your understanding of the two-wattmeter method by trying Chapter Problems 11.43 and 11.44. 
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Computing Wattmeter Readings in Three-Phase Circuits 


c) Z, = 5(1 + jV3) = 10 760° 0, Vz = 120V3 V, 
and J; = 12A. 


W, = (120V3)(12) cos (60° + 30°) = 0, 


the sum of the wattmeter readings equals the total W> = (120V3)(12) cos (60° — 30°) 
power delivered to the load. = 2160 W. 
d) Z, = 10 /-75° 0, Vi, = 120V3 V, and 
Solution I, = 12A. 
a) Zy = 10 /36.87° 2,V, = 120V3 V, and Wi = (120V3)(12) cos (—75° + 30°) = 1763.63 W, 


W» = (120V3)(12) cos (-75° — 30°) = —645.53 W. 


e) Pr(a) = 3(12)*(8) = 3456 W, 


W, + Wy = 979.75 + 2476.25 
= 3456 W, 


Py(b) = Pr(a) = 3456 W, 
W, + W, = 2476.25 + 979.75 
= 3456 W, 
P,(c) = 3(12)7(5) = 2160 W, 
W, + Ws = 0 + 2160 
= 2160 W. 
Py(d) = 3(12)?(2.5882) = 1118.10 W, 
1763.63 — 645.53 
1118.10 W. 


W, + W, 
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3-¢ line 


J, 
i: 
eae aa 


Station 


Generator 
Plant 


Figure 11.21 A A substation connected to a power 
plant via a three-phase line. 


a 0692 j48Q A 


Figure 11.22 A A single phase equivalent circuit for 
the system in Fig. 11.21. 


Practical Perspective 


Transmission and Distribution of Electric Power 


At the start of this chapter we pointed out the obligation utilities have to 
maintain the rms voltage level at their customer's premises. Although the 
acceptable deviation from a nominal level may vary among different utilities 
we will assume for purposes of discussion that an allowable tolerance is 
+ 5.8%. Thus a nominal rms voltage of 120 V could range from 113 to 
127 V. We also pointed out that capacitors strategically located on the sys- 
tem could be used to support voltage levels. 

The circuit shown in Fig. 11.21 represents a substation on a Midwestern 
municipal system. We will assume the system is balanced, the line-to-line 
voltage at the substation is 13.8 kV, the phase impedance of the distribu- 
tion line is 0.6 + j4.80, and the load at the substation at 3 PM on a hot, 
humid day in July is 3.6 MW and 3.6 magnetizing MVAR. 

Using the line-to-neutral voltage at the substation as a reference, the 
single-phase equivalent circuit for the system in Fig. 11.21 is shown in 
Fig. 11.22. The line current can be calculated from the expression for the 
complex power at the substation. Thus, 


13,800_. 
=v = (1.2 + j1.2)10°. 


It follows that 

Iya = 150.61 + j150.61 A 
or 

Ia = 150.61 — 7150.61 A. 
The line-to-neutral voltage at the generating plant is 


13,800 . 
Van = pq LO" + (0.6 + j4.8)(150.61 — j150.61) 


= 8780.74 + j632.58 


= 8803.50 /4.12° V. 


Therefore the magnitude of the line voltage at the generating plant is 
IVabl = V3(8803.50) = 15,248.11 V. 


We are assuming the utility is required to keep the voltage level within 
+ 5.8% of the nominal value. This means the magnitude of the line-to-line 
voltage at the power plant should not exceed 14.6kV nor be less than 
13 kV. Therefore, the magnitude of the line voltage at the generating plant 
could cause problems for customers. 

When the magnetizing vars are supplied by a capacitor bank connected 
to the substation bus, the line current I,, becomes 


Ia = 150.61 + jOA. 
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Therefore the voltage at the generating plant necessary to maintain a line- 


to-line voltage of 13,800 V at the substation is 


13,800 
Vai = /3 


= 8057.80 + j722.94 
= 8090.17 /5.13° V. 


Hence 


IVabl = V3(8090.17) = 14,012.58 V. 


/0° + (0.6 + j4.8)(150.61 + 70) 


This voltage level falls within the allowable range of 13 kV to 14.6 kV. 


NOTE: Assess your understanding of this Practical Perspective by trying Chapter 


Problems 11.52(a)-(b) and 11.53, 11.56, and 11.57, 


Summary 


« When analyzing balanced three-phase circuits, the first 


step is to transform any A connections into Y connections, 
so that the overall circuit is of the Y-Y configuration. (See 
page 402.) 


A single-phase equivalent circuit is used to calculate the 
line current and the phase voltage in one phase of the 
Y-Y structure. The a-phase is normally chosen for this 
purpose. (See page 404.) 


Once we know the line current and phase voltage in the 
a-phase equivalent circuit, we can take analytical short- 
cuts to find any current or voltage in a balanced three- 
phase circuit, based on the following facts: 


« The b- and c-phase currents and voltages are identi- 
cal to the a-phase current and voltage except for a 
120° shift in phase. In a positive-sequence circuit, the 
b-phase quantity lags the a-phase quantity by 120°, 
and the c-phase quantity leads the a-phase quantity 
by 120°. For a negative sequence circuit, phases b and 
c are interchanged with respect to phase a. 


¢ The set of line voltages is out of phase with the set of 
phase voltages by +30°. The plus or minus sign corre- 
sponds to positive and negative sequence, respectively. 


« In a Y-Y circuit the magnitude of a line voltage is 
V3 times the magnitude of a phase voltage. 


¢ The set of line currents is out of phase with the set of 
phase currents in A-connected sources and loads by 
+30°. The minus or plus sign corresponds to positive 
and negative sequence, respectively. 


* The magnitude ofa line current is V3 times the mag- 
nitude of a phase current in a A-connected source 
or load. 


(See pages 404-405 and 407-408.) 


The techniques for calculating per-phase average 
power, reactive power, and complex power are identical 
to those introduced in Chapter 10. (See page 410.) 


The total real, reactive, and complex power can be deter- 
mined either by multiplying the corresponding per phase 
quantity by 3 or by using the expressions based on line 
current and line voltage, as given by Eqs. 11.36, 11.38, and 
11.41. (See pages 410 and 411.) 


The total instantaneous power in a balanced three-phase 
circuit is constant and equals 1.5 times the average 
power per phase. (See page 412.) 


A wattmeter measures the average power delivered toa 
load by using a current coil connected in series with 
the load and a potential coil connected in parallel 
with the load. (See page 415.) 


The total average power in a balanced three-phase cir- 
cuit can be measured by summing the readings of two 
wattmeters connected in two different phases of the 
circuit. (See page 415.) 
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Problems 


All phasor voltages in the following Problems are stated in 
terms of the rms value. 


Section 11.1 


11.1 


11.2 


11.3 


PSPICE 
MULTISIM 


Verify that Eq. 11.3 is true for either Eq. 11.1 or 
Eq. 11.2. 


What is the phase sequence of each of the following 
sets of voltages? 


a) Vv, = 208 cos (wt + 27°) V, 
Vp = 208 cos (wt + 147°) V, 
Ve = 208 cos (wt — 93°) V. 

b) v, = 4160 cos (wt — 18°) V, 
Vp, = 4160 cos (wt — 138°) V, 


Ve = 4160 cos (wt + 102°) V. 


For each set of voltages, state whether or not the volt- 
ages form a balanced three-phase set. If the set is bal- 
anced, state whether the phase sequence is positive or 
negative. If the set is not balanced, explain why. 


a) V, = 139 cos 377t V, 
Up = 139 cos (377t + 120°) V, 
v. = 139 cos (377t — 120°) V. 
b) v, = 381 cos 377t V, 


Vp = 381 cos (377t + 240°) V, 


v. = 381 cos (377t + 120°) V. 


Figure P11.6 


c) va = 2771 sin (377t — 30°) V, 
Vy = 2771 cos 377t V, 
Ve = 2771 sin (377t + 210°) V. 
d) v, = 170sin (wt + 30°) V, 
= —170cos wt V, 


Ve = 170 cos (wt + 60°) V. 


e€) VU, = 339 cos wt V, 
Up = 339 cos (wt + 120) V, 
Ve = 393 cos (wt — 120°) V. 
f) vg = 3983 sin (wt + 50°) V, 
Vy = 3983 cos (wt — 160°) V, 


V_ = 3983 cos (wt + 70°) V. 


Section 11.2 
11.4 Refer to the circuit in Fig. 11.5(b). Assume that there 


are no external connections to the terminals a,b,c. 
Assume further that the three windings are from a 
balanced three-phase generator. How much current 
will circulate in the A-connected generator? 


Section 11.3 


11.5 


11.6 


0.1.0 


0.10 


240 /120° V 


240 /—120° V 
0.1.0 


jOo8Q b 


jOsQ oc 


A balanced three-phase circuit has the following 

characteristics: 

e Y-Y connected: 

e The line voltage at the source, V,,, is 
240V3 /90° V; 

e The phase sequence is negative; 

e The line impedance is 4 + j5 0./¢; 

e The load impedance is 76 + j55 0/¢. 

a) Draw the single phase equivalent circuit for the 
a-phase. 

b) Calculated the line current in the a-phase. 

c) Calculated the line voltage at the load in the 
a-phase. 

Find the rms value of I, in the unbalanced three- 

phase circuit seen in Fig. P11.6. 

jo8Q a 049 j320 A 5950 j760 


0.40 


j320 B 3950 


7260 


040 j320 C 1950 jllO 


11.7 The time-domain expressions for three line-to-neutral 
voltages at the terminals of a Y-connected load are 


VAN = 7620 cos (wt + 30°) V, 
Vpn = 7620 cos (wt 8 150°) V, 


Ucn = 7620 cos (wt — 90°) V. 
What are the time-domain expressions for the three 
line-to-line voltages va, Vgc, and Vca? 


11.8 a) Is the circuit in Fig. P11.8 a balanced or unbal- 


PSPICE anced three-phase system? Explain. 
MULTISIM 


b) Find I. 


Figure P11.8 
1Q a 4Q, A 200 


200/— 120° V 
200/120° V 


1Q 


11.9 The magnitude of the line voltage at the terminals 
of a balanced Y-connected load is 6600 V. The load 
impedance is 240 — j70 0/d. The load is fed from a 
line that has an impedance of 0.5 + j4 0/d. 


a) What is the magnitude of the line current? 
b) What is the magnitude of the line voltage at 
the source? 


11.10 a) Find I, in the circuit in Fig. P11.10. 
PSPICE b) Find Van. 
MULTISIM c) Find Vap- 
d) Is the circuit a balanced or unbalanced three- 
phase system? 


Figure P11.10 
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260 j24Q0 B 770 
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Problems 421 


11.11 The magnitude of the phase voltage of an ideal 
balanced three-phase Y-connected source is 
125 V. The source is connected to a balanced 
Y-connected load by a distribution line that has an 
impedance of 0.1 + j0.8 0/d. The load impedance 
is 19.9 + j14.2 0/d. The phase sequence of the 
source is acb. Use the a-phase voltage of the 
source as the reference. Specify the magnitude and 
phase angle of the following quantities: (a) the 
three line currents, (b) the three line voltages at 
the source, (c) the three phase voltages at the load, 
and (d) the three line voltages at the load. 


Section 11.4 


11.12 A balanced, three-phase circuit is characterized as 
follows: 
e Y-A connected; 
* Source voltage in the c-phase is 20/7 —90° V; 
e Source phase sequence is abc; 
e Line impedance is 1 + j3 0/¢; 
¢ Load impedance is 117 — j/99 0,/¢. 


a) Draw the single phase equivalent for the a-phase. 
b) Calculate the a-phase line current. 


c) Calculate the a-phase line voltage for the three- 
phase load. 


11.13 An acb sequence balanced three-phase Y-connected 
source supplies power to a balanced, three-phase A- 
connected load with an impedance of 12 + j9 0/¢. 
The source voltage in the b-phase is 240/—50° V. 
The line impedance is 1 + /1 0/¢. Draw the single 
phase equivalent circuit for the a-phase and use it 
to find the current in the a-phase of the load. 


11.14 A balanced A-connected load has an impedance of 
864 — j252 /¢. The load is fed through a line hav- 
ing an impedance of 0.5 + j4 0/d. The phase volt- 
age at the terminals of the load is 69 kV. The phase 
sequence is positive. Use Vag as the reference. 

a) Calculate the three phase currents of the load. 
b) Calculate the three line currents. 


c) Calculate the three line voltages at the sending 
end of the line. 


j54.0 


j56.0, 


j552 
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11.15 


11.16 


11.17 


Balanced Three-Phase Circuits 


A balanced Y-connected load having an imped- 
ance of 72 + j21 Q/¢ is connected in parallel with 
a balanced A-connected load having an imped- 
ance of 150/0° 0/@. The paralleled loads are fed 
from a line having an impedance of j1 0/d. The 
magnitude of the line-to-neutral voltage of the Y- 
load is 7650 V. 


a) Calculate the magnitude of the current in the 
line feeding the loads. 


b) Calculate the magnitude of the phase current in 
the A-connected load. 


c) Calculate the magnitude of the phase current in 
the Y-connected load. 


d) Calculate the magnitude of the line voltage at 
the sending end of the line. 


In a balanced three-phase system, the source is a bal- 
anced Y with an abc phase sequence and a line voltage 
Vap = 208/50° V. The load is a balanced Y in paral- 
lel with a balanced A. The phase impedance of the Y is 
4 + j30/@ and the phase impedance of the A is 
3 — j9 Q/¢. The line impedance is 1.4 + j0.8 0/¢. 
Draw the single phase equivalent circuit and use it to 
calculate the line voltage at the load in the a-phase. 


The impedance Z in the balanced three-phase cir- 
cuit in Fig. P11.17 is 100 — j75 Q. Find 


a) Tap, Ipc. and Ica, 
b) Tia. Ip. and Ic, 
C) Iba, Ty, and Tye. 


Figure P11.17 


13.2/—120° kV 


11.18 


PSPICE 
MULTISIM 


13. CG kV 


For the circuit shown in Fig. P11.18, find 
a) the phase currents I,g, Ipc, and Ica 


b) the line currents I,,, I,g, and kc 
when Z, = 2.4 — j0.70, Z, =8 + j6Q, and 
73 = 20) + fo QO. 


Figure P11.18 


480; — 120° V 


cE Sea 
oo 120° V 


11.19 A three-phase A-connected generator has an inter- 


nal impedance of 9 + j/90 m{./¢. When the load is 
removed from the generator, the magnitude of the 
terminal voltage is 13,800 V. The generator feeds a 
A-connected load through a transmission line with 
an impedance of 20 + j180m0./¢. The per-phase 
impedance of the load is 7.056 + /3.417 Q. 


a) Construct a single-phase equivalent circuit. 

b) Calculate the magnitude of the line current. 

c) Calculate the magnitude of the line voltage at 
the terminals of the load. 

d) Calculate the magnitude of the line voltage at 
the terminals of the source. 

e) Calculate the magnitude of the phase current in 
the load. 

f) Calculate the magnitude of the phase current in 
the source. 


11.20 A balanced three-phase A-connected source is 


shown in Fig. P11.20. 
a) Find the Y-connected equivalent circuit. 


b) Show that the Y-connected equivalent circuit 
delivers the same open-circuit voltage as the 
original A-connected source. 


c) Apply an external short circuit to the terminals 
A, B, and C. Use the A-connected source to find 
the three line currents I, 4, Ig, and Tec. 


d) Repeat (c) but use the Y-equivalent source to 
find the three line currents. 


Figure P11.20 


27a 


4156/—120° V 


11.21 The A-connected source of Problem 11.20 is con- 


nected to a Y-connected load by means of a bal- 
anced three-phase distribution Ime. The load 


impedance is 1910 - /636 Q/¢. and the line imped- 

ance is 9.1 + j71.5 Q/¢. 

a) Construct a single-phase equivalent circuit of 
the system. 

b) Determine the magnitude of the line voltage at 
the terminals of the load. 

c) Determine the magnitude of the phase current 
in the A-source. 

d) Determine the magnitude of the line voltage at 
the terminals of the source. 


Section 11.5 


11.22 


11.23 


11.24 


11.25 


11.26 


In a balanced three-phase system, the source 
has an abc sequence, is Y-connected, and 
Van = 120720° V. The source feeds two loads, both 
of which are Y-connected. The impedance of load 1 
is 8 + j6 0/d. The complex power for the a-phase 
of load 2 is 600/736° VA. Find the total complex 
power supplied by the source. 


A balanced three-phase source is supplying 60 kVA 
at 0.6 lagging to two balanced Y-connected parallel 
loads. The distribution line connecting the source to 
the load has negligible impedance. Load 1 is purely 
resistive and absorbs 30 kW. Find the per-phase 
impedance of Load 2 if the line voltage is 120V3 V 
and the impedance components are in series. 


A three-phase positive sequence Y-connected 
source supplies 14 kVA with a power factor of 0.75 
lagging to a parallel combination of a Y-connected 
load and a A-connected load. The Y-connected load 
uses 9 kVA at a power factor of 0.6 lagging and has 
an a-phase current of 107 —30° A. 


a) Find the complex power per phase of the 
A-connected load. 


b) Find the magnitude of the line voltage. 


The total apparent power supplied in a balanced, 
three-phase Y-A system is 4800 VA. The line volt- 
age is 240 V. If the line impedance is negligible and 
the power factor angle of the load is —50°, deter- 
mine the impedance of the load. 


Show that the total instantaneous power in a bal- 
anced three-phase circuit is constant and equal to 
1.5V,/4,c0s@4, where V,, and I[,, represent the 
maximum amplitudes of the phase voltage and 
phase current, respectively. 


11.27 


11.28 


11.29 


11.30 


Problems 423 


The three pieces of computer equipment described 
below are installed as part of a computation center. 
Each piece of equipment is a balanced three-phase 
load rated at 208 V. Calculate (a) the magnitude of 
the line current supplying these three devices and 
(b) the power factor of the combined load. 

¢ Hard Drive: 4.864 kW at 0.79 pf lag 

¢ CD/DVD drive: 17.636 kVA at 0.96 pf lag 

¢ CPU: line current 73.8 A, 13.853 KVAR 


Calculate the complex power in each phase of the 
unbalanced load in Problem 11.18. 


A balanced three-phase distribution line has an 
impedance of 1 + j8 0,/d. This line is used to sup- 
ply three balanced three-phase loads that are con- 
nected in parallel. The three loads are 
L,; = 120 kVA at 0.96 pf lead, L, = 180 kVA at 
0.80 pf lag, and L; = 100.8kW and 15.6 kVAR 
(magnetizing). The magnitude of the line voltage at 
the terminals of the loads is 2400V3 V. 


a) What is the magnitude of the line voltage at the 
sending end of the line? 


b) What is the percent efficiency of the distribution 
line with respect to average power? 


The line-to-neutral voltage at the terminals of the 

balanced three-phase load in the circuit shown in 

Fig. P11.30 is 1200 V. At this voltage, the load is 

absorbing 500 kVA at 0.96 pf lag. 

a) Use Van as the reference and express I,, in 
polar form. 

b) Calculate the complex power associated with 
the ideal three-phase source. 

c) Check that the total average power delivered 
equals the total average power absorbed. 

d) Check that the total magnetizing reactive power 
delivered equals the total magnetizing reactive 
power absorbed. 


Figure P11.30 
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11.31 


PSPICE 
MULTISIM 


Balanced Three-Phase Circuits 


a) Find the rms magnitude and the phase angle of 
Ica in the circuit shown in Fig. P11.31. 

b) What percent of the average power delivered by 
the three-phase source is dissipated in the three- 
phase load? 


Figure P11.31 


11.32 


11.33 


11.34 


1365/—120° V 


1365/120° V 


j20 


At full load, a commercially available 100 hp, three- 
phase induction motor operates at an efficiency of 
97% and a power factor of 0.88 lag. The motor is sup- 
plied from a three-phase outlet with a line-voltage 
rating of 208 V. 


a) What is the magnitude of the line current drawn 
from the 208 V outlet? (1 hp = 746 W.) 


b) Calculate the reactive power supplied to 
the motor. 


Three balanced three-phase loads are connected in 
paralle]. Load 1 is Y-connected with an impedance 
of 400 + j300 0/¢; load 2 is A-connected with an 
impedance of 2400 — j1800 0/d¢; and load 3 is 
172.8 + j2203.2 kVA. The loads are fed from a dis- 
tribution line with an impedance of 2 + /16 0/¢. 
The magnitude of the line-to-neutral voltage at the 
load end of the line is 24V3 kV. 


a) Calculate the total complex power at the send- 
ing end of the line. 


b) What percentage of the average power at the 
sending end of the line is delivered to the loads? 


A three-phase line has an impedance of 
0.1 + j0.80/¢. The line feeds two balanced 
three-phase loads connected in parallel. The first 
load is absorbing a total of 630 kW and absorbing 
840 kVAR magnetizing vars. The second load 
is Y-connected and has an impedance of 
15.36 — j4.48 0./d. The line-to-neutral voltage at 
the load end of the line is 4000 V. What is the 
magnitude of the line voltage at the source end of 
the line? 


11.35 


11.36 


11.38 


A balanced three-phase load absorbs 96 kVA at a 
lagging power factor of 0.8 when the line voltage at 
the terminals of the load is 480 V. Find four equiva- 
lent circuits that can be used to model this load. 


The total power delivered to a balanced three- 
phase load when operating at a line voltage of 
2400V3 V is 720 kW at a lagging power factor of 
0.8. The impedance of the distribution line sup- 
plying the load is 0.8 + j6.40/@. Under these 
operating conditions, the drop in the magnitude 
of the line voltage between the sending end and 
the load end of the line is excessive. To compen- 
sate, a bank of A-connected capacitors is placed 
in parallel with the load. The capacitor bank is 
designed to furnish 576 kVAR of magnetizing 
reactive power when operated at a line voltage 
of 2400V3 V. 


a) What is the magnitude of the voltage at the 
sending end of the line when the load is operat- 
ing at a line voltage of 2400-3 V and the capac- 
itor bank is disconnected? 


b) Repeat (a) with the capacitor bank connected. 


c) What is the average power efficiency of the line 
in (a)? 


d) What is the average power efficiency in (b)? 


e) If the system is operating at a frequency of 60 Hz, 
what is the size of each capacitor in microfarads? 


A balanced bank of delta-connected capacitors is 
connected in parallel with the load described in 
Assessment Problem 11.9. The effect is to place a 
capacitor in parallel with the load in each phase. 
The line voltage at the terminals of the load thus 
remains at 2450 V. The circuit is operating at a fre- 
quency of 60 Hz. The capacitors are adjusted so that 
the magnitude of the line current feeding the paral- 
lel combination of the load and capacitor bank is at 
its minimum. 


a) What is the size of each capacitor in microfarads? 
b) Repeat (a) for wye-connected capacitors. 


c) What is the magnitude of the line current? 


A balanced three-phase source is supplying 150 kVA 
at 0.8 pf lead to two balanced Y-connected parallel 
loads. The distribution line connecting the source to 
the load has negligible impedance. The power associ- 
ated with load 1 is 30 + j30 kVA. 


a) Determine the types of components and their 
impedances in each phase of load 2 if the line 
voltage is 2500’V3 V and the impedance compo- 
nents are in series. 

b) Repeat (a) with the impedance components in 
parallel. 


11.39 


The output of the balanced positive-sequence 
three-phase source in Fig. P11.39 is 41.6 kVA at a 
lagging power factor of 0.707. The line voltage at 
the source is 240 V. 


a) Find the magnitude of the line voltage at the load. 


b) Find the total complex power at the terminals of 
the load. 


Figure P11.39 
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Section 11.6 


11.40 


11.41 


11.42 


Derive Eqs. 11.56 and 11.57. 


In the balanced three-phase circuit shown in 
Fig. P11.41, the current coil of the wattmeter is con- 
nected in line aA, and the potential coil of the 
wattmeter is connected across lines b and c. Show 
that the wattmeter reading multiplied by V3 equals 
the total reactive power associated with the load. 
The phase sequence is positive. 


Figure P11.41 


The line-to-neutral voltage in the circuit in 
Fig. P11.41 is 680 V, the phase sequence is positive, 
and the load impedance is 16 — j12 0/¢. 

a) Calculate the wattmeter reading. 


b) Calculate the total reactive power associated 
with the load. 


Problems 425 


11.43 The two wattmeters in Fig. 11.20 can be used to 


11.44 


11.45 


11.46 


compute the total reactive power of the load. 


a) Prove this statement by 
V3(W> aa W;) = V3V LI, sin 04: 

b) Compute the total reactive power from the 
wattmeter readings for each of the loads in 
Example 11.6. Check your computations by cal- 
culating the total reactive power directly from 
the given voltage and impedance. 


showing that 


The two-wattmeter method is used to measure the 
power at the load end of the line in Example 11.1. 
Calculate the reading of each wattmeter. 


The wattmeters in the circuit in Fig. 11.20 read as 
follows: W; = 40,823.09 W, and W> = 103,176.91 W. 
The magnitude of the line voltage is 2400V3 V. 
The phase sequence is positive. Find Z,. 


a) Calculate the reading of each wattmeter in the 
circuit shown in Fig. P11.46. The value of Z,, is 
40 /-30° 0. 

b) Verify that the sum of the wattmeter readings 
equals the total average power delivered to the 
A-connected load. 


Figure P11.46 
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11.47 The two-wattmeter method is used to measure 


the power delivered to the unbalanced load in 
Problem 11.18. The current coil of wattmeter 1 is 
placed in line aA and that of wattmeter 2 is 
placed in line bB. 


a) Calculate the reading of wattmeter 1. 
b) Calculate the reading of wattmeter 2. 


c) Show that the sum of the two wattmeter read- 
ings equals the total power delivered to the 
unbalanced load. 


426 Balanced Three-Phase Circuits 


11.48 a) Calculate the reading of each wattmeter in the 
circuit shown in Fig. P11.48 when Z= 
13.44 + j46.08 2. 
b) Check that the sum of the two wattmeter read- 
ings equals the total power delivered to the load. 


c) Check that V3(W, — W>) equals the total mag- 
netizing vars delivered to the load. 


Figure P11.48 


600 /—120° V 
600 /+120° V 


11.49 a) Calculate the complex power associated with 
each phase of the balanced load in 
Problem 11.17. 


b) If the two-wattmeter method is used to measure 
the average power delivered to the load, specify 
the reading of each meter. 


11.50 a) Find the reading of each wattmeter in the circuit 
shown in Fig. P11.50 if Z, = 20 /30°Q, 
Zp = 60 /0° O, and Ze = 40 /-30° Q. 


b) Show that the sum of the wattmeter readings 
equals the total average power delivered to the 
unbalanced three-phase load. 


Figure P11.50 


240/120° V 
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11.51 The balanced three-phase load shown in Fig. P11.51 
is fed from a balanced, positive-sequence, three- 
phase Y-connected source. The impedance of the 
line connecting the source to the load is neghigible. 
The line-to-neutral voltage of the source is 7200 V. 


a) Find the reading of the wattmeter in watts. 


b) Explain how you would connect a second 
wattmeter in the circuit so that the two 
wattmeters would measure the total power. 


c) Calculate the reading of the second wattmeter. 


d) Verify that the sum of the two wattmeter read- 
ings equals the total average power delivered to 
the load. 


Figure P11.51 
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Sections 11.1-11.6 


11.52 Refer to the Practical Perspective example: 


PRACTICA . 7 
perspective A) Construct a power triangle for the substation 


load before the capacitors are connected to 
the bus. 


b) Repeat (a) after the capacitors are connected to 
the bus. 


c) Using the line-to-neutral voltage at the substa- 
tion as a reference, construct a phasor diagram 
that depicts the relationship between Vay and 
V., before the capacitors are added. 

d) Assume a positive phase sequence and construct 


a phasor diagram that depicts the relationship 
between Vag and Vip. 


11.53 


PRACTICAL 
PERSPECTIVE 


Refer to the Practical Perspective example. Assume 

the frequency of the utility is 60 Hz. 

a) What is the wF rating of each capacitor if the 
capacitors are delta-connected? 

b) What is the wF rating of each capacitor if the 
capacitors are wye-connected? 

11.54 Choose a single capacitor from Appendix H that ts 

closest to the wF rating of the delta-connected 

capacitor from Problem 11.53(a). 


a) How much reactive power will a capacitor bank 
using this new value supply? 


b) What line-to-line voltage at the generating plant 
will be required when this new capacitor bank is 
connected to the substation bus? 

11.55 Choose a single capacitor from Appendix H that is 
closest to the wF rating of the wye-connected 
capacitor from Problem 11.53(b). 


a) How much reactive power will a capacitor bank 
using this new value supply? 

b) What line-to-line voltage at the generating plant 
will be required when this new capacitor bank is 
connected to the substation bus? 


11.56 In the Practical Perspective example, what happens 

practical tO the voltage level at the generating plant if the 

PERSPECTIVE : : ‘ : : 
substation is maintained at 13.8 kV, the substation 
load is removed, and the added capacitor bank 


remains connected? 


11.57 In the Practical Perspective example, calculate the 
fracticat_ total line loss in kW before and after the capacitors 
are connected to the substation bus. 


11.58 Assume the load on the substation bus in the 
practical Practical Perspective example drops to 240 kW and 
PERSPECTIVE 


600 magnetizing kVAR. Also assume the capacitors 

remain connected to the substation. 

a) What is the magnitude of the line-to-line volt- 
age at the generating plant that is required to 
maintain a line-to-line voltage of 13.8 kV at the 
substation? 

b) Will this power plant voltage level cause prob- 
lems for other customers? 
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11.59 Assume in Problem 11.58 that when the load drops 
pkacricat to 240 kW and 600 magnetizing kKVAR the capaci- 
tor bank at the substation is disconnected. Also 
assume that the line-to-line voltage at the substa- 

tion is maintained at 13.8 kV. 


a) What is the magnitude of the line-to-line voltage 
at the generating plant? 

b) Is the voltage level found in (a) within the 
acceptable range of variation? 

c) What is the total line loss in kW when the capac- 
itors stay on line after the load drops to 
240 + j600 kVA? 

d) What is the total line loss in kW when the capac- 
itors are removed after the load drops to 
240 + j600 kVA? 

e) Based on your calculations, would you recom- 


mend disconnecting the capacitors after the load 
drops to 240 + j600 kVA? Explain. 


4.) 2S Pi 
Introduction to the 
Laplace Transform 


is 
a 


We now introduce a powerful analytical technique that is 
widely used to study the behavior of linear, lumped-parameter 


12.1 Definition of the Laplace Transform p. 430 
12.2 The Step Function p, 431 | 


circuits. The method is based on the Laplace transform, which we 


12.3 The Impulse Function p. 433 _ define mathematically in Section 12.1. Before doing so, we need 
12.4 Functional Transforms p. 436 to explain why another analytical technique is needed. First, we 
12.5 Operational Transforms p. 437 _ wish to consider the transient behavior of circuits whose describ- 
12.6 Applying the Laplace Transform p. 442 | ing equations consist of more than a single node-voltage or mesh- 


12.7 I Transf . 444 ' ; ' 
oe _ current differential equation. In other words, we want to consider 
12.8 Poles and Zeros of F(s) p. 454 | 


| oy ee ae ; 
12.9 Initial- and Final-Value Theorems p. 455 | ie ee a pias ane circuits that are described by 
sets of linear differential equations. 


J CHAPTER OBJECTIVES | Second, we wish to determine the transient response of cir- 


cuits whose signal sources vary in ways more complicated than 
1 Be able to calculate the Laplace transform of a 


function using the definition of Laplace 
transform, the Laplace transform table, and/ora_ | we can use the Laplace transform to introduce the concept of the 


table of operational transforms. _ transfer function as a tool for analyzing the steady-state sinu- 
2 Be able to calculate the inverse Laplace | 
transform using partial fraction expansion and 
the Laplace transform table. _ source is varied. We discuss the transfer function in Chapter 13. 


3 Understand and know how to use the initial _ Finally, we wish to relate, in a systematic fashion, the time- 
value theorem and the final value theorem. 


_ the simple dc level jumps considered in Chapters 7 and 8. Third, 


soidal response of a circuit when the frequency of the sinusoidal 


domain behavior of a circuit to its frequency-domain behavior. 
Using the Laplace transform will provide a broader understand- 
ing of circuit functions. 

In this chapter, we introduce the Laplace transform, discuss 
its pertinent characteristics, and present a systematic method for 
transforming from the frequency domain to the time domain. 


428 


wae oo 2 


Practical Perspective 
Transient Effects 


As we learned in Chapter 9, power delivered from electrical 
wall outlets in the U.S. can be modeled as a sinusoidal volt- 
age or current source, where the frequency of the sinusoid is 
60 Hz. The phasor concepts introduced in Chapter 9 allowed 
us to analyze the steady-state response of a circuit to a sinu- 
soidal source. 

It is often important to pay attention to the complete 
response of a circuit to a sinusoidal source. Remember that the 
complete response has two parts—the steady-state response 
that takes the same form as the input to the circuit, and the 
transient response that decays to zero as time progresses. 
When the source for a circuit is modeled as a 60 Hz sinusoid, 
the steady-state response is also a 60 Hz sinusoid whose mag- 
nitude and phase angle can be calculated using phasor circuit 
analysis. The transient response depends on the components 
that make up the circuit, the values of those components, and 
the way the components are interconnected. The voltage and 
current for every component in a circuit is the sum of a tran- 
sient part and a steady-state part, once the source is switched 
into the circuit. 


While the transient part of the voltage and current even- 
tually decays to zero, initially this transient part, when added 
to the steady-state part, may exceed the voltage or current 
rating of the circuit component. This is why it is important to 
be able to determine the complete response of a circuit. The 
Laplace transform techniques introduced in this chapter can 
be used to find the complete response of a circuit to a sinu- 
soidal source, 

Consider the RLC circuit shown below, comprised of 
components from Appendix H and powered by a 60 Hz sinu- 
soidal source. As detailed in Appendix H, the 10 mH induc- 
tor has a current rating of 40 mA. The amplitude of the 
sinusoidal source has been chosen so that this rating is met 
in the steady state (see Problem 12.54). Once we have pre- 
sented the Laplace transform method, we will be able to 
determine whether or not this current rating is exceeded 
when the source is first switched on and both the transient 
and steady-state components of the inductor current are 
active. 


15.2) | 
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Introduction to the Laplace Transform 


Laplace transform > 


12.1 Definition of the Laplace 
Transform 


The Laplace transform of a function is given by the expression 


£EF(0)} = i flee" adr, (12.1) 


where the symbol £{ f(t)} is read “the Laplace transform of f(f).” 
The Laplace transform of f(¢) is also denoted F(s); that is, 


F(s) = L{fF(}.- (12.2) 


This notation emphasizes that when the integral in Eq. 12.1 has been evalu- 
ated, the resulting expression is a function of s. In our applications, ¢ repre- 
sents the time domain, and, because the exponent of e in the integral of 
Eq. 12.1 must be dimensionless, s must have the dimension of reciprocal time, 
or frequency. The Laplace transform transforms the problem from the time 
domain to the frequency domain. After obtaining the frequency-domain 
expression for the unknown, we inverse-transform it back to the time domain. 

If the idea behind the Laplace transform seems foreign, consider 
another familiar mathematical transform. Logarithms are used to change a 
multiplication or division problem, such as A = BC, into a simpler addition 
or subtraction problem: log A = log BC = log B + log C. Antilogs are 
used to carry out the inverse process. The phasor is another transform; as we 
know from Chapter 9, it converts a sinusoidal signal into a complex number 
for easier, algebraic computation of circuit values. After determining the 
phasor value of a signal, we transform it back to its time-domain expression. 
Both of these examples point out the essential feature of mathematical 
transforms: They are designed to create a new domain to make the mathe- 
matical manipulations easier. After finding the unknown in the new domain, 
we inverse-transform it back to the original domain. In circuit analysis, we 
use the Laplace transform to transform a set of integrodifferential equations 
from the time domain to a set of algebraic equations in the frequency 
domain. We therefore simplify the solution for an unknown quantity to the 
manipulation of a set of algebraic equations. 

Before we illustrate some of the important properties of the Laplace 
transform, some general comments are in order. First, note that the inte- 
gral in Eq. 12.1 is improper because the upper limit is infinite. Thus we are 
confronted immediately with the question of whether the integral con- 
verges. In other words, does a given f(t) have a Laplace transform? 
Obviously, the functions of primary interest in engineering analysis have 
Laplace transforms; otherwise we would not be interested in the trans- 
form. In linear circuit analysis, we excite circuits with sources that have 
Laplace transforms. Excitation functions such as ¢ or e”, which do not 
have Laplace transforms, are of no interest here. 

Second, because the lower limit on the integral is zero, the Laplace 
transform ignores f(t) for negative values of ft. Put another way, F(s) is 
determined by the behavior of f(t) only for positive values of t. To empha- 
size that the lower limit is zero, Eq. 12.1 is frequently referred to as the 
one-sided, or unilateral, Laplace transform. In the two-sided, or bilateral, 
Laplace transform, the lower limit is —°00. We do not use the bilateral 
form here; hence F(s) is understood to be the one-sided transform. 

Another point regarding the lower limit concerns the situation when 
f(t) has a discontinuity at the origin. If f(t) is continuous at the origin—as, 


for example, in Fig. 12.1(a) —f(0) is not ambiguous. However, if f(t) has a 
finite discontinuity at the origin—as, for example, in Fig. 12.1(b)—the 
question arises as to whether the Laplace transform integral should 
include or exclude the discontinuity. In other words, should we make the 
lower limit 0” and include the discontinuity, or should we exclude the dis- 
continuity by making the lower limit 0*? (We use the notation 0° and 0* to 
denote values of ¢ just to the left and right of the origin, respectively.) 
Actually, we may choose either as long as we are consistent. For reasons to 
be explained later, we choose 0 as the lower limit. 

Because we are using 0” as the lower limit, we note immediately that 
the integration from 0° to 0* is zero. The only exception is when the dis- 
continuity at the origin is an impulse function, a situation we discuss in 
Section 12.3. The important point now is that the two functions shown in 
Fig. 12.1 have the same unilateral Laplace transform because there is no 
impulse function at the origin. 

The one-sided Laplace transform ignores f(t) for t < 0°. What hap- 
pens prior to 0 is accounted for by the initial conditions. Thus we use the 
Laplace transform to predict the response to a disturbance that occurs 
after initial conditions have been established. 

In the discussion that follows, we divide the Laplace transforms into 
two types: functional transforms and operational transforms. A functional 
transform is the Laplace transform of a specific function, such as sin wt, t, 
e, and so on. An operational transform defines a general mathematical 
property of the Laplace transform, such as finding the transform of the 
derivative of f(t). Before considering functional and operational trans- 
forms, however, we need to introduce the step and impulse functions. 


12.2 The Step Function 


We may encounter functions that have a discontinuity, or jump, at the ori- 
gin. For example, we know from earlier discussions of transient behavior 
that switching operations create abrupt changes in currents and voltages. 
We accommodate these discontinuities mathematically by introducing the 
step and impulse functions. 

Figure 12.2 illustrates the step function. It is zero for t < 0. The sym- 
bol for the step function is Ku(t). Thus, the mathematical definition of the 
step function is 


Ku(t) = 0, t <Q, 
Ku(t) = K, t>0. (12.3) 
If K is 1, the function defined by Eq. 12.3 is the unit step. 


The step function is not defined at t = 0. In situations where we need to 
define the transition between 0° and 0*, we assume that it is linear and that 


Ku(0) = 0.5K. (12.4) 


As before, 0° and 0* represent symmetric points arbitrarily close to the 
left and right of the origin. Figure 12.3 illustrates the linear transition from 
0 to 0%, 

A discontinuity may occur at some time other than ¢ = 0; for exam- 
ple, in sequential switching. A step that occurs at ¢ = a is expressed as 
Ku(t — a). Thus 


Ku(t —-a)=0, t<a, 
Ku(t-a)=K, t>a. (12.5) 
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£W fO 


(a) (d) 


Figure 12.1 A A continuous and discontinuous function 
at the origin. (a) f(t) is continuous at the origin. 
(b) f(t) is discontinuous at the origin. 


f(t) 


() 
Figure 12.2 A The step function. 


0° OF 


Figure 12.3 A The linear approximation to the step 
function. 
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fo 


Figure 12.4 A A step function occurring at ¢ = a 
when a > 0. 


fF 


K 


0 a 
Figure 12.5 AA step function Ku(a — t) fora > 0. 


function illustrated in Fig. 12.6. 


f(9 


Figure 12.6 A The function for Example 12.1. 


Solution 


The function shown in Fig. 12.6 is made up of linear 
segments with break points at 0, 1,3, and 4s. To con- 
struct this function, we must add and subtract linear 
functions of the proper slope. We use the step func- 
tion to initiate and terminate these linear segments 
at the proper times. In other words, we use the step 


If a > QO, the step occurs to the right of the origin, and if a < 0, the step 
occurs to the left of the origin. Figure 12.4 illustrates Eq. 12.5. Note that 
the step function is 0 when the argument f — a is negative, and it is K 
when the argument is positive. 

A step function equal to K for t < ais written as Ku(a — t). Thus 


Ku(a -t) = K, t<a, 
Ku(a-t)=0, t>a. (12.6) 


The discontinuity is to the left of the origin when a < 0. Equation 12.6 is 
shown in Fig. 12.5. 

One application of the step function is to use it to write the mathe- 
matical expression for a function that is nonzero for a finite duration but is 
defined for all positive time. One example useful in circuit analysis is a 
finite-width pulse, which we can create by adding two step functions. The 
function K[u(t — 1) — u(t — 3)] has the value K for 1 < ¢ < 3 and the 
value 0 everywhere else, so it is a finite-width pulse of height K initiated at 
t = 1 and terminated at ¢ = 3. In defining this pulse using step functions, 
it is helpful to think of the step function u(t — 1) as “turning on” the con- 
stant value K at¢ = 1, and the step function —u(t — 3) as “turning off” the 
constant value K at ¢ = 3. We use step functions to turn on and turn off 
linear functions at desired times in Example 12.1. 


Using Step Functions to Represent a Function of Finite Duration 


Use step functions to write an expression for the +2t — 8, on at ¢ = 3, off at ¢ = 4. These straight 


line segments and their equations are shown in 
Fig. 12.7. The expression for f(£) is 


f(t) = 2t[u(t) — u(t — 1)) + (-2t + face -— 1) 
— u(t — 3)] + (2t — 8)[u@t — 3) — u(t — 4). 


t(s) 


function to turn on and turn off a straight line with Figure 12.7 A Definition of the three line segments turned 
the following equations: +2t, on at ¢ = 0, off at on and off with step functions to form the function shown 
t=1; —2¢+4, on at t= 1, off at ¢ = 3; and in Fig. 12.6. 


NOTE: Assess your understanding of step functions by trying Chapter Problems 12.2 and 12.3. 


12.3 The Impulse Function 


When we have a finite discontinuity in a function, such as that illustrated 
in Fig. 12.1(b), the derivative of the function is not defined at the point of 
the discontinuity. The concept of an impulse function! enables us to define 
the derivative at a discontinuity, and thus to define the Laplace transform 
of that derivative. An impulse is a signal of infinite amplitude and zero 
duration. Such signals don’t exist in nature, but some circuit signals come 
very close to approximating this definition, so we find a mathematical 
model of an impulse useful. Impulsive voltages and currents occur in cir- 
cuit analysis either because of a switching operation or because the circuit 
is excited by an impulsive source. We will analyze these situations in 
Chapter 13, but here we focus on defining the impulse function generally. 

To define the derivative of a function at a discontinuity, we first assume 
that the function varies linearly across the discontinuity, as shown in 
Fig. 12.8, where we observe that as e — 0, an abrupt discontinuity occurs at 
the origin. When we differentiate the function, the derivative between —e 
and +e is constant at a value of 1/2. Fort > e, the derivative is —ae“""), 
Figure 12.9 shows these observations graphically. As € approaches zero, the 
value of f’(t) between +e approaches infinity. At the same time, the dura- 
tion of this large value is approaching zero. Furthermore, the area under 
f ‘(t) between +e remains constant as e — 0. In this example, the area is 
unity. As € approaches zero, we say that the function between +e 
approaches a unit impulse function, denoted 6(1). Thus the derivative of f(t) 
at the origin approaches a unit impulse function as e approaches zero, or 


f'(0)— 6(t) ase 0. 


If the area under the impulse function curve is other than unity, the 
impulse function is denoted K6(t), where K is the area. K is often referred 
to as the strength of the impulse function. 

To summarize, an impulse function is created from a variable-parameter 
function whose parameter approaches zero. The variable-parameter func- 
tion must exhibit the following three characteristics as the parameter 
approaches zero: 


1. The amplitude approaches infinity. 

2. The duration of the function approaches zero. 

3. The area under the variable-parameter function is constant as the 
parameter changes. 


Many different variable-parameter functions have the aforementioned 
characteristics. In Fig. 12.8, we used a linear function f(t) = 0.5t/e + 0.5. 
Another example of a variable-parameter function is the expo- 
nential function: 


f@)= sell "4 (12.7) 


As € approaches zero, the function becomes infinite at the origin and at the 
same time decays to zero in an infinitesimal length of time. Figure 12.10 
illustrates the character of f(t) as e — 0. To show that an impulse function 


' The impulse function is also known as the Dirac delta function. 
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Figure 12.8 A A magnified view of the discontinuity in 
Fig. 12.1(b), assuming a linear transition between —e 
and +e. 


f'@) 


Figure 12.9 A The derivative of the function shown 
in Fig. 12.8. 


f) 


Figure 12.10 A A variable-parameter function used to 
generate an impulse function. 


434 


Introduction to the Laplace Transform 


is created as e — 0, we must also show that the area under the function is 
independent of e. Thus, 


0 oe) 
Area = — elle dt + —— ee dy 
90 0) 

K eilé 0 K e tle oO 

—_—=_—e + — « 
2€ l/e oo 2E€ —l/e 0 
K K 
ie oe ; 
5 tS HK, (12.8) 


which tells us that the area under the curve is constant and equal to K units. 
Therefore, as e — 0, f(t) > K&(t). 
Mathematically, the impulse function is defined 


{ K8(t)dt = K; (12.9) 


6(t) =0, tr #0. (12.10) 


Equation 12.9 states that the area under the impulse function is constant. 
This area represents the strength of the impulse. Equation 12.10 states 
that the impulse is zero everywhere except at ¢ = 0. An impulse that 
occurs att = ais denoted Kd(t — a). 
The graphic symbol for the impulse function is an arrow. The strength 
f(t) of the impulse is given parenthetically next to the head of the arrow. 
Figure 12.11 shows the impulses K6(t) and K6(t — a). 
An important property of the impulse function is the sifting property, 
Kd(t — a) which is expressed as 


(K) 


a 


0 d [ f(Hd(t — ajdt = f(a), (12.11) 


Figure 12.11 & A graphic representation of the impulse 
K&(t) and Kd(t — a). where the function f(t) is assumed to be continuous at t = a; that is, at the 


location of the impulse. Equation 12.11 shows that the impulse function 
sifts out everything except the value of f(t) at ¢ = a. The validity of 
Eq. 12.11 follows from noting that 6(t — a) is zero everywhere except at 
t = a,and hence the integral can be written 


ate 


[= f(Hé(t — ajdt = f(HSt — ajdt. (12.12) 


ae 


But because f(t) is continuous at a, it takes on the value f(a) as > a, so 
a+eé rate 
[= f(aé(t — ajdt = ra) | S(t — ajdt 
= f(a). (12.13) 


We use the sifting property of the impulse function to find its Laplace 
transform: 


L{8(t)} = z d(t)e" dt = | ; d(t)dt = 1, (12.14) 


which is an important Laplace transform pair that we make good use of in 
circuit analysis. 


We can also define the derivatives of the impulse function and the 
Laplace transform of these derivatives. We discuss the first derivative, 
along with its transform and then state the result for the higher-order 
derivatives. 

The function illustrated in Fig. 12.12(a) generates an impulse function 
as e —>(). Figure 12.12(b) shows the derivative of this impulse-generating 
function, which is defined as the derivative of the impulse [6’(t)] as e > 0. 
The derivative of the impulse function sometimes is referred to as a 
moment function, or unit doublet. 

To find the Laplace transform of 6'(t), we simply apply the defining 
integral to the function shown in Fig. 12.12(b) and, after integrating, let 
e — 0. Then 


0 “e 
1 _. 1 
L{s'(y} = il se a i (Zea | 
e—>0) Se€ 0 € 


= lim 
e>0 SE 
: sere = se *€ 
= lim 
e>0) 2€S 


4 vs 
s70% He se SE 

= lim ——————_ 
e—0) 25 


= 5, (12.15) 


In deriving Eq. 12.15, we had to use l’H6pital’s rule twice to evaluate the 
indeterminate form 0/0. 

Higher-order derivatives may be generated in a manner similar to 
that used to generate the first derivative (see Problem 12.6), and the defin- 
ing integral may then be used to find its Laplace transform. For the ath 
derivative of the impulse function, we find that its Laplace transform sim- 
ply is 5”; that is, 


LIMO} = 5”. (12.16) 


Finally, an impulse function can be thought of as a derivative of a step 
function; that is, 


a aa 


(12.17) 


Figure 12.13 presents the graphic interpretation of Eq. 12.17. The function 
shown in Fig. 12.13(a) approaches a unit step function as € — 0. The func- 
tion shown in Fig. 12.13(b)—the derivative of the function in 
Fig. 12.13(a)—approaches a unit impulse as e > 0. 

The impulse function is an extremely useful concept in circuit analy- 
sis, and we say more about it in the following chapters. We introduced the 
concept here so that we can include discontinuities at the origin in our def- 
inition of the Laplace transform. 


NOTE: Assess your understanding of the impulse function by trying 
Chapter Problems 12.7, 12.9, and 12.10. 


12.3. The Impulse Function 435 


f(t) 
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-e 0 € 


(b) 


Figure 12.12 A The first derivative of the impulse 
function. (a) The impulse-generating function used to 
define the first derivative of the impulse. (b) The first 
derivative of the impulse-generating function that 
approaches 5'(t) as € > 0). 


Figure 12.13 A The impulse function as the derivative 
of the step function: (a) f(t) — u(t) as e 0; and 
(b) f’(t) > d(t) as € > 0. 


436 Introduction to the Laplace Transform 


12.4 Functional Transforms 


A functional transform is simply the Laplace transform of a specified 
function of ft. Because we are limiting our introduction to the unilat- 
eral, or one-sided, Laplace transform, we define all functions to be zero 
fort <0. 

We derived one functional transform pair in Section 12.3, where 
we showed that the Laplace transform of the unit impulse function 
equals 1; (see Eq. 12.14). A second illustration is the unit step function 
of Fig. 12.13(a), where 


£{ult)} = [ fe dt = i le“dt 


a (12.18) 


—st 
e 


—S 


0° § 


Equation 12.18 shows that the Laplace transform of the unit step function 


PY) is I/s. 
The Laplace transform of the decaying exponential function shown in 
Fig. 12.14 is 


oo CO 1 
Pleo") = [ ee "dt = 7 get dp = . (12.19) 
ot y sta 


In deriving Eqs. 12.18 and 12.19, we used the fact that integration across 
the discontinuity at the origin is zero. 

A third illustration of finding a functional transform is the sinusoidal 
AO) function shown in Fig. 12.15. The expression for f(t) for t > 0” is sin wt; 
hence the Laplace transform is 


Figure 12.14 A A decaying exponential function. 


1.0 
1e, 0) 
aS L{sin wt} = : (sin wt)e™ dt 
O” 


Of jot _ jet 
= fa a e™ dt 
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Figure 12.15 A A sinusoidal function for ft > 0. 
So (s~ jot ae e (Stie)t 
= [ ee 
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Table 12.1 gives an abbreviated list of Laplace transform pairs. It 
includes the functions of most interest in an introductory course on cir- 
cuit applications. 


TABLE 12.1 An Abbreviated List of Laplace Transform Pairs 
Type fp) (> 0-) 
(impulse) S(t) 

(step) u(t) 

(ramp) t 
(exponential) en 

(sinc) sin wi 
(cosine) COS wt 
(damped ramp) te 
(damped sine) e “sin wt 
(damped cosine) e“ cos at 


12.5 Operational Transforms 


F(s) 


/ ASSESSMENT PROBLEM 


Objective 1—Be able to calculate the Laplace transform of a function using the definition of Laplace transform 


12.1 Use the defining integral to 
a) find the Laplace transform of cosh Bt; 
b) find the Laplace transform of sinh Br. 


NOTE: Also try Chapter Problem 12.17. 


12.5 Operational Transforms 


Answer: (a) s/(s? — B); 


(b) B/(s* — B”). 


Operational transforms indicate how mathematical operations performed 
on either f(t) or F(s) are converted into the opposite domain. The opera- 
tions of primary interest are (1) multiplication by a constant; (2) addition 
(subtraction); (3) differentiation; (4) integration; (5) translation in the time 
domain; (6) translation in the frequency domain; and (7) scale changing. 


Multiplication by a Constant 


From the defining integral, if 
LF} = F(s), 
then 


P{Kf(t)}} = KF(s). 


(12.21) 


Thus, multiplication of f(t) by a constant corresponds to multiplying F(s) 


by the same constant. 
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Addition (Subtraction) 


Addition (subtraction) in the time domain translates into addition (sub- 
traction) in the frequency domain. Thus if 


L{F(t)} = Fis), 
L{ folt)} = F(s), 


LAA(t)} = F3(s), 
then 
LAA) + Alt) — A()} = Ai(s) + Bs) — Fa(s), (12.22) 


which is derived by simply substituting the algebraic sum of time-domain 
functions into the defining integral. 


Differentiation 


Differentiation in the time domain corresponds to multiplying F(s) by s 
and then subtracting the initial value of f(t)—that is, f(0.)—from 
this product: 


2 20 = sF(s) — f(0°), (12.23) 


which is obtained directly from the definition of the Laplace transform, or 


d ~ d 
2 20 = | ; [LO lew (12.24) 


We evaluate the integral in Eq. 12.24 by integrating by parts. Letting 
u =e “and dv = [df(t)/dt] dt yields 


2{ LO} <i) 


dt 


oO x 

= i f(t)(-se dr). (12.25) 
07 7 
Because we are assuming that f(t) is Laplace transformable, the evalua- 


tion of e “f(t) at t = 00 is zero. Therefore the right-hand side of Eq. 12.25 
reduces to 


—f(0°) + of f(pme “dt = sF(s) — f(0). 


This observation completes the derivation of Eq. 12.23. It is an important 
result because it states that differentiation in the time domain reduces to 
an algebraic operation in the s domain. 

We determine the Laplace transform of higher-order derivatives by 
using Eq. 12.23 as the starting point. For example, to find the Laplace 
transform of the second derivative of f(t), we first let 


afl) 


5 12.26 
dt ( ) 


g(t) = 


12.5 
Now we use Eq. 12.23 to write 
G(s) = sF(s) — f(0°). (12.27) 
But because 


dg(t) _ d’f(t) 


dt dt? 


’ 


we write 


dg(t)| — J) @fO | _ Te 
os} _ 2) AZ le sG(s) — g(0). (12.28) 


Combining Eggs. 12.26, 12.27, and 12.28 gives 


S ae 
2 


df(0") 
d 


o9FG) SSC )= (12.29) 


We find the Laplace transform of the nth derivative by successively 
applying the preceding process, which leads to the general result 


a" f(t) ery | R al _ n2f 0) 
2 a" = s"F(s) — s" “f() —s 7 
da’ f (07 a FO" 
= gr FIO ) mothe eae eo. (12.30) 
dt” dt" 


Integration 


Integration in the time domain corresponds to dividing by s in the s domain. 
As before, we establish the relationship by the defining integral: 


} ['roras} = [ | fads feat (12.31) 
Qn 0 L Jo 


We evaluate the integral on the right-hand side of Eq. 12.31 by integrating 


by parts, first letting 
of 
“= i f(x) dx, 
0 


dv =e “dt. 


Then 


du = f(t)dt, 


a 
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The integration-by-parts formula yields 


t __ es t 
# ['reoax} ar [roa 


The first term on the right-hand side of Eq. 12.32 is zero at both the upper 
and lower limits. The evaluation at the lower limit obviously is zero, 
whereas the evaluation at the upper limit is zero because we are assuming 
that f(t) has a Laplace transform. The second term on the right-hand side 
of Eq. 12.32 is F(s)/s; therefore 


#4 ['rera} = a5 (12.33) 
Ov " 


which reveals that the operation of integration in the time domain is trans- 
formed to the algebraic operation of multiplying by 1/s in the s domain. 
Equation 12.33 and Eq. 12.30 form the basis of the earlier statement that 
the Laplace transform translates a set of integrodifferential equations into 
a set of algebraic equations. 


a0 oO st 
+ [ : f(t)dt. (12.32) 
Or 07 


5S 0 


Translation in the Time Domain 


If we start with any function f(t)u(t), we can represent the same function, 
translated in time by the constant a, as f(t — a)u(t — a).2 Translation in 
the time domain corresponds to multiplication by an exponential in the 
frequency domain. Thus 


LAf(t — aju(t — a)} =e “F(s), a> 0. (12.34) 


For example, knowing that 
1 
L£{tu(t)} = 3, 
s 


Eq. 12.34 permits writing the Laplace transform of (tf — a)u(t — a) 
directly: 


e as 


L{(t — aju(t — a)} = 
s 
The proof of Eq. 12.34 follows from the defining integral: 
L{(t — a)ju(t — a)} = [ u(t — a)f(t — ale dt 
0" 


= / f(t — aje dt. (12.35) 


In writing Eq. 12.35, we took advantage of u(t — a) = 1 for ft > a. Now 
we change the variable of integration. Specifically, we let x = ¢ — a. Then 


? Note that throughout we multiply any arbitrary function f(r) by the unit step function u(t) 
to ensure that the resulting function is defined for all positive time. 


12.5 


x = 0 when ¢ = a,x = © whent = © and dx = dt. Thus we write the 
integral in Eq. 12.35 as 


L{f(t — aut — a)} = fi fixe 8" dx 


_ ae] f(xje* dx 
J0 


e “F(s), 


which is what we set out to prove. 


Translation in the Frequency Domain 


Translation in the frequency domain corresponds to multiplication by an 
exponential in the time domain: 


Li{e™ f(t)} = F(s + a), (12.36) 


which follows from the defining integral. The derivation of Eq. 12.36 is left 
to Problem 12.13. 

We may use the relationship in Eq. 12.36 to derive new transform 
pairs. Thus, knowing that 


Li{cos wt} = ; 
{ wt } eae 


we use Eq. 12.36 to deduce that 


s+a 


LLe™ cosat} = ——_————_--. 
{ } (s + ay’ + w* 


Scale Changing 


The scale-change property gives the relationship between f(t) and F(s) 
when the time variable is multiplied by a positive constant: 


L{f(at)} = 1r(2) a>0, (12.37) 


the derivation of which is left to Problem 12.16. The scale-change property 
is particularly useful in experimental work, especially where time-scale 
changes are made to facilitate building a model of a system. 

We use Eq. 12.37 to formulate new transform pairs. Thus, knowing that 


s 
$ 
se +1 


L{cos t} = 
we deduce from Eq. 12.37 that 
i S/W 
L{coswt} = eae = =. 
M(s/o) +1 s' +o 


Table 12.2 gives an abbreviated list of operational transforms. 
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TABLE 12.2 An Abbreviated List of Operational Transforms 


Operation 
Multiplication by a constant 


Addition/subtraction 


First derivative (time) 


Second derivative (time) 


nth derivative (time) 


Time integral 


Translation in time 


Translation in frequency 


Scale changing 


First derivative (s) 


nth derivative (s) 


Ss integral 


/ ASSESSMENT PROBLEM 


mG) F(s) 
Kf (0) KF(s) 
fit) + Alt) — AW) + F(s) + A(s) — Fa(s) +++ 
If (t 
a sF(s) — f(0) 
2 ee 
— 2F(s) - sf) - ae ) 
da" df (0 
i s"F(s) — s"-'f(O-) - s?? aS ) 
PO) | df 0) 
> dt? dt?! 
[5 dx F(s) 
Jo s 
f(t — au(t — a)a>0 eS F(s) 
e “F(t) F(s + a) 
L478 
f(at),a >0 1(<) 
dF(s) 
wo) ds 
ap 2 2 F(s) 
t"F (2) Ca 
i” / F(u) du 


Objective 1—Be able to calculate the Laplace transform of a function using the Laplace transform table or a table of 


operational transforms 


12.2 Use the appropriate operational! transform ps 


from Table 12.2 to find the Laplace transform 


of each function: 

a) (2 ert. 

b) era sinh Br); 
dt ; 


c) £cOSs wt. 


NOTE: Also try Chapter Problems 11.14 and 11.22. 


Figure 12.16 A A parallel RLC circuit. 


12.6 Applying the Laplace Transform 


We now illustrate how to use the Laplace transform to solve the ordinary 
integrodifferential equations that describe the behavior of lumped- 
parameter circuits. Consider the circuit shown in Fig. 12.16. We assume 
that no initial energy is stored in the circuit at the instant when the switch, 
which is shorting the dc current source, is opened. The problem is to find 
the time-domain expression for v(t) when ¢ = 0. 


We begin by writing the integrodifferential equation that v(t) must 
satisfy. We need only a single node-voltage equation to describe the cir- 
cuit. Summing the currents away from the top node in the circuit gener- 
ates the equation: 


wy a a x)dx + cM = [gctt(t). (12.38) 


Note that in writing Eq. 12.38, we indicated the opening of the switch in 
the step jump of the source current from zero to Ig¢. 

After deriving the integrodifferential equations (in this example, just 
one), we transform the equations to the s domain. We will not go through 
the steps of the transformation in detail, because in Chapter 13 we will dis- 
cover how to bypass them and generate the s-domain equations directly. 
Briefly though, we use three operational transforms and one functional 
transform on Eq. 12.38 to obtain 


Vos) od uo) 


Re + C[sV(s) — (0°)] = ta(+), (12.39) 


an algebraic equation in which V(s) is the unknown variable. We are 
assuming that the circuit parameters R, L, and C, as well as the source cur- 
rent Jy, are known; the initial voltage on the capacitor v(0°) is zero 
because the initial energy stored in the circuit is zero. Thus we have 
reduced the problem to solving an algebraic equation. 

Next we solve the algebraic equations (again, just one in this case) for 
the unknowns. Solving Eq. 12.39 for V(s) gives 


] Tac 
+ ——_s + — 
viol t+; sc) = : 


Tye /C 


MS) = 2 GyRO)s + (W/LO) 


(12.40) 


To find v(t) we must inverse-transform the expression for V(s). We 
denote this inverse operation 


v(t) = £'{V(s)}. (12.41) 


The next step in the analysis is to find the inverse transform of the 
s-domain expression; this is the subject of Section 12.7. In that section 
we also present a final, critical step: checking the validity of the result- 
ing time-domain expression. The need for such checking is not unique 
to the Laplace transform; conscientious and prudent engineers always 
test any derived solution to be sure it makes sense in terms of known 
system behavior. 

Simplifying the notation now is advantageous. We do so by dropping 
the parenthetical ¢ in time-domain expressions and the parenthetical s in 
frequency-domain expressions. We use lowercase letters for all time-domain 
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variables, and we represent the corresponding s-domain variables with 
uppercase letters. Thus 


Liv} =V or v= LV}, 


ns 
| 


Pii=T cor f=] PONT}, 


Lif} =F or f = £1{F}, 


and so on. 


NOTE: Assess your understanding of this material by trying Chapter 
Problem 12.26. 


12.7 Inverse Transforms 


The expression for V(s) in Eq. 12.40 is a rational function of s; that is, one 
that can be expressed in the form of a ratio of two polynomials in s such 
that no nonintegral powers of s appear in the polynomials. In fact, for lin- 
ear, lumped-parameter circuits whose component values are constant, the 
s-domain expressions for the unknown voltages and currents are always 
rational functions of s. (You may verify this observation by working 
Problems 12.28-12.31.) If we can inverse-transform rational functions of s, 
we can solve for the time-domain expressions for the voltages and cur- 
rents. The purpose of this section is to present a straight-forward and sys- 
tematic technique for finding the inverse transform of a rational function. 

In general, we need to find the inverse transform of a function that 
has the form 


N(s a,s’ +a,_s"}+---+tasta 
F(s) = ( ) = is = fai 1 ae 1 (0) ; (12.42) 
D(s) bs + b,,-18 +--+ + bis + by 


The coefficients a and b are real constants, and the exponents m and 7 are 
positive integers. The ratio N(s)/D(s) is called a proper rational function 
if m > n, and an improper rational function if m = n. Only a proper 
rational function can be expanded as a sum of partial fractions. This 
restriction poses no problem, as we show at the end of this section. 


Partial Fraction Expansion: Proper Rational Functions 


A proper rational function is expanded into a sum of partial fractions by 
writing a term or a series of terms for each root of D(s). Thus D(s) must 
be in factored form before we can make a partial fraction expansion. For 
each distinct root of D(s), a single term appears in the sum of partial frac- 
tions. For each multiple root of D(s) of multiplicity r, the expansion con- 
tains r terms. For example, in the rational function 


s+6 
s(s + 3)(s + 1)?’ 


the denominator has four roots. Two of these roots are distinct —namely, 

at s = 0and s = —3. A multiple root of multiplicity 2 occurs at s = —1. 

Thus the partial fraction expansion of this function takes the form 
s+ 6 x K, K> kK, K4 


Sd haS— + ———-( 4+ “ 
s(s+3)s+1P? s s+3 (s+1P? stl 


(12.43) 


The key to the partial fraction technique for finding inverse transforms 
lies in recognizing the f(t) corresponding to each term in the sum of par- 
tial fractions. From Table 12.1 you should be able to verify that 


gol s+ 6 
s(s + 3)(s + 1? 


= (K, + Kye + K3te' + Kye“ )u(t). (12.44) 


All that remains is to establish a technique for determining the coeffi- 
cients (K,, K>, K3,...) generated by making a partial fraction expansion. 
There are four general forms this problem can take. Specifically, the roots 
of D(s) are either (1) real and distinct; (2) complex and distinct; (3) real 
and repeated; or (4) complex and repeated. Before we consider each situ- 
ation in turn, a few general comments are in order. 

We used the identity sign = in Eq. 12.43 to emphasize that expanding 
a rational function into a sum of partial fractions establishes an identical 
equation. Thus both sides of the equation must be the same for all values 
of the variable s. Also, the identity relationship must hold when both sides 
are subjected to the same mathematical operation. These characteristics 
are pertinent to determining the coefficients, as we will see. 

Be sure to verify that the rational function is proper. This check is 
important because nothing in the procedure for finding the various Ks will 
alert you to nonsense results if the rational function is improper. We pres- 
ent a procedure for checking the Ks, but you can avoid wasted effort by 
forming the habit of asking yourself, “Is F(s) a proper rational function?” 


Partial Fraction Expansion: Distinct Real Roots of D(s) 


We first consider determining the coefficients in a partial fraction expan- 
sion when all the roots of D(s) are real and distinct. To find a K associated 
with a term that arises because of a distinct root of D(s), we multiply both 
sides of the identity by a factor equal to the denominator beneath the 
desired K. Then when we evaluate both sides of the identity at the root cor- 
responding to the multiplying factor, the right-hand side is always the 
desired K, and the left-hand side is always its numerical value. For example, 


= 96(s + 5)(s + 12) -: Ki a K, K3 


tA eee or ae ee ee: 


To find the value of K,, we multiply both sides by s and then evaluate both 
sides at s = 0): 


96(s + 5)(s + 12) os Ks K3s8 
(s + 8)(s + 6) s=0 _ , s+ 8 s=0 s+6 era 
or 
96(5)(12) | _ 
46) Ki = 120. (12.46) 


To find the value of K2, we multiply both sides by s + 8 and then evaluate 
both sides at s = —8: 


96(s + 5)(s + 12) 
s(s + 6) 


s=-8 


_ Kis + 8) 
S 


K3(s + 
4+ K, + Ka(s_ + 8) : 
s=-8 (s oy 6) s=-8 
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or 

96(—3)(4) 

———. = K, = -72. 

(—8)(-2) 
Then K3 is 

96(s + S)(s + 12 
(+5+12)) og gg 

s(s zs 8) s=—6 

From Eq. 12.45 and the K values obtained, 
96(s + 5)(s + 12) _ 120 48 72 


s(s + 8)\(s+6) 5 s+6 s+8 


(12.47) 


(12.48) 


(12.49) 


At this point, testing the result to protect against computational errors is a 
good idea. As we already mentioned, a partial fraction expansion creates 
an identity; thus both sides of Eq. 12.49 must be the same for all s values. 
The choice of test values is completely open; hence we choose values that 
are easy to verify. For example, in Eq. 12.49, testing at either —5 or —12 is 
attractive because in both cases the left-hand side reduces to zero. 


Choosing —5 yields 


e+ SE = 24 + as - 24 = 0, 


whereas testing —12 gives 


— + — —- — = -10 -8+ = Q, 
12 6 4 10-8 18 =0 


Now confident that the numerical values of the various Ks are correct, we 


proceed to find the inverse transform: 


_, J 96(s + 5)(s + 12) 
s(s + 8)\(s + 6) 


= (120 + 48e-™ — 72e)u(t). (12.50) 


Objective 2—Be able to calculate the inverse Laplace transform using partial fraction expansion and the Laplace 


transform table 


12.3 Find f(t) if 


6s° + 26s + 26 


PON eee DG ay 


Answer: f(t) = (3e7! + 207 + e&*)u(t). 


12.4 Find f(t) if 


F(s) = 7s* + 63s + 134 
~ (s + 3)(s + 4)(s + 5)’ 


Answer: f(t) = (4e" + 6e7* — 3e™)u(t). 


NOTE: Also try Chapter Problems 12.40(a) and (b). 


Partial Fraction Expansion: Distinct Complex 

Roots of D(s) 

The only difference between finding the coefficients associated with dis- 
tinct complex roots and finding those associated with distinct real roots is 


that the algebra in the former involves complex numbers. We illustrate by 
expanding the rational function: 


100(s + 3) 


Bi) =e ee 
(s) (s + 6)(s* + 6s + 25) 


(12.51) 


We begin by noting that F(s) is a proper rational function. Next we must 
find the roots of the quadratic term s* + 6s + 25: 


s+ 65 + 25 = (5 +3 —- j4)(s + 3 + j4). (12.52) 
With the denominator in factored form, we proceed as before: 


100(s + 3) _ 
(s + 6)(s? + 65 + 25) 


a a oe 12.53 
s+6 s+3-j4 s+3+4+j4 vee) 
To find K,, K>, and K3, we use the same process as before: 
100(s + 3) 100(—3) 
= > = ———_ = - 12, 12.54 
OP 46s + Slee 2S ve 
Pc 100(s + 3) _ 100( j4) 
(5 + 6)(s + 3+ ja)foasejia (3 + J4)( 8) 
= 6 — j8 = 10e73 3 , (12.55) 
_ 100(s + 3) _ 100(—4) 
“(9 + 6)(s + 3 = j4)|se-3-j4 (3 — J4)(-78) 
= 6+ j§ = 10e*)3 (12.56) 
Then 
100(s + 3) on Se 107 53.43" 
(s + 6)(s* + 6s +25) s+6 st+3—- j4 
10/53.13° 
rh (12.57) 
s+3+ 74 


Again, we need to make some observations. First, in physically realiz- 
able circuits, complex roots always appear in conjugate pairs. Second, the 
coefficients associated with these conjugate pairs are themselves conju- 
gates. Note, for example, that K; (Eq. 12.56) is the conjugate of K, 
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(Eq. 12.55). Thus for complex conjugate roots, you actually need to calcu- 
late only half the coefficients. 

Before inverse-transforming Eq. 12.57, we check the partial fraction 
expansion numerically. Testing at —3 is attractive because the left-hand 
side reduces to zero at this value: 


—12 10/-—53.13° 10 /53.13° 
F(s) = a + oy ae BE a aug EEE 


—]4 j4 
= -44+ 25 /36.87° + 2.5 /-36.87° 


-44+20+ f15+20—-j15=0. 


We now proceed to inverse-transform Eq. 12.57: 


ee 100(s + 3) 


, A a (—12e™* + 10¢ 7/9313" e-G- iA 
AY s 5 


+ 10e PF 'F ee GuM V(t), (12.58) 
In general, having the function in the time domain contain imaginary com- 
ponents is undesirable. Fortunately, because the terms involving imaginary 
components always come in conjugate pairs, we can eliminate the imagi- 
nary components simply by adding the pairs: 


10¢7/53-13' p-(3-74)! 4. 1Q¢ 153-13" 5-G+i4)t 
= 10e*(e (At S83 ee) 


= 20e* cos(4t — 53.13°), (12.59) 


which enables us to simplify Eq. 12.58: 
go 100(s + 3) 
(s + 6)(s? + 65 + 25) 
= [-12e"% + 20e* cos(4t — 53.13°)]u(2). (12.60) 


Because distinct complex roots appear frequently in lumped-parameter 
linear circuit analysis, we need to summarize these results with a new 
transform pair. Whenever D(s) contains distinct complex roots—that is, 
factors of the form (s + a — jB)(s + a + jB)—a pair of terms of the form 


K K* 


————S——e 12.61 
sta- Jp stat+jJB ( ) 


appears in the partial fraction expansion, where the partial fraction coeffi- 
cient is, in general, a complex number. In polar form, 


K = |Kle” = |K|/@°, (12.62) 


where |K| denotes the magnitude of the complex coefficient. Then 
K* = [Kle” = |K|/-6°. (12.63) 


The complex conjugate pair in Eq. 12.61 always inverse-transforms as 


pol a ee eee 
~ Sta —jP sheep 


= 2|Kle™™ cos(Bt + 8). (12.64) 


In applying Eq. 12.64 it is important to note that K is defined as the coeffi- 
cient associated with the denominator term s + a — j8,and K” is defined 
as the coefficient associated with the denominator s + a + jf. 


/ ASSESSMENT PROBLEM 


Objective 2—Be able to calculate the inverse Laplace transform using partial fraction expansion and the Laplace 


transform table 
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12.5 Find f(t) if Answer: f(t) = (10e — 8.33e™ sin 12t)u(t). 


10(s? + 119) 
BS) a ae 
(s + 5)(s* + 10s + 169) 


NOTE: Also try Chapter Problems 12.40(c) and (a). 


Partial Fraction Expansion: Repeated Real Roots of D(s) 


To find the coefficients associated with the terms generated by a multiple 
root of multiplicity r, we multiply both sides of the identity by the multiple 
root raised to its rth power. We find the K appearing over the factor raised 
to the rth power by evaluating both sides of the identity at the multiple root. 
To find the remaining (r — 1) coefficients, we differentiate both sides of the 
identity (r ~— 1) times. At the end of each differentiation, we evaluate both 
sides of the identity at the multiple root. The right-hand side is always the 
desired K, and the left-hand side is always its numerical value. For example, 


100(s + 25) K, Ky K; Kg 
at tt ae . (12.65) 
s(s + 5S) s (er Sy 6 (StS) vaeS 
We find K, as previously described; that is, 
100(s + 25) 100(25) 
ioe aan es (12.66) 
(s 2 a) s=0 125 


To find K2, we multiply both sides by (s + 5)° and then evaluate both 
sides at —S: 


100(s + 25 Ki(s + 59° 
100(s_+ 25) _ Ailes) + K, + K3(s a 5) les 
S s=-5 s s=—5 
+ K,(s + 5) (12.67) 
s=-5 
100(20) 
(5) = kK, X0+ Ki+ K;X0+ Ky, x0 


= K, = —400. (12.68) 
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To find K3 we first must multiply both sides of Eq. 12.65 by (s + 5)°*. Next 
we differentiate both sides once with respect to s and then evaluate at 


SS: 
d | 100(s + 25) _ d| Ks + 5) 
ds s cone. aS s ota 


d 
a atteea (6) Pome 
As! 2)\s= 5 


d 
ast + 5)]s=-s 


d 
+— + 5)7].__ 
1seKals 5) le 59 (12 69) 


$= (5 4 25) 
100 | ———+ = K; = -100. (12.70) 
sé s=—5 


To find K, we first multiply both sides of Eq. 12.65 by (s + 5)*. Next 
we differentiate both sides twice with respect to s and then evaluate both 
sides at s = —5. After simplifying the first derivative, the second deriva- 
tive becomes 


d| 25 d | (s + 5)?(2s — 5) 
100— | -> = K,— | ————— 
ure s° |. mer s? gag 


d d 
+0 + 7 [Ka]s=-5 + 7 [2Kals + 5)|s=-s: 


or 
—40 = 2K4. (12.71) 
Solving Eq. 12.71 for K4 gives 
Ky = —20. (12.72) 
Then 
100(s + 25) _ 20 400 100 20 


i  - —_ - —_, 12.73 
s(s + 5) s  (s+5P (8 +5) st+5 ( ) 


At this point we can check our expansion by testing both sides of 
Eq. 12.73 at s = —25. Noting both sides of Eq. 12.73 equal zero when 


s = —25 gives us confidence in the correctness of the partial fraction 
expansion. The inverse transform of Eq. 12.73 yields 


a {eee + 2 
s(s + 5)° 


= [20 — 200¢7e — 100re™ — 2007 Ju(t). (12.74) 


12.7. Inverse Transforms 451 


/ ASSESSMENT PROBLEM 


Objective 2—Be able to calculate the inverse Laplace transform using partial fraction expansion and the Laplace 
transform table 


12.6 Find f(r) if Answer: f(t) = (1 + 2te7 + 3e" u(t). 
4s? + 7s +1 
ra a 
s(s + 1) 


NOTE: Also try Chapter Problems 12.41 (a), (b), and (d). 


Partial Fraction Expansion: Repeated Complex 
Roots of D(s) 


We handle repeated complex roots in the same way that we did repeated 
real roots; the only difference is that the algebra involves complex num- 
bers. Recall that complex roots always appear in conjugate pairs and that 
the coefficients associated with a conjugate pair are also conjugates, so 
that only half the Ks need to be evaluated. For example, 


768 
(s? + 6s + 25)” 


After factoring the denominator polynomial, we write 


F(s) = (12.75) 


768 

F(s) = “Ay? “Ay? 
(s +3 — j4)*(s + 3 + j4) 
K, K, 

(s+3-j4 st+3- j4 


Ki K3 
+ ————_~ + ——*_. (12.76) 
(s+3+ j4 s+3 +4 j4 
Now we need to evaluate only K, and K>, because Kj and K3 are conju- 
gate values. The value of K, is 


768 


K, = one 
(s + 3 + j4)*|s=-34j4 


768 
= = —12. (12.77) 


(782 


The value of K is 


d 768 
eS |e 
ds | (s +3 4+ j4)° |s=-3+)4 


____2(768) 
(s +3 + j4)° 


s=—3+)4 
2(768) 
(89 
—j3 = 3 /-90°. (12.78) 
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From Eqs. 12.77 and 12.78, 


Ki = -12, (12.79) 


Ky = j3 = 3 /90°. (12.80) 


We now group the partial fraction expansion by conjugate terms to obtain 


F(s) = a 4 Ti 
(s +3 - j4)? (s +3 +4 j4) 


3 /-90° 3 790° 
SH3—j4- ssa 4 
We now write the inverse transform of F(s): 
f(t) = [-24te™ cos 4t + 6e* cos(4t — 90°)Ju(t). (12.82) 


Note that if F(s) has a real root a of multiplicity r in its denominator, 
the term in a partial fraction expansion is of the form 


J 
(s + a) 


The inverse transform of this term is 


K Kr’! —at 
pol ees = Game (12.83) 


If F(s) has a complex root of a + jB of multiplicity r in its denominator, 
the term in partial fraction expansion is the conjugate pair 


K A K* 
(sta—jBY (st+a+t jp) 


The inverse transform of this pair is 


ec ast 
(sta— jp (sta jpy 


r- 
= a e “ cos(Bt + | u(t). (12.84) 


Equations 12.83 and 12.84 are the key to being able to inverse-transform 
any partial fraction expansion by inspection. One further note regarding 
these two equations: In most circuit analysis problems, r is seldom greater 
than 2. Therefore, the inverse transform of a rational function can be han- 
dled with four transform pairs. Table 12.3 lists these pairs. 


TABLE 12.3 Four Useful Transform Pairs 


Pair Nature of 
Number Roots F(s) 
1 Distinct real = 
s+a 
K 
2 R ted real 
epeated rea ay 
2 as K K* 
oe 
3 Distinct complex oe 48 se ap 
K 
4 Repeated complex 


(C+a- ip tat iB 


Note: In pairs 1 and 2, K is a real quantity, whereas in pairs 3 and 4, K is the complex quantity |K| /6. 


J ASSESSMENT PROBLEM 


Objective 2—Be able to calculate the inverse Laplace transform using partial fraction expansion and the Laplace 


transform table 


12.7. Inverse Transforms 


rAG) 


Ke “u(t) 


Kte“ u(t) 


2|Kle~* cos (Bt + @)u(t) 


12.7 Find f(t) if Answer: f(t) = (—20te™~ cost + 20e™ sin f)uc(t). 


40 
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NOTE: Also try Chapter Problem 12.41 (e). 


Partial Fraction Expansion: Improper Rational Functions 


We conclude the discussion of partial fraction expansions by returning 
to an observation made at the beginning of this section, namely, that 
improper rational functions pose no serious problem in finding inverse 
transforms. An improper rational function can always be expanded into 
a polynomial plus a proper rational function. The polynomial is then 
inverse-transformed into impulse functions and derivatives of impulse 
functions. The proper rational function is inverse-transformed by the 
techniques outlined in this section. To illustrate the procedure, we use 
the function 


s? + 1357 + 665% + 200s + 300 


F(s) = 
(s) s? + 9s + 20 


(12.85) 


Dividing the denominator into the numerator until the remainder ts a 
proper rational function gives 


30s + 100 


F(s) = s° + 4s + 10 + =———__, 
SP Oso 20 


(12.86) 


where the term (30s + 100)/(s* + 9s + 20) is the remainder. 
Next we expand the proper rational function into a sum of 
partial fractions: 


30s +100 30s+ 100 — ~20 f 50 
s?+95+20 (s +4)(s+5) st+4 s4+5) 


(12.87) 
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2t|Kle cos (Bt + @)u(t) 
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Substituting Eq. 12.87 into Eq. 12.86 yields 


, 20 50 
F(s) = s* + 4s + 10 - + 
(s)=s As () Reg”, eae (12.88) 
Now we can inverse-transform Eq. 12.88 by inspection. Hence 
ad’s(t)  —_ d8(t) 

= +4 + 106(¢ 

flO =a + A + 1080) 
— (20e" — 50e™)u(t). (12.89) 


/ ASSESSMENT PROBLEMS 


Objective 2—Be able to calculate the inverse Laplace transform using partial fraction expansion and the Laplace 
transform table 


12.8 Find f(t) if 12.9 Find f(¢) if 
Fg) = SS pig) = 22 + 88 + 25 - 4) 
(s + 2)(s + 4) TET 
; _ ,d6(t) a 
Answer: f(t) = 58(t) — (3e°% — 2e)u(t). Answer: f(t) = 2 25(t) + 4e™ u(t). 


NOTE: Also try Chapter Problem 12.42(c). 


12.8 Poles and Zeros of F(s) 


The rational function of Eq. 12.42 also may be expressed as the ratio of 
two factored polynomials. In other words, we may write F(s) as 


K(s + z)(s + 2) +++ (S + Zn) 
(s a, py)(s a5 P2) ao (s is Pm) 


where K is the constant a,,/b,,. For example, we may also write the function 


F(s) = (12.90) 


8s? + 120s + 400 


F(s) = —.W_ 
(s) 2st + 205° + 70s? + 100s + 48 
as 


8(s? + 15s + 50) 
2(s1 + 10s* + 35s? + 50s + 24) 
7 4(s + 5)(s + 10) 
~ (s + 1)(s + 2)(s + 3)(s + 4)° 


F(s) = 


(12.91) 


The roots of the denominator polynomial, that is, —p,, —p2, —p3,..., 
—Pp,,, are called the poles of F(s); they are the values of s at which F(s) 
becomes infinitely large. In the function described by Eq. 12.91, the poles 
of F(s) are —1, —2, —3, and —4. 

The roots of the numerator polynomial, that is, —z,, —Z2, —Z3,..-, 
—z,, are called the zeros of F(s); they are the values of s at which F(s) 
becomes zero. In the function described by Eq. 12.91, the zeros of F(s) 
are —S and —1(). 


In what follows, you may find that being able to visualize the poles 
and zeros of F(s) as points on a complex s plane is helpful. A complex 
plane is needed because the roots of the polynomials may be complex. In 
the complex s plane, we use the horizontal axis to plot the real values of s 
and the vertical axis to plot the imaginary values of s. 

As an example of plotting the poles and zeros of F(s), consider 
the function 


2 OSes esr ey) 


= . 2.9 
s(s + 10)\(s + 6 — j8)(s + 6 + [8) eo) 


F(s) 


The poles of F(s) are at 0, —10, —6 + j8,and —6 — j8. The zeros arc at —5, 
—3 + j4,and —3 — j4. Figure 12.17 shows the poles and zeros plotted on 
the s plane, where X’s represent poles and O’s represent zeros. 

Note that the poles and zeros for Eq. 12.90 are located in the finite s 
plane. F(s) can also have either an rth-order pole or an rth-order zero at 
infinity. For example, the function described by Eq. 12.91 has a second- 
order zero at infinity, because for large values of s the function reduces to 
4/s*, and F(s) = 0 when s = oo. In this text, we are interested in the poles 
and zeros located in the finite s plane. Therefore, when we refer to the 
poles and zeros of a rational function of s, we are referring to the finite 
poles and zeros. 


12.9 Initial- and Final-Value Theorems 


The initial- and final-value theorems are useful because they enable us to 
determine from F(s) the behavior of f(¢) at 0 and co. Hence we can check 
the initial and final values of f(t) to see if they conform with known circuit 
behavior, before actually finding the inverse transform of F(s). 

The initial-value theorem states that 


lim, f(t) = lim sF(s), (12.93) 
| domed sa 


and the final-value theorem states that 


jim, f(t) = lim sF(s). (12.94) 


The initial-value theorem is based on the assumption that f(t) contains no 
impulse functions. In Eq. 12.94, we must add the restriction that the theo- 
rem is valid only if the poles of F(s), except for a first-order pole at the 
origin, lie in the left half of the s plane. 

To prove Eq. 12.93, we start with the operational transform of the 
first derivative: 


ak 2 = sF(s) — f(0) = i OF os dt, (12.95) 
7 dt 


at 


Now we take the limit as s = oo: 


oO 


if 
lim [sF(s) — f(0)] = im, Lo dt (12.96) 
So SOK, 0 


12.9 Initial- and Final-Value Theorems 455 


sg plane 
SOs pS a 
| 


[ee 
| | 
| | 


-10 pS y 

| | 

[ie Bog 

lec 
{ 

-h-j&§*--- 


Figure 12.17 A Plotting poles and zeros on the s plane. 


<4 Initial value theorem 


<4 Final value theorem 
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Observe that the right-hand side of Eq. 12.96 may be written as 


O"d 
im ( [¢ e'dt + [4 as. ear), 
SPOON Joy y at 


As s— ©, (df/dt)e™ — 0; hence the second integral vanishes in the limit. 
The first integral reduces to f(0*) — f(07), which is independent of s. Thus 
the right-hand side of Eq. 12.96 becomes 


lim | OY hi ipo f(O") — f°). (12.97) 
SIO 07 dt 


Because f(0°) is independent of s, the left-hand side of Eq. 12.96 may 
be written 


lim [sF(s) ~ fO)] = lim[sF(s)] - FO). (2.98) 
From Eqs. 12.97 and 12.98, 


lim sF(s) = f(0") = limf(), 


t—()" 


which completes the proof of the initial-value theorem. 
The proof of the final-value theorem also starts with Eq. 12.95. Here 
we take the limit as s — 0: 


lim[s¥(s) — f(0)) = im( f Lena) (12.99) 
i 


0 


The integration is with respect to ¢ and the limit operation is with respect 
to s,so the right-hand side of Eq. 12.99 reduces to 


df 4 7 ig 
iim( [ ale dt} = oh dt. (12.100) 


Because the upper limit on the integral is infinite, this integral may also be 
written as a limit process: 


oe) ‘d 
[ aa = lim Say, (12.101) 


where we use y as the symbol of integration to avoid confusion with the 
upper limit on the integral. Carrying out the integration process yields 


lim [f(Q) — FO) = lim LF@] — FO). (12.102) 
Substituting Eq. 12.102 into Eq. 12.99 gives 
lim[sF(s)] — f(O-) = lim [f(D] - FO). (22.103) 
Because f (0) cancels, Eq. 12.103 reduces to the final-value theorem, namely, 
tim sF(s) = jim f(t). 
The final-value theorem is useful only if f(0©) exists. This condition is true 


only if all the poles of F(s), except for a simple pole at the origin, lie in the 
left half of the s plane. 


12.9 Initial- and Final-Value Theorems 


The Application of Initial- and Final-Value Theorems 


To illustrate the application of the initial- and final-value theorems, we 
apply them to a function we used to illustrate partial fraction expan- 
sions. Consider the transform pair given by Eq. 12.60. The initial-value 
theorem gives 


fi ial 100s7[1 + (3/s)] ae 
CS Sa oss s[1 + (6/s)][1 + (6/s) + (25/s2)] 


lim, f(#) = [-12 + 20cos(—53.13°)|(1) = -12 + 12 = 0. 
1 


The final-value theorem gives 


: 100s(s + 3) 
lim sF(s) = im ———_,-—__~ = 
s>0 s>0 (s + 6)(s* + 65 + 25) 


> 


lim f(t) = jim [-12e" + 20e' cos(4t — 53.13°)Ju(t) = 0. 
t—-00 00 


In applying the theorems to Eq. 12.60, we already had the time-domain 
expression and were merely testing our understanding. But the real value of 
the initial- and final-value theorems lies in being able to test the s-domain 
expressions before working out the inverse transform. For example, con- 
sider the expression for V(s) given by Eq. 12.40. Although we cannot calcu- 
late v(t) until the circuit parameters are specified, we can check to see if 
V(s) predicts the correct values of v(0*) and v(co). We know from the 
statement of the problem that generated V(s) that v(0*) is zero. We also 
know that v(co) must be zero because the ideal inductor is a perfect short 
circuit across the dc current source. Finally, we know that the poles of V(s) 
must lie in the left half of the s plane because R, L, and C are positive con- 
stants. Hence the poles of sV(s) also lie in the left half of the s plane. 

Applying the initial-value theorem yields 


lim sV(s) = ieee =0 
$200 s>os*[1 + 1/(RCs) + 1/(LCs?)] 


Applying the final-value theorem gives 
Sage /C 
lim sV(s) = ee = 
s—>0 s>0 5° + (s/RC) + (1/LC) 


The derived expression for V(s) correctly predicts the initial and final val- 
ues of v(t). 


/ ASSESSMENT PROBLEM 


Objective 3—Understand and know how to use the initial value theorem and the final value theorem 


12.10 Use the initial- and final-value theorems to find Answer: 7,0;4,1; and 0,0. 
the initial and final values of f(t) in Assessment 
Problems 12.4, 12.6, and 12.7. 


NOTE: Also try Chapter Problem 12.50. 
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Practical Perspective 


Transient Effects 

The circuit introduced in the Practical Perspective at the beginning of the 
chapter is repeated in Fig. 12.18 with the switch closed and the chosen 
sinusoidal source. 


100 pF 


10 mH 


cos 120at V 


Figure 12.18 A A series RLC circuit with a 60 Hz 
sinusoidal source. 


We use the Laplace methods to determine the complete response of the 

inductor current, i; (t). To begin, use KVL to sum the voltages drops around 

the circuit, in the clockwise direction: 
di, (t) 1 


iG) 
L(t) dt 100 x 1076 


Now we take the Laplace transform of Eq. 12.104, using Tables 12.1 and 12.2: 


t 
[imax = cosl207t (12.104) 
J0 


patel) = s 
s s* + (1207)? 


Next, rearrange the terms in Eq. 12.105 to get an expression for /;(s): 
100s? 
ES aia 6y[ 2 2 
[s? + 1500s + 10°][s? + (12077)] 


Note that the expression for 7;(s) has two complex conjugate pairs of 
poles, so the partial fraction expansion of J;(s) will have four terms: 


1SI;(s) + 0.01sI,(s) + 1 (12.105) 


(12.106) 


K, Ki K> K3 
$$ + 7+ ig (12.107) 
(s + 750 — j661.44) (s + 750 + j661.44) (s — j1207) ~=(s + f1207r) 

Determine the values of K, and K>: 
100s? 
= 2 = 0.07357 Z —97.89° 
[s + 750s + j661.44]| s? + (1207)?| s=—750+ j661.44 
(12.108) 


100s? 
[s? + 1500s + 10°][s + j1207] 


= 0.018345 256.61° 


s=j1200 


Finally, we can use Table 12.3 to calculate the inverse Laplace transform of 
Eq. 12.107 to give i, (t): 


ip(t) = 147.14e7 >” cos(661.44t — 97.89°) + 36.69 cos(120mt + 56.61°)mA — (12.109) 


The first term of Eq. 12.109 is the transient response, which will decay to 
essentially zero in about 7 ms. The second term of Eq. 12.109 is the steady- 
state response, which has the same frequency as the 60 Hz sinusoidal source 
and will persist so long as this source is connected in the circuit. Note that 
the amplitude of the steady-state response is 36.69 mA, which is less than 
the 40 mA current rating of the inductor. But the transient response has an 
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initial amplitude of 147.14 mA, far greater than the 40 mA current rating. 
Calculate the value of the inductor current at ¢ = 0: 


iz(0) = 147.14(1)cos(—97.89°) + 36.69 cos(56.61°) = —6.21nA 


Clearly, the transient part of the response does not cause the inductor current to 
exceed its rating initially. But we need a plot of the complete response to deter- 
mine whether or not the current rating is ever exceeded, as shown in Fig. 12.19. 
The plot suggests we check the value of the inductor current at 1 ms: 
i,(0.001) = 147.14e~°” cos(—59.82°) + 36.69 cos(78.21°) = 42.6mA 
Thus, the current rating is exceeded in the inductor, at least momentarily. If 
we determine that we never want to exceed the current rating, we should 
reduce the magnitude of the sinusoidal source. This example illustrates the 
importance of considering the complete response of a circuit to a sinusoidal 
input, even if we are satisfied with the steady-state response. 


i,(t)(mA) 9° 
40 


Figure 12.19 A Plot of the inductor current for the circuit in Fig. 12.18. 


NOTE: Access your understanding of the Practical Perspective by trying Chapter 
Problems 12.55 and 12.56. 


* The Laplace transform is a tool for converting time- K is the strength of the impulse; if K = 1, K6(t) is the 


domain equations into frequency-domain equations, 
according to the following general definition: 


ef} = | fle" de = FO), 


where f(t) is the time-domain expression, and F(s) is 
the frequency-domain expression. (See page 430.) 

The step function Ku(t) describes a function that expe- 
riences a discontinuity from one constant level to 
another at some point in time. K is the magnitude of the 
jump; if K = 1, Ku(t) is the unit step function. (See 
page 431.) 


* The impulse function K6(t) is defined 


/ K&(t)dt = K, 
S(t) =0, ¢#0. 


unit impulse function. (See page 433.) 


A functional transform is the Laplace transform of a 
specific function. Important functional transform pairs 
are summarized in Table 12.1. (See page 436.) 


Operational transforms define the general mathematical 
properties of the Laplace transform. Important opera- 
tional transform pairs are summarized in Table 12.2. 
(See page 437.) 

In linear lumped-parameter circuits, F(s) is a rational 
function of s. (See page 444.) 


If F(s) is a proper rational function, the inverse trans- 
form is found by a partial fraction expansion. (See 
page 444.) 

If F(s) is an improper rational function, it can be inverse- 


transformed by first expanding it into a sum of a poly- 
nomial and a proper rational function. (See page 453.) 


460 Introduction to the Laplace Transform 


+ F(s) can be expressed as the ratio of two factored poly- * The final-value theorem states that 
nomials. The roots of the denominator are called poles 


and are plotted as Xs on the complex s plane. The roots jim, pe im, sF(s). 


of the numerator are called zeros and are plotted as 0s The theorem is valid only if the poles of F(s), except for 
on the complex s plane. (See page 454.) a first-order pole at the origin, lie in the left half of the s 
¢ The initial-value theorem states that plane. (See page 455.) 


lim f(t) = lim sF(s) « The initial- and final-value theorems allow us to predict 
104 500 the initial and final values of f(t) from an s-domain 
The theorem assumes that f(t) contains no impulse expression. (See page 457.) 

functions. (See page 455.) 


Problems _ 


Section 12.2 12.3. Use step functions to write the expression for each 
function shown in Fig. P12.3. 


12.1 Make a sketch of f(t) for —10s = t = 30s when 
f(t) is given by the following expression: 


Figure P12.3 
f() = (10¢ + 100)u(t + 10) — (10f + 50)u(t + 5) fO 
+ (50 — 10r)u(t — 5) 
— (150 — 10t)u(t — 15) + (10¢ — 250)u(t — 25) 10 - — 


— (10¢ — 300)u(t — 30) 
t(s) 


12.2 Use step functions to write the expression for each (a) 
of the functions shown in Fig. P12.2. 


Figure P12.2 
AG) 
10 t (s) 
t(s) 
—10 10 r() 
(a) 
20 
t(s) 
0 5 


(c) 


12.4 Step functions can be used to define a window func- 
tion. Thus u(t — 1) — u(r — 4) defines a window 
1 unit high and 3 units wide located on the time axis 
between 1 and 4. 


A function f(t) is defined as follows: 


FO = 9, t=0 
= —20f, 0O=t<=Ils 
= —20, Ilssts2s 
= 20 cos, 2ssr=4s: 
= 100 — 20t 4s<r<=5s 
= 0: 5sSt< ow. 


a) Sketch f(t) over the interval -1s = ¢ < 6s. 


b) Use the concept of the window function to write 
an expression for f(t). 


Section 12.3 


12.5 Explain why the following function generates an 
impulse function as e — 0: 


12.6 The triangular pulses shown in Fig. P12.6 are equiv- 
alent to the rectangular pulses in Fig. 12.12(b), 
because they both enclose the same area (1/e) and 
they both approach infinity proportional to 1/e? as 
e — 0. Use this triangular-pulse representation for 
5'(t) to find the Laplace transform of 6”(t). 


Figure P12.6 
5'(t) 


~¢ -€/20 


—2/e? 


12.7 a) Find the area under the function shown in 
Fig. 12.12(a). 
b) What is the duration of the function when e = 0? 
c) What is the magnitude of f(0) when € = 0? 


12.8 In Section 12.3, we used the sifting property of the 
impulse function to show that L£{6(t)} = 1. Show 
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that we can obtain the same result by finding the 
Laplace transform of the rectangular pulse that 
exists between +e in Fig. 12.9 and then finding 
the limit of this transform as e€ > 0. 


12.9 Evaluate the following integrals: 


a) l= fe + 2)[6(t) + 88(t — 1)] dt. 


b) [ = [20 + &(t + 1.5) + &(t — 3)]d¢. 
12.10 Find f(t) if 
f(t) = a i . “F(w)eH dw, 
OL ae Kee 


and 


4+ jw 
9+ jw 


F(w) = 75(w). 


12.11 Show that 
LLM (t)} = 5", 
12.12 a) Show that 


| _fW8'(t ~ a)at = - F(a). 


(Hint: Integrate by parts.) 
b) Use the formula in (a) to show that 


L{S'()} = s. 
Sections 12.4-12.5 
12.13 Show that 
L{e™ f(t)} = F(s + a). 
’ @ >; 
12.14 a) Find £ {sin of 
dt 
; d 
b) Find £ {eo wt} 
dt 
c) Find & @ Puts) 
at 


d) Check the results of parts (a), (b), and (c) by first 
differentiating and then transforming. 
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12.15 


12.16 


12.17 


12.18 


12.19 


12.20 


12.21 


Introduction to the Laplace Transform 


a) Find the Laplace transform of 


f 
i xdx 
07 


by first integrating and then transforming. 


b) Check the result obtained in (a) by using the 
operational transform given by Eq. 12.33. 


Show that 


e(flat)} = =F (2) 


Find the Laplace transform of each of the following 
functions: 


a) f(t) = te: 

b) f(t) = sinar; 

c) f(t) = sin (wt + 4): 
dy i) =. 

e) f(t) = cosh(t + 8). 


(Hint: See Assessment Problem 12.1.) 


Find the Laplace transform (when e—() of the 

derivative of the exponential function illustrated in 

Fig. 12.8, using each of the following two methods: 

a) First differentiate the function and then find the 
transform of the resulting function. 


b) Use the operational transform given by Eq. 12.23. 


Find the Laplace transform of cach of the following 
functions: 
a) f(t) = 40e*"—Yu(e — 3). 
b) f(t) = (St — 10)[ue(t — 2) — u(t — 4)] 
+ (30 — Ss)[u(t — 4) -— u(t — 8)] 
+ (St — 50)[u(t — 8) — u(t — 10). 


a) Find the Laplace transform of te. 


b) Use the operational transform given by Eq. 12.23 
d 
to find the Laplace transform of 7 (te “"). 
¢ 


c) Check your result in part (b) by first differenti- 
ating and then transforming the resulting 
expression. 


a) Find the Laplace transform of the function illus- 
trated in Fig. P12.21. 

b) Find the Laplace transform of the first deriva- 
tive of the function illustrated in Fig. P12.21. 


12.22 


12.23 


12.24 


c) Find the Laplace transform of the second deriv- 
ative of the function illustrated in Fig. P12.21. 


Figure P12.21 
f(t) 


t 
a) Find 4 il ews ax 
0- 


b) Check the results of (a) by first integrating and 
then transforming. 


a) Given that F(s) = £{f(t)}, show that 


_dF(s) _ 
b) Show that 
Hn a" F(s) _ " 
(-1) heen Li{t" fry}. 


c) Use the result of (b) to find £{1°}, L{t sin Br}, 
and £{te‘ cosh t}. 


a) Show that if F(s) = L{f(t)}, and {f(t)/t} is 
Laplace-transformable, then 


[ F(u)du = £ fot 


(Hint: Use the defining integral to write 


[ F(u)du = | G. peat) du 
Js SS 07 


and then reverse the order of integration.) 


b) Start with the result obtained in Problem 12.23(c) 
for & {tsin Bt} and use the operational trans- 
form given in (a) of this problem to find 
£ {sin Bt}. 


12.25 


Find the Laplace transform for (a) and (b). 


a) f(t) = fem sin wt). 


of 
b) f(t) = | e cos wx dx. 
0 


c) Verify the results obtained in (a) and (b) by first 
carrying out the indicated mathematical opera- 
tion and then finding the Laplace transform. 


Section 12.6 


12.26 


12.27 


12.28 


In the circuit shown in Fig. 12.16, the dc current 
source is replaced with a sinusoidal source that 
delivers a current of 1.2 cost A. The circuit compo- 
nents are R= 1Q, C = 625 mF, and L = 1.6H. 
Find the numerical expression for V(s). 


There is no energy stored in the circuit shown in 

Fig. P12.27 at the time the switch is opened. 

a) Derive the integrodifferential equations that 
govern the behavior of the node voltages v, 
and wv. 

b) Show that 


sT (8) 
C[s? + (R/L)s + (1/LC)] 


Vi(s) = 


Figure P12.27 


The switch in the circuit in Fig. P12.28 has been 

open for a long time. At ¢ = 0, the switch closes. 

a) Derive the integrodifferential equation that 
governs the behavior of the voltage v, fort = 0. 

b) Show that 


Vac / RC 
VO) Saracen 
s? + (1/RC)s + (1/LC) 
c) Show that 
oS) = s[s* + (1/RC)s + (1/LC)] 


Figure P12.28 
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12.29 The switch in the circuit in Fig. P12.29 has been in 


12.30 


12.31 


position @ for a long time. At ¢ = 0, the switch 
moves instantaneously to position b. 


a) Derive the integrodifferential equation that gov- 
erns the behavior of the voltage v, for ¢ = 0*. 


b) Show that 


Vals + (R/L)] 


VOI era a cya cc a 
[s° + (R/L)s + (1/LC)] 


Figure P12.29 


There is no energy stored in the circuit shown in 
Fig. P12.30 at the time the switch is opened. 


a) Derive the integrodifferential equation that 
governs the behavior of the voltage v,. 


b) Show that 
Tye /C 
Vis) = ae 
s* + (1/RC)s + /LC) 
c) Show that 
Slae 


9) =F ]RO)s + GLO) 


Figure P12,30 


The switch in the circuit in Fig. P12.31 has been in 
position a for a long time. At ¢ = 0, the switch 
moves instantaneously to position b. 


a) Derive the integrodifferential equation that gov- 
erns the behavior of the current i, fort = 0°. 


b) Show that 


Iyels + (1/RC)] 


AG a 
[s° + (1/RC)s + CA/LEC)] 


Figure P12.31 
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12.32 a) Write the two simultaneous differential equa- 


SPICE 
MULTISIM 


tions that describe the circuit shown in Fig. P12.32 
in terms of the mesh currents i, and ip. 

b) Laplace-transform the equations derived in (a). 
Assume that the initial energy stored in the cir- 
cuit is zero. 

c) Solve the equations in (b) for /,(s) and J,(s). 


Figure P12.32 
60 0 25 


Section 12.7 


12.33 


12.34 
PSPICE. 
MULTISIM 


12.35 
Perice 
MULTISIM 


12.36 


12.37 


PSPICE, 
MULTISIM 


12.38 
Force 
MULTISIM 


12.39 


Find v(t) in Problem 12.26. 


The circuit parameters in the circuit in Fig. P12.27 
are R = 2500 0; L = 500 mH; and C = 0.5 pF. If 
i,(f) = 15 mA, find v2(¢). 


The circuit parameters in the circuit in Fig. P12.28 
are R = 5k0O;L = 200mH; andC = 100 nF. If Va, 
is 35 V, find 


a) v,(t) fort = 0 
b) é,(t) fort = 0 


The circuit parameters in the circuit in Fig. P12.29 
are R= 2500, L=S50mH, and C = SyF. If 
Vac = 48 V, find v(t) for ¢ = 0. 


The circuit parameters in the circuit seen in 

Fig. P12.30 have the following values: R = 1kQ), 

EL = 12.5H,C = 2 pF, and Jy, = 30 mA. 

a) Find v,(t) for ¢ = 0. 

b) Find i,(t) for ¢ = 0. 

c) Does your solution for i,(t) make sense when 
t = ()? Explain. 


The circuit parameters in the circuit in Fig. P12.31 
are R = 5000, L = 250 mH, and C = 250 nF. If 
luc = SmA, find i,(¢) for t = 0. 


Use the results from Problem 12.32 and the circuit 
shown in Fig P12.32 to 


a) Find i,(t) and i,(¢). 

b) Find i,(00) and i,(0). 

c) Do the solutions for i; and i; make sense? 
Explain. 


12.40 Find f(t) for each of the following functions: 


8s? + 37s + 32 


F(s) = ——————.——_.. 
a) (s) (s + 1)(s + 2)(s + 4) 
b) F(s) = 13s? + 134s? + 392s + 288 
s(s + 2)(s? + 10s + 24) 

i Fox 20s? + 16s + 12 
(sg + 1)(s? + 2s + 5) 

250(s + 7)(s + 14 

i tge2 


s(s? + 14s + 50) © 


12.41 Find f(t) for each of the following functions. 


00 
FO ae 
50(s + 5) 
b) = F(s) = a = tye 
Fis) = 100+ 3) 
c) (s).= s(s? + 65 + 10) 
S(s + 2) 
a ESS a 
, Here 400 


s(s* + 4s + 5)? 


12.42 Find f(t) for each of the following functions. 


5s* + 385 + 80 


F = : 
a) (s) s+6s4+8 
10s? + 512s + 7186 
b)  F(s) = ———-——_.. 
) (s) s? + 485 + 625 
34 552 — — 100 
c) Fay = S S 50s 


s° + 15s + 50 


12.43 Find f(t) for each of the following functions. 


eS 100(s + 1) 
a E(s) = ———__—__. 
° s*(s° + 2s + 5) 
500 
b F(s) = —————. 
) (s) s(s + 5) 


12.44 


12.45 


40(s + 2 
Es aw 
5 2 

2 EONS * 


Derive the transform pair given by Eq. 12.64. 


a) Derive the transform pair given by Eq. 12.83. 
b) Derive the transform pair given by Eq. 12.84. 


Sections 12.8-12.9 


12.46 


12.47 


12.48 


12.49 


a) Use the initial-value theorem to find the initial 
value of v in Problem 12.26. 


b) Can the final-value theorem be used to find the 
steady-state value of v? Why? 


Use the initial- and final-value theorems to check 
the initial and final values of the current and volt- 
age in Problem 12.28. 


Use the initial- and final-value theorems to check 
the initial and final values of the current and volt- 
age in Problem 12.30. 


Use the initial- and final-value theorems to check 
the initial and final values of the current in 
Problem 12.31. 


12.50 


12.51 


12.52 


12.53 


Problems 465 


Apply the initial- and final-value theorems to each 
transform pair in Problem 12.40. 


Apply the initial- and final-value theorems to each 
transform pair in Problem 12.41. 


Apply the initial- and final-value theorems to each 
transform pair in Problem 12.42. 


Apply the initial- and final-value theorems to each 
transform pair in Problem 12.43. 


Sections 12.1-12.9 


12.54 


12.55 


12.56 


a) Use phasor circuit analysis techniques from 
Chapter 9 to determine the steady-state expres- 
sion for the inductor current in Fig. 12.18. 


b) How does your result in part (a) compare to the 
complete response as given in Eq. 12.109? 


Find the maximum magnitude of the sinusoidal 
source in Fig. 12.18 such that the complete response 
of the inductor current does not exceed the 40 mA 
current rating at ¢= 1 ms. 


Suppose the input to the circuit in Fig 12.18 is a 
damped ramp of the form Kte!"V. Find the 
largest value of K such that the inductor current 
does not exceed the 40 mA current rating. 


CHAPTER CONTENTS 


13.1 Circuit Elements in the s Domain p. 468 
13.2 Circuit Analysis in the s Domain p. 470 
13.3 Applications p. 472 

13.4 The Transfer Function p. 484 

13.5 The Transfer Function in Partial Fraction 


Expansions p. 486 


13.6 The Transfer Function and the Convolution 


Integral p. 489 


13.7 The Transfer Function and the 


Steady-State Sinusoidal Response p. 495 


13.8 The Impulse Function in Circuit 


S/ CHAPTER OBJECTIVES 


1 


Las) 


Analysis p. 498 


Be able to transform a circuit into the s domain 
using Laplace transforms; be sure you 
understand how to represent the initial 
conditions on energy-storage elements in the 

s domain. 


Know how to analyze a circuit in the s-domain 
and be able to transform an s-domain solution 
back to the time domain. 


Understand the definition and significance of 
the transfer function and be able to calculate 
the transfer function for a circuit using 
s-domain techniques. 


Know how to use a circuit’s transfer function to 
calculate the circuit's unit impulse response, its 
unit step response, and its steady-state 
response to a sinusoidal input. 
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1 


The Laplace Transform 
in Circuit Analysis 


The Laplace transform has two characteristics that make it an 
attractive tool in circuit analysis. First, it transforms a set of linear 
constant-coefficient differential equations into a set of linear 
polynomial equations, which are easier to manipulate. Second, it 
automatically introduces into the polynomial equations the initial 
values of the current and voltage variables. Thus, initial condi- 
tions are an inherent part of the transform process. (This con- 
trasts with the classical approach to the solution of differential 
equations, in which initial conditions are considered when the 
unknown coefficients are evaluated.) 

We begin this chapter by showing how we can skip the step of 
writing time-domain integrodifferential equations and transform- 
ing them into the s domain. In Section 13.1, we’ll develop the 
s-domain circuit models for resistors, inductors, and capacitors so 
that we can write s-domain equations for all circuits directly. 
Section 13.2 reviews Ohm’s and Kirchhoff’s laws in the context of 
the s domain. After establishing these fundamentals, we apply the 
Laplace transform method to a variety of circuit problems in 
Section 13.3. 

Analytical and simplification techniques first introduced with 
resistive circuits—such as mesh-current and node-voltage methods 
and source transformations—can be used in the s domain as well. 
After solving for the circuit response in the s domain, we inverse 
transform back to the time domain, using partial fraction expansion 
(as demonstrated in the preceding chapter). As before, checking the 
final time-domain equations in terms of the initial conditions and 
final values is an important step in the solution process. 

The s-domain descriptions of circuit input and output lead us, 
in Section 13.4, to the concept of the transfer function. The trans- 
fer function for a particular circuit is the ratio of the Laplace 
transform of its output to the Laplace transform of its input. In 
Chapters 14 and 15, we’ll examine the design uses of the transfer 
function, but here we focus on its use as an analytical tool. We 
continue this chapter with a look at the role of partial fraction 


AO Pe 


Practical Perspective 


Surge Suppressors 

With the advent of home-based personal computers, modems, 
fax machines, and other sensitive electronic equipment, it is 
necessary to provide protection from voltage surges that can 
occur in a household circuit due to switching. A commer- 
cially available surge suppressor is shown in the accompany- 
ing figure. 


How can flipping a switch to turn on a light or turn off a 
hair dryer cause a voltage surge? At the end of this chapter, 
we will answer that question using Laplace transform tech- 
niques to analyze a circuit. We will illustrate how a voltage 
surge can be created by switching off a resistive load in a cir- 
cuit operating in the sinusoidal steady state. 
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Figure 13.1 A The resistance element. (a) Time domain. 


(b) Frequency domain. 


a 


Figure 13.2 A An inductor of £ henrys carrying an 
initial current of £9 amperes. 


expansion (Section 13.5) and the convolution integral (Section 13.6) in 
employing the transfer function in circuit analysis. We conclude with a 
look at the impulse function in circuit analysis. 


13.1 Circuit Elements in the s Domain 


The procedure for developing an s-domain equivalent circuit for each cir- 
cuit element is simple. First, we write the time-domain equation that 
relates the terminal voltage to the terminal current. Next, we take the 
Laplace transform of the time-domain equation. This step generates an 
algebraic relationship between the s-domain current and voltage. Note that 
the dimension of a transformed voltage is volt-seconds, and the dimension 
of a transformed current is ampere-seconds. A voltage-to-current ratio in 
the s domain carries the dimension of volts per ampere. An impedance 
in the s domain is measured in ohms, and an admittance is measured in 
siemens. Finally, we construct a circuit model that satisfies the relation- 
ship between the s-domain current and voltage. We use the passive sign 
convention in all the derivations. 


A Resistor in the s Domain 


We begin with the resistance element. From Ohm’s law, 
v= Ri. (13.1) 
Because R is a constant, the Laplace transform of Eq. 13.1 is 
V=Ri, (13.2) 
where 
V=L{v} and J = L{i}. 


Equation 13.2 states that the s-domain equivalent circuit of a resistor is 
simply a resistance of R ohms that carries a current of J ampere-seconds 
and has a terminal voltage of V volt-seconds. 

Figure 13.1 shows the time- and frequency-domain circuits of the 
resistor. Note that going from the time domain to the frequency domain 
does not change the resistance element. 


An Inductor in the s Domain 


Figure 13.2 shows an inductor carrying an initial current of /) amperes. 
The time-domain equation that relates the terminal voltage to the termi- 
nal current is 


v=L—. (13.3) 


The Laplace transform of Eq. 13.3 gives 


V = L{sI — i(0-)] = sLI — Lip. (13.4) 


Two different circuit configurations satisfy Eq. 13.4. The first consists 
of an impedance of s£ ohms in series with an independent voltage source 
of LJ, volt-seconds, as shown in Fig. 13.3. Note that the polarity marks on 
the voltage source L/y agree with the minus sign in Eq. 13.4. Note also 
that L/y carries its own algebraic sign; that is, if the initial value of i is 
opposite to the reference direction for 7, then /) has a negative value. 

The second s-domain equivalent circuit that satisfies Eq. 13.4 consists 
of an impedance of s£L ohms in parallel with an independent current 
source of /)/s ampere-seconds, as shown in Fig. 13.4. We can derive the 
alternative equivalent circuit shown in Fig. 13.4 in several ways. One way 
is simply to solve Eq. 13.4 for the current / and then construct the circuit to 
satisfy the resulting equation. Thus 


i a 2 La are 


I . 
skh so S 


(13.5) 


Two other ways are: (1) find the Norton equivalent of the circuit shown in 
Fig. 13.3 and (2) start with the inductor current as a function of the induc- 
tor voltage and then find the Laplace transform of the resulting integral 
equation. We leave these two approaches to Problems 13.1 and 13.2. 

If the initial energy stored in the inductor is zero, that is, if /) = 0, the 
s-domain equivalent circuit of the inductor reduces to an inductor with an 
impedance of sL ohms. Figure 13.5 shows this circuit. 


A Capacitor in the s Domain 


An initially charged capacitor also has two s-domain equivalent circuits. 
Figure 13.6 shows a capacitor initially charged to Vj volts. The terminal 
current is 


i=C—. (13.6) 


Transforming Eq. 13.6 yields 
T=C[sV — v0 )] 
or 
T=sCV — CY, (13.7) 


which indicates that the s-domain current J is the sum of two branch cur- 
rents. One branch consists of an admittance of sC siemens, and the second 
branch consists of an independent current source of CV) ampere-seconds. 
Figure 13.7 shows this parallel equivalent circuit. 

We derive the series equivalent circuit for the charged capacitor by 
solving Eq. 13.7 for V: 


yet pe 
sC s- Ze 

Figure 13.8 shows the circuit that satisfies Eq. 13.8. 
In the equivalent circuits shown in Figs. 13.7 and 13.8, Vy carries its 
own algebraic sign. In other words, if the polarity of Vg is opposite to the 
reference polarity for v, Vj is a negative quantity. If the initial voltage on 
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LI 


Figure 13.3 A The series equivalent circuit for an 
inductor of L henrys carrying an initial current of 
f amperes. 


Figure 13.4 A The parallel equivalent circuit for an 
inductor of L henrys carrying an initial current of 
/ amperes. 


Figure 13.5 A The s-domain circuit for an inductor 
when the initial current is zero. 


Figure 13.6 A A capacitor of C farads initially charged 
to Vo volts. 
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b 


Figure 13.7 A The parallel equivalent circuit for a 
capacitor initially charged to Vo volts. 


+ a 


Vi/s 


- @b 


Figure 13.8 A The series equivalent circuit for a 
capacitor initially charged to V4 volts. 


Figure 13.9 A The s-domain circuit for a capacitor 
when the initial voltage is zero. 


Ohm’s law in the s-domain > 


the capacitor is zero, both equivalent circuits reduce to an impedance of 
1/sC ohms, as shown in Fig, 13.9. 

In this chapter, an important first problem-solving step will be to 
choose between the parallel or series equivalents when inductors and 
capacitors are present. With a little forethought and some experience, the 
correct choice will often be quite evident. The equivalent circuits are sum- 
marized in Table 13.1. 


TABLE 13.1 Summary of the s-Domain Equivalent Circuits 


TIME DOMAIN 


FREQUENCY DOMAIN 


L/sc 
+ a t+ 
ly Vv 
i, v CVy 
| Vo/s 
= b =, 
i = Cdv/at, — eb 
lp. vf Vi 
p= Ale idx + Vy V= a0 + oe: 


13.2 Circuit Analysis in the s Domain 


Before illustrating how to use the s-domain equivalent circuits in analysis, 
we need to lay some groundwork. 

First, we know that if no energy is stored in the inductor or capacitor, 
the relationship between the terminal voltage and current for each passive 
element takes the form: 


VSZi, (13.9) 


where Z refers to the s-domain impedance of the element. Thus a resistor 
has an impedance of R ohms, an inductor has an impedance of sL ohms, 


and a capacitor has an impedance of 1/sC ohms. The relationship con- 
tained in Eq. 13.9 is also contained in Figs. 13.1(b), 13.5, and 13.9. 
Equation 13.9 is sometimes referred to as Ohm’s law for the s domain. 

The reciprocal of the impedance 1s admittance. Therefore, the s domain 
admittance of a resistor is 1/R siemens, an inductor has an admittance of 
1/sL siemens, and a capacitor has an admittance of sC siemens. 

The rules for combining impedances and admittances in the s domain 
are the same as those for frequency-domain circuits. Thus series-parallel sim- 
plifications and A-to-Y conversions also are applicable to s-domain analysis. 

In addition, Kirchhoff’s laws apply to s-domain currents and voltages. 
Their applicability stems from the operational transform stating that the 
Laplace transform of a sum of time-domain functions is the sum of the 
transforms of the individual functions (see Table 12.2). Because the alge- 
braic sum of the currents at a node is zero in the time domain, the alge- 
braic sum of the transformed currents is also zero. A similar statement 
holds for the algebraic sum of the transformed voltages around a closed 
path. The s-domain version of Kirchhoff’s laws is 


alg SJ = 0, (13.10) 


alg SV = 0. (13.11) 


Because the voltage and current at the terminals of a passive element 
are related by an algebraic equation and because Kirchhoff’s laws still 
hold, all the techniques of circuit analysis developed for pure resistive 
networks may be used in s-domain analysis. Thus node voltages, mesh 
currents, source transformations, and Thévenin-Norton equivalents are 
all valid techniques, even when energy is stored initially in the inductors 
and capacitors. Initially stored energy requires that we modify Eq. 13.9 by 
simply adding independent sources either in series or parallel with the 
element impedances. The addition of these sources is governed by 
Kirchhoff’s laws. 


/ ASSESSMENT PROBLEMS 


13.2 Circuit Analysis in the s Domain 


Objective 1—Be able to transform a circuit into the s domain using Laplace transforms 
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13.1 A500 2 resistor, a 16 mH inductor, and a 25 nF 13.2 The parallel circuit in Assessment Problem 13.1 


capacitor are connected in parallel. 


a) Express the admittance of this parallel com- 
bination of elements as a rational function 


of s. b) Compute the numerical values of the zeros 


b) Compute the numerical values of the zeros 


and poles. 
ene P Answer: 


Answer: (a) 25 X 10°°(s? + 80,000s + 25 x 108)/s; 
(b) —z, = —40,000 — j30,000; 
—z, = —40,000 + 730,000; p, = 0. 


i 


NOTE: Also try Chapter Problems 13.4 and 13.6. 


is placed in series with a 2000 2 resistor. 


nation as a rational function of s. 


and poles. 

(a) 2000(s + 50,000)?/(s* + 80,000s 
+25 x 108); 

(b) —z, = —z, = —50,000; 
—p, = —40,000 — /30,000, 
— p> = —40,000 + 730,000. 


a) Express the impedance of this series combi- 
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Figure 13.11 A An s-domain equivalent circuit for the 
circuit shown in Fig. 13.10. 


1 
CV — 
1a sc Rev 


Figure 13.12 A An s-domain equivalent circuit for the 
circuit shown in Fig. 13.10. 


13.3 Applications 


We now illustrate how to use the Laplace transform to determine the tran- 
sient behavior of several linear lumped-parameter circuits. We start by ana- 
lyzing familiar circuits from Chapters 7 and 8 because they represent a 
simple starting place and because they show that the Laplace transform 
approach yields the same results. In all the examples, the ease of manipulat- 
ing algebraic equations instead of differential equations should be apparent. 


The Natural Response of an RC Circuit 


We first revisit the natural response of an RC circuit (Fig. 13.10) via 
Laplace transform techniques. (You may want to review the classical 
analysis of this same circuit in Section 7.2). 

The capacitor is initially charged to Vy volts, and we are interested in 
the time-domain expressions for i and v. We start by finding /. In transfer- 
ring the circuit in Fig. 13.10 to the s domain, we have a choice of two equiv- 
alent circuits for the charged capacitor. Because we are interested in the 
current, the series-equivalent circuit is more attractive; it results in a single- 
mesh circuit in the frequency domain. Thus we construct the s-domain cir- 
cuit shown in Fig. 13.11. 

Summing the voltages around the mesh generates the expression 


es a + RI (13.12 
ssc ag 
Solving Eq. 13.12 for J yields 
cy V)/R 
: o/ (13.13) 


p=— = 
RCs +1. 5 + (1/RC) 


Note that the expression for / is a proper rational function of s and can be 
inverse-transformed by inspection: 

Vv . 

§ = Pe URC yy), (13.14) 

R 
which is equivalent to the expression for the current derived by the classi- 
cal methods discussed in Chapter 7. In that chapter, the current is given by 
Eq. 7.26, where 7 is used in place of RC. 


After we have found i, the easiest way to determine v is simply to 
apply Ohm’s law; that is, from the circuit, 


v = Ri = Voyeur). (13.15) 


We now illustrate a way to find v from the circuit without first finding 7. 
In this alternative approach, we return to the original circuit of Fig. 13.10 
and transfer it to the s domain using the parallel equivalent circuit for the 
charged capacitor. Using the parallel equivalent circuit is attractive now 
because we can describe the resulting circuit in terms of a single node voit- 
age. Figure 13.12 shows the new s-domain equivalent circuit. 

The node-voltage equation that describes the new circuit is 


V 


qt sCV =C% (13.16) 


Solving Eq. 13.16 for V gives 


y-__% 

s + (1/RC) 

Inverse-transforming Eq. 13.17 leads to the same expression for v given by 
Eq. 13.15, namely, 


(13.17) 


v = Vo IRC = Yoo u(t), (13.18) 


Our purpose in deriving by direct use of the transform method is to 
show that the choice of which s-domain equivalent circuit to use is influ- 
enced by which response signal is of interest. 


/ ASSESSMENT PROBLEM 
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Objective 2—Know how to analyze a circuit in the s domain and be able to transform an s domain solution to the 


time domain 


13.3 The switch in the circuit shown has been in (b) i = 20e7!? u(t) mA, 
v, = 80e u(t) V, 
V2 = 200 u(t) V. 


position a for a long time. At t = 0, the switch 
is thrown to position b. 
a) Find J, V;, and V) as rational functions of s. 


b) Find the time-domain expressions for i, vj, 
and U2. 


100 V 


Answer: (a) J = 0.02/(s + 1250), 
V, = 80/(s + 1250), 
V, = 20/(s + 1250); 


NOTE: Also try Chapter Problems 13.9 and 13.12. 


The Step Response of a Parallel Circuit 


Next we analyze the parallel RLC circuit, shown in Fig. 13.13, that we first 
analyzed in Example 8.7. The problem is to find the expression for i; after 
the constant current source is switched across the parallel elements. The 
initial energy stored in the circuit is zero. 

As before, we begin by constructing the s-domain equivalent circuit 
shown in Fig. 13.14. Note how easily an independent source can be trans- 
formed from the time domain to the frequency domain. We transform the 
source to the s domain simply by determining the Laplace transform of its 
time-domain function. Here, opening the switch results in a step change in 
the current applied to the circuit. Therefore the s-domain current source is 
LAT yut(t)}, or [y./s. To find f;, we first solve for V and then use 


V 


i, =-> 
camer B 


(13.19) 


to establish the s-domain expression for /;. Summing the currents away 
from the top node generates the expression 


VV. ae 
CV +—-+—=—. 13.20 
: R sLs een 
Solving Eq. 13.20 for V gives 
Lge/C 
V= a (13.21) 


s? + (1/RC)s + (1/LC) 


Figure 13.13 A The step response of a parallel 
RLC circuit. 


Figure 13.14 A The s-domain equivalent circuit for the 
circuit shown in Fig. 13.13. 


474 


The Laplace Transform in Circuit Analysis 


Substituting Eq. 13.21 into Eq. 13.19 gives 

Tyof LC 
~ s[s2 + (1/RO)s + (1/LO)] 
Substituting the numerical values of R, L, C,and Ig, into Eq. 13.22 yields 


_ 384 x 10° 
s(s’ + 64,000s + 16 x 10%)" 


fy (13.22) 


i (13.23) 


Before expanding Eq. 13.23 into a sum of partial fractions, we factor the 
quadratic term in the denominator: 


384 « 10° 


ee 
E ™ s(s + 32,000 — j24,000)(s + 32,000 + /24,000) 


(13.24) 


Now, we can test the s-domain expression for /; by checking to sce 
whether the final-value theorem predicts the correct value for i, at 
= 00, All the poles of /,;, except for the first-order pole at the origin, lie 
in the left half of the s plane, so the theorem is applicable. We know from 
the behavior of the circuit that after the switch has been open for a long 
time, the inductor will short-circuit the current source. Therefore, the final 
value of i; must be 24 mA. The limit of s7; as s > 0 is 


4 xX 
lim s/;, = seas = 24mA. (13.25) 
s>0 16 X 10 


(Currents in the s domain carry the dimension of ampere-seconds, so the 
dimension of sJ, will be amperes.) Thus our s-domain expression checks out. 
We now proceed with the partial fraction expansion of Eq. 13.24: 


eel as 


I + ——_____ 4+ __ 
Ls ~ § + 32,000 — 24,000 


K, 


eS 13.26 
5 + 32,000 + 724,000 ee) 


The partial fraction coefficients are 


_ 384 x 10° 


= aaah = 24 x 10%, (13.27) 


ae 384 x 10° 
2 (—32,000 + j24,000)( 48,000) 


= 20 x 107/126.87°. (13.28) 


Substituting the numerical values of K, and K> into Eq. 13.26 and inverse- 
transforming the resulting expression yields 


ip = [24 + 40e772- cos (24,000 + 126.87°)Ju(t)mA. — (13.29) 


The answer given by Eq. 13.29 is equivalent to the answer given for 
Example 8.7 because 


40 cos (24,000t + 126.87°) = —24 cos 24,000¢ — 32 sin 24,000. 
If we weren’t using a previous solution as a check, we would test 


Eq. 13.29 to make sure that i, (0) satisfied the given initial conditions and 
i, (©) satisfied the known behavior of the circuit. 


/ ASSESSMENT PROBLEM 


Objective 2—Know how to analyze a circuit in the s domain and be able to transform an s domain solution to the 


time domain 


13.3 


13.4 The energy Stored in the circuit shown is zero Answer: (a) I = 40/(s* + 1.2s + 1); 
(b) i = (50e°" sin O.84)u(t) A; 


at the time when the switch is closed. 


a) Find the s-domain expression for J. 


b) Find the time-domain expression for i when 
t > 0. 


c) Find the s-domain expression for V. 


160 V 
d) Find the time-domain expression for v when 


t> 0. 


NOTE: Also try Chapter Problems 13.10 and 13.21. 


The Transient Response of a Parallel RLC Circuit 


Another example of using the Laplace transform to find the transient behav- 
ior of a circuit arises from replacing the dc current source in the circuit shown 
in Fig. 13.13 with a sinusoidal current source. The new current source is 


ig = I, cos wt A, (13.30) 


where /,, = 24 mA and w = 40,000 rad/s. As before, we assume that the 
initial energy stored in the circuit is zero. 
The s-domain expression for the source current is 


l,= ait (13.31) 
& s2 at wo ° 


The voltage across the parallel elements is 


(I,/C)s 


ee SSS 13.32 
s* + (1/RC)s + (1/LC) ( 
Substituting Eq. 13.31 into Eq. 13.32 results in 
I ,/C)s? 
Y= rere (13.33) 
(s* + w*)[s° + (A/RC)s + (1/LC)] 
from which 
V I,/LC)s 
I, =— = ee (13.34) 


sL (s* + w*)[s? + (1/RC)s + (1/LC)] 


Substituting the numerical values of /,,,, w, R, L, and C into Eq. 13.34 gives 


(s? + 16 X 108)(s? + 64,000s + 16 x 10%) 
We now write the denominator in factored form: 
384 x 10°s 
[; (13.36) 


“(5 = joy(s + joys + a — jB)(s + a + jp)’ 


(c) V = 160s/(s* + 1.2s + 1); 


Applications 


475 


(d) v = [200e cos (0.8¢ + 36.87°)]u(t) V. 


4.80, 


4H 
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Figure 13.15 A A multiple-mesh Re circuit. 


where w = 40,000, a = 32,000, and B = 24,000. 

We can’t test the final value of i; with the final-value theorem because 
I, has a pair of poles on the imaginary axis; that is, poles at +j4 X 104. 
Thus we must first find i, and then check the validity of the expression 
from known circuit behavior. 

When we expand Eq. 13.36 into a sum of partial fractions, we generate 
the equation 


I = Ki Ki + Ky 
SS j40,000 ss + j40,000 ~~ s + 32,000 — j24,000 


Ky 
- Sse oe ; 
s + 32,000 + j24,000 ae 
The numerical values of the coefficients K,; and K> are 
K, = ——___384 * 10°(/40,000) 
'  (j80,000)(32,000 + j16,000)(32,000 + 64,000) 
= 7.5 x 104/-90°, (13.38) 
oe 384 x 10°(—32,000 + 24,000) 
2 ~ (—32,000 — j16,000)(—32,000 + j64,000)(j48,000) 
= 12.5 x 107790°. (13.39) 


Substituting the numerical values from Egs. 13.38 and 13.39 into 
Eq. 13.37 and inverse-transforming the resulting expression yields 


iz, = [15 cos (40,0002 — 90°) 
+ 25¢ 32.0 cos (24,000t + 90°)] mA, 


= (15 sin 40,000¢ — 25¢732 sin 24,000r)u(t) mA. (13.40) 


We now test Eq. 13.40 to see whether it makes sense in terms of the 
given initial conditions and the known circuit behavior after the switch has 
been open for a long time. For ¢ = 0, Eq. 13.40 predicts zero initial current, 
which agrees with the initial energy of zero in the circuit. Equation 13.40 
also predicts a steady-state current of 


iy, = 15 sin 40,000¢ mA, (13.41) 


which can be verified by the phasor method (Chapter 9). 


The Step Response of a Multiple Mesh Circuit 


Until now, we avoided circuits that required two or more node-voltage or 
mesh-current equations, because the techniques for solving simultaneous 
differential equations are beyond the scope of this text. However, using 
Laplace techniques, we can solve a problem like the one posed by the 
multiple-mesh circuit in Fig. 13.15. 


13.3. Applications 477 


Here we want to find the branch currents i, and i, that arise when the 845 10% 
336 V dc voltage source is applied suddenly to the circuit. The initial 
energy stored in the circuit is zero. Figure 13.16 shows the s-domain equiv- 


alent circuit of Fig. 13.15. The two mesh-current equations are 336 oe 420( 1, \3 480 
336 
age (42 + B.4s)f) — 4210, 4) Figure 13.16 A The s-domain equivalent circuit for the 


circuit shown in Fig. 13.15. 


0 


—421, + (90 + 10s)I>. (13.43) 


Using Cramer’s method to solve for /, and J, we obtain 


ee 42 + 8.4s — 42 
~ | =42 90+ 10s 
= 84(s* + 145 + 24) 
= 84(s + 2)(s + 12), (13.44) 
_ {336/s — 42 
N= |g 90 + 10s 
3360(s + 9) 
=," (13.45) 
S 
N= 42 + 84s 336/s 
: — 42 0 
14,112 
= ——, (13.46) 
Ss 
Based on Eqs. 13.44-13.46, 
N, 40(s + 9) 
haa = a 13.47 
1 A s(s + 2)(s + 12) ee 
b= oa (13.48) 
“A s(s + 2)(s + 12) 
Expanding /, and /, into a sum of partial fractions gives 
a re 13.49 
§ gp 2) sb 2 oe) 
7 1.4 
I,=-- ier (13.50) 


~ &  $HO sEID 
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We obtain the expressions for /, and i, by inverse-transforming Eqs. 13.49 
and 13.50, respectively: 


i = (15 -— 14e77 — e& u(t) A, (13.51) 


in = (7 — 8.407? + 1.407 u(t) A. (13.52) 


Next we test the solutions to see whether they make sense in terms of the 
circuit. Because no energy is stored in the circuit at the instant the switch is 
closed, both /,(0") and é,(0°) must be zero. The solutions agree with these 
initial values. After the switch has been closed for a long time, the two induc- 
tors appear as short circuits. Therefore, the final values of 7; and i, are 


. _ 336(90) _ 
i,(0c) = 4248) ~ ISA, (13.53) 
in(00) = ee = 7A. (13.54) 


One final test involves the numerical values of the exponents and calcu- 
lating the voltage drop across the 42 ( resistor by three different methods. 
From the circuit. the voltage across the 42 (2 resistor (positive at the top) is 


v = 420 ~ i.) = 336 — 8.422 = agi + 19 2 13.55 
= q lo) = Je : ap i) ae ( ) 


You should verify that regardless of which form of Eq. 13.55 is used, the 
voltage is 


v = (336 — 235.2e77 — 100.80e7!*" u(t) V. 


We are thus confident that the solutions for i; and 7, are correct. 


Objective 2—Know how to analyze a circuit in the s domain and be able to transform an s domain solution to the 


time domain 


13.5 The dc current and voltage sources are Answer: (a) V; = [S(s + 3)]/[s(s + 0.5)(s + 2)], 


applied simultaneously to the circuit shown. Vy = [2.5(s? + 6)]/[s(s + 0.5)(s + 2)]; 
No energy is stored in the circuit at the instant 


of application. 


+ 


b) vy, = (15 — Be + Fe u(t) V, 
3 ae 
v2, = (15 — Be! + Be u(t) V; 


a) Derive the s-domain expressions for V, (c) v,(0*) = 0, »9(0*) = 2.5 V; 


and VY. 


b) For? > 0, derive the time-domain expres- 


sions for v; and v>. 


c) Calculate v,(0*) and v,(0"). 


d) Compute the steady-state values of v, 


and v>. 


(d) v, =v) = 15 V. 


1H 150 


NOTE: Also try Chapter Problems 13.22 and 13.29. 


The Use of Thévenin’s Equivalent 


In this section we show how to use Thévenin’s equivalent in the s domain. 
Figure 13.17 shows the circuit to be analyzed. The problem is to find the 
capacitor current that results from closing the switch. The energy stored in 
the circuit prior to closing is zero. 

To find i¢, we first construct the s-domain equivalent circuit and then 
find the Thévenin equivalent of this circuit with respect to the terminals of 
the capacitor. Figure 13.18 shows the s-domain circuit. 

The Thévenin voltage is the open-circuit voltage across terminals a, b. 
Under open-circuit conditions, there is no voltage across the 60 Q resis- 
tor. Hence 


(480/s)(0.002s) 480 


— = : 13.56 
mn 20 + 0.0025 s + 10° ie 


The Thévenin impedance seen from terminals a and b equals the 60 0 
resistor in series with the parallel combination of the 20 2 resistor and the 
2 mH inductor. Thus 


0.002s(20) _ 80(s + 7500) 


Zip = 60 + = 
o 20 + 0.0025 s + 104 


(13.57) 
Using the Thévenin equivalent, we reduce the circuit shown in Fig. 13.18 
to the one shown in Fig. 13.19. It indicates that the capacitor current /¢ 
equals the Thévenin voltage divided by the total series impedance. Thus, 
480/(s + 10°) 
Le. TO OTT Oe (13.58) 
[80(s + 7500)/(s + 10*)] + [(2 * 10°)/s] 
We simplify Eq. 13.58 to 


6s 6s 
[ene : oo, (13.59) 
s* + 10,000s + 25 x 10° (s + 5000)- 


A partial fraction expansion of Eq. 13.59 generates 


_ _ —30,000 2 6 (13.60) 
© (s + 5000)? s + 5000" 
the inverse transform of which is 
ic = (—30,000te 00" + 62 OM) u(t) A. (13.61) 


We now test Eq. 13.61 to see whether it makes sense in terms of 
known circuit behavior. From Eq. 13.61, 


ic(0) = 6A. (13.62) 


This result agrees with the initial current in the capacitor, as calculated from 
the circuit in Fig. 13.17. The initial inductor current is zero and the initial 
capacitor voltage is zero, so the initial capacitor current is 480/80, or 6 A. 
The final value of the current is zero, which also agrees with Eq. 13.61. Note 
also from this equation that the current reverses sign when ¢ exceeds 
6/30.000, or 200 ys. The fact that ic reverses sign makes sense because, 
when the switch first closes, the capacitor begins to charge. Eventually this 
charge is reduced to zero because the inductor is a short circuit at f = 00, 
The sign reversal of ic reflects the charging and discharging of the capacitor. 
Let’s assume that the voltage drop across the capacitor u¢ is also of inter- 
est. Once we know i¢-. we find uc by integration in the time domain; that is, 


“f 


ve =2 x 10° | (6 — 30,000.x)e™ dx. (13.63) 
Or 
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209 600 a 


Figure 13.17 A A circuit to be analyzed using 
Thévenin’s equivalent in the s domain. 


209 600 a 


Figure 13.18 A The s-domain model of the circuit 
shown in Fig. 13.17. 


Figure 13.19 A A simplified version of the circuit 
shown in Fig. 13.18, using a Thévenin equivalent. 
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Although the integration called for in Eq. 13.63 is not difficult, we may 
avoid it altogether by first finding the s-domain expression for V,. and then 
finding vc by an inverse transform. Thus 


Ve = hay = 2 6s 
sC Ss (s + 5000)? 
12 x 10° 
~ (s + 5000)2’ ae 
from which 
Vo = 12 X 10°te Put). (13.65) 


You should verify that Eq. 13.65 is consistent with Eq. 13.63 and that it 
also supports the observations made with regard to the behavior of ic (see 
Problem 13.33). 


Objective 2—Know how to analyze a circuit in the s domain and be able to transform an s-domain solution to the 


time domain 


13.6 The initial charge on the capacitor in the circuit (b) Ian = [20(5 + 2.4)]/[s(s + 3)(s + 6)]. 


shown Is zero. 


a) Find the s-domain Thévenin equivalent cir- 
cuit with respect to terminals a and b. 

b) Find the s-domain expression for the current 
that the circuit delivers to a load consisting of 
a 1H inductor in series with a 2 resistor. 


Answer: (a) Vin = Vap = [20(s + 2.4)]/[s(s + 2)], 


Zm = S(s + 2.8)/(s + 2); 
NOTE: Also try Chapter Problem 13.34. 


A Circuit with Mutual Inductance 


The next example illustrates how to use the Laplace transform to analyze 
the transient response of a circuit that contains mutual inductance. 
Figure 13.20 shows the circuit. The make-before-break switch has been in 
position a for a long time. At ¢ = 0, the switch moves instantaneously to 
position b. The problem is to derive the time-domain expression for #5. 

We begin by redrawing the circuit in Fig. 13.20, with the switch in 
position b and the magnetically coupled coils replaced with a T-equivalent 
circuit.! Figure 13.21 shows the new circuit. 


Figure 13.20 A A circuit containing magnetically coupled coils. 


'See Appendix C. 


We now transform this circuit to the s domain. In so doing, we note that 


0) 
i(0°) = < = 5A, (13.66) 
in(0°) = 0. (13.67) 


Because we plan to use mesh analysis in the s domain, we use the series 
equivalent circuit for an inductor carrying an initial current. Figure 13.22 
shows the s-domain circuit. Note that there is only one independent volt- 
age source. This source appears in the vertical leg of the tee to account for 
the initial value of the current in the 2 H inductor of i,(0") + i,(0°), or SA. 
The branch carrying 7, has no voltage source because L; — M = 0. 

The two s-domain mesh equations that describe the circuit in 
Fig. 13.22 are 


(3 + 2s), + 2sI, = 10 (13.68) 
2sT, + (12 + 8s)I, = 10. (13.69) 

Solving for J, yields 
I,= 2 (13.70) 


(s + 1)(s + 3)° 
Expanding Eq. 13.70 into a sum of partial fractions generates 


7, = 125. _ 1:25 on 
ae es ee a 7 
Then, 

in = (1.25e7 — 1.25e™)u(t) A. (13.72) 


Equation 13.72 reveals that i, increases from zero to a peak value of 
481.13 mA in 549.31 ms after the switch is moved to position b. Thereafter, 
iz decreases exponentially toward zero. Figure 13.23 shows a plot of iz ver- 
sus ft. This response makes sense in terms of the known physical behavior 
of the magnetically coupled coils. A current can exist in the L, inductor 
only if there is a time-varying current in the L,; inductor. As i; decreases 
from its initial value of 5 A, é increases from zero and then approaches 
zero as i, approaches zero. 


/ ASSESSMENT PROBLEM 
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(Li-M) (Lz — M) 
30 OH 6H 20 


Figure 13.21 A The circuit shown in Fig. 13.20, with 
the magnetically coupled coils replaced by a T-equivalent 
circuit. 


Figure 13.22 A The s-domain equivalent circuit for the 
circuit shown in Fig. 13.21. 


0! 549.31 ans) 


Figure 13.23 A The plot of i, versus t for the circuit 
shown in Fig. 13.20. 


Objective 2—Know how to analyze a circuit in the s domain and be able to transform an s-domain solution to the 


time domain 


13.7 a) Verify from Eq. 13.72 that i, reaches a peak Answer: (a) di,/dt = 0 whent = 4 In 3 (s); 
value of 481.13 mA at t = 549.31 ms. 
b) Find i), for ¢ > 0, for the circuit shown in (b) i; = 2.5(e7% + e*)u(t) A; 
Fig. 13.20. 
c) Compute di,/dt when i, is at its peak value. (c) —2.89 A/s; 


d) Express i as a function of di,/dt when i, is 


at its peak value. (d) ip = —(Mdi,/dt)/12; 


e) Use the results obtained in (c) and (d) to 


calculate the peak value of i». (e) 481.13 mA. 


NOTE: Also try Chapter Problems 13.39 and 13.40. 
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Figure 13.24 A A circuit showing the use of super- 
position in s-domain analysis. 


yC 


Ry 


Figure 13.25 A The s-domain equivalent for the circuit 
of Fig. 13.24. 


R, L/sC 


Figure 13.26 The circuit shown in Fig. 13.25 with V, 
acting alone. 


The Use of Superposition 


Because we are analyzing linear lumped-parameter circuits, we can use 
superposition to divide the response into components that can be identi- 
fied with particular sources and initial conditions. Distinguishing these 
components is critical to being able to use the transfer function, which we 
introduce in the next section. 

Figure 13.24 shows our illustrative circuit. We assume that at the 
instant when the two sources are applied to the circuit, the inductor is car- 
rying an initial current of p amperes and that the capacitor is carrying an 
initial voltage of y volts. The desired response of the circuit is the voltage 
across the resistor R, labeled vy. 

Figure 13.25 shows the s-domain equivalent circuit. We opted for the 
parallel equivalents for L and C because we anticipated solving for V, 
using the node-voltage method. 

To find V, by superposition, we calculate the component of V) result- 
ing from each source acting alone, and then we sum the components. We 
begin with V, acting alone. Opening each of the three current sources 
deactivates them. Figure 13.26 shows the resulting circuit. We added the 
node voltage V; to aid the analysis. The primes on V, and V, indicate that 
they are the components of V, and V, attributable to V, acting alone. The 
two equations that describe the circuit in Fig. 13.26 are 


Ege eee Vi — sCV3 aa (13.73) 
R, sh : 2 R, ; ; 
/ ] ! 
—sCV{ + (4 + sc Ws = 0. (13.74) 
Ry 
For convenience, we introduce the notation 
Y; NG ence (13.75) 
11 R, sL ) . 
Yin = —sC; (13.76) 
1 
Yo = ts (13.77) 
Ry 
Substituting Eqs. 13.75-13.77 into Eqs. 13.73 and 13.74 gives 
YiiVi + Yio = V,/R1, (13.78) 
YioV + YooV5 = 0. (13.79) 
Solving Eqs. 13.78 and 13.79 for V> gives 
—Y;2/R 
V5 af Ra (13.80) 


YuYo - YS * 


With the current source J, acting alone, the circuit shown in Fig. 13.25 
reduces to the one shown in Fig. 13.27. Here, V{ and V4 are the compo- 
nents of V, and V> resulting from /,. If we use the notation introduced in 


Eqs. 13.75-13.77, the two node-voltage equations that describe the circuit 
in Fig. 13.27 are 


and 
YpoV1 + YyV5 = I. (13.82) 


Solving Eqs. 13.81 and 13.82 for V3 yields 


Y 1 


V3 = — —~,/7/,. 
Yi1Yo2 — Yo * 


(13.83) 


To find the component of V> resulting from the initial energy stored in 
the inductor (V3’), we must solve the circuit shown in Fig. 13.28, where 


YiVi + Y2Vs' = —p/s, (13.84) 
Y,.V"" + YW" = 0. (13.85) 


Thus 


Y\2/s 


Vy = ——— Pp. 
YnYo2 — Yio 


(13.86) 


From the circuit shown in Fig. 13.29, we find the component of 
V,(V%") resulting from the initial energy stored in the capacitor. The 
node-voltage equations describing this circuit are 


YuVi" + YyoVo" = yC, (13.87) 
YioV 1" + YnV9" = -yC. (13.88) 


ae 


Solving for V3” yields 


3" (13.89) 
YuYo — Yio 
The expression for V2 is 
Vo = Vit V5 + 0% + V5" 

_ T(¥ 12o/ Ry) Yu ; 

YuYn — Y92 °  YuYo — Yip : 

Yj2/s —C(Y,, + Y, 
jaf ign ier M2) (13.90) 


EEE. 
YuYn — Yi2 Yi1Yo2 — Yio 


We can find V, without using superposition by solving the two node- 
voltage equations that describe the circuit shown in Fig. 13.25. Thus 
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R, I/sc 


Figure 13.27 A The circuit shown in Fig. 13.25, with 
/, acting alone. 


Figure 13.28 A The circuit shown in Fig. 13.25, with 
the energized inductor acting alone. 


V (e ys" 


Figure 13.29 A The circuit shown in Fig. 13.25, with 
the energized capacitor acting alone. 
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Ve p 
YiiV + YjoVo = R, + yC = = 3 (13.91) 
1 : 


Yi2V aT Yy0V2 = Ly =e yc, (13.92) 


You should verify in Problem 13.43 that the solution of Eqs. 13.91 and 
13.92 for V2 gives the same result as Eq. 13.90. 


Objective 2—Know how to analyze a circuit in the s domain and be able to transform an s-domain solution to the 


time domain 


13.8 The energy stored in the circuit shown is zero ? 100/3)e-2" — (10 ee . 
at the instant the two sources are turned on. Answer: (a) [(100/3)e (100/3)e™™"Ju(t) V; 


(b) [(5S0/3)e — (50/3)e*Ju(t) V; 


a) Find the component of v for t > 0 owing to (c) [50e* — 50e*Ju(t) V. 


the voltage source. 


b) Find the component of v for ¢ > 0 owing to 


the current source. 


c) Find the expression for v when t > 0. 


NOTE: Also try Chapter Problem 13.42. 


Definition of a transfer function > 


R sb 


g 1/sC 


Figure 13.30 A A series RLC circuit. 


Vv 


13.4 The Transfer Function 


The transfer function is defined as the s-domain ratio of the Laplace trans- 
form of the output (response) to the Laplace transform of the input 
(source). In computing the transfer function, we restrict our attention to 
circuits where all initial conditions are zero. If a circuit has multiple inde- 
pendent sources, we can find the transfer function for each source and use 
superposition to find the response to all sources. 

The transfer function is 


¥(s) 


aS) = X(s)° 


(13.93) 


where Y(s) is the Laplace transform of the output signal, and X(s) is the 
Laplace transform of the input signal. Note that the transfer function 
depends on what is defined as the output signal. Consider, for example, 
the series circuit shown in Fig. 13.30. If the current is defined as the 
response signal of the circuit, 


H(s) = = = (13.94) 


, R+sL+i/sC LC + RCs+1 


In deriving Eq. 13.94, we recognized that J corresponds to the output Y(s) 
and V, corresponds to the input X(s). 


If the voltage across the capacitor is defined as the output signal of the 
circuit shown in Fig. 13.30, the transfer function is 


V 1/sC 1] 


ae ve RA SL T/s€ ~ SEC + RCs +1 


(13.95) 


Thus, because circuits may have multiple sources and because the definition 
of the output signal of interest can vary, a single circuit can generate many 
transfer functions. Remember that when multiple sources are involved, no 
single transfer function can represent the total output—transfer functions 
associated with each source must be combined using superposition to yield 
the total response. Example 13.1 illustrates the computation of a transfer 
function for known numerical values of R, L,and C. 


Deriving the Transfer Function of a Circuit 


13.4 


The Transfer Function 


485 


The voltage source v, drives the circuit shown in 
Fig. 13.31. The response signal is the voltage across 
the capacitor, v,. 


a) Calculate the numerical expression for the trans- 
fer function. 


b) Calculate the numerical values for the poles and 
zeros of the transfer function. 


1000 Q 


Figure 13.31 A The circuit for Example 13.1. 


Solution 


a) The first step in finding the transfer function is to 
construct the s-domain equivalent circuit, as 
shown in Fig. 13.32. By definition, the transfer 
function is the ratio of V,/V., which can be com- 
puted from a single node-voltage equation. 
Summing the currents away from the upper 
node generates 


Vo — Veg + seo: — Vs ra 
1000 250+ 0.05s 10° — 


1000 Q 


Figure 13.32 A The s-domain equivalent circuit for the circuit 
shown in Fig. 13.31. 


Solving for V, yields 


1000(s + 5000)V, 
s+ 6000s + 25 X 10° 


QO 


Hence the transfer function is 


Ve 
H(s) = — 


V, 


a 1000(s + 5000) 
s? + 6000s + 25 X 10° 


b) The poles of H(s) are the roots of the denomina- 
tor polynomial. Therefore 


—p, = —3000 — j4000, 


—py = —3000 + j4000. 


The zeros of H(s) are the roots of the numera- 
tor polynomial; thus H(s) has a zero at 


—z, = —5000. 
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Objective 3—Understand the definition and significance of the transfer function; be able to derive a transfer function 


13.9 a) Derive the numerical expression for the Answer: (a) H(s) = 10(s + 2)/(s* + 2s + 10); 


NOTE: Also try Chapter Problem 13.50. 


transfer function V,/1, for the circuit shown. 


(b) —pr= 1 + j3,—p2z = -1 — 73; 


b) Give the numerical value of each pole and ae ce 


zero of H(s). 


The Location of Poles and Zeros of H(s) 


For linear lumped-parameter circuits, H(s) is always a rational function 
of s. Complex poles and zeros always appear in conjugate pairs. The 
poles of H(s) must lie in the left half of the s plane if the response to a 
bounded source (one whose values lie within some finite bounds) is to 
be bounded. The zeros of H(s) may lie in either the right half or the left 
half of the s plane. 

With these general characteristics in mind, we next discuss the role 
that H(s) plays in determining the response function. We begin with the 
partial fraction expansion technique for finding y(t). 


13.5 The Transfer Function 
in Partial Fraction Expansions 


From Eq. 13.93 we can write the circuit output as the product of the trans- 
fer function and the driving function: 


Y(s) = H(s)X(s). (13.96) 


We have already noted that H(s) is a rational function of s. Reference to 
Table 13.1 shows that X(s) also is a rational function of s for the excitation 
functions of most interest in circuit analysis. 

Expanding the right-hand side of Eq. 13.96 into a sum of partial frac- 
tions produces a term for each pole of H(s) and X(s). Remember from 
Chapter 12 that poles are the roots of the denominator polynomial: zeros 
are the roots of the numerator polynomial. The terms generated by the 
poles of H(s) give rise to the transient component of the total response, 
whereas the terms generated by the poles of X(s) give rise to the steady- 
state component of the response. By steady-state response, we mean the 
response that exists after the transient components have become negligi- 
ble. Example 13.2 illustrates these general observations. 
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Analyzing the Transfer Function of a Circuit 


The circuit in Example 13.1 (Fig. 13.31) is driven by The time-domain expression for », 1s 
a voltage source whose voltage increases linearly 


with time, namely, v, = S0ru(t). v, = [10V5 x 104e3 cos (40001 + 79.70°) 


a) Use the transfer function to find »,. 

b) Identify the transient component of the + 10t — 4X 10~Ju(t) V. 
response. 

c) Identify the steady-state component of the 
response. 

d) Sketch v, versus tfor0 =< ¢f = 1.5 ms. 


b) The transient component of v, is 


LOWS x 107463 cos (4000t + 79.70°). 


Note that this term is generated by the poles 
. (—3000 + j4000) and (—3000 — /4000) of the 
Solution transfer function. 


c) The steady-state component of the response is 
a) From Example 13.1, ) y P P 


-4 
1000(s + 5000) (10¢ — 4 x 10™)u(¢). 


H(s) = : 
(s) s? + 6000s + 25 x 10° 


These two terms are generated by the second- 


2) of 3 
The transform of the driving voltage is 50/s7: order pole (K/)) Olime-duving Solace: 


therefore, the s-domain expression for the out- 
put voltage is 


d) Figure 13.33 shows a sketch of v, versus ¢. Note 
that the deviation from the steady-state solution 
10,000¢ — 0.4 mV is imperceptible after approxi- 


1000(s + 5000) 5() mately | ms. 


° (s? + 6000s + 25 X 10%) 52° 


The partial fraction expansion of V,, is 


V a 
°~'s + 3000 — j4000 


Ki Ky, K; 
s + 3000 + j4000 x? 


We evaluate the coefficients K,, K2, and K; by 
using the techniques described in Section 12.7: 


K, = 5V5 X 107/79.70°; 


K, = 5V5 x 10% /-79.70°. 


K, — 10, 


0.2 04 06 08 1.0 1.2 1.4 


K; Figure 13.33 A The graph of v., versus ¢ for Example 13.2. 
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/ ASSESSMENT PROBLEMS 


Objective 4—Know how to use a circuit's transfer function to calculate the circuit’s impulse response, unit step 
response, and steady-state response to sinusoidal input 


13.10 Find (a) the unit step and (b) the unit impulse 13.11 The unit impulse response of a circuit is 
response of the circuit shown in Assessment v,(t) = 10,000e~ cos (240 + 8) V, 


Problem 13.9. wheieqiae: = Z 


Answer: (a) [2 + (10/3)e‘ cos (3t — 126.87°)]u(t) V; 
(b) 10.54e~ cos (3 — 18.43°)u(t) V. 


a) Find the transfer function of the circuit. 
b) Find the unit step response of the circuit. 


Answer: (a) 9600s/(s? + 140s + 62,500); 
NOTE: Also try Chapter Problems 13.79(a) and (b). (b) 40e7” sin 240 V. 


Observations on the Use of H(s) in Circuit Analysis 


Example 13.2 clearly shows how the transfer function H(s) relates to the 
response of a circuit through a partial fraction expansion. However, the 
example raises questions about the practicality of driving a circuit with an 
increasing ramp voltage that generates an increasing ramp response. 
Eventually the circuit components will fail under the stress of excessive 
voltage, and when that happens our linear model is no longer valid. The 
ramp response is of interest in practical applications where the ramp 
function increases to a maximum value over a finite time interval. If the 
time taken to reach this maximum value is long compared with the time 
constants of the circuit, the solution assuming an unbounded ramp is 
valid for this finite time interval. 

We make two additional observations regarding Eq. 13.96. First, let’s 
look at the response of the circuit due to a delayed input. If the input is 
delayed by a seconds, 


Li{x(t — au(t — a)} =e “X(s), 
and, from Eq. 13.96, the response becomes 
Y(s) = H(s)X(s)e™. (13.97) 
If y(t) = £'{H(s)X(s)}, then, from Eq. 13.97, 
y(t — aju(t — a) = LL H(s)X(s)e™}. (13.98) 
Therefore, delaying the input by a seconds simply delays the response 
function by a seconds. A circuit that exhibits this characteristic is said to 
be time invariant. 
Second, if a unit impulse source drives the circuit, the response of the 
circuit equals the inverse transform of the transfer function. Thus if 
x(t) = 6(f), then X(s) = 1 
and 


Y(s) = A(s). (13.99) 


13.6 
Hence, from Eq. 13.99, 
y(t) = A(t), (13.100) 


where the inverse transform of the transfer function equals the unit 
impulse response of the circuit. Note that this is also the natural response 
of the circuit because the application of an impulsive source is equivalent 
to instantaneously storing energy in the circuit (see Section 13.8). The 
subsequent release of this stored energy gives rise to the natural response 
(see Problem 13.90). 

Actually, the unit impulse response of a circuit, h(t), contains enough 
information to compute the response to any source that drives the circuit. 
The convolution integral is used to extract the response of a circuit to an 
arbitrary source as demonstrated in the next section. 


13.6 The Transfer Function and the 
Convolution Integral 


The convolution integral relates the output y(t) of a linear time-invariant 
circuit to the input x(t) of the circuit and the circuit’s impulse response 
h(t). The integral relationship can be expressed in two ways: 


OO 


y(t) = | | A(A)x(t — A)dA = | h(t — A)x(A)daA. (13.101) 


We are interested in the convolution integral for several reasons. 
First, it allows us to work entirely in the time domain. Doing so may be 
beneficial in situations where x(t) and A(t) are known only through 
experimental data. In such cases, the transform method may be awkward 
or even impossible, as it would require us to compute the Laplace trans- 
form of experimental data. Second, the convolution integral introduces 
the concepts of memory and the weighting function into analysis. We will 
show how the concept of memory enables us to look at the impulse 
response (or the weighting function) A(t) and predict, to some degree, 
how closely the output waveform replicates the input waveform. Finally, 
the convolution integral provides a formal procedure for finding the 
inverse transform of products of Laplace transforms. 

We based the derivation of Eq. 13.101 on the assumption that the cir- 
cuit is linear and time invariant. Because the circuit is linear, the principle 
of superposition is valid, and because it is time invariant, the amount of 
the response delay is exactly the same as that of the input delay. Now con- 
sider Fig. 13.34, in which the block containing A(t) represents any linear 
time-invariant circuit whose impulse response is known, x(t) represents 
the excitation signal and y(t) represents the desired output signal. 

We assume that x(f) is the general excitation signal shown in 
Fig. 13.35(a). For convenience we also assume that x(t) = 0 fort < 0°. 
Once you see the derivation of the convolution integral assuming 
x(t) = 0 for tf < 0°, the extension of the integral to include excitation 
functions that exist over all time becomes apparent. Note also that we 
permit a discontinuity in x(t) at the origin, that is, a jump between 07 
and 0°. 
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x(t) A(t) y(t) 


Figure 13.34 A A block diagram of a general circuit. 
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x(t) 


Figure 13.35 A The excitation signal of x(r). (a) A 
general excitation signal. (b) Approximating x(f) with a 
series of pulses. (c) Approximating x(t) with a series 

of impulses. 


A(t) 
t 
: (a) 
uN 7 TS 


BON Approximation of v(7) 
/ \ 


(b) 


Figure 13.36 A The approximation of y(t). (a) The 
impulse response of the box shown in Fig. 13.34. 
(b) Summing the impulse responses. 


Now we approximate x(t) by a series of rectangular pulses of uni- 
form width AA, as shown in Fig. 13.35(b). Thus 


x(t) = xo(t) + x(t) +--+ + xt) +---, (13.102) 


where x(t) is a rectangular pulse that equals x(A;) between A; and A;., 
and is zero elsewhere. Note that the ith pulse can be expressed in terms of 
step functions; that is, 


x;(t) = x(A;) {u(t = Aj) = ult _ (A; 7 AA)]}. 


The next step in the approximation of x(t) is to make AA small 
enough that the ith component can be approximated by an impulse func- 
tion of strength x(A;)AA. Figure 13.35(c) shows the impulse representa- 
tion, with the strength of each impulse shown in brackets beside each 
arrow. The impulse representation of x(f) is 


x(t) > x(Ay) AAS(t = Xo) i x(A;)AAS(t _ Ai) a 
+ x(Aj)AAS(E — Aj) +°°° (13.103) 
Now when x(t) is represented by a series of impulse functions 
(which occur at equally spaced intervals of time, that is, at Ap, Ay, Ao, - -), 
the response function y(¢) consists of the sum of a series of uniformly 
delayed impulse responses. The strength of each response depends on 
the strength of the impulse driving the circuit. For example, let’s assume 
that the unit impulse response of the circuit contained in the box in 
Fig. 13.34 is the exponential decay function shown in Fig. 13.36(a). Then 
the approximation of y(t) is the sum of the impulse responses shown in 
Fig. 13.36(b). 
Analytically, the expression for y(t) is 
y(t) = x(Ag)AAA(t — Ag) + x(A,)AAR(E - Ay) 
+ x(A,)AAA(t — Az) + °° 
+ x(A) AAA(t — A) + °° (13.104) 


As AA—0, the summation in Eq. 13.104 approaches a continuous 
integration, or 


SxAA(t - ayaa f x(A)A(t — A)da. (13.105) 
i=) 0 
Therefore, 
y(t) = [ x(A)A(t — A) dd. (13.106) 
0 


If x(t) exists over all time, then the lower limit on Eq. 13.106 becomes 
—oo; thus, in general, 


y(t) = [ x(A)A(t — A) dA, (13.107) 
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which is the second form of the convolution integral given in Eq. 13.101. 
We derive the first form of the integral from Eq. 13.107 by making a 
change in the variable of integration. We let u = ¢ — A, and then we note 
that du = —dA, u = —OO when A = &, and u = +& when A = —-. 
Now we can write Eq. 13.107 as 


y(t) = [ x(t — u)h(u)(-du), 


or 
eS 
y(t) = / x(t — u)h(u)(di). (13.108) 
a h(a) 
But because wu is just a symbol of integration, Eq. 13.108 is equivalent to 
the first form of the convolution integral, Eq. 13.101. A 
The integral relationship between y(t), A(t), and x(t), expressed in 
Eq. 13.101, often is written in a shorthand notation: 7 d 
& “ = i (a) 
y(t) = A(t) * x(t) = x(t) * AC), (13.109) 
x(A) 


where the asterisk signifies the integral relationship between A(t) 
and x(t). Thus A(t) * x(t) is read as “fA(t) is convolved with x(t)” and M 
implies that 


0 Ty 72 
oS 


A(t) * x(t) = [wor — A)da, (b) 


whereas x(t) * A(t) is read as “x(t) is convolved with #(t)” and implies that 


x(t) * h(t) = | X(A)A(E — A)da. 


fo. 


The integrals in Eq. 13.101 give the most general relationship for the 
convolution of two functions. However, in our applications of the convolu- 
tion integral, we can change the lower limit to zero and the upper limit to 
t. Then we can write Eq. 13.101 as 


t f 
y(t) = [nox - A)drA = [ enne — A)dd. (13.110) 
0 Jp (d) 


We change the limits for two reasons. First, for physically realizable 
circuits, A(¢) is zero for f < 0. In other words, there can be no impulse 
response before an impulse is applied. Second, we start measuring 
time at the instant the excitation x(t) is turned on; therefore x(t) = 0 
fort <0. Ol@-7 ¢ 

A graphic interpretation of the convolution integrals contained in (e) 
eae pee is important in the use of the integral as a computational Figure 13.37 & A graphic interpretation of the 
tool. We begin with the first integral. For purposes of discussion, we ee F x 
assume that the impulse response of our circuit is the exponential decay fae aA ae ae ote 
function shown in Fig. 13.37(a) and that the excitation function has the folded excitation function. (d) The folded excitation 
waveform shown in Fig. 13.37(b). In each of these plots, we replaced ¢ function displaced t units. (e) The product 
with A, the symbol of integration. Replacing A with —A simply folds the (A) x(t — A). 
excitation function over the vertical axis, and replacing —A with tf — A 
slides the folded function to the right. See Figures 13.37(c) and (d). This 
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folding operation gives rise to the term convolution. At any specified 
value of t, the response function )(¢) is the area under the product func- 
tion A(A)x(t — A), as shown in Fig. 13.37(e). It should be apparent from 
this plot why the lower limit on the convolution integral is zero and the 
upper limit is f. For A < 0, the product A(A)x(t — A) is zero because f(A) 
is zero. For A > ¢, the product A(A)x(t — A) is zero because x(t -- A) 
is zero. 

Figure 13.38 shows the second form of the convolution integral. Note 
that the product function in Fig. 13.38(e) confirms the use of zero for the 
lower limit and ¢ for the upper limit. 

Example 13.3 illustrates how to use the convolution integral, in 
conjunction with the unit impulse response, to find the response of 
a circuit. 


h(n) 
A 
X 
0 
(a) 
x(r) 
M 
IN 
0 an TT) 
(b) 
h(—d) 
A 
nN 
0 
(c) 
A(t — dr) 
A 
nN 
0 f 
(d) 
A(t — A)x(A) 
y(t) = Area 


rN 


Figure 13.38 A A graphic interpretation of the convolu- 
tion integral RG ~ A)x(A) da. (a) The impulse 
response. (b) The excitation function. (c) The folded 
impulse response. (d) The folded impulse response 
displaced ¢ units. (e) The product A(t — A)x(A). 
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Using the Convolution Integral to Find an Output Signal 


The excitation voltage v; for the circuit shown in h(a) 
Fig. 13.39(a) is shown in Fig. 13.39(b). 


a) Use the convolution integral to find v,. 1.0 


b) Plot v, over the range of 0 =r S 15s. Impulse response 


rd 
Bs! v, 
+ vi —d) 
v; ee v, 20V 
7 a es, Folded excitation 
(a) (b) 
Figure 13.39 A The circuit and excitation voltage for Figure 13.40 A The impulse response and the folded excitation 
Example 13.3. (a) The circuit. (b) The excitation voltage. function for Example 13.3. 
Solution 
a) The first step in using the convolution integral is h(a) 
to find the unit impulse response of the circuit. 
We obtain the expression for V, from the 1.0 
s-domain equivalent of the circuit in Fig. 13.39(a): 
Vi N 
V, = 1). 
og +1 (1) 0 


When 2; is a unit impulse function 6(t), 
Vv, = h(t) = eu(t), 
from which 
h(A) = e*u(A). 


Using the first form of the convolution integral 
in Eq. 13.110, we construct the impulse response 
and folded excitation function shown in 
Fig. 13.40, which are helpful in selecting the lim- 
its on the convolution integral. Sliding the 
folded excitation function to the right requires 
breaking the integration into three intervals: 
0s155;5 sts 10; and 10 <=t Ss w. The 
breaks in the excitation function at 0,5,and 10s 
dictate these break points. Figure 13.41 shows 
the positioning of the folded excitation for each 
of these intervals. The analytical expression for (t — 10)5 (¢ - 5)10 
v; in the time interval0 = ¢ = Sis 


Figure 13.41 A The displacement of v,(¢ — A) for three 


y= 4t, OStsSs. different time intervals. 
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Hence, the analytical expression for the folded 
excitation function in the interval f-S SA 
= tis 


o{t —A)=4¢1 -—A) t-SsASEt. 


We can now set up the three integral 
expressions for v,. For0 = ¢ = Ss: 


a 
LS 


ft 
Vo = [ 4 — Ajo *da 
Jo 


=4(e'+r-1)V. 


For5 =¢ = 10s, 


f-s af 


v, = 20e*dv + | 
t 


A(t — A)e*dd 
0 -5 

= 4(5 + et — e UO) V. 
And for 10 =t S$ Ws, 


i-5 of 
Vv, = - 20e%ddr + i A(t — A)e*da 
1 1-5 


-10 


=Aer se Se ey, 


b) We have computed v, for 1 s intervals of time, 
using the appropriate equation. The results are 
tabulated in Table 13.2 and shown graphically in 


Figure 13.42 A The voltage response versus time for 


Example 13.3. 


Fig. 13.42. 


TABLE 13.2 Numerical Values of v,(t) 

t Vy t Vy 

1 1.47 9 19.93 
2 4.54 10 19.97 
3 8.20 11 7.35 
4 12.07 12 2.70 
5 16.03 13 0.99 
6 18.54 14 0.37 
7 19.56 15 0.13 
8 19.80 


NOTE: Assess your understanding of convolution by trying Chapter Problems 13.62 and 13.63. 


v;(t— A) 


Future (will happen) 


Present 


Past (has happened) 


(t- 10) (¢-5) 0 


Figure 13.43 A The past, present, and future values of 
the excitation function. 


The Concepts of Memory and the Weighting Function 


We mentioned at the beginning of this section that the convolution inte- 
gral introduces the concepts of memory and the weighting function into 
circuit analysis. The graphic interpretation of the convolution integral is 
the easiest way to begin to grasp these concepts. We can view the folding 
and sliding of the excitation function on a timescale characterized as past, 
present, and future. The vertical axis, over which the excitation function 
x(t) is folded, represents the present value; past values of x(t) lie to the 
right of the vertical axis, and future values lie to the left. Figure 13.43 
shows this description of x(t). For illustrative purposes, we used the exci- 
tation function from Example 13.3. 

When we combine the past, present, and future views of x(¢ — 7) with 
the impulse response of the circuit, we see that the impulse response 
weights x(t) according to present and past values. For example, Fig. 13.41 
shows that the impulse response in Example 13.3 gives less weight to past 
values of x(t) than to the present value of x(f). In other words, the circuit 
retains less and less about past input values. Therefore, in Fig. 13.42, v, 
quickly approaches zero when the present value of the input is zero (that 
is, when t > 10s). In other words, because the present value of the input 
receives more weight than the past values, the output quickly approaches 
the present value of the input. 
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The multiplication of x(t — A) by A(A) gives rise to the practice of 
referring to the impulse response as the circuit weighting function. The 
weighting function, in turn, determines how much memory the circuit has. 
Memory is the extent to which the circuit’s response matches its input. For 
example, if the impulse response, or weighting function, is flat, as shown in 
Fig. 13.44(a), it gives equal weight to all values of x(¢), past and present. 
Such a circuit has a perfect memory. However, if the impulse response is 
an impulse function, as shown in Fig. 13.44(b), it gives no weight to past 
values of x(t). Such a circuit has no memory. Thus the more memory a cir- 
cuit has, the more distortion there is between the waveform of the excita- 
tion function and the waveform of the response function. We can show this 
relationship by assuming that the circuit has no memory, that is, 
h(t) = A6é(t), and then noting from the convolution integral that 


y(t) = [roa ~ A)dd 
0 


- i A&(A)x(t — A)dA 
Q) 


= Ax(t). (13.111) 


Equation 13.111 shows that, if the circuit has no memory, the output is a 
scaled replica of the input. 

The circuit shown in Example 13.3 illustrates the distortion between input 
and output for a circuit that has some memory. This distortion is clear when we 
plot the input and output waveforms on the same graph, as in Fig. 13.45. 


13.7 The Transfer Function and the 
Steady-State Sinusoidal Response 


Once we have computed a circuit’s transfer function, we no longer need to 
perform a separate phasor analysis of the circuit to determine its steady- 
state response. Instead, we use the transfer function to relate the steady- 
State response to the excitation source. First we assume that 


x(t) = Acos (wt + ¢), (13.112) 


and then we use Eq. 13.96 to find the steady-state solution of y(t). To find 
the Laplace transform of x(t), we first write x(t) as 


X(t) = Acoswtcos¢@ — Asinwt sin d, (13.113) 


from which 


(Acos¢)s (Asind)o 
X(8) = 3 ae a 
S +a Ss +o 
_ A(scos¢@ — wsin @) 


13.114 
s? + Ww ( ) 


h(t) 


(b) 


Figure 13.44 A Weighting functions. (a) Perfect mem- 
ory. (b) No memory. 


VU; (V) 


Excitation 
ieee 


\/ 


Figure 13.45 A The input and output waveforms for 
Example 13.3. 
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Steady-state sinusoidal response computed 
using a transfer function > 


Substituting Eq. 13.114 into Eq. 13.96 gives the s-domain expression for 
the response: 


A(s cos @ — wsin @) 


Ys) =H) = 


(13.115) 
We now visualize the partial fraction expansion of Eq. 13.115. The number 
of terms in the expansion depends on the number of poles of H(s). 
Because H(s) is not specified beyond being the transfer function of a 
physically realizable circuit, the expansion of Eq. 13.115 is 

AL a =e 
S— jw S++ jw 


Y(s) = 


+ S} terms generated by the poles of H(s). (13.116) 


In Eq. 13.116, the first two terms result from the complex conjugate poles 
of the driving source; that is, s* + w* = (s — jw)(s + jw). However, the 
terms generated by the poles of H(s) do not contribute to the steady-state 
response of y(t), because all these poles lie in the left half of the s plane; 
consequently, the corresponding time-domain terms approach zero as f 
increases. Thus the first two terms on the right-hand side of Eq. 13.116 
determine the steady-state response. The problem is reduced to finding 
the partial fraction coefficient K,: 


_ H(s)A(s cos ¢ — wsin d) 
i. St jw s=jo 


Ky 


_ H(jw)A(jwcos d — wsin ¢) 

7 2jw 

_ H(jw)A(cos¢ + jsing) _ 1 

7 2 2 
In general, H(jw) is a complex quantity, which we recognize by writing it 
in polar form; thus 


H(jw)Ae’?. (13.117) 


H(jw) = |H(jo)\e. (13.118) 


Note from Eq. 13.118 that both the magnitude, |H/(jw)|, and phase angle, 
6(w), of the transfer function vary with the frequency w. When we substi- 
tute Eq. 13.118 into Eq. 13.117, the expression for K, becomes 


A ; 
K, = 5 |H (ja) elo) * 4), (13.119) 


We obtain the steady-state solution for y(t) by inverse-transforming 
Eq. 13.116 and, in the process, ignoring the terms generated by the poles of 
H(s). Thus 


y,(t) = A|H(jo)| cos [wt + d + O()], (13.120) 


which indicates how to use the transfer function to find the steady-state 
sinusoidal response of a circuit. The amplitude of the response equals the 
amplitude of the source, A, times the magnitude of the transfer function, 
|H(jw)|. The phase angle of the response, ¢ + @(w), equals the phase 
angle of the source, ¢, plus the phase angle of the transfer function, 6(w). 
We evaluate both |H(jw)| and @() at the frequency of the source, w. 

Example 13.4 illustrates how to use the transfer function to find the 
steady-state sinusoidal response of a circuit. 


13.7 


The Transfer Function and the Steady-State Sinusoidal Response 


Using the Transfer Function to Find the Steady-State Sinusoidal Response 


The circuit from Example 13.1 is shown in Fig. 13.46. 
The sinusoidal source voltage is 120 cos (S000t 
+ 30°) V. Find the steady-state expression for v,. 


1000 


Figure 13.46 A The circuit for Example 13.4, 


Solution 
From Example 13.1, 
1000(s + 5000) 
MG) © a Ge a 
s” + GO00S + 25 * 10 


The frequency of the voltage source is 5000 rad/s; 
hence we evaluate H(s) at H(j5000): 


1000(5000 + j5000) 


Bsn = —— ee ienan ce th 
(1000) = 95 * 10% + j5000(6000) + 25 x 10% 
i+jl 1-jl v2 
: = = VE /—45°. 
j6 6 ° 


Then, from Eq. 13.120, 


120) V2 
re ON cos (S000r + 30° — 45°) 


Oss 


= 20V2 cos (5000t — 15°) V. 


The ability to use the transfer function to calculate the steady-state smusoidal 
response of a circuit is important. Note that if we know H(jw), we also know 
H(s), at least theoretically. In other words, we can reverse the process; instead of 
using /7/(s) to find H(jw), we use H(jw) to find H(s). Once we know H(s), we 
can find the response to other excitation sources. In this application, we determine 
H (jw) experimentally and then construct H(s) from the data. Practically, this 
experimental approach is not always possible; however, in some cases it does pro- 
vide a useful method for deriving H(s). In theory, the relationship between H(s) 
and H (jw) provides a link between the time domain and the frequency domain. 
The transfer function is also a very useful tool in problems concerning the fre- 
quency response of a circuit, a concept we introduce in the next chapter. 


/ ASSESSMENT PROBLEMS 


Objective 4—Know how to use a circuit’s transfer function to calculate the circuit’s impulse response, unit step 


response, and steady-state response to sinusoidal input 


13.12 The current source in the circuit shown is deliv- 
ering 10 cos 4t A. Use the transfer function to 


compute the steady-state expression for v,. 


Answer: 


44.7cos(4t — 63.43°) V. 


13.13 a) For the circuit shown, find the steady-state 
expression for v, when 
v, = 10cos 50,000r V. 


NOTE: Also try Chapter Problems 13.77 and 13.80. 


Answer: 


b) Replace the 50 kQ. resistor with a variable 
resistor and compute the value of resistance 
necessary to cause v, to lead v, by 120°. 


10kQ 


10 kQ 


(a) 10 cos (50,000¢ + 90°) V; 
(b) 28,867.51 2. 
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Figure 13.47 A A circuit showing the creation of an 
impulsive current. 


R 
1 — 
SC} ! | 1 
Yi) sC> 


Figure 13.48 A The s-domain equivalent circuit for the 


circuit shown in Fig. 13.47. 


Figure 13.49 A The plot of 7(t) versus ¢ for two 
different values of R. 


13.8 The Impulse Function in 
Circuit Analysis 


Impulse functions occur in circuit analysis either because of a switching 
operation or because a circuit is excited by an impulsive source. The 
Laplace transform can be used to predict the impulsive currents and volt- 
ages created during switching and the response of a circuit to an impulsive 
source. We begin our discussion by showing how to create an impulse 
function with a switching operation. 


Switching Operations 


We use two different circuits to illustrate how an impulse function can be 
created with a switching operation: a capacitor circuit, and a series induc- 
tor circuit. 


Capacitor Circuit 


In the circuit shown in Fig. 13.47, the capacitor C, 1s charged to an initial 
voltage of Vy at the time the switch is closed. The initial charge on C) is 
zero. The problem is to find the expression for i(¢) as R — 0. Figure 13.48 
shows the s-domain equivalent circuit. 

From Fig. 13.48, 


= V/s 
~ R + (1/sC) + (1/sC2) 


ree (13.121) 
s + (1/RC.)° 
where the equivalent capacitance C,C2/(C, + C2) is replaced by C,. 
We inverse-transform Eq. 13.121 by inspection to obtam 


(13.122) 


which indicates that as R decreases, the initial current (V,/R) increases 
and the time constant (RC,) decreases. Thus, as R gets smaller, the current 
starts from a larger initial value and then drops off more rapidly. 
Figure 13.49 shows these characteristics of i. 

Apparently i is approaching an impulse function as R approaches zero 
because the initial value of i is approaching infinity and the duration of i is 
approaching zero. We still have to determine whether the area under the 
current function is independent of R. Physically, the total area under the 
i versus f curve represents the total charge transferred to C, after the switch 
is closed. Thus 


oO 


V; 
Area=g= | —~e¥Rdt = VC,, (13.123) 


7 
which says that the total charge transferred to C; is independent of R and 
equals VpC, coulombs. Thus, as R approaches zero, the current approaches 
an impulse strength VjC, ; that is, 


i VYC,6(f). (13.124) 


The physical interpretation of Eq. 13.124 is that when R = 0, a finite 
amount of charge is transferred to Cz instantaneously. Making R zero in 
the circuit shown in Fig. 13.47 shows why we get an instantaneous transfer 
of charge. With R = 0, we create a contradiction when we close the switch: 
that is, we apply a voltage across a capacitor that has a zero initial voltage. 
The only way to have an instantaneous change in capacitor voltage is to 
have an instantaneous transfer of charge. When the switch is closed, the 
voltage across C, does not jump to V) but to its final value of 


CY 


a eR 13.125 
Ci ss C2 ( ) 


U2 


We leave the derivation of Eq. 13.125 to you (see Problem 13.81). 
If we set R equal to zero at the outset, the Laplace transform analysis 
will predict the impulsive current response. Thus, 


(1/sCy) + (U/sC2) Cy, + Cs es 
In writing Eq. 13.126, we use the capacitor voltages at = 0°. The inverse 
transform of a constant is the constant times the impulse function; there- 
fore, from Eq. 13.126, 


i = C.V)Ad(t). (13.127) 


The ability of the Laplace transform to predict correctly the occurrence of an 
impulsive response is one reason why the transform is widely used to analyze 
the transient behavior of linear lumped-parameter time-invariant circuits. 


Series Inductor Circuit 


The circuit shown in Fig. 13.50 illustrates a second switching operation 
that produces an impulsive response. The problem is to find the time- 
domain expression for v, after the switch has been opened. Note that 
opening the switch forces an instantaneous change in the current of L5. 
which causes v, to contain an impulsive component. 

Figure 13.51 shows the s-domain equivalent with the switch open. In 
deriving this circuit, we recognized that the current in the 3 H inductor at 
t = 0 is 10A, and the current in the 2 H inductor at ¢ = 0° is zero. Using 
the initial conditions at t = O° is a direct consequence of our using O° as 
the lower limit on the defining integral of the Laplace transform. 

We derive the expression for V,, from a single node-voltage equation. 
Summing the currents away from the node between the 15 () resistor and 
the 30 V source gives 


V,, V, — [(100/s) + 30] 


a = 13.128 
Is +15 35 + 10 iasdze) 


100 3H 
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30) 


Figure 13.50 A A circuit showing the creation of an impulsive Figure 13.51 A The s-domain equivalent circuit for the 
voltage. circuit shown in Fig. 13.50. 
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Solving for V, yields 


40(s + 7.5) 12(s + 7.5) 
>= + (13.129) 
s(s + 5) s+ 5 
We anticipate that v, will contain an impulse term because the second 
term on the right-hand side of Eq. 13.129 is an improper rational function. 
We can express this improper fraction as a constant plus a rational func- 
tion by simply dividing the denominator into the numerator; that is, 


12s +75) _ 1, , 30 


: 13.1 
gS ee oe 


Combining Eq. 13.130 with the partial fraction expansion of the first term 
on the right-hand side of Eq. 13.129 gives 


Y= 60 — ca a A stl 
Ss st 5 + 5 
60) 10 
= 12 oes ; 13.131 
. Ss st+5 ( ) 


from which 


Vy = 128(t) + (60 + 10e™)u(t) V. (13.132) 


Does this solution make sense? Before answering that question, let’s 
first derive the expression for the current when? > 0. After the switch has 
been opened, the current in L, is the same as the current in Ly. If we refer- 
ence the current clockwise around the mesh, the s-domain expression is 


_ (100/s) + 30 _ 20 Z 6 
58 4+25 sls +5) 8 +5 


+ 
S s+5 st+5 


p 
=—+ (13.133) 
SVS SD 
Inverse-transforming Eq. 13.133 gives 
i= (44+ 2e™)u(t) A. (13.134) 


Before the switch is opened, the current in L, is 10 A, and the current 
in Ly is 0 A; from Eq. 13.134 we know that at ¢ = 0”, the current in L; and 
in Lis 6 A. Then, the current in L; changes instantaneously from 10 to6A, 
while the current in Ly changes instantaneously from 0 to 6 A. From this 
value of 6 A, the current decreases exponentially to a final value of 4 A. 


This final value is easily verified from the circuit; that is, it should equal 
100/25, or 4 A. Figure 13.52 shows these characteristics of é, and ép. 

How can we verify that these instantaneous jumps in the inductor cur- 
rent make sense in terms of the physical behavior of the circuit? First, we 
note that the switching operation places the two inductors in series. Any 
impulsive voltage appearing across the 3 H inductor must be exactly bal- 
anced by an impulsive voltage across the 2 H inductor, because the sum of 
the impulsive voltages around a closed path must equal zero. Faraday’s 
law states that the induced voltage is proportional to the change in flux 
linkage (v = dA/dt). Therefore, the change in flux linkage must sum to 
zero. In other words, the total flux linkage immediately after switching is 
the same as that before switching. For the circuit here, the flux linkage 
before switching is 


A= Lyi; + Loiz = 3(10) + 2(0) = 30 Wh-turns. (13.135) 
Immediately after switching, it is 
A = (L, + L,)i(0*) = 5i(0*). (13.136) 
Combining Eqs. 13.135 and 13.136 gives 
i(0*) = 30/5 = 6A. (13.137) 
Thus the solution for i (Eq. [13.134]) agrees with the principle of the con- 
servation of flux linkage. 

We now test the validity of Eq. 13.132. First we check the impulsive 
term 128(¢). The instantaneous jump of i, from 0 to 6A at ¢ = 0 gives rise 
to an impulse of strength 66(t) in the derivative of i,. This impulse gives 
rise to the 128(t) in the voltage across the 2 H inductor. For t > 0°, dio/dt 


is -10e~™ A/s; therefore, the voltage , is 


15(4 + 2e) + 2(-10e™) 


Vo 


(60 + 10e*)u(t) V. (13.138) 


Equation 13.138 agrees with the last two terms on the right-hand side of 
Eq. 13.132; thus we have confirmed that Eq. 13.132 does make sense in 
terms of known circuit behavior. 

We can also check the instantaneous drop from 10 to 6 A in the cur- 
rent i,. This drop gives rise to an impulse of —46(f) in the derivative of ij. 
Therefore the voltage across L, contains an impulse of —126(t) at the ori- 
gin. This impulse exactly balances the impulse across L,; that is, the sum of 
the impulsive voltages around a closed path equals zero. 


Impulsive Sources 


Impulse functions can occur in sources as well as responses; such sources 
are called impulsive sources. An impulsive source driving a circuit imparts 
a finite amount of energy into the system instantaneously. A mechanical 
analogy is striking a bell with an impulsive clapper blow. After the energy 
has been transferred to the bell, the natural response of the bell deter- 
mines the tone emitted (that is, the frequency of the resulting sound 
waves) and the tone’s duration. 
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tty (A) 


Figure 13.52 A The inductor currents versus t for the 
circuit shown in Fig. 13.50. 
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R 


Vo d(2) iL 


Figure 13.53 A An RL circuit excited by an impulsive 
voltage source. 


Vo cS sb 


Figure 13.54 & The s-domain equivalent circuit for the 
circuit shown in Fig, 13.53. 


Figure 13.55 A The circuit shown in Fig. 13.50 with 
an impulsive voltage source added in series with the 
100 V source. 


In the circuit shown in Fig. 13.53, an impulsive voltage source having a 
strength of Vy volt-seconds is applied to a series connection of a resistor 
and an inductor. When the voltage source is applied, the initial energy in 
the inductor is zero; therefore the initial current is zero. There is no voltage 
drop across R, so the impulsive voltage source appears directly across L. 
An impulsive voltage at the terminals of an inductor establishes an instan- 
taneous current. The current is 


1 f 
i=—] Vo0d(x)dx. (13.139) 
L Or 


Given that the integral of 6(t) over any interval that includes zero is 1, we 
find that Eq. 13.139 yields 


i(0*) = — A. (13.140) 


Thus, in an infinitesimal moment, the impulsive voltage source has 
stored in the inductor. 


1,/WVo\? 1V2 
=<-L{ —} =-— 13.141 
wero (4) ‘ ( ) 


The current V~/ZL now decays to zero in accordance with the natural 
response of the circuit; that is, 


V 
i= 6 ult), (13.142) 


where + = L/R. Remember from Chapter 7 that the natural response is 
attributable only to passive elements releasing or storing energy, and not 
to the effects of sources. When a circuit is driven by only an impulsive 
source, the total response is completely defined by the natural response; 
the duration of the impulsive source is so infinitesimal that it does not 
contribute to any forced response. 

We may also obtain Eq. 13.142 by direct application of the Laplace 
transform method. Figure 13.54 shows the s-domain equivalent of the cir- 
cuit in Fig. 13.53. 


Hence 
Vo Vo/L 
px ae ay 13.143 
R+sL s+ (R/L) ( 
V, V 
ie . e (RLM = se u(t). (13.144) 


Thus the Laplace transform method gives the correct solution for i = 0°. 

Finally, we consider the case in which internally generated impulses 
and externally applied impulses occur simultaneously. The Laplace trans- 
form approach automatically ensures the correct solution for ¢ > 0° if 
inductor currents and capacitor voltages att = 0 are used in constructing 
the s-domain equivalent circuit and if externally applied impulses are rep- 
resented by their transforms. To illustrate, we add an impulsive voltage 


source of 508(¢) in series with the 100 V source to the circuit shown in 
Fig. 13.50. Figure 13.55 shows the new arrangement. 

Att =0,4(0°) = 10A and i,(0) = 0A. The Laplace transform of 
508(t) = 50. If we use these values, the s-domain equivalent circuit is as 
shown in Fig. 13.56. 

The expression for J is 


ois 50 + (100/s) + 30 
7 25 + 5s 


16 20 
s+5. s(s +5) 


_ 16 ae 4 4 
s+ 5 SS besesS 
12 4 
= ~+-, (13.145) 
s+ 5 S 
from which 
i(t) = (12e*! + 4)u(t) A. (13.146) 
The expression for V, is 
32(s + 7.5)  40(s + 7.5) 
V. = + 2s = 
pon IOS eN s+5 s(s + 5) 
2; 
oi he eee 
gars R) s+5 
60 60 
= 324 +—, 3.147 
a 5 ase § ( ) 
from which 
Vy = 326(t) + (60e + 60)u(t) V. (13.148) 


Now we test the results to see whether they make sense. From 
Eq. 13.146, we see that the current in L; and Lj is 16 A att = 0°. Asin the 
previous case, the switch operation causes i, to decrease instantaneously 
from 10 to 6 A and, at the same time, causes /, to increase from 0 to 6 A. 
Superimposed on these changes is the establishment of 10 A in L, and L, 
by the impulsive voltage source; that is, 


1 t 
aera dx = 10A. .149 
= 350 po nee (13.149) 


Therefore i; increases suddenly from 10 to 16 A, while i, increases sud- 
denly from 0 to 16 A. The final value of i is 4 A. Figure 13.57 shows é), é, 
and i graphically. 
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Figure 13.56 A The s-domain equivalent circuit for the 
circuit shown in Fig. 13.55. 


Figure 13.57 A The inductor currents versus t for the 
circuit shown in Fig. 13.55. 
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—60 -60 


Figure 13.58 A The derivative of i; and i9. 


We may also find the abrupt changes in i, and i, without using super- 
position. The sum of the impulsive voltages across L,; (3 H) and L, (2 H) 
equals 506(t). Thus the change in flux linkage must sum to 50; that is, 


AA, + AA = 50. (13.150) 
Because A = Li, we express Eq. 13.150 as 
3Ai, + 2Aiy = 50. (13.151) 
But because /, and i, must be equal after the switching takes place, 
i,(0°) + Ai, = i,(0°) + Ab. (13.152) 
Then, 
10 + Ai; = 0 + Ab. (13.153) 
Solving Eqs. 13.151 and 13.153 for Ai; and Ai, yields 


Ai, = 6A, (13.154) 


Ain = 16 A. (13.155) 


These expressions agree with the previous check. 

Figure 13.57 also indicates that the derivatives of i, and i, will contain 
an impulse at ¢ = 0. Specifically, the derivative of i, will have an impulse 
of 66(t), and the derivative of i, will have an impulse of 1668(t). 
Figure 13.58(a), (b), respectively, illustrate the derivatives of i; and ip. 

Now let’s turn to Eq. 13.148. The impulsive component 326(t) agrees 
with the impulse 168(t) that characterizes di,/dt at the origin. The term 
(60e* + 60) agrees with the fact that fort > 0*, 


Oy = lor a 

We test the impulsive component of di,/dt by noting that it produces 
an impulsive voltage of (3)686(t), or 186(t), across L;. This voltage, along 
with 326(t) across Ly, adds to 506(t). Thus the algebraic sum of the impul- 
sive voltages around the mesh adds to zero. 

To summarize, the Laplace transform will correctly predict the creation 
of impulsive currents and voltages that arise from switching. However, the 
s-domain equivalent circuits must be based on initial conditions at t = 0°" 
that is, on the initial conditions that exist prior to the disturbance caused by 
the switching. The Laplace transform will correctly predict the response to 
impulsive driving sources by simply representing these sources in the 
s domain by their correct transforms. 


NOTE: Assess your understanding of the impulse function in circuit 
analysis by trying Chapter Problems 13.87 and 13.88. 


Practical Perspective 


Surge Suppressors 


As mentioned at the beginning of this chapter, voltage surges can occur in 
a circuit that is operating in the sinusoidal steady state. Our purpose is to 
show how the Laplace transform is used to determine the creation of a surge 
in voltage between the line and neutral conductors of a household circuit 
when a load is switched off during sinusoidal steady-state operation. 

Consider the circuit shown in Fig. 13.59, which models a household cir- 
cuit with three loads, one of which is switched off at time ¢ = 0. To simplify 
the analysis, we assume that the line-to-neutral voltage, V,,, is 
120 /0° V (rms), a standard household voltage, and that when the load 
is switched off at = 0, the value of V, does not change. After the switch 
is opened, we can construct the s-domain circuit, as shown in Fig. 13.60. 
Note that because the phase angle of the voltage across the inductive load 
is 0°, the initial current through the inductive load is 0. Therefore, only the 
inductance in the line has a non-zero initial condition, which is modeled in 
the s-domain circuit as a voltage source with the value L;Jy, as seen in 
Fig. 13.60. 

Just before the switch is opened at t = 0, each of the loads has a 
steady-state sinusoidal voltage with a peak magnitude of 120\/2 = 169.7 V. 
All of the current flowing through the line from the voltage source y, is 
divided among the three loads. When the switch is opened at ¢ = 0, all of 
the current in the line will flow through the remaining resistive load. This is 
because the current in the inductive load is 0 at t = O and the current in an 
inductor cannot change instantaneously. Therefore, the voltage drop across 
the remaining loads can experience a surge as the line current is directed 
through the resistive load. For example, if the initial current in the line is 
25 A (rms) and the impedance of the resistive load is 12 (2, the voltage 
drop across the resistor surges from 169.7 V to (25)(V2)(12) = 424.3 V 
when the switch is opened. If the resistive load cannot handle this amount 
of voltage, it needs to be protected with a surge suppressor such as those 
shown at the beginning of the chapter. 


Figure 13.59 A Circuit used to introduce a switching surge voltage. 


NOTE: Assess your understanding of this Practical Perspective by trying Chapter 
Problems 13.92 and 13.93 


Practical Perspective 


Figure 13.60 A Symbolic s-domain circuit. 
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Summary 


We can represent each of the circuit elements as an 
s-domain equivalent circuit by Laplace-transforming 
the voltage-current equation for each element: 


¢ Resistor: V = RI 
¢ Inductor: V = sLI — LIp 
¢ Capacitor: V = (1/sC)I + V,/s 


In these equations, V = L{v}, J = L{t}, Jo is the ini- 
tial current through the inductor, and Vo is the initial 
voltage across the capacitor. (See pages 468-469.) 


We can perform circuit analysis in the s domain by 
replacing each circuit element with its s-domain equiva- 
lent circuit. The resulting equivalent circuit is solved by 
writing algebraic equations using the circuit analysis 
techniques from resistive circuits. Table 13.1 summa- 
rizes the equivalent circuits for resistors, inductors, and 
capacitors in the s domain. (See page 470.) 


Circuit analysis in the s domain is particularly advanta- 
geous for solving transient response problems in linear 
lumped parameter circuits when initial conditions are 
known. It is also useful for problems involving multiple 
simultaneous mesh-current or node-voltage equations, 
because it reduces problems to algebraic rather than 
differential equations. (See pages 476-478.) 


The transfer function is the s-domain ratio of a circuit’s 
output to its input. It is represented as 
_ Y(s) 

X(s)’ 


H(s) 


where Y(s) is the Laplace transform of the output sig- 
nal, and X(s) is the Laplace transform of the input sig- 
nal. (See page 484.) 


The partial fraction expansion of the product H(s)X(s) 
yields a term for each pole of H(s) and X(s). The 
H(s) terms correspond to the transient component of 
the total response; the X(s) terms correspond to the 
steady-state component. (See page 486.) 


If a circuit is driven by a unit impulse, x(t) = 6(t), then 
the response of the circuit equals the inverse Laplace 
transform of the transfer function, y(t) = £'{H(s)} 
= h(t). (See pages 488-489.) 


A time-invariant circuit is one for which, if the input is 
delayed by a seconds, the response function is also 
delayed by a seconds. (See page 488.) 


The output of a circuit, y(t), can be computed by con- 
volving the input, x(t), with the impulse response of the 
circuit, A(t): 


t 


y(t) = A(t) * x(t) = [ A(A)x(t — A) dA 


= x(t) * A(t) = | x(A)A(t — A)dA. 


A graphical interpretation of the convolution integral 
often provides an easier computational method to gen- 
erate y(t). (See page 489.) 


We can use the transfer function of a circuit to compute 
its steady-state response to a sinusoidal source. To do so, 
make the substitution s = jw in H(s) and represent the 
resulting complex number as a magnitude and phase 
angle. If 


x(t) = Acos(wt + ¢), 
H(jw) = |H(jo)|e, 


then 


yys(t) = AJH(Go)| cos[wt + ¢ + O(w)). 
(See page 496.) 


Laplace transform analysis correctly predicts impulsive 
currents and voltages arising from switching and impul- 
sive sources. You must ensure that the s-domain equiva- 
lent circuits are based on initial conditions at tf = O°," 
that is, prior to the switching. (See page 498.) 


Problems 


Section 13.1 


13.1 Derive the s-domain equivalent circuit shown in 
Fig. 13.4 by expressing the inductor current i asa 
function of the terminal voltage v and then find- 
ing the Laplace transform of this time-domain 
integral equation. 


13.2 Find the Thévenin equivalent of the circuit shown 
in Fig. 13.7. 


13.3. Find the Norton equivalent of the circuit shown 
in Fig. 13.3. 


Section 13.2 
13.4 A2kO resistor, a 312.5 mH inductor, and a 12.5 nF 
capacitor are in parallel. 


a) Express the s-domain impedance of this parallcl 
combination as a rational function. 


b) Give the numerical values of the poles and zeros 
of the impedance. 


13.5 A 1kQ resistor is in series with a 625 nF capaci- 
tor. This series combination is in parallel with a 
100 mH inductor. 


a) Express the equivalent s-domain impedance of 
these parallel branches as a rational function. 


b) Determine the numerical values of the poles 
and zeros. 
13.6 A 8k resistor, a 1 H inductor, and a 40 nF capaci- 
tor are in series. 


a) Express the s-domain impedance of this series 
combination as a rational function. 


b) Give the numerical value of the poles and zeros 
of the impedance. 


13.7 Find the poles and zeros of the impedance seen 
looking into the terminals a,b of the circuit shown 
in Fig. P13.7. 


Figure P13.7 
1H 


ae 10 1F 10 


13.8 Find the poles and zeros of the impedance seen 
looking into the terminals a,b of the circuit shown 
in Fig. P13.8. 
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Figure P13.8 
a 


Section 13.3 


13.9 The switch in the circuit shown in Fig. P13.9 has 
pspice been in position x for a long time. At ¢ = 0, the 
*uinsi#’ switch moves instantaneously to position y. 


a) Construct an s-domain circuit fort > 0. 
b) Find ¥,,. 
c) Find v,. 


Figure P13.9 


625 nF 


13.10 The switch in the circuit in Fig. P13.10 has been in 
position a for a long time. At ¢ = 0, it moves instan- 
taneously from a to b. 


a) Construct the s-domain circuit for t > 0. 
b) Find V,(s). 
c) Find v,(t) for’ = 0. 


Figure P13.10 


10 mH 


13.11 The switch in the circuit in Fig. P13.11 has been 


espace closed for a long time before opening at t = 0. 
MULTISIM . : : : 
a) Construct the s-domain equivalent circuit for 


t>0. 
b) Find V,,. 
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c) Find v, fort = 0. 
Figure P13.11 


30.2 


10 mF 


13.12 The switch in the circuit in Fig. P13.12 has been in 
fas position a for a long time. At ¢ = 0, the switch 
M i ae 

mit moves instantaneously to position b. 


a) Construct the s-domain circuit for ¢ > 0. 
b) Find V,,. 

c) Find /,. 

d) Find vw, fort > 0. 

e) Find i, fort = 0. 


Figure P13.12 


6.4mH »v, 


13.13 The switch in the circuit in Fig. P13.13 has been 
pspice closed for a long time. At ¢ = 0, the switch 
MULTISIM s 

is opened. 

a) Find v, fort = 0. 

b) Find i, fort = 0. 


Figure P13.13 
t=0 


13.14 The make-before-break switch in the circuit in 

eseice Fig, P13.14 has been in position a for a long time. At 

molTisit’ ¢ = (0), it moves instantaneously to position b. Find i, 
fort = 0. 


Figure P13.14 


50 


10 mF 


13.15 Find V, and v, in the circuit shown in Fig. P13.15 if 


espice the initial energy is zero and the switch is closed at 
MULTISIM t = 0. 


Figure P13.15 
2.8kQ 200 mH 


13.16 Repeat Problem 13.15 if the initial voltage on the 


pseice capacitor is 30 V positive at the upper terminal. 
MULTISIM 


13.17 The switch in the circuit seen in Fig. P13.17 has been 
pspice in position a for a long time before moving instanta- 
mums" neously to position b att = 0. 


a) Construct the s-domain equivalent circuit for 
t > 0. 


b) Find V, and 2. 
c) Find V» and v. 


Figure P13.17 


50k 


1.25 mH 


13.18 The switch in the circuit seen in Fig. P13.18 has been 
pspce in position a for a long time. At t = 0, it moves 
minsit’ instantaneously to position b. 

a) Find V,,. 

b) Find v,. 


Figure P13.18 


13.19 The switch in the circuit in Fig. P13.19 has been 
Psrice closed for a long time before opening at t = 0. Find 
MULTISIM 

v, fort = 0. 


Figure P13.19 


13.20 Find v, in the circuit shown in Fig. P13.20 if 


 PsPice i, = Su(t) mA. There is no energy stored in the cir- 
mutisim 
cuit att = 0. 


Figure P13.20 


13.21 There is no energy stored in the circuit in Fig. P13.21 
pspice at the time the switch is closed. 


MULTISIM ‘ 
a) Find v, fort = 0. 


b) Does your solution make sense in terms of 
known circuit behavior? Explain. 


Figure P13.21 


20 —_ 4mF 


t=0 + Ug 


13.22 There is no energy stored in the circuit in Fig. P13.22 
price att = 0. 
MULTISIM iS cugty 
a) Use the mesh current method to find i,. 
b) Find the time domain expression for v,. 


c) Do your answers in (a) and (b) make sense in 
terms of known circuit behavior? Explain. 
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Figure P13.22 


10u(7) V 


13.23 
DSadled 
MULTISIM 


13.24 


PSPICE 
MULTISIM 


13.25 
ae 
MULTISIM 


a) Find the s-domain expression for V, in the circuit 
in Fig. P13.23. 


b) Use the s-domain expression derived in (a) to 
predict the initial- and final-values of v,. 
c) Find the time-domain expression for v,. 


Figure P13.23 


70 


Co) 1Su(t) mA 


Find the time-domain expression for the current in 
the inductor in Fig. P13.23. Assume the reference 
direction for i; is down. 


There is no energy stored in the capacitors in the 
circuit in Fig. P13.25 at the time the switch is closed. 


a) Construct the s-domain circuit fort > 0. 
b) Find /;, Vj, and V>. 
c) Find &, v,, and 2. 


d) Do your answers for i, ¥;, and v2 make sense in 
terms of known circuit behavior? Explain. 


Figure P13.25 


50 kQ 


13.26 


PSPICE 
MULTISIM 


There is no energy stored in the circuit in Fig. P13.26 

at the time the voltage source is turned on, and 

v, = 75u(t) V. 

a) Find V, and J,. 

b) Find v, and i,. 

c) Do the solutions for v, and 7, make sense in 
terms of known circuit behavior? Explain. 
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Figure P13.26 


4 mF 


13.27 There is no energy stored in the circuit in Fig. P13.27 
psptce at the time the current source is energized. 


mee a) Find I, and Ip, 
b) Find i, and ip. 
c) Find V,, V,, and V.. 
d) Find v,, vp, and v,. 


e) Assume a capacitor will break down whenever 
its terminal voltage is 1000 V. How long after the 
current source turns on will one of the capacitors 
break down? 


Figure P13.27 
100 mF -~] 


a 


100 mF 


+ Vy = 


Ou(t) A 100 mF 10.0 


13.28 There is no energy stored in the circuit in Fig. P13.28 
pice atf = (0. 


MULTISIM , 
a) Find V,. 
b) Find w,. 
c) Does your solution for v, make sense in terms of 
known circuit behavior? Explain. 


Figure P13.28 


300 


S0u(t) V 100 


oe Yo ae 


Su(h A 


13.29 There is no energy stored in the circuit in Fig. P13.29 
pspice. at the time the sources are energized. 
MULTISIM 
a) Find /,(s) and />(s). 
b) Use the initial- and final-vatue theorems to check 
the initial- and final-values of i;(t) and i,(t). 
c) Find i,(t) and i,(t) fort = 0. 


Figure P13,29 
100 and 


6u(t) A <P cS 75u(t) V 


13.30 There is no energy stored in the circuit in Fig. P13.30 
pspice ~=at the time the current source turns on. Given that 
WSIS ig = SQu(t) A: 


a) Find V.,(s). 

b) Use the initial- and final-value theorems to find 
v,(0*) and v,(%). 

c) Determine if the results obtained in (b) agree 
with known circuit behavior. 


d) Find v,(). 


Figure P13.30 


13.31 The initial energy in the circuit in Fig. P13.31 is zero. 
pspice ~The ideal voltage source is 120u(t) V. 


MULTISIM : 
a) Find /,(s). 
b) Use the initial- and final-value theorems to find 
i,(0*) and i,(00). 
c) Do the values obtained in (b) agree with known 
circuit behavior? Explain. 


d) Find i,(t). 


Figure P13.31 


700 Q 


13.32 There is no energy stored in the circuit in Fig. P13.32 


pspice at the time the voltage source is energized. 
MULTISIM 


a) Find V,, Z,, and /;. 
b) Find »,. i,,and i, fort = 0. 


Figure P13.32 


50te 


13.33 


13.34 


PSPICE 
MULTISIM 


13.35 


“2 (t) A 


Beginning with Eq. 13.65, show that the capacitor 
current in the circuit in Fig. 13.19 is positive for 
0 <¢ < 200 ys and negative for t > 200 ws. Also 
show that at 200 ys, the current is zero and that this 
corresponds to when dv¢/dt is zero. 


The two switches in the circuit shown in Fig. P13.34 
operate simultaneously. There is no energy stored 
in the circuit at the instant the switches close. Find 
i(t) for t= 0° by first finding the s-domain 
Thévenin equivalent of the circuit to the left of the 
terminals a,b. 


Figure P13.34 


LkO 1kQ a 


40 V 


The switch in the circuit shown in Fig. P13.35 
has been open for a long time. The voltage of 
the sinusoidal source is v, = V,,sin (wt + @). 
The switch closes at ¢ = 0. Note that the angle 
@ in the voltage expression determines the value 
of the voltage at the moment when the switch 
closes, that is, v,(0) = V,, sin ¢. 

a) Use the Laplace transform method to find 

ifort > 0. 


Using the expression derived in (a), write the 
expression for the current after the switch has 
been closed for a long time. 


b) 


c) Using the expression derived in (a), write the 
expression for the transient component of i. 


d 


— 


Find the steady-state expression for i using the 
phasor method. Verify that your expression is 
equivalent to that obtained in (b). 


e) Specify the value of ¢ so that the circuit passes 
directly into steady-state operation when the 
switch is closed. 


13.36 


PSPICE 
MULTISIM 


13.37 


PSPICE 
MULTISIM 


13.38 


PSPICE 
MULTISIM 
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Figure P13.35 


The magnetically coupled coils in the circuit seen 

in Fig. P13.36 carry initial currents of 15 and 10 A, 

as shown. 

a) Find the initial energy stored in the circuit. 

b) Find /, and 1. 

c) Find j, and fp. 

d) Find the total energy dissipated in the 120 and 
270 {) resistors. 


e) Repeat (a)-(d), with the dot on the 18 H induc- 
tor at the lower terminal. 


Figure P13.36 


The switch in the circuit seen in Fig. P13.37 has 
been closed for a long time before opening at ¢ = 0. 
Use the Laplace transform method of analysis to 
find »,,. 


Figure P13.37 
r=() 


200 


The make-before-break switch in the circuit seen in 
Fig. P13.38 has been in position a for a long time. At 
t = Q, it moves instantaneously to position b. Find 
i, fort = Q. 
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Figure P13.38 


13.39 There is no energy stored in the circuit in Fig. P13.39 
pspice. at the time the switch is closed. 
MULTISIM 

a) Find Lis 


b) Use the initial- and final-value theorems to find 
i,(0*) and i,(0). 


c) Find /;. 
Figure P13.39 
25 0 625 mH 102 
ae 
s0v(* ) 125H 2400 
e 


13.40 a) Find the current in the 40 2 resistor in the cir- 
PSPICE cuit in Fig. P13.39. The reference direction for 
yee the current is down through the resistor. 


b) Repeat part (a) if the dot on the 1.25 H coil 
is reversed. 


13.41 In the circuit in Fig. P13.41, switch | closes at ¢ = 0, 
esece. and the make-before-break switch moves instanta- 
mumsi4’” neously from position a to position b. 
a) Construct the s-domain equivalent circuit for 
t> 0. 
b) Find /;. 
c) Use the initial- and final-value theorems to 
check the initial and final values of 1). 


d) Find i, fort = 0°. 


Figure P12.41 
100 
a 


12200 ! 


@ On 


13.42 There is no energy stored in the circuit seen in 


espe Fig, P13.42 at the time the two sources are energized. 


MULTISIM ts . o,e . 
a) Use the principle of superposition to find Y,,. 


b) Find v, fort > 0. 


Figure P13.42 
100 


10H 


20 


+ 
) 60u(t) V %, ep 1.5u(t) A 


13.43 Verify that the solution of Eqs. 13.91 and 13.92 for V2 
yields the same expression as that given by Eq. 13.90. 


13.44 The op amp in the circuit shown in Fig. P13.44 is 

pspice ideal. There is no energy stored in the circuit at the 

mms" time it is energized. If vy = 16,000tu(t) V, find 
(a) V,, (b) v,, (c) how long it takes to saturate the 
operational amplifier, and (d) how small the rate of 
increase in V, must be to prevent saturation. 


Figure P13.44 
12.5 nF 


13.45 The op amp in the circuit seen in Fig. P13.45 is ideal. 

espce There is no energy stored in the capacitors at the 

mulmsi4’ time the circuit is energized. Determine (a) V,, (b) 
V,, and (c) how long it takes to saturate the opera- 
tional amplifier. 


Figure P13.45 
250 nF 


250 nF 


200 kO 


200 kO 


* + 
O.Su(t) V 500 nF ii 
y | v 


13.46 Find »v,(t) in the circuit shown in Fig. P13.46 if the 
psice ideal op amp operates within its linear range and 
ms Ve = 16u(t) mV. 


Figure P13.46 


20 nF 


13.47 The op amp in the circuit shown in Fig. P13.47 is 
eserce ideal. There is no energy stored in the capacitors at 
muiTisIN the instant the circuit is energized. 
a) Find », if vg; = 40u(t) V and v,2 = 16u(t) V. 
b) How many milliseconds after the two voltage 
sources are turned on does the op amp saturate? 


Figure P13.47 
10 mF 


13.48 The op amps in the circuit shown in Fig. P13.48 are 

pspice ideal. There is no energy stored in the capacitors at 

mee ¢ = 07. If vy = 16u(t) mV, how many milliseconds 
elapse before an op amp saturates? 


Figure P13.48 


25kO 5 
25 kO ue 
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Sections 13.4-13.5 


13.49 a) Find the numerical expression for the trans- 
fer function H(s) = V,/V; for the circuit in 
Fig. P13.49. 
b) Give the numerical value of each pole and zero 
of H(s). 


Figure P13.49 
16kQ 


100 kQ 


13.50 Find the numerical expression for the transfer func- 
tion (V,/V;) of each circuit in Fig. P13.50 and give 
the numerical value of the poles and zeros of each 
transfer function. 


Figure P13.50 


100 kQ, 


13.51 a) Find the transfer function H(s) = V,/V; for the 
circuit shown in Fig. P13.51(a). 

b) Find the transfer function H(s) = V,/V; for the 
circuit shown in Fig. P13.51(b). 

c) Create two different circuits that have the transfer 
function H(s) = V,/V; = 1000/(s+1000). Use 
components selected from Appendix H and 
Figs. P13.51(a) and (b). 
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13.52 


13.53 


The Laplace Transform in Circuit Analysis 


Figure P13.51 


(a) (b) 


a) Find the transfer function H(s) = V,/V, for the 
circuit shown in Fig. P13.52(a). 

b) Find the transfer function H(s) = V,/V; for the 
circuit shown in Fig. P13.52(b). 

c) Create two different circuits that have the trans- 
fer function A(s) = V,/V; = s/(s + 10,000). 
Use components selected from Appendix H and 
Figs. P13.52(a) and (b). 


Figure P13.52 


(b) 


a) Find the transfer function H(s) = V,/V; for the 
circuit shown in Fig. P13.53. Identify the poles 
and zeros for this transfer function. 


b) Find three components from Appendix H which 
when used in the circuit of Fig. P13.53 will result in 
a transfer function with two poles that are distinct 
real numbers. Calculate the values of the poles. 


c) Find three components from Appendix H which 
when used in the circuit of Fig. P13.53 will result 
in a transfer function with two poles, both with 
the same value. Calculate the value of the poles. 


d) Find three components from Appendix H which 
when used in the circuit of Fig. P13.53 will result 
in a transfer function with two poles that are 
complex conjugate complex numbers. Calculate 
the values of the poles. 


Figure P13.53 


13.54 The operational amplifier in the circuit in Fig. P13.54 


is ideal. 

a) Find the numerical expression for the transfer 
function H(s) = V,/V,. 

b) Give the numerical value of each zero and pole 
of H(s). 


Figure P13.54 


Cy = 25 nF 


R, = 40kO 


1kQ 200nF 


13.55 The operational amplifier in the circuit in Fig. P13.55 


is ideal. 
a) Find the numerical expression for the transfer 
function H(s) = V,/V,. 


b) Give the numerical value of each zero and pole 
of H(s). 


Figure P13.55 


400 pF 


250 kO 


13.56 The operational amplifier in the circuit in 


Fig. P13.56 is ideal. 


a) Derive the numerical expression of the trans- 
fer function H(s) = V,/V, for the circuit in 
Fig. P13.56. 


b) Give the numerical value of each pole and zero 
of H(s). 


Figure P13.56 


200 nF 


13.57 There is no energy stored in the circuit in Fig. P13.57 

pspxce at the time the switch is opened. The sinusoidal current 

multisiN source is generating the signal 100 cos 10,000¢ mA. 
The response signal is the current i,. 


a) Find the transfer function /,/T,. 

b) Find /,(s). 

c) Describe the nature of the transient component 
of 7,,(t) without solving for i,(t). 


d) Describe the nature of the steady-state compo- 
nent of 7,(¢) without solving for i,(¢). 


e) Verify the observations made in (c) and (d) by 
finding i,(f). 


Figure P13.57 


100 nF 


13.58 In the circuit of Fig. P13.58 i, is the output signal 
and v, is the input signal. Find the poles and zeros 
of the transfer function, assuming there is no initial 
energy stored in the linear transformer or in the 
capacitor. 


Figure P13.58 


10k 


62.5 nF 
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13.59 a) Find the transfer function /,,/7, as a function of 
PSPICE pe for the circuit seen in Fig. P13.59. 


MULTISIM 


b) Find the largest value of py that will produce a 
bounded output signal for a bounded input signal. 


c) Find i, for w = -3,0,4,5, and 6 if i, = Su(t) A. 


Figure P13.59 


Section 13.6 
13.60 a) Find A(t) * x(t) when A(t) and x(t) are the rec- 
tangular pulses shown in Fig. P13.60(a). 


b) Repeat (a) when x(t) changes to the rectangular 
pulse shown in Fig. P13.60(b). 


c) Repeat (a) when A(t) changes to the rectangular 
pulse shown in Fig. P13.60(c). 


Figure P13.60 


13.61 a) Given y(t) = A(t) * x(t), find y(t) when A(t) and 
x(t) are the rectangular pulses shown in 
Fig. P13.61(a). 


b) Repeat (a) when A(t) changes to the rectangular 
pulse shown in Fig. P13.61(b). 


c) Repeat (a) when A(t) changes to the rectangular 
pulse shown in Fig. P13.61(c). 


d) Sketch y(t) versus ¢ for (a)-(c) on a single graph. 
e) Do the sketches in (d) make sense? Explain. 


516 ~The Laplace Transform in Circuit Analysis 


Figure P13.61 


h(t) x(t) 
1 10 
0 40 


h(t) ue iL 


13.62 A rectangular voltage pulse v; = [u(t) — u(t — 1)] V 
is applied to the circuit in Fig. P13.62. Use the con- 
volution integral to find v,. 


Figure P13.62 
1H 


13.63 Interchange the inductor and_ resistor’ in 
Problem 13.62 and again use the convolution inte- 
gral to find v,. 


13.64 a) Use the convolution integral to find the output 
voltage of the circuit in Fig. P13.50(a) if the 
input voltage is the rectangular pulse shown in 
Fig. P13.64. 


b) Sketch v,(¢) versus ¢ for the time interval 
0=f= 10 ms. 


Figure P13.64 
vj (V) 


t (ms) 


13.65 a) Repeat Problem 13.64, given that the resistor in 
the circuit in Fig. P13.50(a) is decreased to 10k. 


b) Does decreasing the resistor increase or decrease 
the memory of the circuit? 


c) Which circuit comes closer to transmitting a 
replica of the input voltage? 


13.66 a) Assume the voltage impulse response of a 
circuit is 

t< 0; 

nO a r= 0. 


Use the convolution integral to find the output 
voltage if the input signal is 10u(t) V. 


b) Repeat (a) if the voltage impulse response is 


0, i< 0: 
A(t) = 4 1001 — 28), Ost =05s; 
0, t=0.5s. 


c) Plot the output voltage versus time for (a) and 
(b)for0 StS 1s. 


13.67 The voltage impulse response of a circuit is shown in 
Fig. P13.67(a). The input signal to the circuit is the 
rectangular voltage pulse shown in Fig. P13.67(b). 
a) Derive the equations for the output voltage. 

Note the range of time for which each equation 
is applicable. 
b) Sketch v, for -1 = ¢t S 34s. 


Figure P13.67 


h(t) (V) 
10 
10 20 30 -t(s) 
(a) 
v(A) (V) 
10 
= 4 A (s) 


(b) 


13.68 Assume the voltage impulse response of a circuit 
can be modeled by the triangular waveform shown 
in Fig. P13.68. The voltage input signal to this circuit 
is the step function 10u(t) V. 


a) Use the convolution integral to derive the 
expressions for the output voltage. 

b) Sketch the output voltage over the interval 
OtolSs. 

c) Repeat parts (a) and (b) if the area under the 
voltage impulse response stays the same but the 
width of the impulse response narrows to 4s. 

d) Which output waveform is closer to replicating 
the input waveform: (b) or (c)? Explain. 


Figure P13.68 


13.69 a) Find the impulse response of the circuit shown 
in Fig. P13.69(a) if v, is the input signal and v, is 
the output signal. 

b) Given that v, has the waveform shown in 
Fig. P13.69(b), use the convolution integral to 
find v,. 

c) Does v, have the same waveform as v,? Why or 
why not? 


Figure P13.69 
v, (V) 


13.70 a) Find the impulse response of the circuit seen in 
Fig. P13.70 if v, is the input signal and v,, is the 
output signal. 
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b) Assume that the voltage source has the wave- 
form shown in Fig. P13.69(b). Use the convolu- 
tion integral to find v,. 

c) Sketch v, forO Ss ¢ = 2s. 


d) Does v, have the same waveform as v,? Why or 
why not? 


Figure P13.70 
50 


+ 


250 mF wv, 


13.71 The sinusoidal voltage pulse shown in Fig. P13.71(a) 
is applied to the circuit shown in Fig. P13.71(b). Use 
the convolution integral to find the value of v, at 
t = 75 ms. 


Figure P13.71 
v; (2) 


0! 7/20 7/10 t(s) 
(a) (b) 


13.72 Use the convolution integral to find v, in the circuit 
seen in Fig. P13.72 if v; = 75u(t) V. 


Figure P13.72 
400 4H 


13.73 The current source in the circuit shown in 
Fig. P13.73(a) is generating the waveform shown in 
Fig. P13.73(b). Use the convolution integral to find 
v, att = 5 ms. 
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Figure P13.73 
ig (MA) 


0.4 nF 


13.74 The input voltage in the circuit seen in Fig. P13.74 is 
v; = S5[u(t) — u(t — 0.5)] V. 


a) Use the convolution integral to find »,. 
b) Sketch v, forO =t <1 s. 


Figure P13.74 

20 100 mH 
+ + 
” 100mF- sa, 


: : 


13.75 a) Use the convolution integral to find v, In the cir- 
cuit in Fig. P13.75(a) if i, is the pulse shown in 
Fig. P13.75(b). 
b) Use the convolution integral to find i,,. 


c) Show that your solutions for v, and i, are consis- 
tent by calculating v, and i, at 100° ms, 
100* ms, 2007 ms, and 200* ms. 


Figure P13.75 
ig (WA) 
50 


t (ms) 


13.76 a) Show that if y(t) = A(t) * x(f), then Y(s) = 
H(s)X(s). 
b) Use the result given in (a) to find f(t) if 


a 


BONS s(s + ay 


Section 13.7 


13.77 The transfer function for a linear time-invariant 
circuit is 


Vv, 4(s +3) 


H(s) = TS = ; 
‘s) Vv. +854 41 


If v, = 40 cos 3¢ V, what is the steady-state expres- 
sion for v,? 


13.78 When an input voltage of 30u(t) V is applicd to a 
circuit, the response is known to be 


j= (50e7 800 = 20e u(t) V. 


What will the steady-state be if 


v, = 120cos 6000+ V? 


response 


13.79 The op amp in the circuit seen in Fig. P13.79 is ideal. 
PSPICE . . : 
vung 2) Find the transfer function V,/V,. 

b) Find », if v, = 0.6u(t) V. 


c) Find the steady-state expression for v, if 
Vi 2 cos 10,000¢ V. 


Figure P13.79 


13.80 The operational amplifier in the circuit seen in 
pspicE = Fig, P13.80 is ideal and is operating within its lin- 
momsi#’ ear region. 

a) Calculate the transfer function V,/V g. 


b) If v, = 2cos 400t V, what is the steady-state 
expression for v,,? 


Figure P13.80 


10 nF 


100 kQ 


a 250 nF 


10k 


Section 13.8 


13.81 Show that after VoC. coulombs are transferred from 
C, to C; in the circuit shown in Fig. 13.47, the volt- 
age across each capacitor is C}V)/(C, + C2). (Hint: 
Use the conservation-of-charge principle.) 


Problems 519 


13.82 The inductor L, in the circuit shown in Fig. P13.82 
is carrying an initial current of p A at the instant 
the switch opens. Find (a) v(t); (b) (ft); (c) b(t); 
and (d) A(t), where A(t) is the total flux linkage in 
the circuit. 


Figure P13.82 


13.83 a) Let R— © in the circuit shown in Fig. P13.82, 
and use the solutions derived in Problem 13.82 
to find v(t), i,(t), and i(t). 


b) Let R = © in the circuit shown in Fig. P13.82 
and use the Laplace transform method to find 
v(t), i,(t), and /,(t). 


13.84 There is no energy stored in the circuit in Fig. P13.84 
at the time the impulsive voltage is applied. 


a) Find v,(t) fort = 0. 


b) Does your solution make sense in terms of 
known circuit behavior? Explain. 


Figure P13.84 
200 2 


eS $8(t) mV 


4 mH 


13.85 The parallel combination of R> and C, in the circuit 
shown in Fig. P13.85 represents the input circuit to 
a cathode-ray oscilloscope (CRO). The parallel 
combination of R; and C, is a circuit model of a 
compensating lead that is used to connect the CRO 
to the source. There is no energy stored in C, or Cy 
at the time when the 10 V source is connected to the 
CRO via the compensating lead. The circuit values 
are C; = 4 pF, C, = 16 pF, R; = 1.25 MQ, and 
R, =5 MQ. 

a) Find v,,. 
b) Find i,. 
c) Repeat (a) and (b) given C\ is changed to 64 pF. 


520 


13.86 


13.87 


13.88 
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Figure P13.85 


Show that if R,C, = RoC, in the circuit shown in 
Fig. P13.85, v, will be a scaled replica of the 
source voltage. 


The switch in the circuit in Fig. P13.87 has been 
closed for a long time. The switch opens at t = 0. 
Compute (a) i(0°); (b) 4(0"); (c) (0°); (d) (07); 
(e) (4); (f) (4); and (g) v(¢). 


Figure P13.87 


The switch in the circuit in Fig. P13.88 has been in 
position a for a long time. At ¢ = 0, the switch 
moves to position b. Compute (a) v,(0 ); (b) v2(0'); 
(c) v3(0°); (d) ie); (e) v1(0"); (A) v2(0"); and 
(g) v3(0"). 


Figure P13.88 


100 V 


13.89 There is no energy stored in the circuit in Fig. P13.89 


at the time the impulsive current is applied. 
a) Find v, fort = 0°. 


b) Does your solution make sense in terms of 
known circuit behavior? Explain. 


Figure P13.89 


106(t) pA 


13.90 The voltage source in the circuit in Example 13.1 is 


changed to a unit impulse; that is, v, = 8(#). 

a) How much energy does the impulsive voltage 
source store in the capacitor? 

b) How much energy does it store in the inductor? 

c) Use the transfer function to find v,(t). 

d) Show that the response found in (c) is identical 
to the response generated by first charging the 
capacitor to 1000 V and then releasing the 
charge to the circuit, as shown in Fig. P13.90. 


Figure P13.90 
1000 © 


1000 V 


There is no energy stored in the circuit in Fig. P13.91 
at the time the impulse voltage is applied. 


a) Find i, fort = 0°. 
b) Find i, fort = 0°. 
c) Find »v, fort = 0°. 


d) Do your solutions for /,, i, and v, make sense in 
terms of known circuit behavior? Explain. 


Figure P13.91 


208(t) V eS 


Sections 13.1—13.8 


13.92 


PRACTICAL 
PERSPECTIVE 


13.93 


PRACTICAL 
PERSPECTIVE 


Assume the line-to-neutral voltage V, in the 60 Hz 
circuit of Fig. 13.59 is 120 /0° V (ms). Load R, is 
absorbing 1200 W; load R, is absorbing 1800 W; and 
load X, is absorbing 350 magnetizing VAR. The 
inductive reactance of the line (X;) is 1 Q. Assume 
V,, does not change after the switch opens. 


a) Calculate the initial value of i,(¢) and é,,(¢). 

b) Find V,, v,(t), and v,(0*) using the s-domain 
circuit of Fig. 13.60. 

c) Test the steady-state component of v, using pha- 
sor domain analysis. 

d) Using a computer program of your choice, plot 
v, vs.tfor0 <= t S 20 ms. 


Assume the switch in the circuit in Fig. 13.59 
opens at the instant the sinusoidal steady-state 
voltage v, is zero and going positive, Le., 
v, = 120V2 sin 1207t V. 


a) Find »v,(t) for t = 0. 


b) Using a computer program of your choice, plot 
v(t) vs.t for 0 = ¢ S 20 ms. 

c) Compare the disturbance in the voltage in 
part (a) with that obtained in part (c) of 
Problem 13.92. 
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The purpose of this problem is to show that the 
line-to-neutral voltage in the circuit in Fig. 13.59 
can go directly into steady state if the load Ry, is 
disconnected from the circuit at precisely the 
right time. Let v, = V,, cos(120at — 6°) V, where 
Vin = 120V2. Assume UV, does not change after R, 
is disconnected. 


a) Find the value of @ (in degrees) so that v, goes 
directly into steady-state operation when the 
load R, is disconnected. 

b) For the value of 6 found in part (a), find v,(t) for 
t= 0. 

c) Using a computer program of your choice, plot 
on a single graph, for -—10ms =¢ = 10 ms, 
v,(t) before and after load R;, is disconnected. 
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Know the RL and RC circuit configurations that 
act as low-pass filters and be able to design 
RL and RC circuit component values to meet a 
specified cutoff frequency. 


Know the RL and RC circuit configurations that 
act as high-pass filters and be able to design 
RL and RC circuit component values to meet a 
specified cutoff frequency. 


Know the RLC circuit configurations that act as 
bandpass filters, understand the definition of 
and relationship among the center frequency, 
cutoff frequencies, bandwidth, and quality 
factor of a bandpass filter, and be able to 
design RLC circuit component values to meet 
design specifications. 


Know the RLC circuit configurations that act as 
bandreject filters, understand the definition of 
and relationship among the center frequency, 
cutoff frequencies, bandwidth, and quality 
factor of a bandreject filter, and be able to 
design RLC circuit component values to meet 
design specifications. 


522 


Introduction to Frequency 
Selective Circuits 


Up to this point in our analysis of circuits with sinusoidal 
sources, the source frequency was held constant. In this chapter, 


we analyze the effect of varying source frequency on circuit volt- 
ages and currents. The result of this analysis is the frequency 
response of a circuit. 

We’ve seen in previous chapters that a circuit’s response 
depends on the types of elements in the circuit, the way the ele- 
ments are connected, and the impedance of the elements. 
Although varying the frequency of a sinusoidal source does not 
change the element types or their connections, it does alter the 
impedance of capacitors and inductors, because the impedance 
of these elements is a function of frequency. As we will see, the 
careful choice of circuit elements, their values, and their con- 
nections to other elements enables us to construct circuits that 
pass to the output only those input signals that reside in a 
desired range of frequencies. Such circuits are called 
frequency-selective circuits. Many devices that communicate 
via electric signals, such as telephones, radios, televisions, and 
satellites, employ frequency-selective circuits. 

Frequency-selective circuits are also called filters because of 
their ability to filter out certain input signals on the basis of fre- 
quency. Figure 14.1 on page 524 represents this ability in a sim- 
plistic way. To be more accurate, we should note that no practical 
frequency-selective circuit can perfectly or completely filter out 
selected frequencies. Rather, filters attenuate— that is, weaken or 
lessen the effect of—any input signals with frequencies outside 
frequencies outside a particular frequency band. Your home 
stereo system may have a graphic equalizer, which is an excellent 
example of a collection of filter circuits. Each band in the graphic 
equalizer is a filter that amplifies sounds (audible frequencies) in 
the frequency range of the band and attenuates frequencies out- 
side of that band. Thus the graphic equalizer enables you to 
change the sound volume in each frequency band. 


aS 


Practical Perspective 


Pushbutton Telephone Circuits 
In this chapter, we examine circuits in which the source fre- 
quency varies. The behavior of these circuits varies as the 
source frequency varies, because the impedance of the reac- 
tive components is a function of the source frequency. These 
frequency-dependent circuits are called filters and are used 
in many common electrical devices. In radios, filters are used 
to select one radio station’s signal while rejecting the signals 
from others transmitting at different frequencies. In stereo 
systems, filters are used to adjust the relative strengths of the 
low- and high-frequency components of the audio signal. 
Filters are also used throughout telephone systems. 

A pushbutton telephone produces tones that you hear 
when you press a button. You may have wondered about these 
tones. How are they used to tell the telephone system which 
button was pushed? Why are tones used at all? Why do the 
tones sound musical? How does the phone system tell the dif- 
ference between button tones and the normal sounds of peo- 
ple talking or singing? 


at 


The telephone system was designed to handle audio 
signals—those with frequencies between 300 Hz and 3 kHz. 
Thus, all signals from the system to the user have to be 
audible—including the dial tone and the busy signal. Similarly, 
all signals from the user to the system have to be audible, 
including the signal that the user has pressed a button. It is 
important to distinguish button signals from the normal audio 
signal, so a dual-tone-multiple-frequency (DTMF) design is 
employed. When a number button is pressed, a unique pair of 
sinusoidal tones with very precise frequencies is sent by the 
phone to the telephone system. The DIMF frequency and timing 
specifications make it unlikely that a human voice could pro- 
duce the exact tone pairs, even if the person were trying. In 
the central telephone facility, electric circuits monitor the 
audio signal, listening for the tone pairs that signal a number. 
In the Practical Perspective example at the end of the chapter, 
we will examine the design of the DTMF filters used to deter- 
mine which button has been pushed. 
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Input Output 
signal —+{ Fitter + signal 


Figure 14.1 A The action of a filter on an input signal 
results in an output signal. 


Figure 14.2 A A circuit with voltage input and output. 


We begin this chapter by analyzing circuits from each of the four 
major categories of filters: low pass, high pass, band pass, and band reject. 
The transfer function of a circuit is the starting point for the frequency 
response analysis. Pay close attention to the similarities among the trans- 
fer functions of circuits that perform the same filtering function. We will 
employ these similarities when designing filter circuits in Chapter 15. 


14.1 Some Preliminaries 


Recall from Section 13.7 that the transfer function of a circuit provides an 
easy way to compute the steady-state response to a sinusoidal input. There, 
we considered only fixed-frequency sources. To study the frequency response 
of a circuit, we replace a fixed-frequency sinusoidal source with a varying- 
frequency sinusoidal source. The transfer function is still an immensely useful 
tool because the magnitude and phase of the output signal depend only on 
the magnitude and phase of the transfer function H(jw). 

Note that the approach just outlined assumes that we can vary the fre- 
quency of a sinusoidal source without changing its magnitude or phase 
angle. Therefore, the amplitude and phase of the output will vary only if 
those of the transfer function vary as the frequency of the sinusoidal 
source is changed. 

To further simplify this first look at frequency-selective circuits, we will 
also restrict our attention to cases where both the input and output signals 
are sinusoidal voltages, as illustrated in Fig. 14.2. Thus, the transfer function 
of interest to us will be the ratio of the Laplace transform of the output volt- 
age to the Laplace transform of the input voltage, or H(s) = V,(s)/V,(s). 
We should keep in mind, however, that for a particular application, a current 
may be either the input signal or output signal of interest. 

The signals passed from the input to the output fall within a band of 
frequencies called the passband. Input voltages outside this band have 
their magnitudes attenuated by the circuit and are thus effectively pre- 
vented from reaching the output terminals of the circuit. Frequencies not 
in a circuit’s passband are in its stopband. Frequency-selective circuits are 
categorized by the location of the passband. 

One way of identifying the type of frequency-selective circuit is to 
examine a frequency response plot. A frequency response plot shows how 
a circuit’s transfer function (both amplitude and phase) changes as the 
source frequency changes. A frequency response plot has two parts. One is 
a graph of |H(jw)| versus frequency w. This part of the plot is called the 
magnitude plot. The other part is a graph of 6(jw) versus frequency w. This 
part is called the phase angle plot. 

The ideal frequency response plots for the four major categories of fil- 
ters are shown in Fig. 14.3. Parts (a) and (b) illustrate the ideal plots for a 
low-pass and a high-pass filter, respectively. Both filters have one pass- 
band and one stopband, which are defined by the cutoff frequency that 
separates them. The names /ow pass and high pass are derived from the 
magnitude plots: a low-pass filter passes signals at frequencies lower than 
the cutoff frequency from the input to the output, and a high-pass filter 
passes signals at frequencies higher than the cutoff frequency. Thus the 
terms /ow and high as used here do not refer to any absolute values of fre- 
quency, but rather to relative values with respect to the cutoff frequency. 

Note from the graphs for both these filters (as well as those for the 
bandpass and bandreject filters) that the phase angle plot for an ideal filter 
varies linearly in the passband. It is of no interest outside the passband 
because there the magnitude is zero. Linear phase variation is necessary to 
avoid phase distortion. 


|H(jo)| |H(jo)| 


Stopband 


A( jw) 
B( jo,2) 


0° 
A( jwe1) 
(c) (d) 


A(jo) 
A( j@¢1) 


0° 


A( j@,2) 


Figure 14.3 A Ideal frequency response plots of the four types of filter circuits. 
(a) An ideal low-pass filter. (b) An ideal high-pass filter. (c) An ideal bandpass filter. 
(d} An ideal bandreject filter. 


The two remaining categories of filters each have two cutoff frequen- 
cies. Figure 14.3(c) illustrates the ideal frequency response plot of a 
bandpass filter, which passes a source voltage to the output only when the 
source frequency is within the band defined by the two cutoff frequencies. 
Figure 14.3(d) shows the ideal plot of a bandreject filter, which passes a 
source voltage to the output only when the source frequency is outside the 
band defined by the two cutoff frequencies. The bandreject filter thus 
rejects, or stops, the source voltage from reaching the output when its fre- 
quency is within the band defined by the cutoff frequencies. 

In specifying a realizable filter using any of the circuits from this chap- 
ter, it is important to note that the magnitude and phase angle characteris- 
tics are not independent. In other words, the characteristics of a circuit 
that result in a particular magnitude plot will also dictate the form of the 
phase angle plot and vice versa. For example, once we select a desired 
form for the magnitude response of a circuit, the phase angle response is 
also determined. Alternatively, if we select a desired form for the phase 
angle response, the magnitude response is also determined. Although 
there are some frequency-selective circuits for which the magnitude and 
phase angle behavior can be independently specified, these circuits are 
not presented here. 

The next sections present examples of circuits from each of the four 
filter categories. They are a few of the many circuits that act as filters. You 
should focus your attention on trying to identify what properties of a cir- 
cuit determine its behavior as a filter. Look closely at the form of the 
transfer function for circuits that perform the same filtermg functions. 
Identifying the form of a filter’s transfer function will ultimately help you 
in designing filtering circuits for particular applications. 

All of the filters we will consider in this chapter are passive filters, so 
called because their filtering capabilities depend only on the passive 
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Figure 14.4 & (a) A series RL low-pass filter. (b) The 
equivalent circuit at @ = 0. and (c) The equivalent 
circuit at w@ = ©O. 


elements: resistors, capacitors, and inductors. The largest output amplitude 
such filters can achieve is usually 1, and placing an impedance in series with 
the source or in parallel with the load will decrease this amplitude. Because 
many practical filter applications require increasing the amplitude of the 
output, passive filters have some significant disadvantages. The only pas- 
sive filter described in this chapter that can amplify its output is the series 
RLC resonant filter. A much greater selection of amplifying filters is found 
among the active filter circuits, the subject of Chapter 15. 


14.2 Low-Pass Filters 


Here, we examine two circuits that behave as low-pass filters, the series 
RL circuit and the series RC circuit, and discover what characteristics of 
these circuits determine the cutoff frequency. 


The Series RL Circuit—Qualitative Analysis 


A scries RL circuit is shown in Fig. 14.4(a). The circuit’s input is a sinu- 
soidal voltage source with varying frequency. The circuit’s output is 
defined as the voltage across the resistor. Suppose the frequency of the 
source starts very low and increases gradually. We know that the behavior 
of the ideal resistor will not change, because its impedance is independent 
of frequency. But consider how the behavior of the inductor changes. 

Recall that the impedance of an inductor is jwL. At low frequencies, 
the inductor’s impedance is very small compared with the resistor’s 
impedance, and the inductor effectively functions as a short circuit. The 
term low frequencies thus refers to any frequencies for which wL << R. 
The equivalent circuit for w = 0 is shown in Fig. 14.4(b). In this equivalent 
circuit, the output voltage and the input voltage are equal both in magni- 
tude and in phase angle. 

As the frequency increases, the impedance of the inductor increases rel- 
ative to that of the resistor. Increasing the inductor’s impedance causes a 
corresponding increase in the magnitude of the voltage drop across the 
inductor and a corresponding decrease in the output voltage magnitude. 
Increasing the inductor’s impedance also introduces a shift in phase angle 
betwecn the inductor’s voltage and current. This results in a phase angle ditf- 
ference between the input and output voltage. The output voltage lags the 
input voltage, and as the frequency increases, this phase lag approaches 90”. 

At high frequencies, the inductor’s impedance is very large compared 
with the resistor’s impedance, and the inductor thus functions as an open 
circuit, effectively blocking the flow of current in the circuit. The term high 
frequencies thus refers to any frequencies for which wL >> R. The equiv- 
alent circuit for w = 0° is shown in Fig. 14.4(c), where the output voltage 
magnitude is zero. The phase angle of the output voltage is 90° more neg- 
ative than that of the input voltage. 

Based on the behavior of the output voltage magnitude, this series RL 
circuit selectively passes low-frequency inputs to the output, and it blocks 
high-frequency inputs from reaching the output. This circuit’s response to 
varying input frequency thus has the shape shown in Fig. 14.5. These two 
plots comprise the frequency response plots of the series RL circuit in 
Fig. 14.4(a). The upper plot shows how |H(jw)| varies with frequency. The 
lower plot shows how @(jw) varies as a function of frequency. We present a 
more formal method for constructing these plots in Appendix E. 

We have also superimposed the ideal magnitude plot for a low-pass 
filter from Fig. 14.3(a) on the magnitude plot of the RL filter in Fig. 14.5. 
There is obviously a difference between the magnitude plots of an ideal 


filter and the frequency response of an actual RL filter. The ideal filter 
exhibits a discontinuity in magnitude at the cutoff frequency, w,, which 
creates an abrupt transition into and out of the passband. While this is, ide- 
ally, how we would like our filters to perform, it is not possible to use real 
components to construct a circuit that has this abrupt transition in magni- 
tude. Circuits acting as low-pass filters have a magnitude response that 
changes gradually from the passband to the stopband. Hence the magni- 
tude plot of a real circuit requires us to define what we mcan by the cutoff 
frequency, w,. 


Defining the Cutoff Frequency 


We need to define the cutoff frequency, w,, for realistic filter circuits 
when the magnitude plot does not allow us to identify a single frequency 
that divides the passband and the stopband. The definition for cutoff fre- 
quency widely used by electrical engineers is the frequency for which the 
transfer function magnitude is decreased by the factor 1/2 from its 
maximum value: 


; J 
|H(jw,)| ae a ftmaxs (14.1) 


where A, 1s the maximum magnitude of the transfer function. It follows 
from Eq. 14.1 that the passband of a realizable filter is defined as the 
range of frequencies in which the amplitude of the output voltage is at 
least 70.7% of the maximum possible amplitude. 

The constant 1/ V2 used in defining the cutoff frequency may seem like 
an arbitrary choice. Examining another consequence of the cutoff frequency 
will make this choice seem more reasonable. Recall from Section 10.5 that 
the average power delivered by any circuit to a load is proportional to V 7, 
where V, is the amplitude of the voltage drop across the load: 


lye 

2 R- 
If the circuit has a sinusoidal voltage source, V;(jw), then the load voltage 
is also a sinusoid, and its amplitude is a function of the frequency w. 


Define Prax as the value of the average power delivered to a load when 
the magnitude of the load voltage is maximum: 


P (14.2) 


I Via 
2. oR 
If we vary the frequency of the sinusoidal voltage source, V,(jw), the load 


voltage is a maximum when the magnitude of the circuit’s transfer func- 
tion is also a maximum: 


Prax = (14.3) 


Vicwas = AnaxlVil. (14.4) 


Now consider what happens to the average power when the frequency of 
the voltage source is w,. Using Eq. 14.1, we determine the magnitude of 
the load voltage at w, to be 


ViGe.)| = |H(@,)IIVi 


1 
- Va AnaxlV;| 


1 
=G Wiiwte (14.5) 


14.2 Low-Pass Filters 


—90° 


Figure 14.5 A The frequency response plot for the 
series RL circuit in Fig. 14.4(a). 
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Figure 14.6 A The s-domain equivalent for the circuit 
in Fig. 14.4(a). 


Substituting Eq. 14.5 into Eq. 14.2, 


1 |ViGo,)| 
2 R 
1 2 
(4 Vina 
R 


V rina? 
R 


P(jw,) = 


SS NIF Nie 


3 
¥ 


7 (14.6) 
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Equation 14.6 shows that at the cutoff frequency w,, the average power 
delivered by the circuit is one half the maximum average power. Thus, w, is 
also called the half-power frequency. Therefore, in the passband, the average 
power delivered to a load is at least 50% of the maximum average power. 


The Series RL Circuit—Quantitative Analysis 


Now that we have defined the cutoff frequency for real filter circuits, we can 

analyze the series RL circuit to discover the relationship between the com- 

ponent values and the cutoff frequency for this low-pass filter. We begin by 

constructing the s-domain equivalent of the circuit in Fig. 14.4(a), assuming 

initial conditions of zero. The resulting equivalent circuit is shown in Fig. 14.6. 
The voltage transfer function for this circuit is 


R/L 
H(s) = SaRE (14.7) 
To study the frequency response, we make the substitution s = jw in Eq. 14.7: 
H(jw) = ee (14.8) 
jo + R/L 


We can now Separate Eq. 14.8 into two equations. The first defines the 
transfer function magnitude as a function of frequency; the second defines 
the transfer function phase angle as a function of frequency: 


R/L 
Uo) = 4. 
|H (jo)| P+ RDF (14.9) 
O(jw) = ~— tan" (2). (14.10) 


Close examination of Eq. 14.9 provides the quantitative support for 
the magnitude plot shown in Fig. 14.5. When w = 0, the denominator and 
the numerator are equal and |H(j0)| = 1. This means that at w = 0, the 
input voltage is passed to the output terminals without a change in the 
voltage magnitude. 

As the frequency increases, the numerator of Eq. 14.9 is unchanged, 
but the denominator gets larger. Thus |H(jw)| decreases as the frequency 
increases, as shown in the plot in Fig. 14.5. Likewise, as the frequency 
increases, the phase angle changes from its dc value of 0°, becoming more 
negative, as seen from Eq. 14.10. 

When w= Oo, the denominator of Eq. 14.9 is infinite and 
|H(jco)| = 0, as seen in Fig. 14.5. At w = 00, the phase angle reaches a 
limit of —90°, as seen from Eq. 14.10 and the phase angle plot in Fig. 14.5. 

Using Eq. 14.9, we can compute the cutoff frequency, w,. Remember 
that w, is defined as the frequency at which |H(jw,)| = (1/V2)Hmax. For 
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the low-pass filter, Hmaxy = |47(j0)|, as seen in Fig. 14.5. Thus, for the circuit 
in Fig. 14.4(a), 


HG)! = Sep) = A“ (14.11) 
jo,.)| = —l1| = —_——_—————.. 14.11 
V2 Vee + (R/LP 
Solving Eq. 14.11 for w,, we get 
R . 
=F: (14.12) << Cutoff frequency for RL filters 


Equation 14.12 provides an important result. The cutoff frequency, w,, 
can be set to any desired value by appropriately selecting values for R and 
L.We can therefore design a low-pass filter with whatever cutoff frequency 
is needed. Example 14.1 demonstrates the design potential of Eq. 14.12. 


Designing a Low-Pass Filter 


Electrocardiology is the study of the electric signals 
produced by the heart. These signals maintain the 
heart’s rhythmic beat, and they are measured by an 
instrument called an electrocardiograph. This instru- 
ment must be capable of detecting periodic signals 
whose frequency is about 1 Hz (the normal heart 
rate is 72 beats per minute). The instrument must 
operate in the presence of sinusoidal noise consisting 
of signals from the surrounding electrical environ- 
ment, whose fundamental frequency is 60 Hz—the 
frequency at which electric power is supplied. 

Choose values for R and L in the circuit of 
Fig. 14.4(a) such that the resulting circuit could be 
used in an electrocardiograph to filter out any 
noise above 10 Hz and pass the electric signals 
from the heart at or near | Hz. Then compute the 
magnitude of V, at | Hz, 10 Hz, and 60 Hz to see 
how well the filter performs. 


Solution 


The problem is to select values for R and L that 
yield a low-pass filter with a cutoff frequency of 
10 Hz. From Eq. 14.12, we see that R and L cannot 
be specified independently to generate a value for 
w,. Therefore, let’s choose a commonly available 
value of L, 100 mH. Before we use Eq. 14.12 to 
compute the value of R needed to obtain the 
desired cutoff frequency, we need to convert the 
cutoff frequency from hertz to radians per second: 


w, = 27(10) = 207 rad/s. 


Now, solve for the value of R which, together with 
L = 100 mH, will yield a low-pass filter with a cut- 
off frequency of 10 Hz: 


R=0,L 
= (207)(100 x 107+) 
= 6.282. 


We can compute the magnitude of V, using the 
equation |V,| = |H(ja)| - |Vil: 


Ze NE iy 
\V.(@)| _ Vers (RD 


207 


= |V |. 
Vw + 4007? 


Table 14.1 summarizes the computed magnitude 
values for the frequencies 1 Hz, 10 Hz, and 60 Hz. 
As expected, the input and output voltages have the 
same magnitudes at the low frequency, because the 
circuit is a low-pass filter. At the cutoff frequency, 
the output voltage magnitude has been reduced by 
1/V2 from the unity passband magnitude. At 
60 Hz, the output voltage magnitude has been 
reduced by a factor of about 6, achieving the 
desired attenuation of the noise that could corrupt 
the signal the electrocardiograph is designed to 
measure. © 


TABLE 14.1 Input and Output Voltage Magnitudes 
for Several Frequencies 


lH) [MI(v) Vl (V) 
1 1.0 0.995 
10 1.0 0.707 
60 1.0 0.164 
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A Series RC Circuit 


R The series RC circuit shown in Fig. 14.7 also behaves as a low-pass filter. 

We can verify this via the same qualitative analysis we used previously. In 

fact, such a qualitative examination is an important problem-solving step 

Y Cant that you should get in the habit of performing when analyzing filters. Doing 

_ so will enable you to predict the filtering characteristics (low pass, high 

pass, etc.) and thus also predict the general form of the transfer function. If 

Figure 14.7 & A series RC low-pass filter. the calculated transfer function matches the qualitatively predicted form, 
you have an important accuracy check. 

Note that the circuit’s output is defined as the output across the 
capacitor. As we did in the previous qualitative analysis, we use three 
frequency regions to develop the behavior of the series RC circuit in 
Fig. 14.7: 


1. Zero frequency (w = 0): The impedance of the capacitor is infinite, 
and the capacitor acts as an open circuit. The input and output volt- 
ages are thus the same. 

2. Frequencies increasing from zero: The impedance of the capacitor 
decreases relative to the impedance of the resistor, and the source 
voltage divides between the resistive impedance and the capaci- 
tive impedance. The output voltage is thus smaller than the source 
voltage. 

3. Infinite frequency (w = ©): The impedance of the capacitor is 
zero, and the capacitor acts as a short circuit. The output voltage 
is thus zero. 


Based on this analysis of how the output voltage changes as a function of 
frequency, the series RC circuit functions as a low-pass filter. Example 14.2 
explores this circuit quantitatively. 


Designing a Series RC Low-Pass Filter 


For the series RC circuit in Fig. 14.7: Now, substitute s = jw and compute the magni- 
’ ; tude of th lting complex expression: 
a) Find the transfer function between the source ‘ rena P P 
voltage and the output voltage. — 
b) Determine an equation for the cutoff frequency |H(jo)| = RC ; 
in the series RC circuit. i (Ge) 
c) Choose values for R and C that will yield a low- \ RC 
pass filter with a cutoff frequency of 3 kHz. 
Solution R 
+- 
a) To derive an expression for the transfer function, 1 
i - i Vis) —a oe V5) 
we first construct the s-domain equivalent of the i sC 
circuit in Fig. 14.7, as shown in Fig. 14.8. = 
Using s-domain voltage division on the 
equivalent circuit, we find Figure 14.8 A The s-domain equivalent for the circuit 
] in Fig. 14.7. 
HS) =>. : 
(s) hat ze, b) At the cutoff frequency w,, |H(jw)| is equal 


RC to (1/V2)Hmax. For a low-pass _ filter, 


Hmax = H(j0), and for the circuit in Fig. 14.8, 
H(j0) = 1. We can then describe the relation- 
ship among the quantities R, C, and a,: 


JH (jw.)| = Zg() = 


a rae (4) 
Te TN RC 
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c) From the results im (b), we see that the cutoff fre- 


quency is determined by the values of R and C. 
Because R and C cannot be computed independ- 
ently, let’s choose C = 1 yF. Given a choice, we 
will usually specify a value for C first, rather than 
for R or L, because the number of available 
capacitor values is much smaller than the num- 
ber of resistor or inductor values. Remember 
that we have to convert the specified cutoff fre- 


quency from 3 kHz to (277)(3) krad/s: 


44 
=a aC 
oO. = RC’ 7 1 
~ (2a)(3 X 10°)(1 x 107%) 
> Cutoff frequency of RC filters = 53.05 0. 


Figure 14.9 summarizes the two low-pass filter circuits we have examined. 
Look carefully at the transfer functions. Notice how similar in form they 
are — they differ only in the terms that specify the cutoff frequency. In fact, 
we can state a general form for the transfer functions of these two low- 
pass filters: 


We 


A(s) = (14.13) Transfer function for a low-pass filter 


sto. 


Any circuit with the voltage ratio in Eq. 14.13 would behave as a low-pass 
filter with a cutoff frequency of w,. The problems at the end of the chapter 
give you other examples of circuits with this voltage ratio. 


Relating the Frequency Domain to the Time Domain 


Finally, you might have noticed one other important relationship. 
Remember our discussion of the natural responses of the first-order RL 
and RC circuits in Chapter 6. An important parameter for these circuits is 
the time constant, 7, which characterizes the shape of the time response. 
For the RL circuit, the time constant has the value L/R (Eq. 7.14): for the 
RC circuit, the time constant is RC (Eq. 7.24). Compare the time constants + H(s)= S+R/L 
to the cutoff frequencies for these circuits and notice that Vv. 


T = 1/a,. (14.14) 


This result is a direct consequence of the relationship between the 
time response of a circuit and its frequency response, as revealed by the 
Laplace transform. The discussion of memory and weighting as repre- 
sented in the convolution integral of Section 13.6 shows that as w,.— ©0, 
the filter has no memory, and the output approaches a scaled replica of the 
input; that is, no filtering has occurred. As w, — 0, the filter has increased 
memory and the output voltage is a distortion of the input, because filter- 
ing has occurred. 


Figure 14.9 A Two low-pass filters, the series RL and 
the series RC, together with their transfer functions and 
cutoff frequencies. 
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v ASSESSMENT PROBLEMS 


Objective 1—Know the RL and RC circuit configurations that act as low-pass filters 


14.1 Aseries RC low-pass filter requires a cutoff 
frequency of 8 kHz. Use R = 10 k{ and com- 


pute the value of C required. 


Answer: 1.99 nF 


14.2 Avseries RL low-pass filter with a cutoff fre- 
quency of 2 kHz is needed. Using R = 5kQ, 
compute (a) L; (b) |H(jw)| at 50 kHz; and 
(c) 0(jw) at 50 kHz. 

(a) 0.40 H; 

(b) 0.04: 

(6) $87.71. 


Answer: 


NOTE: Also try ChapterProblems 14.1 and 14.2. 
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Figure 14.10 A (a) A series RC high-pass filter; (b) the 
equivalent circuit at @ = 0; and (c) the equivalent 
circuit at w = ©O. 


14.3 High-Pass Filters 


We next examine two circuits that function as high-pass filters. Once 
again, they are the series RL circuit and the series RC circuit. We will see 
that the same series circuit can act as either a low-pass or a high-pass filter, 
depending on where the output voltage is defined. We will also determine 
the relationship between the component values and the cutoff frequency 
of these filters. 


The Series RC Circuit—Qualitative Analysis 


A series RC circuit is shown in Fig. 14.10(a). In contrast to its low-pass 
counterpart in Fig. 14.7, the output voltage here is defined across the resis- 
tor, not the capacitor. Because of this, the effect of the changing capacitive 
impedance is different than it was in the low-pass configuration. 

At w = 0, the capacitor behaves like an open circuit, so there is no 
current flowing in the resistor. This is illustrated in the equivalent circuit in 
Fig. 14.10(b). In this circuit, there is no voltage across the resistor, and the 
circuit filters out the low-frequency source voltage before it reaches the 
circuit’s output. 

As the frequency of the voltage source increases, the impedance of 
the capacitor decreases relative to the impedance of the resistor, and the 
source voltage is now divided between the capacitor and the resistor. The 
output voltage magnitude thus begins to increase. 

When the frequency of the source is infinite (w = 00), the capacitor 
behaves as a short circuit, and thus there is no voltage across the capacitor. 
This is illustrated in the equivalent circuit in Fig. 14.10(c). In this circuit, 
the input voltage and output voltage are the same. 

The phase angle difference between the source and output voltages 
also varies as the frequency of the source changes. For w = ©, the output 
voltage is the same as the input voltage, so the phase angle difference is 
zero. As the frequency of the source decreases and the impedance of the 
capacitor increases, a phase shift is introduced between the voltage and 
the current in the capacitor. This creates a phase difference between the 
source and output voltages. The phase angle of the output voltage leads 
that of the source voltage. When w = 0), this phase angle difference 
reaches its maximum of +90”. 


Based on our qualitative analysis, we see that when the output is 
defined as the voltage across the resistor, the series RC circuit behaves as 
a high-pass filter. The components and connections are identical to the 
low-pass series RC circuit, but the choice of output is different. Thus, we 
have confirmed the earlier observation that the filtering characteristics of 
a circuit depend on the definition of the output as well as on circuit com- 
ponents, values, and connections. 

Figure 14.11 shows the frequency response plot for the series RC 
high-pass filter. For reference, the dashed lines indicate the magnitude 
plot for an ideal high-pass filter. We now turn to a quantitative analysis of 
this same circuit. 


The Series RC Circuit—Quantitative Analysis 


To begin, we construct the s-domain equivalent of the circuit in 
Fig. 14.10(a). This equivalent is shown in Fig. 14.12. Applying s-domain 
voltage division to the circuit, we write the transfer function: 


RY 


AGE a aRe 


Making the substitution s = jw results in 


Jo 


aay jo + 1/RC’ 


(14.15) 


Next, we separate Eq. 14.15 into two equations. The first is the equation 
describing the magnitude of the transfer function; the second is the equa- 
tion describing the phase angle of the transfer function: 


@ 
H(jo)| = ———————_, 14.16 
|H(je)| ot RO? (14.16) 
6(jw) = 90° — tan 'wRC. (14.17) 


A close look at Eqs. 14.16 and 14.17 confirms the shape of the frequency 
response plot in Fig. 14.11. Using Eq. 14.16, we can calculate the cutoff fre- 
quency for the series RC high-pass filter. Recall that at the cutoff frequency, 
the magnitude of the transfer function is (1/2) Hmax. For a high-pass filter, 
Hymax = |H(jo)|o=00 = |H(j~)|, as seen from Fig. 14.11. We can construct 
an equation for w, by setting the left-hand side of Eq. 14.16 to 
(1/V/2)|H(joo)|, noting that for this series RC circuit, |H(joo)| = 1: 


1 W. 
= = ——_. (14.18) 
V2 Vw? + (1/RCP 
Solving Eq. 14.18 for w,, we get 
1 
= 4.1 


Equation 14.19 presents a familiar result. The cutoff frequency for the 
series RC circuit has the value 1/RC, whether the circuit is configured as a 
low-pass filter in Fig. 14.7 or as a high-pass filter in Fig. 14.10(a). This is 
perhaps not a surprising result, as we have already discovered a connec- 
tion between the cutoff frequency, w,, and the time constant, 7, of a circuit. 

Example 14.3 analyzes a series RL circuit, this time configured as a 
high-pass filter. Example 14.4 examines the effect of adding a load resistor 
in parallel with the inductor. 
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|H(jo)| 


Figure 14.11 A The frequency response plot for the 
series RC circuit in Fig. 14.10(a). 


+ 
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Figure 14.12 A The s-domain equivalent of the circuit 
in Fig. 14.10(a). 
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Show that the series RL circuit in Fig. 14.13 also 

acts like a high-pass filter: 

a) Derive an expression for the circuit’s transfer 
function. 


b) Use the result from (a) to determine an equation 
for the cutoff frequency in the series RL circuit. 


c) Choose values for R and L that will yield a high- 
pass filter with a cutoff frequency of 15 kHz. 


Figure 14.13 A The circuit for Example 14.3. 


Solution 


a) Begin by constructing the s-domain equivalent 
of the series RL circuit, as shown in Fig. 14.14. 
Then use s-domain voltage division on the equiv- 
alent circuit to construct the transfer function: 


, 
oars vii 


Making the substitution s = jw, we get 
Le Fee RYT 


Notice that this equation has the same form as 
Eq. 14.15 for the series RC high-pass filter. 


Examine the effect of placing a load resistor in par- 
allel with the inductor in the RL high-pass filter 
shown in Fig. 14.15: 


a) Determine the transfer function for the circuit in 
Fig. 14.15. 


b) Sketch the magnitude plot for the loaded RL 
high-pass filter, using the values for R and L 
from the circuit in Example 14.3(c) and letting 
R,; = R. On the same graph, sketch the magni- 
tude plot for the unloaded RL high-pass filter of 
Example 14.3(c). 


Designing a Series RL High-Pass Filter 


Loading the Series RL High-Pass Filter 


+ 


V(s) ee sh VAs) 


Figure 14.14 A The s-domain equivalent of the circuit in 
Fig. 14.13. 


b) To find an equation for the cutoff frequency, first 
compute the magnitude of H(jw): 


(49) 
Vw? + (R/LY 


Then, as before, we set the left-hand side of this 
equation to (1/V2)Hmax, based on the defini- 
tion of the cutoff frequency w,.. Remember that 
Ayax = |H(joo)| for a high-pass filter, and for 
the series RL circuit, |H(joo)| = 1. We solve the 
resulting equation for the cutoff frequency: 

1 W. R 


Vi Var + (R/LP 


This is the same cutoff frequency we computed 
for the series RL low-pass filter. 


|H(jo)| = 


Using the equation for w, computed in (b), we 
recognize that it is not possible to specify values 
for R and L independently. Therefore, let’s arbi- 
trarily select a valuc of 500 2 for R. Remember 
to convert the cutoff frequency to radians per 


Cc 


— 


second: 
R 500 
= — = ———___ = 53] mH. 
tO. @m)(15.000) 7 
Solution 


a) Begin by transforming the circuit in Fig. 14.15 to 
the s-domain, as shown in Fig. 14.16. Use voltage 
division across the parallel combination of 
inductor and load resistor to compute the trans- 
fer function: 


Ry sb ( R, ) 
n) «Bets. AR +R Ks | 
ide RysL is ( R; )e sto,’ 
Ry aL RE RSE 


where 


R; 


K=——_., 
R+R,’ 


w. = KR/L. 


Note that w,. is the cutoff frequency of the 
loaded filter. 


Fig. 14.15. 


b) For the unloaded RL high-pass filter from 
Example 14.3(c), the passband magnitude is 1, 
and the cutoff frequency is 15 kHz. For the 
loaded RL high-pass filter, R = R; = 500 9, so 
K = 1/2. Thus, for the loaded filter, the passband 
magnitude is (1)(1/2) = 1/2, and the cutoff fre- 
quency is (15,000)(1/2) = 7.5 kHz. A sketch of 
the magnitude plots of the loaded and unloaded 
circuits is shown in Fig, 14.17. 
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Figure 14.17 A The magnitude plots for the unloaded 


RL high-pass filter of Fig 14.13 and the loaded RL high-pass filter 


Figure 14.15 A The circuit for Example 14.4. 


of Fig. 14.15. 


Comparing the transfer functions of the unloaded filter in Example 14.3 
and the loaded filter in Example 14.4 is useful at this point. Both transfer 
functions are in the form: 


Ks 
NS) a RC 
with K = 1 for the unloaded filter and K = R,/(R + R,) for the loaded 
filter. Note that the value of K for the loaded circuit reduces to the value 
of K for the unloaded circuit when R,; = ©¢; that is, when there is no load 
resistor. The cutoff frequencies for both filters can be seen directly from 
their transfer functions. In both cases, w,. = K(R/L), where K = 1 for the 
unloaded circuit,and K = R,/(R + R,) for the loaded circuit. Again, the 
cutoff frequency for the loaded circuit reduces to that of the unloaded cir- 
cuit when R; = co. Because R,/(R + R;,) < 1, the effect of the load 
resistor is to reduce the passband magnitude by the factor K and to lower 
the cutoff frequency by the same factor. We predicted these results at the 
beginning of this chapter. The largest output amplitude a passive high-pass 
filter can achieve is 1, and placing a load across the filter, as we did in 
Example 14.4, has served to decrease the amplitude. When we need to 
amplify signals in the passband, we must turn to active filters, such as those 
discussed in Chapter 15. 

The effect of a load on a filter’s transfer function poses another 
dilemma in circuit design. We typically begin with a transfer function spec- 
ification and then design a filter to produce that function. We may or may 
not know what the load on the filter will be, but in any event, we usually 
want the filter’s transfer function to remain the same regardless of the 
load on it. This desired behavior cannot be achieved with the passive fil- 
ters presented in this chapter. 


sC 
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Figure 14.18 A Two high-pass filters, the series RC and 
the series RL, together with their transfer functions and 
cutoff frequencies. 


w@.= R/L 
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Transfer function for a high-pass filter > 


/ ASSESSMENT PROBLEMS 


Figure 14.18 summarizes the high-pass filter circuits we have exam- 
ined. Look carefully at the expressions for H(s). Notice how similar in form 
these expressions are—they differ only in the denominator, which includes 
the cutoff frequency. As we did with the low-pass filters in Eq. 14.13, we 
state a general form for the transfer function of these two high-pass filters: 


H(s) = 


: 14.20 
5S + @, ( ) 


Any circuit with the transfer function in Eq. 14.20 would behave as a high- 
pass filter with a cutoff frequency of w,. The problems at the end of the 
chapter give you other examples of circuits with this voltage ratio. 

We have drawn attention to another important relationship. We have 
discovered that a series RC circuit has the same cutoff frequency whether 
it is configured as a low-pass filter or as a high-pass filter. The same is true 
of a series RL circuit. Having previously noted the connection between 
the cutoff frequency of a filter circuit and the time constant of that same 
circuit, we should expect the cutoff frequency to be a characteristic param- 
eter of the circuit whose value depends only on the circuit components, 
their values, and the way they are connected. 


Objective 2—Know the RL and RC circuit configurations that act as high-pass filters 


14.3 Aseries RL high-pass filter has R = 5 kQ and 14.5 Compute the transfer function of a series RC 
L = 3.5 mH. What is w, for this filter? low-pass filter that has a load resistor R; in 


Answer: 1.43 Mrad/s. 


parallel with its capacitor. 


14.4 Avseries RC high-pass filter has C = 1 wF. 
Compute the cutoff frequency for the following 
values of R: (a) 100 0; (b) 5 kQ; and (c) 30k. 1 


Answer: (a) 10 krad/s; 
(b) 200 rad/s; 
(c) 33.33 rad/s. 


Answer: H(s) = —————, where K = 


NOTE: Also try ChapterProblems 14.13 and 14.14. 


14.4 Bandpass Filters 


The next filters we examine are those that pass voltages within a band of 
frequencies to the output while filtering out voltages at frequencies out- 
side this band. These filters are somewhat more complicated than the low- 
pass and high-pass filters of the previous sections. As we have already seen 
in Fig. 14.3(c), ideal bandpass filters have two cutoff frequencies, w,, and 
w,2, which identify the passband. For realistic bandpass filters, these cutoff 
frequencies are again defined as the frequencies for which the magnitude 
of the transfer function equals (1/V2)Hmax- 


Center Frequency, Bandwidth, and Quality Factor 


There are three other important parameters that characterize a bandpass 
filter. The first is the center frequency, w,, defined as the frequency for 
which a circuit’s transfer function is purely real. Another name for the center 


frequency is the resonant frequency. This is the same name given to the fre- 
quency that characterizes the natural response of the second-order circuits 
in Chapter 8, because they are the same frequencies! When a circuit is 
driven at the resonant frequency, we say that the circuit is i resonance, 
because the frequency of the forcing function is the same as the natural fre- 
quency of the circuit. The center frequency is the geometric center of the 
passband, that is, w, = Va ,)@,2. For bandpass filters, the magnitude of the 
transfer function is a maximum at the center frequency (Ha, = |H(jo,))). 

The second parameter is the bandwidth, 8, which is the width of the pass- 
band. The final parameter is the quality factor, which is the ratio of the center 
frequency to the bandwidth. The quality factor gives a measure of the width of 
the passband, independent of its location on the frequency axis. It also 
describes the shape of the magnitude plot, independent of frequency. 

Although there are five different parameters that characterize the 
bandpass filter—w,1, @,.2, #@), 8B, and Q—only two of the five can be speci- 
fied independently. In other words, once we are able to solve for any two 
of these parameters, the other three can be calculated from the dependent 
relationships among them. We will define these quantities more specifi- 
cally once we have analyzed a bandpass filter. In the next section, we 
examine two RLC circuits which act as bandpass filters, and then we 
derive expressions for all of their characteristic parameters. 


The Series RLC Circuit—Qualitative Analysis 


Figure 14.19(a) depicts a series RLC circuit. We want to consider the 
effect of changing the source frequency on the magnitude of the output 
voltage. As before, changes to the source frequency result in changes to 
the impedance of the capacitor and the inductor. This time, the qualitative 
analysis is somewhat more complicated, because the circuit has both an 
inductor and a capacitor. 

At w = 0, the capacitor behaves like an open circuit, and the inductor 
behaves like a short circuit. The equivalent circuit is shown in Fig. 14.19(b). 
The open circuit representing the impedance of the capacitor prevents cur- 
rent from reaching the resistor, and the resulting output voltage is zero. 

At w = ©, the capacitor behaves like a short circuit, and the induc- 
tor behaves like an open circuit. The equivalent circuit is shown in 
Fig. 14.19(c). The inductor now prevents current from reaching the resis- 
tor, and again the output voltage is zero. 

But what happens in the frequency region between w = 0 and 
«@ = 00? Between these two extremes, both the capacitor and the inductor 
have finite impedances. In this region, voltage supplied by the source will 
drop across both the inductor and the capacitor, but some voltage will 
reach the resistor. Remember that the impedance of the capacitor is nega- 
tive, whereas the impedance of the inductor is positive. Thus, at some fre- 
quency, the impedance of the capacitor and the impedance of the inductor 
have equal magnitudes and opposite signs; the two impedances cancel out, 
causing the output voltage to equal the source voltage. This special fre- 
quency is the center frequency, w,. On either side of w,, the output voltage 
is less than the source voltage. Note that at w,, the series combination of 
the inductor and capacitor appears as a short circuit. 

The plot of the voltage magnitude ratio is shown in Fig. 14.20. Note 
that the ideal bandpass filter magnitude plot is overlaid on the plot of the 
series RLC transfer function magnitude. 

Now consider what happens to the phase angle of the output voltage. 
At the frequency where the source and output voltage are the same, the 
phase angles are the same. As the frequency decreases, the phase angle 
contribution from the capacitor is larger than that from the inductor. 
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Figure 14.19 & (a) A series RLC bandpass filter; (b) the 
equivalent circuit for @ = 0; and (c) the equivalent 
circuit for w = 00, 
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Figure 14.20 A The frequency response plot for the 
series RLC bandpass filter circuit in Fig. 14.19. 
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Figure 14.21 A The s-domain equivalent for the circuit 


in Fig. 14.19(a). 


Center frequency > 


Because the capacitor contributes positive phase shift, the net phase angle 
at the output is positive. At very low frequencies, the phase angle at the 
output maximizes at +90°. 

Conversely, if the frequency increases from the frequency at which the 
source and the output voltage are in phase, the phase angle contribution 
from the inductor is larger than that from the capacitor. The inductor con- 
tributes negative phase shift, so the net phase angle at the output is nega- 
tive. At very high frequencies, the phase angle at the output reaches its 
negative maximum of —90°. The plot of the phase angle difference thus 
has the shape shown in Fig. 14.20. 


The Series RLC Circuit—Quantitative Analysis 


We begin by drawing the s-domain equivalent for the series RLC circuit, 
as shown in Fig. 14.21. Use s-domain voltage division to write an equation 
for the transfer function: 


H(s) = eee Le (14.21) 
s? + (R/L)s + (1/LC) 


As before, we substitute s = jw into Eq. 14.21 and produce the equations 
for the magnitude and the phase angle of the transfer function: 


w(R/L) 


H(jeg) =O. , S 
Gel = Tare = w+ lo R/DP a 
oe haw geal OOVL) | 
(jw) = 90 tan ee ; (14.23) 


We now calculate the five parameters that characterize this RLC band- 
pass filter. Recall that the center frequency, w,, is defined as the frequency 
for which the circuit’s transfer function is purely real. The transfer func- 
tion for the RLC circuit in Fig. 14.19(a) will be real when the frequency of 
the voltage source makes the sum of the capacitor and inductor imped- 
ances zero: 


1 
jo, Lb + = 0). (14.24) 


fac 
Solving Eq. 14.24 for w,, we get 


Wo =./s—=.- (14.25) 


Next, calculate the cutoff frequencies, w,; and w,». Remember that at the 
cutoff frequencies, the magnitude of the transfer function is (1/V2)Amax- 
Because H,,ax = |H(jw,)|, we can calculate H,»ax by substituting Eq. 14.25 
into Eq. 14.22: 


Amax = |H (jw,)| 


W,(R/L) 


V[G/LC) — we)? + (wR/LY 
V(1/LC)(R/L) 


2 
V [(1/LC) — (1/LC) + VETEC\(R/L)| 


Now set the left-hand side of Eg. 14.22 to (1/V2)Hmax (which equals 
1/2) and prepare to solve for w,: 


i w.(R/L) 


V2 V/[(1/LC) — oP + (@ R/LY 


1 
= (14.26) 


[((w.L/R) — (1/w,RC)P + 1 


We can equate the denominators of the two sides of Eq. 14.26 to get 


+1 = e = : 14.27 
oR. GRC: ee 

Rearranging Eq. 14.27 results in the following quadratic equation: 
w2L + w.R - 1/C = 0. (14.28) 


The solution of Eq. 14.28 yields four values for the cutoff frequency. Only 
two of these values are positive and have physical significance; they iden- 
tify the passband of this filter: 


ase (4) +(4) er 
i ame 8 aL Ley’ eee? 


eer (4) - (+) (14.30) 
aa aay 3 IL LC)’ 


We can use Eggs. 14.29 and 14.30 to confirm that the center frequency, w,, 
is the geometric mean of the two cutoff frequencies: 


Doe Ne 2 


-\|-£-/@)-@]2-/@-@) 
oe oe 


Recall that the bandwidth of a bandpass filter is defined as the differ- 
ence between the two cutoff frequencies. Because w,2 > w,,; we can com- 
pute the bandwidth by subtracting Eq. 14.29 from Eq. 14.30: 


B = W.2 — Wel 


VS )4.@ 


_R 14.32 


Il 
a 
S| 
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< Cutoff frequencies, series RLC filters 


<< Relationship between center frequency 
and cutoff frequencies 


<< Relationship between bandwidth and 
cutoff frequencies 
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The quality factor, the last of the five characteristic parameters, is defined 
as the ratio of center frequency to bandwidth. Using Eqs. 14.25 and 14.32: 


Quality factor > Q =o,/8 


_ G/LO) 
~ (RIL) 


IL 
= CR. (14.33) 


We now have five parameters that characterize the series RLC band- 
pass filter: two cutoff frequencies, w,, and w,2, which delimit the passband; 
the center frequency, w,, at which the magnitude of the transfer function is 
maximum; the bandwidth, 8, a measure of the width of the passband; and 
the quality factor, Q, a second measure of passband width. As previously 
noted, only two of these parameters can be specified independently in a 
design. We have already observed that the quality factor is specified in 
terms of the center frequency and the bandwidth. We can also rewrite the 
equations for the cutoff frequencies in terms of the center frequency and 


the bandwidth: 
2 
O.4 = a dna dl (E) + we, (14.34) 
2 
0. = f +4] (E) + wi. (14.35) 


Alternative forms for these equations express the cutoff frequencies in 
terms of the quality factor and the center frequency: 


Woy = Wo + Ji+(S) (14.36) 
cl oO 20 20 ’ : 


1 1\7 
Oo = oo +a/1+ (=) | (14.37) 


Also see Problem 14.17 at the end of the chapter. 

The examples that follow illustrate the design of bandpass filters, 
introduce another RLC circuit that behaves as a bandpass filter, and 
examine the effects of source resistance on the characteristic parameters 
of a series RLC bandpass filter. 


Designing a Bandpass Filter 


A graphic equalizer is an audio amplifier that Solution 
allows you to select different levels of amplification 
within different frequency regions. Using the series 
RLC circuit in Fig. 14.19(a), choose values for R, L, 
and C that yield a bandpass circuit able to select 
inputs within the 1-10 kHz frequency band. Such a 
circuit might be used in a graphic equalizer to select 
this frequency band from the larger audio band 
(generally 0-20 kHz) prior to amplification. 


We need to compute values for R, L, and C that pro- 
duce a bandpass filter with cutoff frequencies of 
1 kHz and 10 kHz. There are many possible 
approaches to a solution. For instance, we could use 
Eqs. 14.29 and 14.30, which specify w,, and w,2 in 
terms of R, L, and C. Because of the form of these 
equations, the algebraic manipulations might get 


complicated. Instead, we will use the fact that the 
center frequency is the geometric mean of the cutoff 
frequencies to compute w,, and we will then use 
Eq. 14.31 to compute L and C from w,. Next we will 
use the definition of quality factor to compute Q, 
and last we will use Eq. 14.33 to compute R. Even 
though this approach involves more individual com- 
putational steps, each calculation is fairly simple. 

Any approach we choose will provide only two 
equations— insufficient to solve for the three 
unknowns— because of the dependencies among the 
bandpass filter characteristics. Thus, we need to select 
a value for either R, L, or C and use the two equations 
we've chosen to calculate the remaining component 
values. Here, we choose 1 pF as the capacitor value, 
because there are stricter limitations on commercially 
available capacitors than on inductors or resistors. 

We compute the center frequency as the geo- 
metric mean of the cutoff frequencies: 


f, = Viafs = V000)(10,000) = 3162.28 Hz. 


Next, compute the value of L using the com- 
puted center frequency and the selected value for C. 
We must remember to convert the center frequency 
to radians per second before we can use Eq. 14.31: 


1 1 


L = — = —_ 
wC — [27(3162.28)]*(10°) 


= 2.533 mH. 


Example 14.6 


a) Show that the RLC circuit in Fig. 14.22 is also a 
bandpass filter by deriving an expression for the 
transfer function H(s). 

b) Compute the center frequency, w,. 

c) Calculate the cutoff frequencies, w,.; and w,», the 
bandwidth, 8, and the quality factor, Q. 

d) Compute values for R and L to yield a bandpass 
filter with a center frequency of 5 kHz and a 
bandwidth of 200 Hz, using a 5 «F capacitor. 


Vv; eS C L Vo 


Figure 14.22 A The circuit for Example 14.6. 


Solution 


a) Begin by drawing the s-domain equivalent of 
the circuit in Fig. 14.22, as shown in Fig. 14.23. 
Using voltage division, we can compute the 
transfer function for the equivalent circuit if we 


Designing a Parallel RLC Bandpass Filter 
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The quality factor, Q, is defined as the ratio of 
the center frequency to the bandwidth. The band- 
width is the difference between the two cutoff fre- 
quency values. Thus, 


fo 3162.28 
Q= fo — fe 10,000 — 1000 © ae 


Now use Eq. 14.33 to calculate R: 


ae ae 
CO (107*)(0.3514) 


To check whether these component values pro- 
duce the bandpass filter we want, substitute them 
into Eqs. 14.29 and 14.30. We find that 


@.; = 6283.19 rad/s (1000 Hz), 


W.9 = 62,831.85 rad/s (10,000 Hz), 


which are the cutoff frequencies specified for 
the filter. 

This example reminds us that only two of the 
five bandpass filter parameters can be specified 
independently. The other three parameters can 
always be computed from the two that are speci- 
fied. In turn, these five parameter values depend on 
the three component values, R, L, and C, of which 
only two can be specified independently. 


first compute the equivalent impedance of the 
parallel combination of L and C, identified as 
Zeg(S) in Fig. 14.23: 


Now, 


Figure 14.23 A The s-domain equivalent of the circuit in 
Fig. 14.22. 
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b) To find the center frequency, , we need to calcu- 
late where the transfer function magnitude is 
maximum. Substituting s = jw in H(s), 


|H Go)! 


The magnitude of this transfer function is maxi- 
mum when the term 


is zero. Thus, 
W, = 


and 
Aine = |H(jw,)| = |. 


Cc 


— 


At the cutoff frequencies, the magnitude of the 
transfer function is (1/V2)Hmax = 1/2. Sub- 
stituting this constant on the left-hand side of the 
magnitude equation and then simplifying, we get 


w.RC — —— 
We R 
Squaring the left-hand side of this equation once 
again produces two quadratic equations for the 
cutoff frequencies, with four solutions. Only two 
of them are positive and therefore have physical 
significance: 


eee ae (4) ees 
Mel ~ “ORC 2RC LC’ 


eee ae (32) yt 
c2  2RC 2RC LC’ 


A Cutoff frequencies for parallel RLC filters 


For each of the bandpass filters we have constructed, 
we have always assumed an ideal voltage source, that 
is, a voltage source with no series resistance. Even 
though this assumption is often valid, sometimes it is 


We compute the bandwidth from the cut- 
off frequencies: 


p= O29 — Wo] 

ae 

RC’ 

Finally, use the definition of quality factor to 
calculate Q: 


OQ = w,/B 


2C 
= 


Notice that once again we can specify the cutoff 
frequencies for this bandpass filter in terms of 
its center frequency and bandwidth: 


_B (2) + a 
9: 2 ae 


Oy = 
B B\- 5 
Vo = > + > + Ws 


d) Use the equation for bandwidth in (c) to com- 
pute a value for R, given a capacitance of 5 uF. 
Remember to convert the bandwidth to the 
appropriate units: 

1 
R=— 
BC 
S 1 
(27r)(200)(5 X 107°) 
= 159.15 0. 
Using the value of capacitance and the equation 
for center frequency in (c), compute the induc- 
tor value: 
I 
weC 


ty] — 


[27r(5000)] 
= 202.64 nH. 


(5 x 107°) 


Determining Effect of a Nonideal Voltage Source on a RLC Bandpass Filter 


not, as in the case where the filter design can be 
achieved only with values of R, L,and C whose equiv- 
alent impedance has a magnitude close to the actual 
impedance of the voltage source. Examine the effect 


of assuming a nonzero source resistance, R;, on the 
characteristics of a series RLC bandpass filter. 


a) Determine the transfer function for the circuit in 
Fig. 14.24. 


b) Sketch the magnitude plot for the circuit in 
Fig. 14.24, using the values for R, L, and C from 
Example 14.5 and setting R; = R. On the same 
graph, sketch the magnitude plot for the circuit 
in Example 14.5, where R; = 0. 


R, L C 


Figure 14.24 A The circuit for Example 14.7. 


Solution 


a) Begin by transtorming the circuit in Fig. 14.24 to 
its s-domain equivalent, as shown in Fig. 14.25. 
Now use voltage division to construct the trans- 
fer function: 


R, 
L 
HSS R+R, 
ae i a 
) ( 7 )s + LC 
R; SL L/e 
. + 
Vis) RZV,(s) 


Figure 14.25 A The s-domain equivalent of the circuit in 
Fig. 14.24. 


Substitute s = jw and calculate the transfer 
function magnitude: 


R 


—w 
L 


V(ge-*) +(e) 
io = ey 


The center frequency, w,, is the frequency at 
which this transfer function magnitude is maxi- 


mum, which its 
sp He 
Wy a LC . 


|H(jw)| = 
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At the center frequency, the maximum magni- 
tude is 


R 
R,+ R 


Amax = |H (jo,)| = 


The cutoff frequencies can be computed by set- 
ting the transfer function magnitude equal to 


(1/2) Hnax? 


Oo] = — 


R+R, (2 + sf) i 
+ + 
21 2L 


R+R; (4 + ay 1 
+ fo 
2L LC 


The bandwidth is calculated from the cutoff 
frequencies: 
R+R; 

L 


B= 


Finally, the quality factor is computed from the 
center frequency and the bandwidth: 


. WHE 
= R+ R; 


From this analysis, note that we can write the 
transfer function of the series RLC bandpass fil- 
ter with nonzero source resistance as 


KBs 
BOS as 
s+ Bs + os 
where 
R 
K= 
R+R; 


Note that when R; = 0, K = 1 and the transfer 
function is 


Oe 

so + Bs + we 

b) The circuit in Example 14.5 has a center fre- 
quency of 3162.28 Hz and a bandwidth of 9 kHz, 
and Aa, = 1. If we use the same values for R, 
£, and C in the circuit in Fig. 14.24 and let 
R; = R, then the center frequency remains at 
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3162.28 kHz, but B = (R+ R)/L = 18 kHz, function magnitudes for these two bandpass fil- 
and Hina = R/(R + R) = 1/2. The transfer ters are plotted on the same graph in Fig. 14.26. 
|H(jo)| 
1.0 


sh 


H(s) = 


w= VIJLC B=R/L 


s? + (R/L)s + 1/LC 


0.0 


: Hz 
0 2500 5000 7500 10000 12500 15000 17500 20000 ie] 


Figure 14.26 A The magnitude plots for a series RLC bandpass filter with a zero source 
resistance and a nonzero source resistance. 


R; = 0 to the values for the filter with R; # 0, we see the following: 


¢ The center frequencies are the same. 


RSV. - The maximum transfer function magnitude for the filter with R; # 0 


~ is smaller than for the filter with R; = 0. 
(R/L)s * The bandwidth for the filter with R; # 0 is larger than that for the fil- 


for the two circuits are also different. 


reduces the passband magnitude. 


Hs ==. eee ‘ - : aye 
(s) s*+s/RC+1/LC with the addition of source resistance. In Chapter 15, we will discover that 
Pp 
Sa a4 Ape active filters are insensitive to changes in source resistance and thus are 
ae /LC B= If better suited to designs in which this is an important issue. 


Figure 14.27 A Two RLC bandpass filters, together with 
equations for the transfer function, center frequency, 


and bandwidth of each. 


Transfer function for RLC bandpass filter > H(s) = 


the transfer functions of these two bandpass filters: 


Bs 


s+ Bs t+ ow 


Any circuit with the transfer function in Eq. 14.38 acts as a bandpass filter 


with a center frequency w, and a bandwidth p. 


In Example 14.7, we saw that the transfer function can also be written 


in the form 


KBs 
oe Bs + we 


H(s) = 


where the values for K and 8 depend on whether the series resistance of 


the voltage source is zero or nonzero. 


— If we compare the characteristic parameter values for the filter with 


ter with R; = 0. Thus, the cutoff frequencies and the quality factors 


The addition of a nonzero source resistance to a series RLC bandpass fil- 
ter leaves the center frequency unchanged but widens the passband and 


Here we see the same design challenge we saw with the addition of a 
load resistor to the high-pass filter, that is, we would like to design a band- 
pass filter that will have the same filtering properties regardless of any 
internal resistance associated with the voltage source. Unfortunately, fil- 
s/RC ters constructed from passive elements have their filtering action altered 


Figure 14.27 summarizes the two RLC bandpass filters we have stud- 
ied. Note that the expressions for the circuit transfer functions have the 
same form. As we have done previously, we can create a general form for 


(14.38) 


(14.39) 


Relating the Frequency Domain to the Time Domain 


We can identify a relationship between the parameters that characterize the 
frequency response of RLC bandpass filters and the parameters that char- 
acterize the time response of RLC circuits. Consider the series RLC circuit 
in Fig. 14.19(a). In Chapter 8 we discovered that the natural response of this 
circuit is characterized by the neper frequency (q@) and the resonant fre- 
quency (w,). These parameters were expressed in terms of the circuit com- 
ponents in Eqs. 8.58 and 8.59, which are repeated here for convenience: 


R 
a= 57 rad/s, (14.40) 


} J 
WO, = Le rad/s. (14.41) 


We see that the same parameter w, is used to characterize both the time 
response and the frequency response. That’s why the center frequency is 
also called the resonant frequency. The bandwidth and the neper fre- 
quency are related by the equation 


B = 2a. (14.42) 


Recall that the natural response of a series RLC circuit may be under- 
damped, overdamped, or critically damped. The transition from overdamped 
to underdamped occurs when w?, = a’. Consider the relationship between a 
and 6 from Eq. 14.42 and the definition of the quality factor Q. The transi- 
tion from an overdamped to an underdamped response occurs when 
Q = 1/2. Thus, a circuit whose frequency response contains a sharp peak at 
w,, indicating a high Q and a narrow bandwidth, will have an underdamped 
natural response. Conversely, a circuit whose frequency response has a broad 
bandwidth and a low Q will have an overdamped natural response. 


/ ASSESSMENT PROBLEMS 


Objective 3—Know the RLC circuit configurations that act as bandpass filters 


14.6 Using the circuit in Fig. 14.19(a), compute the 14.8 Recalculate the component values for the cir- 
cuit in Example 14.6(d) so that the frequency 
response of the resulting circuit is unchanged 
using a ().2 wF capacitor. 


values of R and L to give a bandpass filter with 
a center frequency of 12 kHz and a quality fac- 
tor of 6. Use a 0.1 uw F capacitor. 


14.5 


Bandreject Filters 


Answer: ZL = 1.76mH, R = 22.10 2. Answer: L = 5.07mH, R = 3.98k2). 


14.9 Recalculate the component values for the cir- 
cuit in Example 14.6(d) so that the quality fac- 
tor of the resulting circuit is unchanged but the 
center frequency has been moved to 2 kHz. Use 

500 Hz. Use a 250 (1 resistor. a 0.2 «F capacitor. 


14.7. Using the circuit in Fig. 14.22, compute the val- 
ues of L and C to give a bandpass filter with a 
center frequency of 2 kHz and a bandwidth of 


Answer: L = 4.97mH,C = 1.27 pF. Answer: R = 9.95kQ, L = 31.66 mH. 


NOTE: Also try Chapter Problems 14.22 and 14.23. 


14.5 Bandreject Filters 


We turn now to the last of the four filter categories—the bandreject filter. 
This filter passes source voltages outside the band between the two cutoff 
frequencies to the output (the passband), and attenuates source voltages 
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(a) (b) 


(c) 


Figure 14.28 A (a) A series RLC bandreject filter. 
(b) The equivalent circuit for w = 0. (c) The equivalent 
circuit for w = 0, 


90° 


—90° 


Figure 14.29 A The frequency response plot for the 
series RLC bandreject filter circuit in Fig. 14.28(a). 


Vi(s) 


Figure 14.30 A The s-domain equivalent of the circuit 
in Fig. 14.28(a). 


before they reach the output at frequencies between the two cutoff fre- 
quencies (the stopband). Bandpass filters and bandreject filters thus per- 
form complementary functions in the frequency domain. 

Bandreject filters are characterized by the same parameters as band- 
pass filters: the two cutoff frequencies, the center frequency, the band- 
width, and the quality factor. Again, only two of these five parameters can 
be specified independently. 

In the next sections, we examine two circuits that function as band- 
reject filters and then compute equations that relate the circuit compo- 
nent values to the characteristic parameters for each circuit. 


The Series RLC Circuit—Qualitative Analysis 


Figure 14.28(a) shows a series RLC circuit. Although the circuit components 
and connections are identical to those in the series RLC bandpass filter in 
Fig. 14.19(a), the circuit in Fig. 14.28(a) has an important difference: the out- 
put voltage is now defined across the inductor-capacitor pair. As we saw in 
the case of low- and high-pass filters, the same circuit may perform two dif- 
ferent filtering functions, depending on the definition of the output voltage. 

We have already noted that at w = 0, the inductor behaves like a 
short circuit and the capacitor behaves like an open circuit, but at 
w = OO, these roles switch. Figure 14.28(b) presents the equivalent cir- 
cuit for w = 0; Fig. 14.28(c) presents the equivalent circuit for # = oo. In 
both equivalent circuits, the output voltage is defined over an effective 
open circuit, and thus the output and input voltages have the same mag- 
nitude. This series RLC bandreject filter circuit then has two pass- 
bands—one below a lower cutoff frequency, and the other above an 
upper cutoff frequency. 

Between these two passbands, both the inductor and the capacitor 
have finite impedances of opposite signs. As the frequency is increased 
from zero, the impedance of the inductor increases and that of the capac- 
itor decreases. Therefore the phase shift between the input and the out- 
put approaches —90° as wl approaches 1/wC. As soon as wl exceeds 
1/@C, the phase shift jumps to +90° and then approaches zero as w con- 
tinues to increase. 

At some frequency between the two passbands, the impedances of the 
inductor and capacitor are equal but of opposite sign. At this frequency, 
the series combination of the inductor and capacitor is that of a short cir- 
cuit, so the magnitude of the output voltage must be zero. This is the cen- 
ter frequency of this series RLC bandreject filter. 

Figure 14.29 presents a sketch of the frequency response of the series 
RLC bandreject filter from Fig. 14.28(a). Note that the magnitude plot is 
overlaid with that of the ideal bandreject filter from Fig. 14.3(d). Our qual- 
itative analysis has confirmed the shape of the magnitude and phase angle 
plots. We now turn to a quantitative analysis of the circuit to confirm this 
frequency response and to compute values for the parameters that charac- 
terize this response. 


The Series RLC Circuit—Quantitative Analysis 


After transforming to the s-domain, as shown in Fig. 14.30, we use voltage 
division to construct an equation for the transfer function: 


1 
a as - + a ry 
sLo+ 5C Ss LC 
H(s) = = RO (14.43) 
R+sL+— Pat ae 


Substitute jw for s in Eq. 14.43 and generate equations for the transfer 
function magnitude and the phase angle: 


= 
|Z (jo) = —=——_———————., (14.44) 
-)-(2) 
ie * L 
oR 

A(jw) = — tan“! - (14.45) 

2 

en 

LC 


Note that Eqs. 14.44 and 14.45 confirm the frequency response shape 
pictured in Fig. 14.29, which we developed based on the qualita- 
tive analysis. 

We use the circuit in Fig. 14.30 to calculate the center frequency. For 
the bandreject filter, the center frequency is still defined as the frequency 
for which the sum of the impedances of the capacitor and inductor is zero. 
In the bandpass filter, the magnitude at the center frequency was a maxi- 
mum, but in the bandreject filter, this magnitude is a minimum. This is 
because in the bandreject filter, the center frequency is not in the pass- 
band; rather, it is in the stopband. It is easy to show that the center fre- 
quency is given by 


Oy aia es (14.46) 


Substituting Eq. 14.46 into Eq. 14.44 shows that |H(jo,)| = 0. 

The cutoff frequencies, the bandwidth, and the quality factor are 
defined for the bandreject filter in exactly the way they were for the 
bandpass filters. Compute the cutoff frequencies by substituting the 
constant (1/V2)Hmax for the left-hand side of Eq. 14.44 and then solv- 
ing for @. and w,2. Note that for the bandreject filter, 
Himax = |H(j0)| = |H(joo)|, and for the series RLC bandreject filter in 
Fig. 14.28(a), Aimax = 1. Thus, 


is + (A) 4 14.47 

O44 = -=> == = ; 
1. eye Le: ee!) 
Se (4) +3 14.48 
reo OL 2L Le ee) 


Use the cutoff frequencies to generate an expression for the band- 
width, B: 


B = R/L. (14.49) 


Finally, the center frequency and the bandwidth produce an equation for 


the quality factor, Q: 
Le 
ae, Core ae 14.50 
Os! RC (14.50) 
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Again, we can represent the expressions for the two cutoff frequencies 
in terms of the bandwidth and center frequency, as we did for the band- 


pass filter: 
2 
Oo = -£ +. (8) + we, (14.51) 


Gos : + (E) + we, (14.52) 


Alternative forms for these equations express the cutoff frequencies in 
terms of the quality factor and the center frequency: 


ae -e+ i+ (5) 3 
We = Wo") “565 20) (14.53) 


I | 1 \2 
O.7. = ow [ 5 + 4/1 + (=) | (14.54) 


Example 14.8 presents the design of a series RLC bandreject filter. 


Using the series RLC circuit in Fig. 14.28(a), com- 
pute the component values that yield a bandreject 
filter with a bandwidth of 250 Hz and a center fre- 
quency of 750 Hz. Use a 100 nF capacitor. Compute 
values for R, L, w,.1, @-2, and Q. 


Solution 


We begin by using the definition of quality factor to 
compute its value for this filter: 


Q = w,/B = 3. 


Use Eq. 14.46 to compute L, remembering to con- 
vert w, to radians per second: 


[27(750)]°(100 x 107°) 


= 450 mH. 


Sehitme em Designing a Series RLC Bandreject Filter 


Use Eq. 14.49 to calculate R: 
R= BL 
= 27(250)(450 x 107%) 
= 707 0. 
The values for the center frequency and band- 


width can be used in Eqs. 14.51 and 14.52 to com- 
pute the two cutoff frequencies: 


2 
Wey = -" + (2) + we 


= 3992.0 rad/s, 


2 
wa-b+ (Bra 


= 5562.8 rad/s. 


The cutoff frequencies are at 635.3 Hz and 885.3 Hz. 
Their difference is 885.3 — 635.3 = 250 Hz, con- 
firming the specified bandwidth. The geometric 
mean is V(635.3)(885.3) = 750 Hz, confirming the 
specified center frequency. 


As you might suspect by now, another configuration that produces a 
bandreject filter is a parallel RLC circuit. Whereas the analysis details of 
the parallel RLC circuit are left to Problem 14.34, the results are summa- 
rized in Fig. 14.31, along with the series RLC bandreject filter. As we did 
for other categories of filters, we can state a general form for the transfer 
functions of bandreject filters, replacing the constant terms with 8 and w,: 


(14.55) 


Equation 14.55 is useful in filter design, because any circuit with a transfer 
function in this form can be used as a bandreject filter. 


R 
+ 
sb 
Vi Vv, 
=o 
sc 
gs? + 1/LC 


Hs) = Ty (R/L)s + 1/LC 


W,= V 1/LC B=R/L 


sL 


V, oe V, 


s?+1/LC 
5? + s/RC + 1/LC 
w= Vi/LC B=1/RC 


Figure 14.31 A Two RLC bandreject filters, together 
with equations for the transfer function, center 
frequency, and bandwidth of each. 


H(s) = 
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<4 Transfer function for RLC bandreject filter 


Objective 4—Know the RLC circuit configurations that act as bandreject filters 


14.10 Design the component values for the series 14.11 Recompute the component values for 
RLC bandreject filter shown in Fig. 14.28(a) so Assessment Problem 14.10 to achieve a band- 
that the center frequency is 4 kHz and the reject filter with a center frequency of 20 kHz. 
quality factor is 5. Use a 500 nF capacitor. The filter has a 100 © resistor. The quality fac- 
tor remains at 5. 
Answer: L = 3.17 mH, Answer: ZL = 3.98 mH, 
R = 15.92 Q. C = 15.92 nF. 


NOTE: Also try Chapter Problems 14.35 and 14.36. 
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Practical Perspective 


Pushbutton Telephone Circuits 

In the Practical Perspective at the start of this chapter, we described the 
dual-tone-multiple-frequency (DTMF) system used to signal that a button 
has been pushed on a pushbutton telephone. A key element of the DTMF 
system is the DIMF receiver—a circuit that decodes the tones produced by 
pushing a button and determines which button was pushed. 

In order to design a DTMF reciever, we need a better understanding of 
the DTMF system. As you can see from Fig. 14.32, the buttons on the tele- 
phone are organized into rows and columns. The pair of tones generated by 
pushing a button depends on the button’s row and column. The button’s row 
determines its low-frequency tone, and the button’s column determines its 
high-frequency tone.! For example, pressing the “6” button produces sinu- 
soidal tones with the frequencies 770 Hz and 1477 Hz. 

At the telephone switching facility, bandpass filters in the DTMF receiver 
first detect whether tones from both the low-frequency and high-frequency 
groups are simultaneously present. This test rejects many extraneous audio 
signals that are not DIMF. If tones are present in both bands, other filters are 
used to select among the possible tones in each band so that the frequencies 
can be decoded into a unique button signal. Additional tests are performed to 
prevent false button detection. For example, only one tone per frequency 
band is allowed; the high- and low-band frequencies must start and stop 
within a few milliseconds of one another to be considered valid; and the high- 
Figure 14,32 & Tones generated by the rows and and low-band signal amplitudes must be sufficiently close to each other. 
COMMIS Chat a eane PACK uELO= You may wonder why bandpass filters are used instead of a high-pass 

filter for the high-frequency group of DIMF tones and a low-pass filter for 
the low-frequency group of DTMF tones. The reason is that the telephone 
system uses frequencies outside of the 300-3 kHz band for other signal- 
ing purposes, such as ringing the phone's bell. Bandpass filters prevent 
the DTMF receiver from erroneously detecting these other signals. 


Low-irequency group 


NOTE: Assess your understanding of this Practical Perspective by trying 
Chapter Problems 14.46-14.48. 


1 A fourth high-frequency tone is reserved at 1633 Hz. This tone is used infrequently and is not 
produced by a standard 12-button telephone. 


- A frequency selective circuit, or filter, enables signals at passband. At the cutoff frequency, the magnitude of the 
certain frequencies to reach the output, and it attenu- transfer function equals (1/V2)Hmax. (See page 527.) 
ates signals at other frequencies to prevent them from —._ A Jow-pass filter passes voltages at frequencies below 
reaching the output. The passband contains the fre- w, and attenuates frequencies above w,. Any circuit 
quencies of those signals that are passed; the stopband with the transfer function 
contains the frequencies of those signals that are atten- 
uated. (See page 524.) H(s) = We 

- The cutoff frequency, w,, identifies the location on the 5+ W 
frequency axis that separates the stopband from the functions as a low-pass filter. (See page 531.) 


¢ A high-pass filter passcs voltages at frequencies above 
and attenuates voltages at frequencies below Any cir- 
cuit with the transfer function 


H(s) = 


S + @ 


functions as a high-pass filter. (See page 536.) 
Bandpass filters and bandreject filters each have two cut- 
off frequencies, w,; and w,.. These filters are further char- 


acterized by their center frequency (w,,), bandwidth (8), 
and quality factor (Q). These quantities are defined as 


W) = Vey? 2, 

B= 2 — We, 

Q = w,/B. 
(See pages 539-540.) 


A bandpass filter passes voltages at frequencies within 
the passband, which is between w,, and w,». It attenuates 
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frequencies outside of the passband. Any circuit with the 
transfer function 


Bs 


HG) == 


functions as a bandpass filter. (See page 544.) 


A bandreject filter attenuates voltages at frequencies 
within the stopband, which is between w,, and ,». It 
passes frequencies outside of the stopband. Any circuit 
with the transfer function 


9 
+ w 


H(s) = =~". 
(s) s+ Bs + we 


functions as a bandreject filter. (See page 549.) 


Adding a load to the output of a passive filter changes 
its filtering properties by altering the location and mag- 
nitude of the passband. Replacing an ideal voltage 
source with one whose source resistance is nonzero also 
changes the filtering properties of the rest of the circuit, 
again by altering the location and magnitude of the 
passband. (See page 542.) 


Problems 


14.3 A resistor, denoted as R;, is added in series with the 
inductor in the circuit in Fig. 14.4(a). The new low- 
pass filter circuit is shown in Fig. P14.3. 


Section 14.2 
14.1 a) Find the cutoff frequency in hertz for the RL fil- 
ter shown in Fig. P14.1. 
b) Calculate H(jw) at w,, 0.2,, and 5w,.. 
c) If uv; = 10coswtV, write the steady-state 
expression for v, when w = w,, @ = 0.2w,, and 
Ww = Sa,-. 


a) Derive the expression for H(s) where 
H(s) = V,/V;. 

b) At what frequency will the magnitude of H(jw) 
be maximum? 

c) What is the maximum value of the magnitude 
of H(jw)? 

d) At what frequency will the magnitude of H(jw) 
equal its maximum value divided by V2? 


Figure P14.1 
10 mH 


e) Assume a resistance of 75 2 is added in series 
with the 10 mH inductor in the circuit in 
Fig. P14.1. Find w,, H(j0), H(jo,), H(j0.30,), 
and H(j3w,). 


14.2 Use a1 mH inductor to design a low-pass, RL, pas- 
oesicn sive filter with a cutoff frequency of 5 kHz. 


Figure P14,3 


psece a) Specify the value of the resistor. 
MULTISIM 


b) A load having a resistance of 68 0 is connected 
across the output terminals of the filter. What is 
the corner, or cutoff, frequency of the loaded fil- 
ter in hertz? 


14.4 a) Find the cutoff frequency (in hertz) of the low- 
pass filter shown in Fig. P14.4. 


b) Calculate H(jw) at w,, 0.1w,, and 10@,. 


c) If you must use a single resistor from Appendix H 
for part (a), what resistor should you use? What is 
the resulting cutoff frequency of the filter? 
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c) If v; = 200coswimV, write the steady-state 
expression for v, when w = w,, 0.1w,, and 10w,. 


Figure P14.4 
1kQ 


Use a 500 nF capacitor to design a low-pass passive 

filter with a cutoff frequency of 50 krad/s. 

a) Specify the cutoff frequency in hertz. 

b) Specify the value of the filter resistor. 

c) Assume the cutoff frequency cannot increase by 
more than 5%. What is the smallest value of 
load resistance that can be connected across the 
output terminals of the filter? 

d) If the resistor found in (c) is connected across 


the output terminals, what is the magnitude of 
AH (jw) when w = 0? 


Design a passive RC low pass filter (see Fig. 14.7) 
with a cutoff frequency of 100 Hz using a 4.7 pF 
capacitor. 

a) What is the cutoff frequency in rad/s? 

b) What is the value of the resistor? 


c) Draw your circuit, labeling the component val- 
ues and output voltage. 

d) What is the transfer function of the filter in 
part (c)? 

e) If the filter in part (c) is loaded with a resistor 
whose value is the same as the resistor part (b), 
what is the transfer function of this loaded filter? 


f) What is the cutoff frequency of the loaded filter 
from part (e)? 

g) What is the gain in the pass band of the loaded 
filter from part (e)? 


A resistor denoted as R, is connected in parallel 
with the capacitor in the circuit in Fig. 14.7. The 
loaded low-pass filter circuit is shown in Fig. P14.7. 


a) Derive the expression for the voltage transfer 
function V,,/V;. 

b) At what frequency will the magnitude of H(jw) 
be maximum? 

c) What is the maximum value of the magnitude 
of H(jw)? 

d) At what frequency will the magnitude of H(jw) 
equal its maximum value divided by V2? 


e) Assume a resistance of 10 kD) is added in paral- 
lel with the 100 nF capacitor in the circuit in 


14.8 


14.9 


Fig. P14.4. Find w,., H(j0), H(jw.), H(j0.18,). 
and H(j10w,). 


Figure P14.7 


Study the circuit shown in Fig. P14.8 (without the 

load resistor). 

a) As w— 0, the inductor behaves like what circuit 
component? What value will the output voltage 
Vp have? 

b) As w— oo, the inductor behaves like what cir- 
cuit component? What value will the output 
voltage vp have? 

c) Based on parts (a) and (b), what type of filtering 
does this circuit exhibit? 

d) What is the transfer function of the unloaded 
filter? 

e) If R = 330 0 and L = 10 mH, what is the cutoff 
frequency of the filter in rad/s? 


Figure P14.8 


Suppose we wish to add a load resistor in parallel 
with the resistor in the circuit shown in Fig. P14.8. 


a) What is the transfer function of the loaded filter? 


b) Compare the transfer function of the unloaded 
filter (part (d) of Problem 14.8) and the trans- 
fer function of the loaded filter (part (a) of 
Problem 14.9). Are the cutoff frequencies differ- 
ent? Are the passband gains different? 


c) What is the smallest value of load resistance that 
can be used with the filter from Problem 14.8(e) 
such that the cutoff frequency of the resulting 
filter is no more than 5% different from the 
unloaded filter? 


Section 14.3 
14.10 a) Find the cutoff frequency (in hertz) for the high- 


pass filter shown in Fig. P14.10. 
b) Find H(jw) at w,, 0.2w,, and 5ea,. 


14.11 


14.12 


c) If v; = 500coswtmV, write the steady-state 
expression for v, when w = @,, w = 0.2w,, and 
w = 5a,. 


Figure P14.10 
5 nF 


A resistor, denoted as R,, is connected in series 
with the capacitor in the circuit in Fig. 14.10(a). The 
new high-pass filter circuit is shown in Fig. P14.11. 


a) Derive the H(s) where 
H(s) = V,/V;. 

b) At what frequency will the magnitude of H(ja) 
be maximum? 


expression for 


c) What is the maximum value of the magnitude 
of H(jw)? 

d) At what frequency will the magnitude of H(jw) 
equal its maximum value divided by V2? 

e) Assume a resistance of 12.5 kO is connected in 
series with the 5 nF capacitor in the circuit in 
Fig. P14.10. Calculate w., H(jw,), H(j0.2,), 
and H(j5e,). 


Figure P14.11 


Design a passive RC high pass filter (see Fig. 14.10[a]) 
with a cutoff frequency of 500 Hz using a 220 pF 
capacitor. 

a) What is the cutoff frequency in rad/s? 

b) What is the value of the resistor? 

c) Draw your circuit, labeling the component val- 
ues and output voltage. 

d) What is the transfer function of the filter in 
part (c)? 

e) If the filter in part (c) is loaded with a resistor 
whose value is the same as the resistor in (b), 
what is the transfer function of this loaded filter? 

f) What is the cutoff frequency of the loaded filter 
from part (e)? 

g) What is the gain in the pass band of the loaded 
filter from part (e)? 
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14.15 


14.16 
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Using a 100 nF capacitor, design a high-pass passive 

filter with a cutoff frequency of 300 Hz. 

a) Specify the value of R in kilohms. 

b) A 47 kO resistor is connected across the output 
terminals of the filter. What is the cutoff fre- 
quency, in hertz, of the loaded filter? 


Using a 100 wH inductor, design a high-pass, RL, 

passive filter with a cutoff frequency of 1500 krad/s. 

a) Specify the value of the resistance, selecting 
from the components in Appendix H. 


b) Assume the filter is connected to a pure resistive 
load. The cutoff frequency is not to drop below 
1200 krad/s. What is the smallest load resistor 
from Appendix H that can be connected across 
the output terminals of the filter? 


Consider the circuit shown in Fig. P14.15. 


a) With the input and output voltages shown in the 
figure, this circuit behaves like what type of filter? 


b) What is the transfer function, H(s) = V,(s)/Vi(s), 
of this filter? 
c) What is the cutoff frequency of this filter? 


d) What is the magnitude of the filter’s transfer 
function at s = jw,? 


Figure P14.15 
1500 


Suppose a 150 { load resistor is attached to the fil- 
ter in Fig. P14.15. 


a) What is the transfer function, H(s) = V,(s)/V;(s), 
of this filter? 


b) What is the cutoff frequency of this filter? 


c) How does the cutoff frequency of the loaded fil- 
ter compare with the cutoff frequency of the 
unloaded filter in Fig. P14.15? 


d) What else is different for these two filters? 


Section 14.4 


14.17 


14.18 


Show that the alternative forms for the cutoff fre- 
quencies of a bandpass filter, given in Eqs. 14.36 
and 14.37, can be derived from Eqs. 14.34 and 14.35, 


Calculate the center frequency, the bandwidth, and 
the quality factor of a bandpass filter that has an 
upper cutoff frequency of 121 krad/s and a lower 
cutoff frequency of 100 krad/s. 
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14.24 


Introduction to Frequency Selective Circuits 


A bandpass filter has a center, or resonant, frequency 
of 50 krad/s and a quality factor of 4. Find the band- 
width, the upper cutoff frequency, and the lower cut- 
off frequency. Express all answers in kilohertz. 


Use a 5 nF capacitor to design a series RLC band- 
pass filter, as shown at the top of Fig. 14.27. The cen- 
ter frequency of the filter is 8 kHz, and the quality 
factor is 2. 


a) Specity the values of R and L. 

b) What is the lower cutoff frequency in kilohertz? 
c) What is the upper cutoff frequency in kilohertz? 
d) What is the bandwidth of the filter in kilohertz? 


Design a series RLC bandpass filter using only 

three components from Appendix H that comes 

closest to meeting the filter specifications in 

Problem 14.20. 

a) Draw your filter, labeling all component values 
and the input and output voltages. 

b) Calculate the percent error in this new filter’s 


center frequency and quality factor when com- 
pared to the values specified in Problem 14.20. 


For the bandpass filter shown in Fig. P14.22, find 


(a) @,, (b) fos (C) Q,(d) wer, (€) fers (F) @ea, (8) fra, 
and (h) p. 


Figure P14.22 
8kO 


Using a 50 nF capacitor in the bandpass circuit 
shown in Fig. 14.22, design a filter with a quality fac- 
tor of 5 and a center frequency of 20 krad/s. 


a) Specify the numerical values of R and L. 

b) Calculate the upper and lower cutoff frequen- 
cies in kilohertz. 

c) Calculate the bandwidth in hertz. 


Design a series RLC bandpass filter using only 

three components from Appendix H that comes 

closest to meeting the filter specifications in 

Problem 14.23. 

a) Draw your filter, labeling all component values 
and the input and output voltages. 

b) Calculate the percent error in this new filter’s 
center frequency and quality factor when com- 
pared to the values specified in Problem 14.23. 
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14.26 


14.27 


14.28 


14.29 


14.30 


For the bandpass filter shown in Fig. P14.25, calculate 
the following: (a) f,; (b) Q: (c) fers (d) fia; and (e) p. 


Figure P14.25 


200 40mH “40nF 


The input voltage in the circuit in Fig. P14.25 is 
500 cos wt mV. Calculate the output voltage when 
(a) w = w,; (b) m = w 3; and (c) w = @,». 


Design a series RLC bandpass filter (see Fig. 14.19[a]) 
with a quality of 8 and a center frequency of 
50 krad/s, using a 0.01 uF capacitor. 


a) Draw your circuit, labeling the component val- 
ues and output voltage. 


b) For the filter in part (a), calculate the bandwidth 
and the values of the two cutoff frequencies. 


The input to the series RLC bandpass filter designed 
in Problem 14.27 is 50coswt mV. Find the voltage 
drop across the resistor when (a) w = w,; (b) w= 
W135 (C) @ = w.23(d) w = 0.2,; (€) @ = Sw,. 


The input to the series RLC bandpass filter designed 
in Problem 14.27 is 50coswt mV. Find the voltage 
drop across the series combination of the inductor 
and capacitor when (a) w =@,; (b) @ = 04; 
(c) w = w,2;(d) w = 0.20; (e) w = Sap. 


A block diagram of a system consisting of a sinu- 
soidal voltage source, an RLC series bandpass fil- 
ter, and a load is shown in Fig. P14.30. The 
internal impedance of the sinusoidal source is 
80 + jOQ, and the impedance of the load is 
480 + jO 2. 

The RLC series bandpass filter has a 20 nF 
capacitor, a center frequency of 50 krad/s, and a 
quality factor of 6.25. 


a) Draw a circuit diagram of the system. 

b) Specify the numerical values of L and R for the 
filter section of the system. 

c) What is the quality factor of the interconnected 
system? 

d) What is the bandwidth (in hertz) of the inter- 
connected system? 


14.31 


14.32 
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Figure P14.30 


{ 


| ! 
Source i 
Filter 


The purpose of this problem is to investigate how a 
resistive load connected across the output termi- 
nals of the bandpass filter shown in Fig. 14.19 
affects the quality factor and hence the bandwidth 
of the filtering system. The loaded filter circuit is 
shown in Fig. P14.31. 

a) Calculate the transfer function V,/V; for the cir- 
cuit shown in Fig. P14.31. 

b) What is the expression for the bandwidth of 
the system? 

c) What is the expression for the loaded band- 
width (@,) as a function of the unloaded band- 
width (By)? 

d) What is the expression for the quality factor of 
the system? 

e) What is the expression for the loaded quality 
factor (Q,) as a function of the unloaded quality 
factor (Qy)? 

f) What are the expressions for the cutoff frequen- 
cies @,; and @,»? 


Figure P14,31 


Consider the circuit shown in Fig, P14.32. 

a) Find w,. 

b) Find £B. 

c) Find Q. 

d) Find the steady-state expression for v, when 
v; = 250 cos w,t mV. 


e) Show that if R, is expressed in kilohms the Q of 
the circuit in Fig. P14.32 is 
20 
ear 
1 + 100/R, 
f) Plot Q versus R, for 20kQ = R, = 2MO. 
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Figure P14.32 
100 kO 


400 kO 


14.33 The parameters in the circuit in Fig. P14.31 are 
R = 2.4kQ,C = 50 pF, and L = 2 wH. The quality 
factor of the circuit is not to drop below 7.5. What is 


the smallest permissible value of the load resistor R,? 


Section 14.5 
14.34 a) Show (via a qualitative analysis) that the circuit 
in Fig. P14.34 is a bandreject filter. 
b) Support the qualitative analysis of (a) by finding 
the voltage transfer function of the filter. 


c) Derive the expression for the center frequency 
of the filter. 


d) Derive the expressions for the cutoff frequen- 
cies w,; and w,. 

e) What is the expression for the bandwidth of the 
filter? 


f) What is the expression for the quality factor of 
the circuit? 


Figure P14.34 


14.35 For the bandreject filter in Fig. P14.35, calculate 


spice (a) wy; (b) fo; (c) Q3 (d) wer; (€) fers (£) @23 (8) fer: 
mas and (h) B in kilohertz. 


Figure P14.35 
50 4#H 


20 nF 
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14.38 


14.39 


14.40 


Introduction to Frequency Selective Circuits 


Use a 500 nF capacitor to design a bandreject filter, 
as shown in Fig. P14.36. The filter has a center fre- 
quency of 4 kHz and a quality factor of 5. 


a) Specify the numerical values of R and L. 


b) Calculate the upper and lower corner, or cutoff, 
frequencies in kilohertz. 


c) Calculate the filter bandwidth in kilohertz. 


Figure P14.36 
500 nF 


Assume the bandreject filter in Problem 14.36 is 
loaded with a 1 k) resistor. 


a) What is the quality factor of the loaded circuit? 

b) What is the bandwidth (in kilohertz) of the 
loaded circuit? 

c) What is the upper cutoff frequency in kilohertz? 

d) What is the lower cutoff frequency in kilohertz? 


Design a series RLC bandreject filter using only 
three components from Appendix H that comes 
closest to meeting the filter specifications in 
Problem 14.36. 


a) Draw your filter, labeling all component values 
and the input and output voltages. 


b) Calculate the percent error in this new filter’s 
center frequency and quality factor when com- 
pared to the values specified in Problem 14.36. 


Design an RLC bandreject filter (see Fig. 14.28[a]) 
with a quality of 2.5 and a center frequency of 
25 krad/s, using a 200 nF capacitor. 


a) Draw your circuit, labeling the component val- 
ues and output voltage. 


b) For the filter in part (a), calculate the bandwidth 
and the values of the two cutoff frequencies. 


The input to the RLC bandreject filter designed in 
Problem 14.39 is 250coswt mV. Find the voltage 
drop across the series combination of the inductor 
and capacitor when (a) w = @,; (b) w = a1; 
(c) @ = @.0;(d) w = 0.20,; (e) w = Sw,. 
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The input to the RLC bandreject filter designed in 
Problem 14.39 is 250coswt mV. Find the voltage drop 
across the resistor when (a) w = w,; (b) w = 4; 
(c) w = &.93(d) w = 0.20,;(e) @ = Sa,. 


The purpose of this problem is to investigate how a 
resistive load connected across the output terminals 
of the bandreject filter shown in Fig. 14.28(a) affects 
the behavior of the filter. The loaded filter circuit is 
shown in Fig. P14.42. 


a) Find the voltage transfer function V,,/V;. 

b) What is the expression for the center frequency? 
c) What is the expression for the bandwidth? 

d) What is the expression for the quality factor? 

e) Evaluate H(jw,). 

f) Evaluate H(j0). 

g) Evaluate H(joo). 


h) What are the expressions for the corner fre- 
quencies w,; and w,3? 


Figure P14.42 


The parameters in the circuit in Fig. P14.42 
are R=300, L=1ypH, C=4pF, and 
R, = 150. 


a) Find w,, B (in kilohertz), and Q. 

b) Find H(j0) and H(joo). 

c) Find fio and f,y. 

d) Show that if A, is expressed in ohms the Q of 
the circuit is 


Q= [1 + G0/R)} 


e) Plot QO versus R; for10Q = R, = 3000. 


The load in the bandreject filter circuit shown in 
Fig. P14.42 is 500 . The center frequency of the fil- 
ter is 25 krad/s, and the capacitor is 25 nF. At very 
low and very high frequencies, the amplitude of the 
sinusoidal output voltage should be at least 90% of 
the amplitude of the sinusoidal input voltage. 


a) Specify the numerical values of R and L. 
b) What is the quality factor of the circuit? 


Sections 14.1-14.5 


14.45 Given the following voltage transfer function: 


19/9 
s* + 50,000s + 10!°° 


a) At what frequencies (in radians per second) is 
the magnitude of the transfer function equal to 
unity? 

b) At what frequency is the magnitude of the trans- 
fer function maximum? 


c) What is the maximum value of the transfer func- 
tion magnitude? 


14.46 Design a series RLC bandpass filter (see Fig. 14.27) 
praca. for detecting the low-frequency tone generated by 
DESIGN pushing a telephone button as shown in Fig. 14.32. 

Pi M 


a) Calculate the values of L and C that place the 
cutoff frequencies at the edges of the DTMF 
low-frequency band. Note that the resistance in 
standard telephone circuits is always R = 600 12. 
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b) What is the output amplitude of this circuit at 
each of the low-band frequencies, relative to the 
peak amplitude of the bandpass filter? 


c) What is the output amplitude of this circuit at 
the lowest of the high-band frequencies? 


14.47 Design a DTMF high-band bandpass filter similar 

pracncat_ to the low-band filter design in Problem 14.46. Be 
‘esicn Sure to include the fourth high-frequency tone, 

me" 1633 Hz, in your design. What is the response ampli- 

tude of your filter to the highest of the low- 


frequency DTMF tones? 


14.48 


PRACTICAL 
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PROBLEM 


The 20 Hz signal that rings a telephone’s bell has to 
have a very large amplitude to produce a loud 
enough bell signal. How much larger can the ring- 
ing signal amplitude be, relative to the low-bank 
DTMF signal, so that the response of the filter in 
Problem 14.46 is no more than half as large as the 
largest of the DTMF tones? 
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Know the op amp circuits that behave as first- 
order low-pass and high-pass filters and be able 
to calculate component values for these circuits 
to meet specifications of cutoff frequency and 
passband gain. 


Be able to design filter circuits starting with a 
prototype circuit and use scaling to achieve 
desired frequency response characteristics and 
component values. 


Understand how to use cascaded first- and 
second-order Butterworth filters to implement 
low-pass, high-pass, bandpass, and bandreject 
filters of any order. 


Be able to use the design equations to calculate 
component values for prototype narrowband, 
bandpass, and bandreject filters to meet desired 
filter specifications. 
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Active Filter Circuits 


Up to this point, we have considered only passive filter circuits, 
that is, filter circuits consisting of resistors, inductors, and capaci- 
tors. There are areas of application, however, where active cir- 
cuits, those that employ op amps, have certain advantages over 
passive filters. For instance, active circuits can produce bandpass 
and bandreject filters without using inductors. This is desirable 
because inductors are usually large, heavy, costly, and they may 
introduce electromagnetic field effects that compromise the 
desired frequency response characteristics. 

Examine the transfer functions of all the filter circuits from 
Chapter 14 and you will notice that the maximum magnitude 
does not exceed 1. Even though passive resonant filters can 
achieve voltage and current amplification at the resonant fre- 
quency, passive filters in general are incapable of amplification, 
because the output magnitude does not exceed the input magni- 
tude. This is not a surprising observation, as many of the transfer 
functions in Chapter 14 were derived using voltage or current 
division. Active filters provide a control over amplification not 
available in passive filter circuits. 

Finally, recall that both the cutoff frequency and the pass- 
band magnitude of passive filters were altered with the addition 
of a resistive load at the output of the filter. This is not the case 
with active filters, due to the properties of op amps. Thus, we use 
active circuits to implement filter designs when gain, load varia- 
tion, and physical size are important parameters in the design 
specifications. 

In this chapter, we examine a few of the many filter circuits 
that employ op amps. As you will see, these op amp circuits over- 
come the disadvantages of passive filter circuits. Also, we will 
show how the basic op amp filter circuits can be combined to 
achieve specific frequency responses and to attain a more nearly 
ideal filter response. Note that throughout this chapter we 
assume that every op amp behaves as an ideal op amp. 


% . = = 
i- Ao. t 


Practical Perspective 


Bass Volume Control 

In this chapter, we continue to examine circuits that are fre- 
quency selective. As described in Chapter 14, this means that 
the behavior of the circuit depends on the frequency of its 
sinusoidal input. Most of the circuits presented here fall into 
one of the four categories identified in Chapter 14—low-pass 
filters, high-pass filters, bandpass filters, and bandreject fil- 
ters. But whereas the circuits in Chapter 14 were constructed 
using sources, resistors, capacitors, and inductors, the cir- 
cuits in this chapter employ op amps. We shall soon see what 
advantages are conferred to a filter circuit constructed using 


op amps. 

Audio electronic systems such as radios, tape players, and 
CD players often provide separate volume controls labeled 
“treble” and “bass.” These controls permit the user to select 


the volume of high frequency audio signals (“treble”) inde- 
pendent of the volume of low frequency audio signals 
(“bass”). The ability to independently adjust the amount of 
amplification (boost) or attenuation (cut) in these two fre- 
quency bands allows a listener to customize the sound with 
more precision than would be provided with a single volume 
control. Hence the boost and cut control circuit is also 
referred to as a tone control circuit. 

The Practical Perspective example at the end of this 
chapter presents a circuit that implements bass volume con- 
trol using a single op amp together with resistors and capaci- 
tors. An adjustable resistor supplies the necessary control 
over the amplification in the bass frequency range. 


Treble 
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Figure 15.2 A A general op amp circuit. 


15.1 First-Order Low-Pass 
and High-Pass Filters 


Consider the circuit in Fig. 15.1. Qualitatively, when the frequency of the 
source is varied, only the impedance of the capacitor is affected. At very 
low frequencies, the capacitor acts like an open circuit, and the op amp cir- 
cuit acts like an amplifier with a gain of —R>/R,. At very high frequencies, 
the capacitor acts like a short circuit, thereby connecting the output of the 
op amp circuit to ground. The op amp circuit in Fig. 15.1 thus functions as 
a low-pass filter with a passband gain of —R2/ Rj. 

To confirm this qualitative assessment, we can compute the transfer 
function H(s) = V,(s)/V,(s). Note that the circuit in Fig. 15.1 has the gen- 
eral form of the circuit shown in Fig. 15.2, where the impedance in the 
input path (Z,) is the resistor R,, and the impedance in the feedback path 
(Z,) is the parallel combination of the resistor R, and the capacitor C. 

The circuit in Fig. 15.2 is analogous to the inverting amplifier circuit 
from Chapter 5, so its transfer function is —Z r/ Z;. Therefore, the transfer 
function for the circuit in Fig. 15.1 is 


H(s) = ——! 
Os 
1 
: —R)l (=) 
Ry 
ape ea 15.1 
7 5+ @, ieet) 
where 
R 
Kea] (15.2) 
i 
and 
oO. = = (15.3) 
© RxC° ° 


Note that Eq. 15.1 has the same form as the general equation for low-pass fil- 
ters given in Chapter 14, with an important exception: The gain in the pass- 
band, K, is set by the ratio R,/R;. The op amp low-pass filter thus permits the 
passband gain and the cutoff frequency to be specified independently. 


A Note About Frequency Response Plots 


Frequency response plots, introduced in Chapter 14, provide valuable 
insight into the way a filter circuit functions. Thus we make extensive 
use of frequency response plots in this chapter, too. The frequency 
response plots in Chapter 14 comprised two separate plots—a plot of 
the transfer function magnitude versus frequency, and a plot of the 
transfer function phase angle, in degrees, versus frequency. When we 
use both plots, they are normally stacked on top of one another so that 
they can share the same frequency axis. 

In this chapter, we use a special type of frequency response plots 
called Bode plots. Bode plots are discussed in detail in Appendix E, which 
includes detailed information about how to construct these plots by hand. 
You will probably use a computer to construct Bode plots, so here we 


summarize the special features of these plots. Bode plots differ from the 
frequency response plots in Chapter 14 in two important ways. 

First, instead of using a linear axis for the frequency values, a Bode 
plot uses a logarithmic axis. This permits us to plot a wider range of fre- 
quencies of interest. Normally we plot three or four decades of frequen- 
cies, say from 10? rad/s to 10° rad/s, or 1 kHz to 1 MHz, choosing the 
frequency range where the transfer function characteristics are changing. 
If we plot both the magnitude and phase angle plots, they again share the 
frequency axis. 

Second, instead of plotting the absolute magnitude of the transfer 
function versus frequency, the Bode magnitude is plotted in decibels (dB) 
versus the log of the frequency. The decibel is discussed in Appendix D. 
Briefly, if the magnitude of the transfer function is |H(jw)|, its value in dB 
is given by 


Aap = 20 logilH(jo)|. 


It is important to remember that while |#(jw)| is an unsigned quantity, 
Agg ts a signed quantity. When Agp = 0, the transfer function magnitude 
is 1, since 20 log; (1) = 0. When Agp < 0, the transfer function magni- 
tude is between 0 and 1, and when Agp > 0, the transfer function magni- 
tude is greater than 1. Finally, note that 


20 logil1/V2| = —3 dB. 


Recall that we define the cutoff frequency of filters by determining 
the frequency at which the maximum magnitude of the transfer function 
has been reduced by 1/72. If we translate this definition to magnitude in 
dB, we define the cutoff frequency of a filter by determining the frequency 
at which the maximum magnitude of the transfer function in dB has been 
reduced by 3 dB. For example, if the magnitude of a low-pass filter in its 
passband is 26 dB, the magnitude used to find the cutoff frequency is 
26 — 3 = 23 dB. 

Example 15.1 illustrates the design of a first-order low pass filter to 
meet desired specifications of passband gain and cutoff frequency, and 
also Justrates a Bode magnitude plot of the filter’s transfer function. 


Designing a Low-Pass Op Amp Filter 


Using the circuit shown in Fig. 15.1, calculate values 
for C and R; that, together with R; = 1 Q, produce 
a low-pass filter having a gain of 1 in the passband 


15.1 


First-Order Low-Pass and High-Pass Filters 
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Equation 15.3 then permits us to calculate C to 
meet the specified cutoff frequency: 


and a cutoff frequency of 1 rad/s. Construct the siehe 
transfer function for this filter and use it to sketch a Row, 
Bode magnitude plot of the filter’s frequency ol 
response. ~ (1)(1) 
= 1F. 
solution The transfer function for the low-pass filter is 
Equation 15.2 gives the passband gain in terms of given by Eq. 15.1: 
R, and Ro, so it allows us to calculate the required a 
value of R>: H(s) = —-K re 
Ry = KR i o 
(1) — 


= 1. 
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The Bode plot of |H(jw)| is shown in Fig. 15.3. This 
is the so-called prototype low-pass op amp filter, 
because it uses a resistor value of 1 0 and a capaci- 
tor value of | F, and it provides a cutoff frequency 
of 1 rad/s. As we shall see in the next section, proto- 
type filters provide a useful starting point for the 
design of filters by using more realistic component 
values to achieve a desired frequency response. 


jaa] 
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A 
= 
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Figure 15.3 A The Bode magnitude plot of the low-pass filter from 
Example 15.1. 


You may have recognized the circuit in Fig. 15.1 as the integrating 
amplifier circuit introduced in Chapter 7. They are indeed the same cir- 
cuit, so integration in the time domain corresponds to low-pass filtering in 
the frequency domain. This relationship between integration and low-pass 
filtering is further confirmed by the operational Laplace transform for 
integration derived in Chapter 12. 

The circuit in Fig. 15.4 is a first-order high-pass filter. This circuit also 
has the general form of the circuit in Fig. 15.2, only now the impedance in 
the input path is the series combination of R, and C, and the impedance in 


Ry the feedback path is the resistor Rj. The transfer function for the circuit 
in Fig 15.4 is thus 
V; —ZLF 
H(s) = —— 
(az 
_ 7k 
Figure 15.4 & A first-order high-pass filter. - 1 
R, += 
sC 
ry 
=-K : (15.4) 
S + We 
where 
K-” (15.5) 
—_ R, 2 . 
and 
I 
o.==> (15.6) 
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Again, the form of the transfer function given in Eq. 15.4 is the same as that 
given in Eq. 14.20, the equation for passive high-pass filters. And again, the 
active filter permits the design of a passband gain greater than 1. 

Example 15.2 considers the design of an active high-pass filter which 
must meet frequency response specifications from a Bode plot. 


Designing a High-Pass Op Amp Filter 


Figure 15.5 shows the Bode magnitude plot of a 
high-pass filter. Using the active high-pass filter cir- 
cuit in Fig. 15.4, calculate values of R; and R; that 
produce the desired magnitude response. Use a 
0.1 wF capacitor. If a 10 kQ load resistor is added to 
this filter, how will the magnitude response change? 


Solution 


Begin by writing a transfer function that has the 
magnitude plot shown in Fig. 15.5. To do this, note 
that the gain in the passband is 20 dB; therefore, 
K = 10. Also note that the 3 dB point is 500 rad/s. 
Equation 15.4 is the transfer function for a high- 
pass filter, so the transfer function that has the mag- 
nitude response shown in Fig. 15.5 is given by 


|H(jw)| dB 


—10s 
PON 500" 
—40 
We can compute the values of R,; and R needed to l > 10 aon SO TOE Se Oe 
yield this transfer function by equating the transfer w (rad/s) 
function with Eq. 15.4: Figure 15.5 A The Bode magnitude plot of the high-pass filter for 


Example 15.2. 


—10s —(R2/R))s 
H(s) = 29 = RUS 
s +500 » + (1/R,C) 


Equating the numerators and denominators and 
then simplifying, we get two equations: 


ioe: soos 
Ry’ RC’ 


Using the specified value of C (0.1 «F), we find 
Ry, = 20kN, Ry = 200k. 200 kQ, 


The circuit is shown in Fig. 15.6. 
Because we have made the assumption that 
the op amp in this high-pass filter circuit is ideal, 
the addition of any load resistor, regardless of its 
resistance, has no effect on the behavior of the op v; 
amp. Thus, the magnitude response of a high-pass 
filter with a load resistor is the same as that of a 
high-pass filter with no load resistor, which is 
depicted in Fig. 15.5. Figure 15.6 A The high-pass filter for Example 15.2. 
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/ ASSESSMENT PROBLEMS 


Objective 1—Know the op amp circuits that behave as first order low-pass and high-pass filters and be able to 


calculate their component values 


15.1 Compute the values for R, and C that yield a 15.2 Compute the resistor values needed for the 
high-pass filter with a passband gain of 1 anda low-pass filter circuit in Fig. 15.1 to produce the 
cutoff frequency of 1 rad/s if R, is 1 . (Note: transfer function 
This is the prototype high-pass filter.) —20.000 

H(s) = ——_. 
(3) = + 5000 


Answer: R27 =10,C =1F. 


Use a 5 wF capacitor. 
Answer: R, = 100, Rp = 402. 


NOTE: Also try Chapter Problems 15.6 and 15.10. 


Component scale factors > 


15.2 Scaling 


In the design and analysis of both passive and active filter circuits, working 
with element values such as 1 0, 1 H, and 1 F is convenient. Although 
these values are unrealistic for specifying practical components, they 
greatly simplify computations. After making computations using conven- 
ient values of R, L, and C, the designer can transform the convenient val- 
ues into realistic values using the process known as scaling. 

There are two types of scaling: magnitude and frequency. We scale a 
circuit in magnitude by multiplying the impedance at a given frequency by 
the scale factor k,,. Thus we multiply all resistors and inductors by k,,, and 
all capacitors by 1/k,,. If we let unprimed variables represent the initial 
values of the parameters, and we let primed variables represent the scaled 
values of the variables, we have 


R’ =k,,R, L' =kmL, and C! =C/k,. (15.7) 


Note that k,,, is by definition a positive real number that can be either less 
than or greater than 1. 

In frequency scaling, we change the circuit parameters so that at the 
new frequency, the impedance of each element is the same as it was at the 
original frequency. Because resistance values are assumed to be independ- 
ent of frequency, resistors are unaffected by frequency scaling. If we let ky 
denote the frequency scale factor, both inductors and capacitors are multi- 
plied by 1/k,. Thus for frequency scaling, 


R'=R, L'=L/kp, and C= C/ky. (15.8) 


The frequency scale factor k, is also a positive real number that can be less 
than or greater than unity. 

A circuit can be scaled simultaneously in both magnitude and frequency. 
The scaled values (primed) in terms of the original values (unprimed) are 


R’=ky»R, 
ii 
Ls—"L, 
ky 
1 
Ci =——~C. (15.9) 
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The Use of Scaling in the Design of Op Amp Filters 


To use the concept of scaling in the design of op amp filters, first select 
the cutoff frequency, w,, to be 1 rad/s (if you are designing low- or high- 
pass filters), or select the center frequency, w,, to be 1 rad/s (if you are 
designing bandpass or bandreject filters). Then select a 1 F capacitor and 
calculate the values of the resistors needed to give the desired passband 
gain and the 1 rad/s cutoff or center frequency. Finally, use scaling to 
compute more realistic component values that give the desired cutoff or 
center frequency. 

Example 15.3 illustrates the scaling process in general, and 
Example 15.4 illustrates the use of scaling in the design of a low-pass filter. 


Scaling a Series RLC Circuit 


The series RLC circuit shown in Fig. 15.7 has a cen- 
ter frequency of V1/LC = 1 rad/s, a bandwidth of 
R/L = 1 rad/s, and thus a quality factor of 1. Use 
scaling to compute new values of R and L that yield 
a circuit with the same quality factor but with a cen- 
ter frequency of 500 Hz. Use a 2 uF capacitor. 


Figure 15.7 A The series RLC circuit for Example 15.3. 


Solution 


Begin by computing the frequency scale factor that 
will shift the center frequency from 1 rad/s to 
500 Hz. The unprimed variables represent values 


Use the prototype low-pass op amp filter from 
Example 15.1, along with magnitude and frequency 
scaling, to compute the resistor values for a low- 
pass filter with a gain of 5, a cutoff frequency of 
1000 Hz, and a feedback capacitor of 0.01 pF. 
Construct a Bode plot of the resulting transfer func- 
tion’s magnitude. 


Solution 


To begin, use frequency scaling to place the cutoff 
frequency at 1000 Hz: 


ky = wh/w, = 2a(1000)/1 = 6283.185, 


before scaling, whereas the primed variables repre- 
sent values after scaling. 


@, — 27(500) 


w 1 


kp = = 3141.59, 


Now, use Eq. 15.9 to compute the magnitude scale 
factor that, together with the frequency scale factor, 
will yield a capacitor value of 2 uF: 


a ne 
"ke C' — (3141.59)(2 x 107) 


Use Eq. 15.9 again to compute the magnitude- and 
frequency-scaled values of R and L: 


R' = k,,R = 159.155 Q, 


L'= Kmy = 50.66 mH. 
ky 
With these component values, the center fre- 
quency of the series RLC_ circuit is 
V1/LC = 3141.61 rad/s or S00 Hz, and the band- 
width is R/L = 3141.61 rad/s or 500 Hz; thus the 
quality factor is still 1. 


= 159.155. 


Scaling a Prototype Low-Pass Op Amp Filter 


where the primed variable has the new value and 
the unprimed variable has the old value of the cut- 
off frequency. Then compute the magnitude scale 
factor that, together with ky = 6283.185, will scale 
the capacitor to 0.01 uF: 


ican 1 


Kiem a ano open 
"kp C' — (6283.185)(107*) 


= 15,915.5. 


Since resistors are scaled only by using magnitude 
scaling, 


Ri = R= k,,R = (15,915.5)(1) = 15,915.59. 
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Finally, we need to meet the passband gain 
specification. We can adjust the scaled values of 
either R,; or R,, because K = R2/R,. If we adjust 
R>, we will change the cutoff frequency, because 15 
w,. = 1/R»C. Therefore, we can adjust the value of 
R, to alter only the passband gain: 10 


CAM MT ET 
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R, = Ro/K = (15,915.5)/(5) = 3183.1 Q. 5 


0) 


The final component values are 


|H(if )| dB 


R, = 3183.10, Ry = 15,915.50, C = 0.01 pF. 


—10 
The transfer function of the filter is given by HAC APH te 
=15 
(8) = Ty 6283.185" 10 100 500 1000 5000 10,000 
f (Hz) 
The Bode plot of the magnitude of this transfer Figure 15.8 A The Bode magnitude plot of the low-pass filter from 
function is shown in Fig. 15.8. Example 15.4. 


/ ASSESSMENT PROBLEM 


Objective 2—Be able to design filter circuits starting with a prototype and use scaling to achieve desired frequency 
response and component values 


15.3 What magnitude and frequency scale factors Answer: ky = 62,831.85, k,, = 31.831. 
will transform the prototype high-pass filter 
into a high-pass filter with a 0.5 wF capacitor 
and a cutoff frequency of 10 kHz? 


NOTE: Also try Chapter Problems 15.15 and 15.16. 


15.3 Op Amp Bandpass 
and Bandreject Filters 


We now turn to the analysis and design of op amp circuits that act as band- 
pass and bandreject filters. While there is a wide variety of such op amp 
circuits, our initial approach is motivated by the Bode plot construction 
shown in Fig. 15.9. We can see from the plot that the bandpass filter con- 
sists of three separate components: 


1. A unity-gain low-pass filter whose cutoff frequency is w,2, the larger 
of the two cutoff frequencies; 


2. A unity-gain high-pass filter whose cutoff frequency is w,;, the 
smaller of the two cutoff frequencies; and 


3. A gain component to provide the desired level of gain in 
the passband. 
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Figure 15.9 A Constructing the Bode magnitude plot of a bandpass Alter. 


These three components are cascaded in series. They combine additively 
in the Bode plot construction and so will combine multiplicatively in the 
s domain. It is important to note that this method of constructing a band- 
pass magnitude response assumes that the lower cutoff frequency (w,,) is 
smaller than the upper cutoff frequency (w,2). The resulting filter is called 
a broadband bandpass filter, because the band of frequencies passed is 
wide. The formal definition of a broadband filter requires the two cutoff 
frequencies to satisfy the equation 


As illustrated by the Bode plot construction in Fig. 15.9, we require the 
magnitude of the high-pass filter be unity at the cutoff frequency of the 
low-pass filter and the magnitude of the low-pass filter be unity at the cut- 
off frequency of the high-pass filter. Then the bandpass filter will have the 
cutoff frequencies specified by the low-pass and high-pass filters. We need 
to determine the relationship between @,; and @,2 that will satisfy the 
requirements illustrated in Fig. 15.9. 

We can construct a circuit that provides each of the three compo- 
nents by cascading a low-pass op amp filter, a high-pass op amp filter, 
and an inverting amplifier (see Section 5.3), as shown in Fig. 15.10(a). 
Figure 15.10(a) is a form of illustration called a block diagram. Each 
block represents a component or subcircuit, and the output of one 
block is the input to the next, in the direction indicated. We wish to 
establish the relationship between w,, and w,» that will permit each sub- 
circuit to be designed independently, without concern for the other sub- 
circuits in the cascade. Then the design of the bandpass filter is reduced 
to the design of a unity-gain first-order low-pass filter, a unity-gain first- 
order high-pass filter, and an inverting amplifier, each of which is a sim- 
ple circuit. 
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v; Low-pass filter High-pass filter Inverting amplifier vw, 


(a) 


(b) 
Figure 15.10 A A cascaded op amp bandpass filter. (a) The block diagram. (b) The circuit. 


The transfer function of the cascaded bandpass filter is the product of 
the transfer functions of the three cascaded components: 
v, 
Vi 


- (ES )Gra) Ge 
S + @2 S + We R; 
— Kos 


(s as Wei NS + We) 


— Kos 


H(s) = 


= >. (15.10) 
sor (@y a W@_)8 ae 1 We? 


We notice right away that Eq. 15.10 is not in the standard form for the 
transfer function of a bandpass filter discussed in Chapter 14, namely, 


Bs 


hie = 
s* + Bs + w% 


In order to convert Eq. 15.10 into the form of the standard transfer func- 
tion for a bandpass filter, we require that 


Wo? => We]. (15.11) 
When Eq. 15.11 holds, 
(We as @.2) ~ Weds 


and the transfer function for the cascaded bandpass filter in 
Eq. 15.10 becomes 


—Ko 28 
H(s) = ————_*—-. 
s+ O98 + W402 


Once we confirm that Eq. 15.11 holds for the cutoff frequencies spec- 
ified for the desired bandpass filter, we can design each stage of the cas- 
caded circuit independently and meet the filter specifications. We 


compute the values of R,; and C, in the low-pass filter to give us the 
desired upper cutoff frequency, w,: 

1 
RC, 


(15.12) 


Oo? = 


We compute the values of R;, and C,, in the high-pass filter to give us the 

desired lower cutoff frequency, w,1: 

ol 
Ryu 


Wr1 (15.13) 

Now we compute the values of K; and Ry in the inverting amplifier 
to provide the desired passband gain. To do this, we consider the magni- 
tude of the bandpass filter’s transfer function, evaluated at the center 
frequency, w,: 


; —Ko,o(jo,) 
|H(jo,)| = eee LL 
Vj Wy) + w2(j W,) 5 (M2 
= Ka.» 
. M2 
= K. (15.14) 


Recall from Chapter 5 that the gain of the inverting amplifier is 
R, /R;. Therefore, 


Go.) = 
H (ja,) a 


t 


(15.15) 


Any choice of resistors that satisfies Eq. 15.15 will produce the desired 
passband gain. 

Example 15.5 illustrates the design process for the cascaded band- 
pass filter. 


Example ‘Eee Designing a Broadband Bandpass Op Amp Filter 


Design a bandpass filter for a graphic equalizer to 
provide an amplification of 2 within the band of fre- 
quencies between 100 and 10,000 Hz. Use 0.2 uF 
capacitors. 


Solution 


We can design each subcircuit in the cascade and 
meet the specified cutoff frequency values only if 
Eq. 15.11 holds. In this case, @,.. = 100w,;, so we can 
say that a. >> we. 

Begin with the low-pass stage. From Eq. 15.12, 
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Next, we turn to the high-pass stage. From Eq. 15.13, 


1 
WO., = RuCi = 27 (100), 


1 


ne [27(100)](0.2 x 10) 


= 7958 Q. 


1 
w.9 = ——— = 27(10000), 


R,Cy 
1 
Ra aa ee 
[27r(10000)](0.2 x 10°) 
=~ 80. 


Finally, we need the gain stage. From Eq. 15.15, we 
see there are two unknowns, so one of the resistors 
can be selected arbitrarily. Let’s select a 1 kf resis- 
tor for R;. Then, from Eq. 15.15, 


Ry = 2(1000) 


= 2000 Q = 2k. 
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The resulting circuit is shown in Fig. 15.11. We 
leave to you to verify that the magnitude of this cir- 
cuit’s transfer function is reduced by 1/2 at both 
cutoff frequencies, verifying the validity of the 
assuMption @.. >> w,1. 


0.2 uF 


7958 QD 2kQ 


7958 (), 0:2 BF 


Figure 15.11 A The cascaded op amp bandpass filter designed in Example 15.5. 


We can use a component approach to the design of op amp bandreject 
filters too, as illustrated in Fig. 15.12. Like the bandpass filter, the band- 
reject filter consists of three separate components. There are important 
differences, however: 


1. The unity-gain low-pass filter has a cutoff frequency of w,;, which is 
the smaller of the two cutoff frequencies. 


2. The unity-gain high-pass filter has a cutoff frequency of w,2, which 
is the larger of the two cutoff frequencies. 


3. The gain component provides the desired level of gain in 
the passbands. 
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Figure 15.12 A Constructing the Bode magnitude plot of a bandreject filter. 


The most important difference is that these three components cannot 
be cascaded in series, because they do not combine additively on the Bode 
plot. Instead, we use a parallel connection and a summing amplifier, as 
shown both in block diagram form and as a circuit in Fig. 15.13. Again, it is 
assumed that the two cutoff frequencies are widely separated, so that the 
resulting design is a broadband bandreject filter, and w.. >> w,;. Then 
each component of the parallel design can be created independently, and 
the cutoff frequency specifications will be satisfied. The transfer function 
of the resulting circuit is the sum of the low-pass and high-pass filter trans- 
fer functions. From Fig. 15.13(b), 


(-=) Tea, 8 

R; Ss + Wet S + W.2 

az a8 + 2) + s(s + “)) 
R; (s + W)(s + @,2) 


H(s) 


Refs? + 20.48 + e 
a(n eae set 2) (15.16) 


R; (s — W.)(5 oe 2) 
Using the same rationale as for the cascaded bandpass filter, the two 


cutoff frequencies for the transfer function in Eq. 15.16 are w,, and @,2 
only if w.7 >> w,;. Then the cutoff frequencies are given by the equations 


1 
e0 (15.18) 
@.2 RuCy . ° 


Figure 15.13 A A parallel op amp bandreject filter. (a) The block diagram. (b) The circuit. 
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In the two passbands (as s > 0 and s — oo), the gain of the transfer func- 
tion is Ry /R;. Therefore, 
Ry 
K=—. 15.19 
R, (15.19) 
As with the design of the cascaded bandpass filter, we have six unknowns 
and three equations. Typically we choose a commercially available capacitor 
value for C; and Cj,. Then Eqs. 15.17 and 15.18 permit us to calculate R; 
and R,, to meet the specified cutoff frequencies. Finally, we choose a value 
for either Ry or R; and then use Eq. 15.19 to compute the other resistance. 
Note the magnitude of the transfer function in Eq. 15.16 at the center 
frequency, w, = Vo, @2: 


lH (jw = x (ja) a 20.1 (jw.) at D.{Do2 ) 
: (jw) n (W.1 a @.2)(J@o) za D1 Meo 
Re 2m 
Ri a + @2 
ek 201 
: (15.20) 
~ R; We2 


If We. >> w,), then |H(jo,)| << 2Ry/R; (as w,.4/@.2 << 1), 80 the magni- 
tude at the center frequency is much smaller than the passband magnitude. 
Thus the bandreject filter successfully rejects frequencies near the center 
frequency, again confirming our assumption that the parallel implementa- 
tion is meant for broadband bandreject designs. 

Example 15.6 illustrates the design process for the parallel band- 
reject filter. 


a2 cluicm@eeem Designing a Broadband Bandreject Op Amp Filter 


Design a circuit based on the parallel bandreject op 20 

amp filter in Fig. 15.13(b). The Bode magnitude 

response of this filter is shown in Fig. 15.14. Use 15 

0.5 wF capacitors in your design. . 
;: 6.54 

Solution 5 


|H(jo)| dB 
| 
A 


| 
— 
— 


bands. Thus, w,.2 = 20w,;, so we make the assump- 

tion that w,.. >> w,,;. Begin with the prototype 

frequency scale factor ky is 100, which shifts the cut- ge HHH HTH 
off frequency from 1 rad/s to 100 rad/s. The magni- 90 


i 
From the Bode magnitude plot in Fig. 15.14, we see iil PNihy eal 
that the bandreject filter has cutoff frequencies of 0 HH 

100 rad/s and 2000 rad/s and a gain of 3 in the pass- i i 

low-pass filter and use scaling to meet the specifica- 

tions for cutoff frequency and capacitor value. The 

tude scale factor k,, is 20,000, which permits the use a aa alll 
of a 0.5 uF capacitor. Using these scale factors 


=25 
results in the following scaled component values: 
—30 
R, = 20kQ, 10 50 100 500 1000 5000 10,000 


w (rad/s) 


Figure 15.14 A The Bode magnitude plot for the circuit to be designed 
C, = 0.5 pF. in Example 15.6. 


The resulting cutoff frequency of the low-pass filter 
component is 
ee | 

R,Cy, 


We} 


1 
~ (20 X 10°)(0.5 x 10°) 


= 100 rad/s. 


We use the same approach to design the high- 
pass filter, starting with the prototype high-pass op 
amp filter. Here, the frequency scale factor is 
k, = 2000, and the magnitude scale factor is 
k,, = 1000, resulting in the following scaled com- 
ponent values: 


Ry = 1kQ, 
Cy = 0.5 BF. 
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Finally, because the cutoff frequencies are 
widely separated, we can use the ratio R-/R; to 
establish the desired passband gain of 3. Let’s choose 
R; = 1kQ, as we are already using that resistance 
for Ry. Then Ry = 3kQ, and K = R,/R) = 
3000/1000 = 3. The resulting parallel op amp band- 
reject filter circuit is shown in Fig. 15.15. 

Now let's check our assumption that 
@.. >> w., by calculating the actual gain at the 
specified cutoff frequencies. We do this by making 
the substitutions s = j27(100) and s = j27(2000) 
into the transfer function for the parallel bandreject 
filter, Eq. 15.16 and calculating the resulting magni- 
tude. We leave it to the reader to verify that the 
magnitude at the specified cutoff frequencies is 
2.024, which is less than the magnitude of 
3/V2 = 2.12 that we expect. Therefore, our reject- 
ing band is somewhat wider than specified in the 
problem statement. 


Figure 15.15 A The resulting bandreject filter circuit designed in Example 15.6. 


NOTE: Assess your understanding of this material by trying Chapter Problems 15.30 and 15.31. 


15.4 Higher Order Op Amp Filters 


You have probably noticed that all of the filter circuits we have exam- 
ined so far, both passive and active, are nonideal. Remember from 
Chapter 14 that an ideal filter has a discontinuity at the point of cutoff, 
which sharply divides the passband and the stopband. Although we can- 
not hope to construct a circuit with a discontinuous frequency response, 
we can construct circuits with a sharper, yet still continuous, transition at 
the cutoff frequency. 
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Cascading Identical Filters 


How can we obtain a sharper transition between the passband and the 
stopband? One approach is suggested by the Bode magnitude plots in 
Fig. 15.16. This figure shows the Bode magnitude plots of a cascade of 
identical prototype low-pass filters and includes plots of just one filter, two 
in cascade, three in cascade, and four in cascade. It is obvious that as more 
filters are added to the cascade, the transition from the passband to the 
stopband becomes sharper. The rules for constructing Bode plots (from 
Appendix E) tell us that with one filter, the transition occurs with an 
asymptotic slope of 20 decibels per decade (dB/dec), Because circuits in 
cascade are additive on a Bode magnitude plot, a cascade with two filters 
has a transition with an asymptotic slope of 20 + 20 = 40 dB/dec; for 
three filters, the asymptotic slope is 60 dB/dec. and for four filters, it is 
80 dB/dec. as seen in Fig. 15.16. 

In general. an n-element cascade of identical low-pass filters will transi- 
tion from the passband to the stopband with a slope of 20n dB/dec. Both 
the block diagram and the circuit diagram for such a cascade are shown in 
Fig. 15.17. It is easy to compute the transfer function for a cascade of #2 pro- 
totype low-pass filters—we just multiply the individual transfer functions: 


=] = cat | 
fe (- + ae + Jen(; + ) 


= (-1)" 
(s+ 1" 


(15.21) 


The order of a filter is determined by the number of poles in its trans- 
fer function. From Eq. 15.21, we see that a cascade of first-order low-pass 
filters yields a higher order filter. In fact, a cascade of n first-order filters 
produces an th-order filter, having 1 poles in its transfer function and a 
final slope of 202 dB/dec in the transition band. 
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Figure 15.16 A The Bode magnitude plot of a cascade of identical 
prototype first-order filters. 
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v, Low-pass filter Low-pass filter wee Low-pass filter D,, 


(b) 
Figure 15.17 A A cascade of identical unity-gain low-pass filters. (a) The block diagram. (b) The circuit. 


There is an important issue yet to be resolved, as you will see if you 
look closely at Fig. 15.16. As the order of the low-pass filter is increased by 
adding prototype low-pass filters to the cascade, the cutoff frequency also 
changes. For example, in a cascade of two first-order low-pass filters, the 
magnitude of the resulting second-order filter at w, is —6 dB, so the cutoff 
frequency of the second-order filter is not w,. In fact, the cutoff frequency 
is less than w,. 

As long as we are able to calculate the cutoff frequency of the higher 
order filters formed in the cascade of first-order filters, we can use fre- 
quency scaling to calculate component values that move the cutoff fre- 
quency to its specified location. If we start with a cascade of n prototype 
low-pass filters, we can compute the cutoff frequency for the resulting 
nth-order low-pass filter. We do so by solving for the value of w,,, that results 


in |H(jw)| = 1/-V2: 


(-1)" 
BO (s + 1)" 
1 1 
H(jw,,)| = |-———~| = —, 
| (Je%en)| (Jorn, of = V2 
1 1 


(Vk, #1 V2 


y= 
I 
S 
| 


(15.22) 


To demonstrate the use of Eq. 15.22, let’s compute the cutoff fre- 
quency of a fourth-order unity-gain low-pass filter constructed from a cas- 
cade of four prototype low-pass filters: 


w.4 = V V2 —1 = 0.435 rad/s. (15.23) 
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Thus, we can design a fourth-order low-pass filter with any arbitrary cutoff 
frequency by starting with a fourth-order cascade consisting of prototype 
low-pass filters and then scaling the components by ky = w,/0.435 to 
place the cutoff frequency at any value of w, desired. 

Note that we can build a higher order low-pass filter with a 
nonunity gain by adding an inverting amplifier circuit to the cascade. 
Example 15.7 illustrates the design of a fourth-order low-pass filter 
with nonunity gain. 


Design a fourth-order low-pass filter with a cutoff 
frequency of 500 Hz and a passband gain of 10. Use 
1 wF capacitors. Sketch the Bode magnitude plot 
for this filter. 


Solution 


We begin our design with a cascade of four proto- 
type low-pass filters. We have already used 
Eq. 15.23 to calculate the cutoff frequency for the 
resulting fourth-order low-pass filter as 0.435 rad/s. 
A frequency scale factor of kp = 7222.39 will scale 
the component values to give a 500 Hz cutoff fre- 
quency. A magnitude scale factor of k,, = 138.46 
permits the use of 1 uF capacitors. The scaled com- 
ponent values are thus 


R = 138.460; C= 1pF. 


1 pF 


138.46 


u(*) 


1 uF 


138.46 0 


ae nol 


Designing a Fourth-Order Low-Pass Op Amp Filter 


Finally, add an inverting amplifier stage with a gain 
of Ry/R; = 10. As usual, we can arbitrarily select one 
of the two resistor values. Because we are already 
using 138.46 C resistors, let R; = 138.46 0; then, 


R, = 10R; = 1384.6 Q. 


The circuit for this cascaded the fourth-order 
low-pass filter is shown in Fig. 15.18. It has the 
transfer function 


7222.39 = ‘|4 
s + 7222.39 | ° 


H(s) = -10] 


The Bode magnitude plot for this transfer func- 
tion is sketched in Fig. 15.19. 


1 wF 1 pF 


138.46 0 138.46 O 


138.46 0 ~— 138.46 0 Pe 138.46 0 


138.46 2 


DY 
vo 
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Figure 15.18 A The cascade circuit for the fourth-order low-pass filter designed in Example 15.7. 
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Figure 15.19 A The Bode magnitude plot for the fourth-order low-pass 


filter designed in Example 15.7. 
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By cascading identical low-pass filters, we can increase the asymptotic 
slope in the transition and control the location of the cutoff frequency, but 
our approach has a serious shortcoming: The gain of the filter is not con- 
stant between zero and the cutoff frequency w,. Remember that in an 
ideal low-pass filter, the passband magnitude is 1 for all frequencies below 
the cutoff frequency. But in Fig. 15.16, we see that the magnitude is less 
than 1 (0 dB) for frequencies much less than the cutoff frequency. 

This nonideal passband behavior is best understood by looking at the 
magnitude of the transfer function for a unity-gain low-pass nth-order cas- 
cade. Because 


aw" 
H(s) = ——“*_., 
( ) (s a Wen)” 


the magnitude is given by 


LEGO) ay 
(ar 


= (15.24) 


(Vielen? +1) 


As we can see from Eq. 15.24, when w << w,,,, the denominator is 
approximately 1, and the magnitude of the transfer function is also nearly 1. 
But as w — w,,, the denominator becomes larger than 1,so the magnitude 
becomes smaller than |. Because the cascade of low-pass filters results in 
this nonideal behavior in the passband, other approaches are taken in the 
design of higher order filters. One such approach is examined next. 
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Butterworth Filters 


A unity-gain Butterworth low-pass filter has a transfer function whose 
magnitude is given by 


1 


4 /} 4 (w/w,)"" 


where n is an integer that denotes the order of the filter.! 
When studying Eq. 15.25, note the following: 


|H(jo)| = (15.25) 


1. The cutoff frequency is w, rad/s for all values of x. 


2. If n is large enough, the denominator is always close to unity when 
wo < @,. 


3. In the expression for |H(jw)|, the exponent of w/w, is always even. 


This last observation is important, because an even exponent is required 
for a physically realizable circuit (see Problem 15.26). 

Given an equation for the magnitude of the transfer function, how do 
we find H(s)? The derivation for H(s) is greatly simplified by using a proto- 
type filter. Therefore, we set w, equal to 1 rad/s in Eq. 15.25. As before, we 
will use scaling to transform the prototype filter to a filter that meets the 
given filtering specifications. 

To find A(s), first note that if N is a complex quantity, then 
|N|* = NN*, where N° is the conjugate of N. It follows that 


|H(jo)|* = H(jo)H(—jo). (15.26) 
But because s = jw, we can write 
|H(jw)|? = H(s)H(-s). (15.27) 
Now observe that s* = —w*. Thus, 
| (jw)? = —. 
1+ w” 
1 
1 
1 


ee (-1 vist , 
Or 


1 


H(s)H(-s) = 1+ (pie 


(15.28) 


The procedure for finding H(s) for a given value of n is as follows: 
1. Find the roots of the polynomial 
1 + (-1)"s" = 0. 
2. Assign the left-half plane roots to H(s) and the right-half plane 
roots to H(—s). 
3. Combine terms in the denominator of AH(s) to form first- and 
second-order factors. 


Example 15.8 illustrates this process. 


! This filter was developed by the British engincer S. Butterworth and reported in Wireless 
Engineering 7 (1930): 536-541. 


Find the Butterworth transfer functions for n = 2 
and n = 3. 


Solution 


For # = 2, we find the roots of the polynomial 
1+ (-1)s* = 0. 


Rearranging terms, we find 


Therefore, the four roots are 


8 = 1/45° = 1/-V2 + j/-V2, 


sy = 1/135° = -1/V2 + j/v2, 
8, = 1/225° = -1/V2 + —j/-V2, 
sy = 1/315° = 1/V2 + -j/-V72. 


Roots sz and 53 are in the left-half plane. Thus, 


It 


Me) (s + 1/V2 - j/V2)\(s + 1/V2 + j/V2) 


1 
(52 + V25 +1) 


For n = 3, we find the roots of the polynomial 


1 + (-1)'s° = 0. 
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> ehilytcmee-m Calculating Butterworth Transfer Functions 


Rearranging terms, 


Therefore, the six roots are 


Sy} _ 1/0° = 1, 
sy = 1/60° = 1/2 + jV3/2, 
$3 = 1/120° = -1/2 + jV3/2, 


sy = 1/180° = -1 + j0, 


= 1/240° = -1/2 + -j-v3/2. 


“ 
wn 
| 


so = 1/300° = 1/2 + -j-V3/2. 
Roots s3, 54, and ss are in the left-half plane. Thus, 


l 
(s + 1)(s + 1/2 — jV3/2)(s + 1/2 + j-V3/2) 


1 
(s+ 1s? +541) 


H(s) = 


We note in passing that the roots of the 
Butterworth polynomial are always equally spaced 
around the unit circle in the s plane. To assist in the 
design of Butterworth filters, Table 15.1 lists the 
Butterworth polynomials up to n = 8. 


TABLE 15.1 Normalized (so that w, = 1 rad/s) Butterworth Polynomials up to the Eighth Order 

n nth-Order Butterworth Polynomial 

(s + 1) 
(s? + V2s + 1) 
(s + 1)(s? + 5 + 1) 

(s? + 0.7655 + 1)(s? + 1.8485 + 1) 
(s + 1)(s? + 0.6185 + 1)(s? + 1.6185 + 1) 
6 (s? + 0.5188 + 1)(s? + V2 + 1)(s? + 1.9328 + 1) 
7 (s + 1)(s? + 0.4455 + 1)(s? + 1.2475 + 1)(s? + 1.8025 + 1) 
(+:0390s 4:1) + 11s + 1)t + 1.66635 + 1)(s* + 1.9628 + 1) 


Now that we know how to specify the transfer function for a Butterworth 
filter circuit (either by calculating the poles of the transfer function directly 
or by using Table 15.1), we turn to the problem of designing a circuit with 
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Figure 15.21 A A circuit that provides the second-order 
transfer function for the Butterworth filter cascade. 


such a transfer function. Notice the form of the Butterworth polynomials 
in Table 15.1. They are the product of first- and second-order factors; 
therefore, we can construct a circuit whose transfer function has a 
Butterworth polynomial in its denominator by cascading op amp circuits, 
each of which provides one of the needed factors. A block diagram of such 
a cascade is shown in Fig. 15.20, using a fifth-order Butterworth poly- 
nomial as an example. 

All odd-order Butterworth polynomials include the factor (s + 1), 
so all odd-order Butterworth filter circuits must have a subcircuit that 
provides the transfer function H(s) = 1/(s + 1). This is the transfer 
function of the prototype low-pass op amp filter from Fig. 15.1. So what 
remains is to find a circuit that provides a transfer function of the form 
H(s) = 1/(s? + bys + 1). 

Such a circuit is shown in Fig. 15.21. The analysis of this circuit begins 
by writing the s-domain nodal equations at the noninverting terminal] of 
the op amp and at the node labeled V,: 


Vigo, Vv, — Vv 
a + (V, — V,)sC, + ae 0, (15.29) 
Vo — JV. 
V,sC> + a ae = 0), (15.30) 


Simplifying Eqs. 15.29 and 15.30 yields 
(2 + RC\s)V, are (1 + RC\s)V, = 7 (15.31) 


~V, + (1 + RQs)V, = 0. (15.32) 


Using Cramer’s rule with Eqs. 15.31 and 15.32, we solve for V,,: 


2+RC\s V; 
=) ) 
2+RC\s —(1+RC\s) 

=] 1+RC os 


Vi 


= Soy a 15.33 
R°C Cos" + 2RCos + 1 Mere! 


Then, rearrange Eq. 15.33 to write the transfer function for the circuit in 
Fig. 15.21: 


1 
H(s) = oe RCC, 
a (15.34) 
Yi + ——s + 
RC, = R°C,C, 


Zz ol +0 sew ie 


Figure 15.20 & A cascade of first- and second-order circuits with the indicated transfer 
functions yielding a fifth-order low-pass Butterworth filter with w, = 1 rad/s. 


Finally, set R = 1 0 in Eg. 15.34; then 


1 
C,C 
H(s) = V2 (15.35) 
24s + 
Gr Ce 


Note that Eq. 15.35 has the form required for the second-order circuit 
in the Butterworth cascade. In other words, to get a transfer function of 
the form 


1 


FS). = eae ees 
(s) etbhst+1 


we use the circuit in Fig. 15.21 and choose capacitor values so that 


2 1 
b, = — a 41S ; 
a ota GG 


(15.36) 


We have thus outlined the procedure for designing an nth-order 
Butterworth low-pass filter circuit with a cutoff frequency of w, = 1 rad/s 
and a gain of 1 in the passband. We can use frequency scaling to calculate 
revised capacitor values that yield any other cutoff frequency, and we can 
use magnitude scaling to provide more realistic or practical component 
values in our design. We can cascade an inverting amplifier circuit to pro- 
vide a gain other than 1 in the passband. 
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Example 15.9 illustrates this design process. 


Sluice Designing a Fourth-Order Low-Pass Butterworth Filter 


Design a fourth-order Butterworth low-pass filter 
with a cutoff frequency of 500 Hz and a passband 
gain of 10. Use as many 1 kQ resistors as possible. 
Compare the Bode magnitude plot for this 
Butterworth filter with that of the identical cascade 
filter in Example 15.7. 


Solution 


From Table 15.1, we find that the fourth-order 
Butterworth polynomial is 


(s? + 0.765s + 1)(s? + 1.8485 + 1). 


We will thus need a cascade of two second-order fil- 
ters to yield the fourth-order transfer function plus 
an inverting amplifier circuit for the passband gain 
of 10. The circuit is shown in Fig. 15.22. 

Let the first stage of the cascade implement 
the transfer function for the polynomial 
(s? + 0.7655 + 1). From Eq. 15.36, 


Cy = 2.61 F, 


C, = 0.38 F. 


Let the second stage of the cascade implement 
the transfer function for the polynomial 
(s? + 1.8485 + 1). From Eq. 15.36, 

C; = 1.08 F, 


C4 


0.924 F. 


The preceding values for C,, Cy, C3, and C4 
yield a fourth-order Butterworth filter with a cutoff 
frequency of 1 rad/s. A frequency scale factor of 
ky = 3141.6 will move the cutoff frequency to 
500 Hz. A magnitude scale factor of k,, = 1000 will 
permit the use of 1k resistors in place of 10 
resistors. The resulting scaled component values are 


R=1kQ, 

C, = 831 nF, 
C) = 121 nF, 
C; = 344 nF, 
C, = 294 nF. 
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Finally, we need to specify the resistor values in the we just designed. Note that both filters provide a 

inverting amplifier stage to yield a passband gain passband gain of 10 (20 dB) and a cutoff frequency 

of 10. Let R,; = 1kQ:; then of 500 Hz, but the Butterworth filter is closer to an 

= = ideal low-pass filter due to its flatter passband and 

Bp UR IE steeper rolloff at the cutoff frequency. Thus, the 

Figure 15.23 compares the magnitude Butterworth design is preferred over the identical 
responses of the fourth-order identical cascade fil- cascade design. 


ter from Example 15.7 and the Butterworth filter 


|H(if)| dB 
Cc 


-10 


—20 


30 
10 50 100 500 1000 500010,000 
f (Hz) 


Figure 15.23 A A comparison of the magnitude responses for a 
fourth-order low-pass filter using the identical cascade and Butterworth 
designs. 


The Order of a Butterworth Filter 


It should be apparent at this point that the higher the order of the 
Butterworth filter, the closer the magnitude characteristic comes to that of 
an ideal low-pass filter. In other words, as 7 increases, the magnitude stays 
close to unity in the passband, the transition band narrows, and the magni- 
tude stays close to zero in the stopband. At the same time, as the order 
increases, the number of circuit components increases. It follows then that 


a fundamental problem in the design of a filter is to determine the small- 
est value of 7 that will meet the filtering specifications. 

In the design of a low-pass filter, the filtering specifications are usually 
given in terms of the abruptness of the transition region, as shown in 
Fig. 15.24. Once A,, w,, A,, and w, are specified, the order of the 
Butterworth filter can be determined. 

For the Butterworth filter, 


A, = 20 log, Q 


P 


1 
Vit wr 


—10 logia(1 + we"), (15.37) 


= 
| 


1 
= 20 log;7———— 
10 +. wit + wr 


= —10 logyo(1 + w2"). (15.38) 


It follows from the definition of the logarithm that 


1070140 = 1 + wi, (15.39) 
10° !A = 1 + we”, (15.40) 


Now we solve for w/, and w; and then form the ratio (w,/w,)". We gel 


Gal 1970.14. ae | O, 
=) = = —, (15.41) 


Wp 10701 Ap =a Tp 
where the symbols o, and o, have been introduced for convenience. 
From Eq. 15.41 we can write 
n logiy(@;/@p) = logyy(os/o'p), 
or 


= : 15.42 
login(@;/@p) \ 


We can simplify Eq. 15.42 if w, is the cutoff frequency, because then A, 
equals —20 logy) V2, and a, = 1. Hence 


loging, 
De ee ar ee 
logio(@;/@p) 


One further simplification is possible. We are using a Butterworth fil- 
ter to achieve a steep transition region. Therefore, the filtering specifica- 
tion will make 10°°'4: >> 1. Thus 


(15.43) 


a, & LOA, (15.44) 


—0.05A,. (15.45) 


2 


login os 


Therefore, a good approximation for the calculation of # is 


—().05 A, eae 
LSS : 
10g1(@,;/@,) 
Note that w,/@, = f,/f,.8o we can work with either radians per second or 
hertz to calculate n. 
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Figure 15.24 A Defining the transition region for a 
low-pass filter. 
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The order of the filter must be an integer; hence, in using either 
Eq. 15.42 or Eq. 15.46, we must select the nearest integer value greater 
than the result given by the equation. The following examples illustrate 
the usefulness of Eqs. 15.42 and 15.46. 


Scilicm eee eem Determining the Order of a Butterworth Filter 


a) Determine the order of a Butterworth filter that 
has a cutoff frequency of 1000 Hz and a gain of 
no more than —50 dB at 6000 Hz. 


b) What is the actual gain in dB at 6000 Hz? 


Solution 


a) Because the cutoff frequency is given, we know 
a, = 1. We also note from the specification that 


1078-5) is much greater than 1. Hence, we can 
use Eq. 15.46 with confidence: 


(—0.05)(—50) 
n= ~~ = 3.21. 
Therefore, we need a fourth-order Butterworth 
filter. 
b) We can use Eq. 15.25 to calculate the actual gain 
at 6000 Hz. The gain in decibels will be 


| 
K = 201 ———_ ] = — 62.25 cB. 


a) Determine the order of a Butterworth filter 
whose magnitude is 10 dB less than the passband 
magnitude at 500 Hz and at least 60 dB less than 
the passband magnitude at 5000 Hz. 


b) Determine the cutoff frequency of the filter 
(in hertz). 

c) What is the actual gain of the filter (in decibels) 
at 5000 Hz? 


Solution 


a) Because the cutoff frequency is not given, we use 
Eq. 15.42 to determine the order of the filter: 


op S54 /4970-1(-10) —-l= 3, 


oa, = V108ICM — 1 = 1000, 
w,/%, = f/f » = 5000/500 = 10, 


log,,(1000/3 
t= logis) i 2 
logio(10) 


An Alternate Approach to Determining the Order of a Butterworth Filter 


Therefore we need a third-order Butterworth 
filter to meet the specifications. 


b) Knowing that the gain at 500 Hz is —10 dB, we can 
determine the cutoff frequency. From Eq. 15.25 we 
can write 

10 logy[1 + (w/w,)°] = -10, 


where w = 10002 rad/s. Therefore 


1 + (w/w,)® = 10, 


and 
ae. 
Cc V/9 
= 2178.26 rad/s. 
It follows that 
fe = 346.68 Hz. 


c) The actual gain of the filter at S000 Hz is 


K = ~10 logy[1 + (5000/346.68)*] 


—69.54 dB. 


I 


Butterworth High-Pass, Bandpass, and Bandreject Filters 


An nth-order Butterworth high-pass filter has a transfer function with the 
nth-order Butterworth polynomial in the denominator, just like the nth-order 
Butterworth low-pass filter. But in the high-pass filter, the numerator of the 
transfer function is s”, whereas in the low-pass filter, the numerator is 1. 
Again, we use a cascade approach in designing the Butterworth high-pass 
filter. The first-order factor is achieved by including a prototype high-pass 
filter (Fig. 15.4, with Ry = Ry. = 10, andC = 1 F) in the cascade. 

To produce the second-order factors in the Butterworth polynomial, 
we need a circuit with a transfer function of the form 


Such a circuit is shown in Fig. 15.25. 
This circuit has the transfer function 


Vo s 
H =—_= 15.47 
+ 7 
RoC R, RoC 
Setting C = 1 F yields 
— 
H(s) = i (15.48) 
Pt oe ols 
* "Ry RiRp 


Thus, we can realize any second-order factor in a Butterworth polynomial 
of the form (s* + bys + 1) by including in the cascade the second-order 
circuit in Fig. 15.25 with resistor values that satisfy Eq. 15.49: 


2 
d 1= 
Rete RiR 


(15.49) 


NO 


At this point, we pause to make a couple of observations relative to 
Figs. 15.21 and 15.25 and their prototype transfer functions 
1/(s? + bs + 1) and s?/(s? + b;s + 1). These observations are impor- 
tant because they are true in general. First, the high-pass circuit in Fig. 
15.25 was obtained from the low-pass circuit in Fig. 15.21 by interchanging 
resistors and capacitors. Second, the prototype transfer function of a high- 
pass filter can be obtained from that of a low-pass filter by replacing s in 
the low-pass expression with 1/s (see Problem 15.48). 

We can use frequency and magnitude scaling to design a Butterworth 
high-pass filter with practical component values and a cutoff frequency 
other than 1 rad/s. Adding an inverting amplifier to the cascade will 
accommodate designs with nonunity passband gains. The problems at the 
end of the chapter include several Butterworth high-pass filter designs. 

Now that we can design both nth-order low-pass and high-pass 
Butterworth filters with arbitrary cutoff frequencies and passband gains, 
we can combine these filters in cascade (as we did in Section 15.3) to pro- 
duce nth-order Butterworth bandpass filters. We can combine these filters 
in parallel] with a summing amplifier (again, as we did in Section 15.3) to 
produce nth-order Butterworth bandreject filters. This chapter’s problems 
also include Butterworth bandpass and bandreject filter designs. 
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Figure 15.25 A A second-order Butterworth high-pass 
filter circuit. 
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/ ASSESSMENT PROBLEM 


Objective 3—Understand how to use cascaded first- and second-order Butterworth filters 


15.4 For the circuit in Fig. 15.25, find values of R; Answer: R, = 0.7070, R, = 1.410. 
and R, that yield a second-order prototype 


Butterworth high-pass filter. 


NOTE: Also try Chapter Problems 15.36, 15.38 and 15.39. 


Figure 15.26 A An active high-Q bandpass filter. 


15.5 Narrowband Bandpass and 
Bandreject Filters 


The cascade and parallel component designs for synthesizing bandpass 
and bandreject filters from simpler low-pass and high-pass filters have the 
restriction that only broadband, or low-Q, filters will result. (The Q, of 
course, stands for quality factor.) This limitation is due principally to the 
fact that the transfer functions for cascaded bandpass and parallel band- 
reject filters have discrete real poles. The synthesis techniques work best 
for cutoff frequencies that are widely separated and therefore yield the 
lowest quality factors. But the largest quality factor we can achieve with 
discrete real poles arises when the cutoff frequencies, and thus the pole 
locations, are the same. Consider the transfer function that results: 


Hs) = ("= \(S,) 


SW, 
s* + 20.5 + 
0.5Bs 


Sioa, (15.50) 
s+ Bs + w, 


Eq. 15.50 is in the standard form of the transfer function of a bandpass filter, 
and thus we can determine the bandwidth and center frequency directly: 


B = 2w,, (15.51) 


w= we. (15.52) 


Q=z=—= =: (15.53) 


Thus with discrete real poles, the highest quality bandpass filter (or band- 
reject filter) we can achieve has Q = 1/2. 

To build active filters with high quality factor values, we need an op 
amp circuit that can produce a transfer function with complex conjugate 
poles. Figure 15.26 depicts one such circuit for us to analyze. At the invert- 
ing input of the op amp, we sum the currents to get 


Va = ms 
1/sC Rs 


15.5 
Solving for V ,, 
—Y, 
Y=. 15.54 
a SR3C ( ) 
At the node labeled a, we sum the currents to get 
Vie Va Va Vn Va a Va 
R, 1/sC I/sC Ry 
Solving for V;, 
V, = (1 + 2sR,C + Ri/R)V, — sR,CV,. (15.55) 


Substituting Eq. 15.54 into Eq. 15.55 and then rearranging, we get an 
expression for the transfer function V,/V;: 


-s§ 
RC 
H(s) = 9 Og (15.56) 
2 
alle So aseaaea eu 
R3C RegR3sC? 
where 
R,R2 
R., = R||Ro = ———. 
eq il 2 R, +4 Ry 


Since Eq. 15.56 is in the standard form of the transfer function for a 
bandpass filter, that is, 


we can equate terms and solve for the values of the resistors, which will 
achieve a specified center frequency (w,,), quality factor (Q), and passband 
gain (K): 


Z 
eee ae 15.57 
KB = aS (15.58) 
RC’ 
7 1 
wf = ——. (15.59) 
RegR3C 


At this point, it is convenient to define the prototype version of the 
circuit in Fig. 15.25 as a circuit in which w, = 1 rad/s and C = 1 F. Then 
the expressions for R,, R,, and R3 can be given in terms of the desired 
quality factor and passband gain. We leave you to show (in Problem 15.45) 
that for the prototype circuit, the expressions for R,;, Ry, and R; are 


R, = Q/K, 
R, = Q/(2Q’ — K), 
R; = 20. 


Scaling is used to specify practical values for the circuit components. This 
design process is illustrated in Example 15.12. 
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Designing a High-Q Bandpass Filter 


Design a bandpass filter, using the circuit in Fig. 15.26, 
which has a center frequency of 3000 Hz, a quality 
factor of 10, and a passband gain of 2. Use 0.01 pF 
capacitors in your design. Compute the transfer func- 
tion of your circuit, and sketch a Bode plot of its mag- 
nitude response. 


Solution 


Since Q = 10 and K = 2, the values for R,, Ro, 


and R; in the prototype circuit are Figure 15.27 A The high-Q bandpass filter designed in 


Example 15.12. 


R, a 10/2 = 5; 10 
dB (gain of 2) il 
R, = 10/(200 — 2) = 10/198, 5 
R; = 2(10) = 20. 0 
The scaling factors are ky = 60007 and _5 
k,, = 10° S/kp. After scaling, 
R, = 26.5 kQ, - —10 
— 
R = 268.0 9, 15 
& 
R; = 106.1 k2. —20 
The circuit is shown in Fig. 15.27. ~25 
Substituting the values of resistance and capac- | LLY TIN 
itance in Eq. 15.56 gives the transfer function for —30 f 
a |b 
ne —35 
3770s 
OS eee ae ‘ 
s* + 1885.0s + 355 X 10 —40 N 
It is easy to see that this transfer function meets the 0 de Se ee See 
specification of the bandpass filter defined in the J ANz) 
example. A Bode plot of its magnitude response is Figure 15.28 A The Bode magnitude plot for the high-Q bandpass filter 
sketched in Fig. 15.28. designed in Example 15.12. 


The parallel implementation of a bandreject filter that combines low- 
pass and high-pass filter components with a summing amplifier has the same 
low-Q restriction as the cascaded bandpass filter. The circuit in Fig. 15.29 is 
an active high-Q bandreject filter known as the twin-T notch filter because of 
the two T-shaped parts of the circuit at the nodes labeled a and b. 

We begin the analysis of this circuit by summing the currents away 
from node a: 


2(V, 7 aV,) = 


(V, — Vi)sC + (Va — Va)sC + R 


or 


V,[2sCR + 2] — V,[sCR + 20] = sCRV;. (15.60) 


15.5 


Figure 15.29 & A high-Q active bandreject filter. 


Summing the currents away from node b yields 


= MG 
at PEt + ~ o¥,)25C = 0 


or 
V, [2 + 2RCs] — V,[1 + 20RCs] = V;. (15.61) 


Summing the currents away from the noninverting input terminal of 
the top op amp gives 


Y= Vv 
(V, — V,)sC + ~—— 


= () 
R 


or 
—sRCV, — V, + (sRC + 1)V, = 0. (15.62) 


From Eggs. 15.60-15.62, we can use Cramer’s rule to solve for V,,: 


2(RCs + 1) 0 sCRV, 
0 2RCst+1) V, 
: —RCs -1 0 
° ~~ }a(RCs + 1) 0 ~(RCs + 20) 
0 2(RCs + 1) —(2aRCs + 1) 
—RCs -1 RCs +1 


(R°C?s* + 1)V; 


= 15.63 
R°C’s* + 4RC(1 — a)s +1 ( 
Rearranging Eq. 15.63, we can solve for the transfer function: 
s+ : ; 
V, RC 
HS) =. = (15.64) 


V; 401 —- oa) i : 
E + Re + RC 
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which is in the standard form for the transfer function of a bandreject filter: 


s+ wh 
H(s) = >. (15.65) 
So + Bs + Wh 
Equating Eqs. 15.64 and 15.65 gives 
2 (15.66) 
Wo =~ 59> . 
RC 
B <= RC 5 ( . ) 


In this circuit, we have three parameters (R, C, and o) and two design 
constraints (w, and 8). Thus one parameter is chosen arbitrarily; it is usu- 
ally the capacitor value because this value typically provides the fewest 
commercially available options. Once C is chosen, 


RS (15.68) 
and 


= a ore 
c= 1 ra =] 40° (15.69) 


Example 15.13 illustrates the design of a high-Q active bandreject filter. 


Designing a High-Q@ Bandreject Filter 


Design a high-Q active bandreject filter (based on Therefore we need resistors with the values 200 0 
the circuit in Fig. 15.29) with a center frequency of (R), 100 0 (R/2),190 0 (@R), and 10 O [C1 — o&)R]. 
5000 rad/s and a bandwidth of 1000 rad/s. Use 1 pF The final design is depicted in Fig. 15.30, and the 
capacitors in your design. Bode magnitude plot is shown in Fig. 15.31. 


Solution 


In the bandreject prototype filter, w, = 1 rad/s, 
R= 10, and C = 1F. As just discussed, once w, 
and Q are given, C can be chosen arbitrarily, and R 
and o can be found from Eqs. 15.68 and 15.69. From 
the specifications, Q = 5. Using Eqs. 15.68 and 
15.69, we see that 


R = 200 9. 


ao = 0.95. Figure 15.30 A The high-Q active bandreject filter designed in Example 15.13. 
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|H(jo)| dB 


—20 
1000 5000 10,000 50,000 100,000 
w (rad/s) 


Figure 15.31 A The Bode magnitude plot for the high-O active 
bandreject filter designed in Example 15.13. 


/ ASSESSMENT PROBLEMS 


Objective 4—Be able to use design equations to calculate component values for prototype narrowband, bandpass, 
and bandreject filters 


15.5 Design an active bandpass filter with Q = 8, 15.6 Design an active unity-gain bandreject filter 
K = 5,anda, = 1000 rad/s. Use 1 uF capaci- with w, = 1000 rad/s and Q = 4. Use 2 uF 
tors, and specify the values of all resistors. capacitors in your design, and specify the values 
of Randa. 
Answer: R, = 1.6k0, Ry = 65.040, R3 = 16k. Answer: R = 500 0,0 = 0.9375. 


NOTE: Also try Chapter Problem 15.60. 


Practical Perspective 


Bass Volume Control 
We now look at an op amp circuit that can be used to control the amplifica- 
tion of an audio signal in the bass range. The audio range consists of signals 
having frequencies from 20 Hz to 20 kHz. The bass range includes frequen- 
cies up to 300 Hz. The volume control circuit and its frequency response are 
shown in Fig. 15.32. The particular response curve in the family of response 
curves is selected by adjusting the potentiometer setting in Fig. 15.32(a). 
In studying the frequency response curves in Fig. 15.32(b) note the fol- 
lowing. First, the gain in dB can be either positive or negative. If the gain 
is positive a signal in the bass range is amplified or boosted. If the gain is 
negative the signal is attenuated or cut. Second, it is possible to select a 
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(a) 


(b) 


Figure 15.32 A (a) Bass volume control circuit; (b) Bass volume control circuit frequency response. 


I/sc, 


Figure 15.33 A The s-domain circuit for the bass 
volume control. Note that a determines the 
potentiometer setting, soO = a@ = 1. 


response characteristic that yields unity gain (zero dB) for all frequencies in 
the bass range. As we shall see, if the potentiometer is set at its midpoint, 
the circuit will have no effect on signals in the bass range. Finally, as the 
frequency increases, all the characteristic responses approach zero dB or 
unity gain. Hence the volume control circuit will have no effect on signals 
in the upper end or treble range of the audio frequencies. 

The first step in analyzing the frequency response of the circuit in 
Fig. 15.32(a) is to calculate the transfer function V,/V,. To facilitate this 
calculation the s-domain equivalent circuit is given in Fig. 15.33. The node 
voltages V, and V, have been labeled in the circuit to support node volt- 
age analysis. The position of the potentiometer is determined by the numer- 
ical value of a, as noted in Fig. 15.33. 

To find the transfer function we write the three node voltage equations 
that describe the circuit and then solve the equations for the voltage ratio 
V,/V,. The node voltage equations are 

V, V, ~~ V, 


——8 
(1 — a)R, Ry 


+ (V, = Vy)s Ci = 0; 


Vn ~ Vo 
Ry 
Va Vo 
SS 0, 
(1 rar a)R» aR, 
These three node-voltage equations can be solved to find V, as a function 
of V, and hence the transfer function H(s): 
Ye 7 —(R; + aR, + R,RoC\s) 
V; R, + (1 me a)R + R,RoC\s" 


I 
S 


Vo 
aR (V, = V,)s Cy + 


H(s) = 
It follows directly that 
—(R; + aR, + joR, RC) 
AO) = 
[R, ar ( ry a)R 7 JoR,RC,| 
Now let's verify that this transfer function will generate the family of fre- 
quency response curves depicted in Fig. 15.32(b). First note that when 
a = 0.5 the magnitude of H(jw) is unity for all frequencies, i.e., 
|R, + 0.5R> + JoR,R2C|| = 


|HGe)| = IR, + 0.5R, + joR,RoC\| 


15.5 


When w = 0 we have 


R, + aR, 


OO Ree = aR 


Observe that |H(j0)| at a = 1 is the reciprocal of |H(j0)| at a = 0, that is 
R, + Ro 1 

HOO. =—— 2 = 

ee Re TEGO) ze 


With a little thought the reader can see that the reciprocal relationship 
holds for all frequencies, not just w = 0. For example a = 0.4 anda = 0.6 
are symmetric with a = 0.5 and 


—(R, + 0.4R>) + JoR, RC, 


H(jw),<04 = 
(ano. (R, + 0.6Rz) + joR|RoC, 
while 
H(j ) _ —(R, + 0.6R>) + JoR, RC, 
IDLO OR EAR JORG. 
Hence 
1 
A (j@)q=04 = HGoak 


It follows that depending on the value of a the volume control circuit can 
either amplify or attenuate the incoming signal. 

The numerical values of R;,R2, and C; are based on two design deci- 
sions. The first design choice is the passband amplification or attenuation 
in the bass range (as w — 0). The second design choice is the frequency at 
which this passband amplification or attenuation is changed by 3 dB. The 
component values which satisfy the design decisions are calculated with a 
equal to either 1 or 0. 

As we have already observed, the maximum gain will be (R; + R)/R, 
and the maximum attenuation will be R;,/(R, + R2). If we assume 
(R,; + R2)/R; >> 1 then the gain (or attenuation) will differ by 3 dB 
from its maximum value when w = 1/R,C). This can be seen by noting that 


al; 1 _ Ri + Ry + iRil 
Coolie [Ri + jR 
R,+R 
eee 24 i 
_| & ~ 1 (Ait Ro 
~  |ft+fll~ v2\ Rt 
and 
[R, + jR,| 


a-o |R, + Ry + jRil 


- Je al ~ v3 R 
R, + Ro . | R, + Ry 
1 + 


R; 


ge) 


NOTE: Assess your understanding of this Practical Perspective by trying 
Chapter Problems 15.61 and 15.62. 
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Summary 


e 


Active filters consist of op amps, resistors, and capacitors. 
They can be configured as low-pass, high-pass, bandpass, 
and bandreject filters. They overcome many of the disad- 
vantages associated with passive filters. (See page 560.) 


A prototype low-pass filter has component values of 
R, = R, = 10 and C =1F, and it produces a unity 
passband gain and a cutoff frequency of 1 rad/s. The 
prototype high-pass filter has the same component val- 
ues and also produces a unity passband gain and a cut- 
off frequency of 1 rad/s. (See pages 561 and 562.) 


Magnitude scaling can be used to alter component val- 
ues without changing the frequency response of a circuit. 
For a magnitude scale factor of k,,, the scaled (primed) 
values of resistance, capacitance, and inductance are 


R'=k,,R, L' =k,,L, and C' = C/k,,. 
(See page 564.) 


Frequency scaling can be used to shift the frequency 
response of a circuit to another frequency region without 
changing the overall shape of the frequency response. 
For a frequency scale factor of ky, the scaled (primed) 
values of resistance, capacitance, and inductance are 


R= R, | L/ky, and C’ = C/kp. 
(See page 564.) 


Components can be scaled in both magnitude and fre- 
quency, with the scaled (primed) component values 
given by 


R'=k,,R, L' = (k,,/kp)L, and C' = C/(k,,Kp). 
(See page 564.) 


The design of active low-pass and high-pass filters can 
begin with a prototype filter circuit. Scaling can then be 
applied to shift the frequency response to the desired 
cutoff frequency, using component values that are com- 
mercially available. (See page 565.) 


An active broadband bandpass filter can be constructed 
using a cascade of a low-pass filter with the bandpass fil- 
ter’s upper cutoff frequency, a high-pass filter with the 
bandpass filter’s lower cutoff frequency, and (optionally) 
an inverting amplifier gain stage to achieve nonunity 
gain in the passband. Bandpass filters implemented in 
this fashion must be broadband filters (w,.. >> w,1), sO 
that the elements of the cascade can be specified inde- 
pendently of one another. (See page 568.) 


An active broadband bandreject filter can be con- 
structed using a parallel combination of a low-pass filter 
with the bandreject filter’s lower cutoff frequency and a 


high-pass filter with the bandreject filter’s upper cutoff 
frequency. The outputs are then fed into a summing 
amplifier, which can produce nonunity gain in the pass- 
band. Bandreject filters implemented in this way must 
be broadband filters (w.. => w,,), so that the low-pass 
and high-pass filter circuits can be designed independ- 
ently of one another. (See page 572.) 


Higher order active filters have multiple poles in their 
transfer functions, resulting in a sharper transition from 
the passband to the stopband and thus a more nearly 
ideal frequency response. (See page 573.) 


The transfer function of an nth-order Butterworth low- 
pass filter with a cutoff frequency of 1 rad/s can be 
determined from the equation 


1 


H(s)H(~s) = 14 (-1"s?" 


by 
« finding the roots of the denominator polynomial 
* assigning the left-half plane roots to H(s) 


¢ writing the denominator of H(s) as a product of first- 
and second-order factors 


(See page 578-579.) 


The fundamental problem in the design of a 
Butterworth filter is to determine the order of the filter. 
The filter specification usually defines the sharpness of 
the transition band in terms of the quantities A os Wy Ag, 
and w,. From these quantities, we calculate the smallest 
integer larger than the solution to either Eq. 15.42 or 
Eq. 15.46. (See page 583.) 


A cascade of second-order low-pass op amp filters 
(Fig. 15.21) with 1 © resistors and capacitor values cho- 
sen to produce each factor in the Butterworth poly- 
nomial will produce an even-order Butterworth low-pass 
filter. Adding a prototype low-pass op amp filter will pro- 
duce an odd-order Butterworth low-pass filter. (See 
page 581.) 


A cascade of second-order high-pass op amp [filters 
(Fig. 15.25) with 1 F capacitors and resistor values cho- 
sen to produce each factor in the Butterworth poly- 
nomial will produce an even-order Butterworth 
high-pass filter. Adding a prototype high-pass op amp 
filter will produce an odd-order Butterworth high-pass 
filter. (See page 585.) 


For both high- and low-pass Butterworth filters, fre- 
quency and magnitude scaling can be used to shift the 
cutoff frequency from 1 rad/s and to include realistic 
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component values in the design. Cascading aninverting -« Ifa high-Q, or narrowband, bandpass, or bandreject fil- 
amplifier will produce a nonunity passband gain. (See ter is needed, the cascade or parallel combination will 
page 580.) not work. Instead, the circuits shown in Figs. 15.26 and 
15.29 are used with the appropriate design equations. 
Typically, capacitor values are chosen from those com- 
mercially available, and the design equations are used 
to specify the resistor values. (See page 586.) 


¢ Butterworth low-pass and high-pass filters can be cas- 
caded to produce Butterworth bandpass filters of any 
order n. Butterworth low-pass and high-pass filters can 
be combined in parallel with a summing amplifier to 
produce a Butterworth bandreject filter of any order 7. 
(See page 585.) 


Problems 


Section 15.1 15.3 Repeat Problem 15.2, using the circuit shown in 


15.1 Find the transfer function V,/V; for the circuit Fig. P1S.3. 


shown in Fig. P15.1 if Z¢ is the equivalent imped- 
ance of the feedback circuit, Z; is the equivalent 
impedance of the input circuit, and the operational 
amplifier is ideal. 


Figure P15.3 


Figure P15.1 Ry 


15.4 Design an op amp-based low-pass filter with a cut- 
off frequency of 2500 Hz and a passband gain of 5 
using a 10) nF capacitor. 


a) Draw your circuit, labeling the component val- 


15.2 a) Use the results of Problem 15.1 to find the trans- ues and output voltage. 


fer function of the circuit shown in Fig. P15.2. b) If the value of the feedback resistor in the filter 
is changed but the value of the resistor in the 
forward path is unchanged, what characteristic 
of the filter is changed? 


b) What is the gain of the circuit as w > 0)? 
c) What is the gain of the circuit as w — 00? 


d) Do your answers to (b) and (c) make sense in 


tarmwor kagwarciet behavior! 15.5 The input to the low-pass filter designed in 


Problem 15.4 is 2 cos wt V. 
a) Suppose the power supplies are +V,,.. What is 
Figure P15.2 the smallest value of V,,. that will still cause the 
op amp to opcrate in its linear region? 
b) Find the output voltage when w = w,. 
c) Find the output voltage when w = 0.2w,. 
d) Find the output voltage when w = 5w,. 


15.6 a) Using the circuit in Fig. 15.1, design a low-pass 

oN. filter with a passband gain of 10 dB and a cutoff 
frequency of 1 kHz. Assume a 750 nF capacitor 
is available. 


b) Draw the circuit diagram and label all 
components. 
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15.9 
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DESIGN 
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a) Using only three components from Appendix H, 
design a low-pass filter with a cutoff frequency 
and passband gain as close as possible to the 
specifications in Problem 15.6(a). Draw the cir- 
cuit diagram and label all component values. 


b) Calculate the percent error in this new filter’s 
cutoff frequency and passband gain when com- 
pared to the values specified in Problem 15.6(a). 


Design an op amp-based high-pass filter with a cut- 
off frequency of 4 kHz and a passband gain of 8 
using a 250 nF capacitor. 


a) Draw your circuit, labeling the component val- 
ues and the output voltage. 


b) If the value of the feedback resistor in the filter 
is changed but the value of the resistor in the 
forward path is unchanged, what characteristic 
of the filter is changed? 


The input to the high-pass filter designed in 
Problem 15.8 is 250 cos wt mV. 


a) Suppose the power supplies are +V,,.. What is 
the smallest value of V... that will still cause the 
op amp to operate in its linear region? 

b) Find the output voltage when w = @,. 

c) Find the output voltage when w = 0.2. 

d) Find the output voltage when w = Sw. 


a) Use the circuit in Fig. 15.4 to design a high-pass 
filter with a cutoff frequency of 8 kHz and a 
passband gain of 14 dB. Use a 3.9 nF capacitor in 
the design. 


b) Draw the circuit diagram of the filter and label 
all the components. 


Using only three components from Appendix H, 

design a high-pass filter with a cutoff frequency and 

passband gain as close as possible to the specifica- 

tions in Problem 15.10. 

a) Draw the circuit diagram and label all compo- 
nent values. 

b) Calculate the percent error in this new filter’s cut- 
off frequency and passband gain when compared 
to the values specified in Problem 15.10(a). 


Section 15.2 


15.12 


The voltage transfer function for either high-pass 
prototype filter shown in Fig. P15.12 is 


H(s) = 


s+] 


Show that if either circuit is scaled in both magni- 
tude and frequency, the scaled transfer function is 


(s/Ky) 


a (s/k;) + 1 


Figure P15.12 
C=1F 


(b) 


15.13 The voltage transfer function of either low-pass 


prototype filter shown in Fig. P15.13 is 


l 
Ong 


Show that if either circuit is scaled in both magni- 
tude and frequency, the scaled transfer function is 


l 


WO Gye 


Figure P15.13 
R=10 


(b) 


15.14 The voltage transfer function of the prototype 


bandpass filter shown in Fig. P15.14 is 


H(s) = 


s+ (<)s + 1 


Show that if the circuit is scaled in both magnitude 
and frequency, the scaled transfer function is 


ONE) 
Banner 


H'(s) = 


15.15 a) Specify the component values for the prototype 
passive bandpass filter described in Problem 15.14 
if the quality factor of the filter is 20. 


b) Specify the component values for the scaled 
bandpass filter described in Problem 15.14 if 
the quality factor is 20; the center, or resonant, 
frequency is 40 krad/s; and the impedance at 
resonance is 5k. 


c) Draw a circuit diagram of the scaled filter and 
label all the components. 


15.16 An alternative to the prototype bandpass filter 
illustrated in Fig. P15.14 is to make w, = 1 rad/s, 
R=10Q,and L = Q henrys. 

a) What is the value of C in the prototype 
filter circuit? 

b) What is the 
prototype filter? 


transfer function of the 


c) Use the alternative prototype circuit just described 
to design a passive bandpass filter that has a qual- 
ity factor of 16, a center frequency of 25 krad/s, 
and an impedance of 10 k{. at resonance. 


d) Draw a diagram of the scaled filter and label all 
the components. 


e) Use the results obtained in Problem 15.14 to 
write the transfer function of the scaled circuit. 


15.17 The passive bandpass filter illustrated in Fig. 14.22 
besten has two prototype circuits. In the first prototype 
circuit, w, = 1rad/s, C=1F, 2=1H, and 
R=Qohms. In the second prototype circuit, 

w, = l1rad/s) R=10, C=Q_ farads, and 

L = (1/Q) henrys. 

a) Use one of these prototype circuits (your 
choice) to design a passive bandpass filter that 
has a quality factor of 25 and a center frequency 
of 50 krad/s. The resistor R is 40 kQ. 


b) Draw a circuit diagram of the scaled filter and 
label all components. 
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15.18 The transfer function for the bandreject filter 
shown in Fig. 14.28(a) is 


Show that if the circuit is scaled in both magnitude 
and frequency, the transfer function of the scaled 
circuit is equal to the transfer function of the 
unscaled circuit with s replaced by (s/k,), where kr 
is the frequency scale factor. 


15.19 Show that the observation made in Problem 15.18 
with respect to the transfer function for the circuit 
in Fig. 14.28(a) also applies to the bandreject filter 
circuit (lower one) in Fig. 14.31. 


15.20 The passive bandreject filter illustrated in 
Fig. 14.28(a) has the two prototype circuits shown 
in Fig. P15.20. 


a) Show that for both circuits, the transfer function is 
s* +1 


o+(Z\ser 
Q 


b) Write the transfer function for a bandreject fil- 
ter that has a center frequency of 50 krad/s and 
a quality factor of 5. 


H(s) = 


Figure P15.20 


/1\ 
\g/ 10 


15.21 The two prototype versions of the passive band- 
reject filter shown in Fig. 14.31 (lower circuit) are 
shown in Fig. P15.21(a) and (b). 

Show that the transfer function for either ver- 
sion is 


s+ 


s+ (4)s af: i 


H(s) = 
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Figure P15.21 


15.22 


15.23 


15.24 


15.25 


15.26 


15.27 


(b) 


The circuit in Fig. P13.22 is scaled so that the 10 
resistors are replaced by 1 kQ resistors and the 
1 F capacitor is replaced by a 200 nF capacitor. 


a) What is the scaled value of L? 
b) What is the expression for i, in the scaled circuit? 


Scale the circuit in Problem 13.31 so that the 50 0 
resistor is increased to 5 kQ and the frequency 

of the voltage response is increased by a factor of 
5000. Find i,,(¢). 


Scale the bandpass filter in Problem 14.22 so that 
the center frequency is 200 kHz and the quality fac- 
tor is still 8, using a 2.5 nF capacitor. Determine the 
values of the resistor, the inductor, and the two cut- 
off frequencies of the scaled filter. 


Scale the bandreject filter in Problem 14.35 to get a 
center frequency of S50 krad/s, using a 200 wH 
inductor. Determine the values of the resistor, the 
capacitor, and the bandwidth of the scaled filter. 


a) Show that if the low-pass filter circuit illustrated 
in Fig. 15.1 is scaled in both magnitude and fre- 
quency, the transfer function of the scaled circuit 
is the same as Eq. 15.1 with s replaced by s/k,, 
where k, is the frequency scale factor. 


b) In the prototype version of the low-pass filter 
circuit in Fig. 15.1, w, = 1 rad/s, C =1F, 
R, =10, and R, = 1/K ohms. What is the 
transfer function of the prototype circuit? 


c) Using the result obtained in (a), derive the 
transfer function of the scaled filter. 


a) Show that if the high-pass filter illustrated in 
Fig. 15.4 is scaled in both magnitude and fre- 
quency, the transfer function is the same as 
Eq. 15.4 with s replaced by s/k,;, where ky is the 
frequency scale factor. 


b) In the prototype version of the high-pass filter 
circuit in Fig. 15.4, w. = 1rad/s, R,; = 19, 
C = 1F,and R, = K ohms. What is the transfer 
function of the prototype circuit? 


c) Using the result in (a), derive the transfer func- 
tion of the scaled filter. 


Section 15.3 
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15.30 


15.31 


15.32 


a) Using 0.1 «F capacitors, design an active broad- 
band first-order bandpass filter that has a lower 
cutoff frequency of 1000 Hz, an upper cutoff fre- 
quency of 5000 Hz, and a passband gain of 0 dB. 
Use prototype versions of the low-pass and 
high-pass filters in the design process (see 
Probleims 15.26 and 15.27). 


b) Write the transfer function for the scaled filter. 


c) Use the transfer function derived in part (b) to 
find H(jw,), where , is the center frequency of 
the filter. 


What is the passband gain (in decibels) of the fil- 
ter at w,,? 


—* 


d 


—* 


e) Using acomputer program of your choice, make 
a Bode magnitude plot of the filter. 


a) Using 10 nF capacitors, design an active broad- 
band first-order bandreject filter with a lower 
cutoff frequency of 400 Hz, an upper cutoff 
frequency of 4000 Hz, and a passband gain of 
0 dB. Use the prototype filter circuits intro- 
duced in Problems 15.26 and 15.27 in the 
design process. 


b) Draw the circuit diagram of the filter and label 
all the components. 


c) What is the transfer function of the scaled filter? 

d) Evaluate the transfer function derived in (c) at 
the center frequency of the filter. 

e) What is the gain (in decibels) at 
center frequency? 


the 


f) Using a computer program of your choice, 
make a Bode magnitude plot of the filter trans- 
fer function. 


Design a unity-gain bandpass filter, using a cascade 
connection, to give a center frequency of 200 Hz 
and a bandwidth of 1000 Hz. Use 5 «F capacitors. 
Specify fe, feo, Ry, and Ry. 


Design a parallel bandreject filter with a center fre- 
quency of 1000 rad/s, a bandwidth of 4000 rad/s, 
and a passband gain of 6. Use 0.2 wF capacitors, and 
specify all resistor values. 


Show that the circuit in Fig. P15.32 behaves as a 
bandpass filter. (Hint—find the transfer function 
for this circuit and show that it has the same form as 


15.33 


the transfer function for a bandpass filter. Use the 
result from Problem 15.1.) 


a) Find the center frequency, bandwidth and gain 
for this bandpass filter. 


b) Find the cutoff frequencies and the quality for 
this bandpass filter. 


Figure P15.32 


10 uF 


For circuits consisting of resistors, capacitors, induc- 

tors, and op amps, | 1 (jw)|* involves only even pow- 

ers of w. To illustrate this, compute |H(jw)|? for the 
three circuits in Fig. P15.33 when 

H(s) = Mo 

Vv," 


Figure P15.33 


Problems 599 


Section 15.4 


15.34 


15.35 


15.36 


15.37 


15.38 


DESIGN 
PROBLEM 


The circuit in Fig. 15.21 has the transfer function 
given by Eq. 15.34. Show that if the circuit in 
Fig. 15.21 is scaled in both magnitude and fre- 
quency, the transfer function of the scaled circuit is 


oe 
R°C,C> 


( s . 2 ( s ) i 
ky RC, ky R°C\C) 


The purpose of this problem is to illustrate the 
advantage of an nth-order low-pass Butterworth fil- 
ter over the cascade of n identical low-pass sections 
by calculating the slope (in decibels per decade) of 
each magnitude plot at the corner frequency w,. To 
facilitate the calculation, let y represent the magni- 
tude of the plot (in decibels), and let x = logjqw. 
Then calculate dy/dx at w,. for each plot. 
a) Show that at the corner frequency 
(w. = 1 rad/s) of an nth-order low-pass proto- 
type Butterworth filter, 


i 
7 = -10n dB/dec. 


H'(s) = 


b) Show that for a cascade of n identical low-pass 
prototype sections, the slope at w, is 
dy — —20n(2'" — 1) 
ay = ol dB/dec. 
c) Compute dy/dx for each type of filter for 
n= 1,2,3,4, and oo. 


d) Discuss the significance of the results obtained 
in part (c). 


a) Determine the order of a low-pass Butterworth 
filter that has a cutoff frequency of 2000 Hz and 
a gain of no more than —30 dB at 7000 Hz. 


b) What is the actual gain, in decibels, at 7000 Hz? 


a) Write the transfer function for the prototype 
low-pass Butterworth filter obtained in 
Problem 15.36(a). 


b) Write the transfer function for the scaled filter 
in (a) (see Problem 15.34). 


c) Check the expression derived in part (b) by 
using it to calculate the gain (in decibels) at 
7000 Hz. Compare your result with that found in 
Problem 15.36(b). 


a) Using 1 k( resistors and ideal op amps, design a 
circuit that will implement the low-pass 
Butterworth filter specified in Problem 15.36. 
The gain in the passband is one. 


b) Construct the circuit diagram and label all com- 
ponent values. 


600 = Active Filter Circuits 


15.39 a) Using 10 oF capacitors and ideal op amps, 15.45 Show that if w, = 1 rad/s and C = 1 F in the cir- 
DESIGN design a high-pass unity-gain Butterworth filter cuit in Fig. 15.26, the prototype values of Rj, Ro, 


PROBLEM 


with a cutoff frequency of 2 kHz and a gain of no and R3 are 
more than —48 dB at 500 Hz. Q 
b) Draw a circuit diagram of the filter and label all Ri = K’ 
component values. 
R, = = > 
20°" K 


15.40 Verify the entries in Table 15.1 form = 5 andn = 6. 


15.46 a) Design a broadband Butterworth bandpass fil- 


15.41 The circuit in Fig. 15.25 has the transfer function eK ter with a lower cutoff frequency of 500 Hz and 


given by Eq. 15.47. Show that if the circuit is scaled PROBLEM 


in both magnitude and frequency, the transfer func- 
tion of the scaled circuit is 


atone 
kp RoC \ kg R,R>C? 


Hence the transfer function of a scaled circuit is 
obtained from the transfer function of an unscaled 
circuit by simply replacing s in the unscaled trans- 
fer function by s/ks, where k, is the frequency scal- 
ing factor. 


H'(s) = 


a) Using 1 k) resistors and ideal op amps, design a 
low-pass unity-gain Butterworth filter that has a 
cutoff frequency of 8 kHz and is down at least 
48 dB at 32 kHz. 


b) Draw a circuit diagram of the filter and label all 
the components. 


The high-pass filter designed in Problem 15.39 is 
cascaded with the low-pass filter designed in 
Problem 15.42. 


a) Describe the type of filter formed by this 
interconnection. 

b) Specify the cutoff frequencies, the mid- 
frequency, and the quality factor of the filter. 

c) Use the results of Problems 15.36 and 15.40 to 
derive the scaled transfer function of the filter. 


d) Check the derivation of (c) by using it to calculate 
H(jw,), where w, is the midfrequency of the filter. 


a) Use 20 nF capacitors in the circuit in Fig. 15.26 
to design a bandpass filter with a quality factor 
of 16, a center frequency of 6.4 kHz, and a pass- 
band gain of 20 dB. 


b) Draw the circuit diagram of the filter and label 
all the components. 


an upper cutoff frequency of 4500 Hz. The pass- 
band gain of the filter is 20 dB. The gain should 
be down at least 20 dB at 200 Hz and 11.25 kHz. 
Use 15 nF capacitors in the high-pass circuit and 
10 kQ resistors in the low-pass circuit. 


b) Draw a circuit diagram of the filter and label all 
the components. 


a) Derive the expression for the scaled transfer 
function for the filter designed in Problem 15.46. 


b) Using the expression derived in (a), find the gain 
(in decibels) at 200 Hz and 1500 Hz. 


c) Do the values obtained in part (b) satisfy the fil- 
tering specifications given in Problem 15.46? 


Derive the prototype transfer function for a sixth- 
order high-pass Butterworth filter by first writing 
the transfer function for a sixth-order prototype 
low-pass Butterworth filter and then replacing s by 
1/s in the low-pass expression. 


The sixth-order Butterworth filter in Problem 15.48 
is used in a system where the cutoff frequency is 
25 krad/s. 


a) What is the scaled transfer function for the filter? 
b) Test your expression by finding the gain (in deci- 
bels) at the cutoff frequency. 


The purpose of this problem is to guide you 
through the analysis necessary to establish a design 
procedure for determining the circuit components 
in a filter circuit. The circuit to be analyzed is shown 
in Fig. P15.50. 


a) Analyze the circuit qualitatively and convince 
yourself that the circuit is a low-pass filter with a 
passband gain of R2/R). 


b) Support your qualitative analysis by deriving the 
transfer function V,/V;. (Hint: In deriving the 
transfer function, represent the resistors with their 
equivalent conductances, that is, G, = 1/R,, and 
so forth.) To make the transfer function useful in 
terms of the entries in Table 15.1, put it in the form 


—Kb, 


H(s) = >——_—-. 
( ) s* + bys + D; 


15.51 


DESIGN 
PROBLEM 


c) Now observe that we have five circuit compo- 
nents— R,, Ro, R3, Cy, and C)—and three trans- 
fer function constraints—K, b,, and b,. At first 
glance, it appears we have two free choices 
among the five components. However, when we 
investigate the relationships between the circuit 
components and the transfer function constraints, 
we see that if C2 is chosen, there is an upper limit 
on C, in order for R)(G2) to be realizable. With 
this in mind, show that if C, = 1 F, the three con- 
ductances are given by the expressions 


G; = KG3; 


Pa (22)c 
35 G; 1> 


bi — 4b,(1 + K)C, 


aoe 
a= 2(1 + K) 


For G> to be realizable, 


2 
by 


re ECA 
a 4b,(1 + K) 


d) Based on the results obtained in (c), outline the 
design procedure for selecting the circuit com- 
ponents once K, b,, and b, are known. 


Figure P15.50 


Assume the circuit analyzed in Problem 15.50 is 

part of a third-order low-pass Butterworth filter 

having a passband gain of 4. (Hint: implement the 
gain of 4 in the second-order section of the filter.) 

a) If C, = 1 F in the prototype second-order sec- 
tion, what is the upper limit on C,? 

b) If the limiting value of C; is chosen, what are the 
prototype values of R,, Rj, and R3? 

c) If the corner frequency of the filter is 2.5 kHz 
and C} is chosen to be 10 nF, calculate the scaled 
values of C). R,, Ro, and R3. 

d) Specify the scaled values of the resistors and the 
capacitor in the first-order section of the filter. 

e) Construct a circuit diagram of the filter and 
label all the component values on the diagram. 


15.52 


OESIGN 
PROBLEM 


15.53 


OESIGN 
PROBLEM 


15.54 


15.55 


DESIGN 
PROBLEM 


Problems 601 


Interchange the Rs and Cs in the circuit in 
Fig. P15.50; that is, replace R, with C,, R> with Co, 
R; with C3, C; with Ri, and C2 with R». 


a) Describe the type of filter implemented as a 
result of the interchange. 


b) Confirm the filter type described in (a) by deriv- 
ing the transfer function V,/V;. Write the trans- 
fer function in a form that makes it compatible 
with Table 15.1. 


c) Set C, = C3; = | F and derive the expressions 
for C;, R,, and R> in terms of K, b,, and b,. (See 
Problem 15.50 for the definition of b, and b,.) 


Assume the filter described in (a) is used in the 
same type of third-order Butterworth filter that 
has a passband gain of 8. With C, = C,; = I F, 
calculate the prototype values of C;, R,, and R, 
in the second-order section of the filter. 


d 


— 


a) Use the circuits analyzed in Problems 15.50 and 
15.52 to implement a broadband bandreject fil- 
ter having a passband gain of 0 dB, a lower cor- 
ner frequency of 400 Hz, an upper corner 
frequency of 6400 Hz, and an attenuation of at 
least 30 dB at both 1000 Hz and 2560 kHz. Use 
10 nF capacitors whenever possible. 


b) Draw a circuit diagram of the filter and label all 
the components. 


a) Derive the transfer function for the bandreject 
filter described in Problem 15.53. 


b) Use the transfer function derived in part (a) to 
find the attenuation (in decibels) at the center 
frequency of the filter. 


The purpose of this problem is to develop the 
design equations for the circuit in Fig. P15.55. (See 
Problem 15.50 for suggestions on the development 
of design equations.) 


a) Based on a qualitative analysis, describe the type 
of filter implemented by the circuit. 


b) Verify the conclusion reached in (a) by deriving 
the transfer function V,/V;. Write the transfer 
function in a form that makes it compatible with 
the entries in Table 15.1. 


c) How many free choices are there in the selec- 
tion of the circuit components? 


d) Derive the expressions for the conductances 
G, = 1/R, and G) _ 1/R> in terms of Ci, Co, 
and the coefficients b, and b,. (See Problem 
15.50 for the definition of b, and 5.) 


e) Are there any restrictions on C, or Cy? 


f) Assume the circuit in Fig. P15.55 is used to 
design a fourth-order low-pass unity-gain 
Butterworth filter. Specify the prototype values 
of R, and R> in each second-order section if 1 F 
capacitors are used in the prototype circuit. 
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Figure P15.55 


15.56 


DESIGN 
PROBLEM 


15.57 


DESIGN 
PROBLEM 


15.58 


DESIGN 
PROBLEM 


The fourth-order low-pass unity-gain Butterworth 
filter in Problem 15.55 is used in a system where the 
cutoff frequency is 3 kHz. The filter has 4.7 nF 
capacitors. 


a) Specify the numerical values of R; and R> in 
each section of the filter. 


b) Draw a circuit diagram of the filter and label all 
the components. 


Interchange the Rs and Cs in the circuit in 

Fig. P15.55, that is, replace R, with C,, R, with C3, 

and vice versa. 

a) Analyze the circuit qualitatively and predict the 
type of filter implemented by the circuit. 


b) Verify the conclusion reached in (a) by deriving 
the transfer function V,,/V;. Write the transfer 
function in a form that makes it compatible with 
the entries in Table 15.1. 


c) How many free choices are there in the selec- 
tion of the circuit components? 


d) Find R, and R; as functions of b,, by, C,, and Co. 
e) Are there any restrictions on C, and C3? 


f) Assume the circuit is used in a_ third-order 
Butterworth filter of the type found in (a). Specify 
the prototype values of R; and R, in the second- 
order section of the filter if C; = C, = 1F. 


a) The circuit in Problem 15.57 is used in a third- 
order high-pass unity-gain Butterworth filter 
that has a cutoff frequency of 5 kHz. Specify the 
values of R,; and R, if 75 nF capacitors are avail- 
able to construct the filter. 


b) Specify the values of resistance and capacitance 
in the first-order section of the filter. 

c) Draw the circuit diagram and label all the 
components. 

d) Give the numerical expression for the scaled 
transfer function of the filter. 

e) Use the scaled transfer function derived in (d) 
to find the gain in dB at the cutoff frequency. 


Section 15.5 


15.59 a) Show that the transfer function for a prototype 
narrow band bandreject filter is 


s+] 


ON aoe eT 


b) Use the result found in (a) to find the transfer 
function of the filter designed in Example 15.13. 


15.60 a) Using the circuit shown in Fig. 15.29, design a 

aN narrow-band bandreject filter having a center 
frequency of | kHz and a quality factor of 20. 
Base the design on C = 15 nF. 


b) Draw the circuit diagram of the filter and label 
all component values on the diagram. 


c) What is the scaled transfer function of the filter? 


Sections 15.1-15.5 
15.61 


PRACTICAL 
PERSPECTIVE 


DESIGN 
PROBLEM 


Using the circuit in Fig. 15.32(a) design a volume 
control circuit to give a maximum gain of 20 dB and 
a gain of 17 dB at a frequency of 40 Hz. Use an 
11.1 kQ resistor and a 100 kOQ potentiometer. Test 
your design by calculating the maximum gain at 
w= 0 and the gain at w=1/R,C, using the 
selected values of R,, R,,and C,. 


15.62 


PRACTICAL 
PERSPECTIVE 


DESIGN 
PROBLEM 


Use the circuit in Fig. 15.32(a) to design a bass vol- 
ume control circuit that has a maximum gain of 
13.98 dB that drops off 3 dB at 50 Hz. 


15.63 


PRACTICAL 
PERSPECTIVE 


Plot the maximum gain in decibels versus a when 
w = 0 for the circuit designed in Problem 15.61. Let 
a vary from () to 1 in increments of 0.1. 


15.64 


PRACTICAL 
PERSPECTIVE 


a) Show that the circuits in Fig. P15.64(a) and (b) 
are equivalent. 


b) Show that the points labeled x and y in 
Fig. P15.64(b) are always at the same potential. 

c) Using the information in (a) and (b), show that 
the circuit in Fig. 15.33 can be drawn as shown in 
Fig. P15.64(c). 


d) Show that the circuit in Fig. P15.64(c) is in the 
form of the circuit in Fig. 15.2, where 
Zz. = R, + (1 = a)R + R,R2C\s 
; 1+ RC\s 
R, vi aR, = R,RoC\s 
i a a a ee Se 
1+ R»C\s 


Figure P15.64 
l-e a 
1/sc, sC, ‘ sC} 
=> 
(l-a)R, aR, (l-a)R> » aR, 
(a) (b) 
Ry + 2R; 


(c) 


15.65 An engineering project manager has received a 
jpeacrical_ proposal from a subordinate who claims the circuit 
shown in Fig. P15.65 could be used as a treble vol- 

ume control circuit if Ry >> R, + R3 + 2R,, The 
subordinate further claims that the voltage transfer 


function for the circuit is 


Vo 
H(s) = V. 


{(2R3 + Ry) + [ — B)R4 + R3)(BRy + R)Cos} 


where R, = R, + R3z + 2R>. Fortunately the project 
engineer has an electrical engineering undergraduate 


Problems 603 


student as an intern and therefore asks the student to 
check the subordinate’s claim. 

The student is asked to check the behavior of the 
transfer function as w—0; as w— oo; and the 
behavior when w = © and B varies between 0 and 1. 
Based on your testing of the transfer function do you 
think the circuit could be used as a treble volume 
control? Explain. 


Figure P15.65 


3 Ry R; 


In the circuit of Fig. P15.65 the component values 

are R,; = Ry = 20kQ, R3 = 5.9kO, Ry = 500 kQ, 

and C, = 2.7 nF. 

a) Calculate the maximum boost in decibels. 

b) Calculate the maximum cut in decibels. 

c) Is Ry significantly greater than R,? 

d) When 6 = 1, what is the boost in decibels when 
w = 1/R3C,? 

e) When B = 0, what is the cut in decibels when 
w = 1/R3C>? 

f) Based on the results obtained in (d) and (e), 


what is the significance of the frequency 1/R3C 
when Ry >> Ro? 


Using the component values given’ in 
Problem 15.66, plot the maximum gain in decibels 
versus 8 when w is inifinite. Let 8 vary from 0 to 1 
in increments of 0.1. 
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/ CHAPTER OBJECTIVES 
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rm 


Be able to calculate the trigonometric form of 
the Fourier coefficients for a periodic waveform 
using the definition of the coefficients and the 
simplifications possible if the waveform exhibits 
one or more types of symmetry. 


Know how to analyze a circuit's response to a 
periodic waveform using Fourier coefficients 
and superposition. 


Be able to estimate the average power 
delivered to a resistor using a small number 
of Fourier coefficients. 


Be able to calculate the exponential form of the 
Fourier coefficients for a periodic waveform and 
use them to generate magnitude and phase 
spectrum plots for that waveform. 
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Fourier Series 


In the preceding chapters, we devoted a considerable amount 
of discussion to steady-state sinusoidal analysis. One reason for 
this interest in the sinusoidal excitation function is that it allows 
us to find the steady-state response to nonsinusoidal, but peri- 
odic, excitations. A periodic function is a function that repeats 
itself every T seconds. For example, the triangular wave illus- 
trated in Fig. 16.1 on page 606 is a nonsinusoidal, but periodic, 
break waveform. 
A periodic function is one that satisfies the relationship 


f(t) = f(t + nT), (16.1) 


where n is an integer (1,2,3,...) and Tis the period. The func- 
tion shown in Fig. 16.1 is periodic because 


f(to) = f(to — T) = f(to + T) = f(t + 2T) =-:: 


for any arbitrarily chosen value of fo. Note that T is the smallest 
time interval that a periodic function may be shifted (in either 
direction) to produce a function that is identical to itself. 

Why the interest in periodic functions? One reason is that 
many electrical sources of practical value generate periodic 
waveforms. For example, nonfiltered electronic rectifiers driven 
from a sinusoidal source produces rectified sine waves that are 
nonsinusoidal, but periodic. Figures 16.2(a) and (b) on page 606 
show the waveforms of the full-wave and half-wave sinusoidal 
rectifiers, respectively. 

The sweep generator used to control the electron beam of a 
cathode-ray oscilloscope produces a periodic triangular wave like 
the one shown in Fig. 16.3 on page 606. 

Electronic oscillators, which are useful in laboratory testing of 
equipment, are designed to produce nonsinusoidal periodic 
waveforms. Function generators, which are capable of producing 
square-wave, triangular-wave, and rectangular-pulse waveforms, 
are found in most testing laboratories. Figure 16.4 on page 606 
illustrates typical waveforms. 


ae FY Fe 


Practical Pe rspective | 


Active High-Q Filters 


In Chapters 14 and 15, we discovered that an important char- 
acteristic of bandpass and bandreject filters is the quality fac- 
tor, Q. The quality factor provides a measure of how selective 
the filter is at its center frequency. For example, a bandpass fil- 
ter with a large value of Q will amplify signals at or near its 
center frequency and will attentuate signals at all other fre- 
quencies. On the other hand, a bandreject filter with a small 
value of Q will not effectively distinguish between signals at 
the center frequency and signals at frequencies quite different 
from the center frequency. 

In this chapter, we learn that any periodic signal can be 
represented as a sum of sinusoids, where the frequencies of the 


sinusoids in the sum are comprised of the frequency of the 
periodic signal and integer multiples of that frequency. We can 
use a periodic signal like a square wave to test the quality fac- 
tor of a bandpass or bandreject filter. To do this, we choose a 
square wave whose frequency is the same as the center fre- 
quency of a bandpass filter, for example. If the bandpass filter 
has a high quality factor, its output will be nearly sinusoidal, 
thereby transforming the input square wave into an output 
sinusoid. If the filter has a low quality factor, its output will 
still look like a square wave, as the filter is not able to select 
from among the sinusoids that make up the input square wave. 
We present an example at the end of this chapter. 
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f(t) 


Figure 16.1 A A periodic waveform. 


v(t) v(t) 
Vin ae 
Avan t D_/ t 
0 T or 0 T/2 T 
(a) (b) 


Figure 16.2 A Output waveforms of a nonfiltered sinu- 
soidal rectifier. (a) Full-wave rectification. (b) Half-wave 
rectification. 


v(t) 


V ii 


0 T 2T 3T 


Figure 16.3 A The triangular waveform of a cathode-ray 
oscilloscope sweep generator. 


Another practical problem that stimulates interest in periodic func- 
tions is that power generators, although designed to produce a sinusoidal 
waveform, cannot in practice be made to produce a pure sine wave. The 
distorted sinusoidal wave, however, is periodic. Engineers naturally are 
interested in ascertaining the consequences of exciting power systems 
with a slightly distorted sinusoidal voltage. 

Interest in periodic functions also stems from the general observation 
that any nonlinearity in an otherwise linear circuit creates a nonsinusoidal 
periodic function. The rectifier circuit alluded to earlier is one example of 
this phenomenon. Magnetic saturation, which occurs in both machines 
and transformers, is another example of a nonlinearity that generates a 
nonsinusoidal periodic function. An electronic clipping circuit, which uses 
transistor saturation, is yet another example. 

Moreover, nonsinusoidal periodic functions are important in the 
analysis of nonelectrical systems. Problems involving mechanical vibra- 
tion, fluid flow, and heat flow all make use of periodic functions. In fact, 
the study and analysis of heat flow in a metal rod led the French mathe- 
matician Jean Baptiste Joseph Fourier (1768-1830) to the trigonometric 
series representation of a periodic function. This series bears his name and 
is the starting point for finding the steady-state response to periodic exci- 
tations of electric circuits. 
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Figure 16.4 A Waveforms produced by function 
generators used in laboratory testing. (a) Square wave. 
(b) Triangular wave. (c) Rectangular pulse. 


16.1 Fourier Series Analysis: 
An Overview 


What Fourier discovered in investigating heat-flow problems is that a 
periodic function can be represented by an infinite sum of sine or cosine 
functions that are harmonically related. In other words, the period of any 
trigonometric term in the infinite series is an integral multiple, or har- 
monic, of the fundamental period T of the periodic function. Thus for peri- 
odic f(t), Fourier showed that f(t) can be expressed as 


oo 


f(t) = a, + dia, cos nwot + b, sin nef, (16.2) 
n=1 


where n is the integer sequence 1,2,3,.... 

In Eq. 16.2, @,, a,,, and b,, are known as the Fourier coefficients and are 
calculated from f(t). The term wy (which equals 27/7) represents the 
fundamental frequency of the periodic function f(t). The integral multi- 
ples of wy —that is, 2w», 3a, 4wy, and so on—are known as the harmonic 
frequencies of f(t). Thus 2» is the second harmonic, 3w9 is the third har- 
monic, and nwy is the nth harmonic of f(t). 

We discuss the determination of the Fourier coefficients in 
Section 16.2. Before pursuing the details of using a Fourier series in circuit 
analysis, we first need to look at the process in general terms. From an 
applications point of view, we can express all the periodic functions of 
interest in terms of a Fourier series. Mathematically, the conditions on a 
periodic function f(t) that ensure expressing f(t) as a convergent Fourier 
series (known as Dirichlet’s conditions) are that 


1. f(t) be single-valued, 
2. f(t) have a finite number of discontinuities in the periodic interval, 


3. f(t) have a finite number of maxima and minima in the periodic 


interval, 
ely t T 
i Lf@ldt 
ty 


Any periodic function generated by a physically realizable source satisfies 
Dirichlet’s conditions. These are sufficient conditions, not necessary con- 
ditions. Thus if f(t) meets these requirements, we know that we can 
express it as a Fourier series. However, if f(t) does not meet these require- 
ments, we still may be able to express it as a Fourier series. The necessary 
conditions on f(f) are not known. 

After we have determined f(t) and calculated the Fourier coefficients 
(d,, d,, and b,,), we resolve the periodic source into a dc source (a,) plus a 
sum of sinusoidal sources (a, and 6,,). Because the periodic source is driv- 
ing a linear circuit, we may use the principle of superposition to find the 
steady-state response. In particular, we first calculate the response to each 
source generated by the Fourier series representation of f(t) and then add 
the individual responses to obtain the total response. The steady-state 
response owing to a specific sinusoidal source is most easily found with 
the phasor method of analysis. 

The procedure is straightforward and involves no new techniques of 
circuit analysis. It produces the Fourier series representation of the 
steady-state response; consequently, the actual shape of the response is 


4, the integral 


exists. 
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<q Fourier series representation of a periodic 
function 
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Fourier Series 


Fourier coefficients > 


unknown. Furthermore, the response waveform can be estimated only by 
adding a sufficient number of terms together. Even though the Fourier 
series approach to finding the steady-state response does have some draw- 
backs, it introduces a way of thinking about a problem that is as important 
as getting quantitative results. In fact, the conceptual picture is even more 
important in some respects than the quantitative one. 


16.2 The Fourier Coefficients 


After defining a periodic function over its fundamental period, we deter- 
mine the Fourier coefficients from the relationships 


1 tot+ T 

ay = a f(t) dt, (16.3) 
”) fot T 

a== f(t) cos kwot dt, (16.4) 
T Sis 
2 tot T 

b, = T F(t) sin kwoft dt. (16.5) 


1) 


In Egs. 16.4 and 16.5, the subscript k indicates the Ath coefficient in the 


integer sequence 1,2,3,.... Note that a, is the average value of f(t), a, is 
twice the average value of f(t) cos kwof, and b, is twice the average value 
of f(t) sin Kwof. 


We easily derive Eqs. 16.3-16.5 from Eq. 16.2 by recalling the follow- 
ing integral relationships, which hold when m and v are integers: 


iotT 
[ Sin Mwot dt = 0, — for all m, (16.6) 
fy 
tgt+T 
i COS Hlwyt dt = 0, for all m, (16.7) 
fy 
tot T 
| COS Mwpt SiN Nwot dt = 0, for all mand nv, (16.8) 
ty 
to+T 
| SIN Mwpt Sin nwot dt = 0, for allm # n, 
fy 
T 
=—, form =n, (16.9) 
2 
tytT 
/ COS Mwot COS Hawt dt = 0, forallm # n, 
ty 
is 
=> form =n. (16.10) 


We leave you to verify Eqs. 16.6-16.10 in Problem 16.5. 


16.2 The Fourier Coefficients 


To derive Eq. 16.3, we simply integrate both sides of Eq. 16.2 over 
one period: 


tyt+T tyt+T fee) 
f(t)dt = i («, + S\a,cos Nwot + b,, sin nas dt 
to Fly 


n=l 


fgtT fe © fot T 
= i a,dt + > (a, COS Nw@pt + b,, Sin Nwot) dt 
fy 


n=1 ty 
=a, + 0. (16.11) 


Equation 16.3 follows directly from Eq. 16.11. 
To derive the expression for the kth value of a,, we first multiply 
Eq. 16.2 by cos kat and then integrate both sides over one period of f(t): 


yt t “lye T 
f(t) cos kwot dt = | Ql, COS Kwpt dt 
{ 


“ ty aa) 


oo tot+T 
+ >> (da, COS Nwpt COS kwot + b,, sin Hwpt cos kwot) dt 
n=l ty 
T 
OF al) 0. (16.12) 


Solving Eq. 16.12 for a, yields the expression in Eq. 16.4. 

We obtain the expression for the kth value of b,, by first multiplying 
both sides of Eq. 16.2 by sin kwpt and then integrating each side over one 
period of f(t). Example 16.1 shows how to use Eqs. 16.3-16.5 to find the 
Fourier coefficients for a specific periodic function. 


Example ‘i Finding the Fourier Series of a Triangular Waveform with No Symmetry 


Find the Fourier series for the periodic voltage The equation for a, is 
shown in Fig. 16.5. 
1 
v(t) 1 (=) 1 
==> —=— Itdt = =V ,,. 
ay =f Tr ¢ 2 nt 


=f 0 ih mt Fig. 16.5. 


The equation for the kth value of a,, is 
Figure 16.5 A The periodic voltage for Example 16.1. 


j > pyy 
Solution a, = | (= )rcos kaytdt 
When using Eqs. 16.3-16.5 to find a,,, a,, and by, we ; 
may choose the value of fy. For the periodic voltage 
of Fig. 16.5, the best choice for fy is zero. Any other 2V,,/ 1 os r 
choice makes the required integrations more cum- ~ 2 (as cos kwot + ia Ket ) , 


bersome. The expression for v(t) between 0 and Tis 


2 
Wi) 


T 


Vin _ Vy 1 = i 
oe Cal ae F (cos 2k — »| = 0 forallk. 


609 


This is clearly the average value of the waveform in 
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The equation for the Ath value of b,, is The Fourier series for v(t) is 


re 
b ah (Se) es keayt dt V V4 
ka ee. SIN KW ni N é 

Thy \ T v(t) . = a 


a ( DSi ee cag i) Ve OV V V 
= => sin kwot — —coskw 
T kay 7 kw 0 = s oa = Sin wot — 5, sin 2Wyt — 3, sin 3mof — °°. 
7 
2 in T 
ares (0 ~ —— COS 2k 
T kar 
= Via 
Th 


/ ASSESSMENT PROBLEMS 


Objective 1—Be able to calculate the trigonometric form of the Fourier coefficients for a periodic waveform 


16.1 Derive the expressions for ay, a,, and b, for the 16.2 Refer to Assessment Problem 16.1. 
penodicvolase tunchon shown Ming som Ve a) What is the average value of the periodic 
voltage? 
b) Compute the numerical values of a, — as 
and b, oa bs. 


c) If T = 125.66 ms, what is the fundamental 
frequency in radians per second? 

d) What is the frequency of the third harmonic 
in hertz? 

e) Write the Fourier series up to and including 
the fifth harmonic. 


Answer: (a) 21.99 V; 


(b) —5.2 V, 2.6 V,0 V, —1.3, and 1.04 V; 
9 V, 4.5 V, 0 V, 2.25 V, and 1.8 V; 


(c) 50 rad/s; 


Answer: a, = 21.99 V, (d) 23.87 Hz; 
5, es (e) v(t) = 21.99 — 5.2 cos 50t + 9 sin 5Or + 
a, = ;sin-z V, 2.6 cos 100¢ + 4.5 sin 100¢ — 
P ee 1.3 cos 200¢ + 2.25 sin 200t + 
b, = % (1 — cos~3") V. 1.04 cos 250t + 1.8 sin 250r V. 


NOTE: Also try Chapter Problems 16.1-16.3. 


Finding the Fourier coefficients, in general, is tedious. Therefore any- 
thing that simplifies the task is beneficial. Fortunately, a periodic function 
that possesses certain types of symmetry greatly reduces the amount of 
work involved in finding the coefficients. In Section 16.3, we discuss how 
symmetry affects the coefficients in a Fourier series. 


16.3 


16.3 The Effect of Symmetry 
on the Fourier Coefficients 


Four types of symmetry may be used to simplify the task of evaluating the 
Fourier coefficients: 

* even-function symmetry, 

* odd-function symmetry, 

« half-wave symmetry, 

* quarter-wave symmetry. 


The effect of each type of symmetry on the Fourier coefficients is discussed 
in the following sections. 


Even-Function Symmetry 


A function is defined as even if 


f(t) = f(-#). 


(16.13) 


Functions that satisfy Eq. 16.13 are said to be even because polynomial 
functions with only even exponents possess this characteristic. For even 
periodic functions, the equations for the Fourier coefficients reduce to 


2 

y= f(t) dt, (16.14) 
T Jo 
4 iP 

== f(t) cos kaot dt, (16.15) 
T Jo 

b, = 0, forall k. (16.16) 


Note that all the b coefficients are zero if the periodic function is even. 
Figure 16.6 illustrates an even periodic function. The derivations of 
Eqs. 16.14-16.16 follow directly from Eqs. 16.3-16.5. In each derivation, 
we select fy = —7/2 and then break the interval of integration into the 
range from —7/2 to 0 and 0 to 7/2, or 


1 T/2 
—— ‘(t) a 
ay =p eee 
0 -T/2 
1 i: 1 
= thdt+— t) dt. 16.17 
TF] fOUr af 1 (16.17) 


Now we change the variable of integration in the first integral on the 
right-hand side of Eq. 16.17. Specifically, we let ¢ = —x and note that 
f(t) = f(-x) = f(x) because the function is even. We also observe that 
x = 7/2 whent = —T/2 and dt = —dx. Then 


a8) 


wf dt = (16.18) 


0 Tp 
f(x)(-dx) = | f(x) dx, 
TZ 0 
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<4 Even function 
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Figure 16.6 A An even periodic function, 


fi) = f(-9. 
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Odd function > 


Figure 16.7 A An odd periodic function 
f(t) = —f(-?). 


which shows that the integration from —T/2 to 0 is identical to that from 
0 to 7/2; therefore Eq. 16.17 is the same as Eq. 16.14. The derivation of 
Eq. 16.15 proceeds along similar lines. Here, 


0 


Qa f(t) cos kwpt dt 
TJ-7p 


2 TP 
+ r | f(t) cos kwot dt, (16.19) 
0 


but 


“() 


0 
/ f(t) cos kapt dt = f(x) cos (—kwyx)(—dx) 
J-T/2 T/2 


T/2 
7 f(x) cos ka@px dx. (16.20) 
0 


As before, the integration from —7/2 to 0 is identical to that from 0 to 
T/2. Combining Eq. 16.20 with Eq. 16.19 yields Eq. 16.15. 

All the 5 coefficients are zero when f(t) is an even periodic function, 
because the integration from —7/2 to 0 is the exact negative of the inte- 
gration from 0 to 7/2; that is, 


0 0) 


f(t) sin kept dt f(x) sin (—kepx)(—dx) 
-T/2 T/2 


°T/2 
= f(x) sin Karnyx dx. (16.21) 
0) 


When we use Eggs. 16.14 and 16.15 to find the Fourier coefficients, the 
interval of integration must be between 0 and 7/2. 


Odd-Function Symmetry 


A function is defined as odd if 
f() = —F(-2). (16.22) 
Functions that satisfy Eq. 16.22 are said to be odd because polynomial 


functions with only odd exponents have this characteristic. The expres- 
sions for the Fourier coefficients are 


ay = 0; (16.23) 
a, =0, forall k; (16.24) 
4 prP 
b, = T f(t) sin kaof dt. (16.25) 
0 


Note that all the a coefficients are zero if the periodic function is odd. 
Figure 16.7 shows an odd periodic function. 
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We use the same process to derive Eqs. 16.23-16.25 that we used to 
derive Eqs. 16.14-16.16. We leave the derivations to you in Problem 16.7. 

The evenness, or oddness, of a periodic function can be destroyed by 
shifting the function along the time axis. In other words, the judicious 
choice of where t = 0 may give a periodic function even or odd symmetry. 
For example, the triangular function shown in Fig. 16.8(a) is neither even 
nor odd. However, we can make the function even, as shown in 
Fig. 16.8(b), or odd, as shown in Fig. 16.8(c). 


Half-Wave Symmetry 


A periodic function possesses half-wave symmetry if it satisfies the 
constraint 


f(t) = —f(t -— T/2). (16.26) 


Equation 16.26 states that a periodic function has half-wave symmetry if, 
after it is shifted one-half period and inverted, it is identical to the original 
function. For example, the functions shown in Figs. 16.7 and 16.8 have half- 
wave symmetry, whereas those in Figs. 16.5 and 16.6 do not. Note that half- 
wave symmetry is not a function of where t = 0. 

If a periodic function has half-wave symmetry, both a, and 5; are zero 
for even values of k. Moreover, a, also is zero because the average value 
of a function with half-wave symmetry is zero. The expressions for the 
Fourier coefficients are 


a, = 0, (16.27) 
a, = 0, for k even; (16.28) 
T/2 
a, = T f(t) cos kwot dt, for k odd; (16.29) 
0 
b, = 0, for k even; (16.30) 
4 piP 
by = f(t) sin kwot dt, for k odd. (16.31) 
0 


We derive Eqs. 16.27-16.31 by starting with Eqs. 16.3-16.5 and choos- 
ing the interval of integration as —7/2 to T/2. We then divide this range 
into the intervals —7T/2 to 0 and 0 to T/2. For example, the derivation 
for a, is 


totT 
Qa=zs f(t) cos kwot dt 
is ty 
T/2 
= — f(t) cos Kwot dt 
T J-rp 


> f° 
a f(t) cos Kat dt 
T frp 


T/2 
+ Tr f(t) cos Kwot dt. (16.32) 
0 
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Figure 16.8 A How the choice of where t = () can 
make a periodic function even, odd, or neither. (a) A 
periodic triangular wave that is neither even nor odd. 
(b) The triangular wave of (a) made even by shifting the 
function along the ¢ axis. (c) The triangular wave of (a) 
made odd by shifting the function along the t axis. 
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(b) 


Figure 16.9 A (a) A function that has quarter-wave 
symmetry. (b) A function that does not have quarter- 
wave symmetry. 


Now we change a variable in the first integral on the right-hand side of 
Eq. 16.32. Specifically, we let 


=x -T/2. 


Then 


dt = dx. 


We rewrite the first integral as 


0 T/2 
f(t) cos kwot dt = f(x — T/2) cos kay(x — T/2) dx. (16.33) 
0 


-T/2 
Note that 
cos kap(x — T/2) = cos (kKayx — kar) = cos ka cos kayx 
and that, by hypothesis, 
f(x — T/2) = —f(). 


Therefore Eq. 16.33 becomes 


0 T/2 
[ f(t) cos kapt dt = i [—f(x)] cos ka cos kwyx dx. (16.34) 
-T/2 0 


Incorporating Eq. 16.34 into Eq. 16.32 gives 


7 TP 
a. = 7il — cos k7r) f(t) cos kwof dt. (16.35) 
0 


But cos kz is 1 when k is even and —1 when k is odd. Therefore Eq. 16.35 
generates Eqs. 16.28 and 16.29. 

We leave it to you to verify that this same process can be used to 
derive Eqs. 16.30 and 16.31 (see Problem 16.8). 

We summarize our observations by noting that the Fourier series rep- 
resentation of a periodic function with half-wave symmetry has zero aver- 
age, or dc, value and contains only odd harmonics. 


Quarter-Wave Symmetry 


The term quarter-wave symmetry describes a periodic function that has 
half-wave symmetry and, in addition, symmetry about the midpoint of the 
positive and negative half-cycles. The function illustrated in Fig. 16.9(a) 


16.3 


has quarter-wave symmetry about the midpoint of the positive and nega- 
tive half-cycles. The function in Fig. 16.9(b) does not have quarter-wave 
symmetry, although it does have half-wave symmetry. 

A periodic function that has quarter-wave symmetry can always be 
made either even or odd by the proper choice of the point where ¢ = 0. 
For example, the function shown in Fig. 16.9(a) is odd and can be made 
even by shifting the function 7/4 units either right or left along the ¢ axis. 
However, the function in Fig. 16.9(b) can never be made either even or 
odd. To take advantage of quarter-wave symmetry in the calculation of the 
Fourier coefficients, you must choose the point where ¢ = 0 to make the 
function either even or odd. 

If the function is made even, then 


a, = 0, because of half-wave symmetry; 
a, = , for k even, because of half-wave symmetry; 


-T/4 


8 
a = f(t) cos kat dt, for k odd; 
Q 


b, = 0, for all k, because the function is even. (16.36) 


Equations 16.36 result from the function’s quarter-wave symmetry in 
addition to its being even. Recall that quarter-wave symmetry is super- 
imposed on half-wave symmetry, so we can eliminate a, and a, for k even. 
Comparing the expression for a,, k odd, in Eqs. 16.36 with Eq. 16.29 shows 
that combining quarter-wave symmetry with evenness allows the shorten- 
ing of the range of integration from 0 to T/2 to 0 to 7/4. We leave the der- 
ivation of Eqs. 16.36 to you in Problem 16.9. 
If the quarter-wave symmetric function is made odd, 


a, = 0, because the function is odd; 
a, = 0, for all k, because the function is odd; 
b, = 0, for k even, because of half-wave symmetry; 


T/4 
b, =e f() sin kwot dt, for k odd. (16.37) 


Equations 16.37 are a direct consequence of quarter-wave symmetry and 
oddness. Again, quarter-wave symmetry allows the shortening of the inter- 
val of integration from 0 to T/2 to 0 to T/4. We leave the derivation of 
Eqs. 16.37 to you in Problem 16.10. 

Example 16.2 shows how to use symmetry to simplify the task of find- 
ing the Fourier coefficients. 
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Schillicmaeras Finding the Fourier Series of an Odd Function with Symmetry 


Find the Fourier series representation for the cur- In the interval 0 < ¢ <= T/4, the expression for 
rent waveform shown in Fig, 16.10. i(t) is 
. Alin 
i) ts 
i(t) = = 


Thus 


T/A 
8 ae 
by. = =f art sin Kwot dt 


Figure 16.10 A The periodic waveform for Example 16.2. _ 321, (= kwpt cos Kwot T/A 
i kwh kon | 
Solution 81m. ka 
= sin — k is odd). 
ak? Z ( ) 


We begin by looking for degrees of symmetry in the 
waveform. We find that the function is odd and, in 
addition, has half-wave and quarter-wave symme- The Fourier series representation of i(¢) is 
try. Because the function is odd, all the a coeffi- 
cients are zero; that is, a, = 0 and a, = 0 for all k. 


Because the function has half-wave symmetry, pare Ole: ar al cade < 
i(t)=—~ SY Zsin— sin nwot 

b, = 0 for even values of k. Because the function WT n=t3s,. y 
has quarter-wave symmetry, the expression for by, 
for odd values of k is 8] 1 

MN ° . 

= —| sin wot — —sin 3aof 
T/4 ; 1 
by = | i(t) sin Kat dt. + —sin 5wyt — —sin Twyt + ) 
T Jy 25 "49 : 


/ ASSESSMENT PROBLEM 


Objective 1—Be able to calculate the trigonometric form of the Fourier coefficients for a periodic waveform 


16.3. Derive the Fourier series for the periodic volt- Vg (2) 
age shown. V 


0 T/6 T/3 T 


12V co sin (7/3) | 
Answer: v,(t) = —>— | > Sin Nf. 
T n=13,5.... n i ae 


— 


NOTE: Also try Chapter Problems 16.11 and 16.12. 


16.4 An Alternative Trigonometric Form of the Fourier Series 


16.4 An Alternative Trigonometric Form 
of the Fourier Series 


In circuit applications of the Fourier series, we combine the cosine and 
sine terms in the series into a single term for convenience. Doing so allows 
the representation of each harmonic of v(t) or i(t) as a single phasor quan- 
tity. The cosine and sine terms may be merged in either a cosine expres- 
sion or a Sine expression. Because we chose the cosine format in the 
phasor method of analysis (see Chapter 9), we choose the cosine expres- 
sion here for the alternative form of the series. Thus we write the Fourier 
series in Eq. 16.2 as 


fee) 
f(t) = a, + SA, cos(nwpt — 6,), (16.38) 
n=l] 


where A,, and 6,, are defined by the complex quantity 
a, — jby = Vaz + B27 -8n = Af —On. (16.39) 


We derive Eqs. 16.38 and 16.39 using the phasor method to add the cosine 
and sine terms in Eq. 16.2. We begin by expressing the sine functions as 
cosine functions; that is, we rewrite Eq. 16.2 as 
te,@) 
f(t) = a, + Sia, cos nwt + b, cos(nwot — 90°). (16.40) 


n=1 


Adding the terms under the summation sign by using phasors gives 


P{a, COS nwt} = a, /0° (16.41) 
and 
P{b, cos(nwot — 90°)} = b, 790° = —jb,,. (16.42) 
Then 


P{a, cos(nwot + b, cos(nwgt — 90°)} = a, — jb, 


V a, + b —9,, 
= A,/—n- (16.43) 


When we inverse-transform Eq. 16.43, we get 


a, COS Nwot + b,, cos(nwyt — 90°) = PILA,/ —6,} 


= A,,cos(nwot — 0,). (16.44) 


Substituting Eq. 16.44 into Eq. 16.40 yields Eq. 16.38. Equation 16.43 
corresponds to Eq. 16.39. If the periodic function is either even or odd, 
A, reduces to either a,, (even) or b,, (odd), and 6,, is either 0° (even) or 
90° (odd). 

The derivation of the alternative form of the Fourier series for a given 
periodic function is illustrated in Example 16.3. 
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Selim Crem Calculating Forms of the Trigonometric Fourier Series for Periodic Voltage 


a) Derive the expressions for a, and b, for the peri- and 
odic function shown in Fig. 16.11. T/A 
b) Write the first four terms of the Fourier series b, = = i, V Sin kwot dt 
representation of v(t) using the format of r 
Eq. 16.38. _ 2V 5 e kwot ") 
Tr kay — |o 
ue = £2 (1- cos) 
Vin ka z 


b) The average value of v(t) is 


ar] SP ar 77 27 


V »(T/4) Vin 
4 4 2 4 ay = —— —_ = 


T 4 


Figure 16.11 A The periodic function for Example 16.3. 
The values of a, — jb, fork = 1,2, and 3 are 


V Vai V2V, 
IDS ae ge = /-4°, 
Solution Sy 
a) — jbo = 0 —- fj — = = /-90°" 
a) The voltage v(t) is neither even nor odd, nor : ei n 
does it have half-wave symmetry. Therefore we Ve, Vin VV in 
use Eqs. 16.4 and 16.5 to find a, and b,. Choosing a3 — jb; = Baye lan. = a —135°. 


tg as zero, we obtain 


Thus the first four terms in the Fourier series 


2 T/A T representation of v(t) are 
a== | V » COS Kwot dt + / (0) cos kwot dt 
r 0 T/4 Vin V2, Vin 
v(t) = A + — Cos wot = G5") =p Fe COS(2co4t — 90°) 
2V,, sinkwot|?/4* Vi, . ka VV. 
a = — + 3wpt — 135°) + --: 
Phos lh = sin es cos(3a 35°) 


/ ASSESSMENT PROBLEM 


Objective 1—Be able to calculate the trigonometric form of the Fourier coefficients for a periodic waveform 


16.4 a) Compute A,— As and 6,—6, for the periodic 
function shown if V,, = 9a V. 


b) Using the format of Eq. 16.38, write the 
Fourier series for v(t) up to and including 
the fifth harmonic assuming T = 125.66 ms. 


Answer: (a) 10.4,5.2,0,2.6,2.1 V, and —120°, —60°, 
not defined, —120°, —60°; 
(b) v(t) = 21.99 + 10.4 cos(S0# — 120°) + 
5.2 cos(100¢ — 60°) + 
2.6 cos(200¢ — 120°) + 
2.1 cos(250¢ — 60°) V. 


NOTE: Also try Chapter Problem 16.22. 


16.5 An Application 


Now we illustrate how to use a Fourier series representation of a periodic 
excitation function to find the steady-state response of a linear circuit. The 
RC circuit shown in Fig. 16.12(a) will provide our example. The circuit is 
energized with the periodic square-wave voltage shown in Fig. 16.12(b). 
The voltage across the capacitor is the desired response, or output, signal. 
The first step in finding the steady-state response is to represent the peri- 
odic excitation source with its Fourier series. After noting that the source has 
odd, half-wave, and quarter-wave symmetry, we know that the Fourier 
coefficients reduce to b,;, with k restricted to odd integer values: 


g pris 
by = al V,,, Sin kwot dt 
T Jo 


_ Vin 


7 


(k is odd). (16.45) 


Then the Fourier series representation of v, is 


AV in = : 
C= : — SIN Hwof. (16.46) 
a n 
n=1335,... 


Writing the series in expanded form, we have 


AV, . 4V,, . 
Ve = "Sin wyt + "sin 3wot 
; W 37 


AV sn : AV an : 
+ —— sin Swot + z—sin Jwot + --- (16.47) 
Si Ta 
The voltage source expressed by Eq. 16.47 is the equivalent of infi- 
nitely many series-connected sinusoidal sources, each source having its 
own amplitude and frequency. To find the contribution of each source to 
the output voltage, we use the principle of superposition. 
For any one of the sinusoidal sources, the phasor-domain expression 
for the output voltage is 
Vs 
N So 16.48 
° 1 + jaRC ( ) 
All the voltage sources are expressed as sine functions, so we interpret a 
phasor in terms of the sine instead of the cosine. In other words, when we 
go from the phasor domain back to the time domain, we simply write the 
time-domain expressions as sin(wt + 6) instead of cos(wt + 6). 
The phasor output voltage owing to the fundamental frequency of the 
sinusoidal source is 


AV, /7)/0° 

Vai Yl LE / yan (16.49) 
I+ JaoRC 

Writing V,,, in polar form gives 
AV J - 


Vor V1 + RO 
aVit wR Cc 


where 


B, = tan layRC. (16.51) 
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(b) 


Figure 16.12 A An RC circuit excited by a periodic 
voltage. (a) The RC series circuit. (b) The square-wave 
voltage. 
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From Eq. 16.50, the time-domain expression for the fundamental fre- 
quency component of v, is 


ull in(wot — B1) 
0. = SING = : 
1 = 7 + RC = ORC 0 1 


We derive the third-harmonic component of the output voltage in a simi- 
lar manner. The third-harmonic phasor voltage is 


_ (V,,/37) 70° 
3 1 + PBepRC 
AV in 
5 e/a 
3arV1 + 9wAR?C? 


(16.52) 


(16.53) 


where 
B3 = tan !3w RC. (16.54) 
The time-domain expression for the third-harmonic output voltage is 


AV, 
Vo3 = p22? 
30V1 + 9W2R2C 


Hence the expression for the Ath-harmonic component of the output 
voltage is 


sin(3w ot — B3). (16.55) 


AVin 


Yok = 2 IpIer2 
kaV1 + RarR?C 


sin(keyt — By) (kisodd), (16.56) 


where 
By = tan kagRC (k is odd). (16.57) 


We now write down the Fourier series representation of the output 
voltage: 


Mig, es i t— B,, 
se > sin(Nwy B, ) (16.58) 


4 
V(t) = 2° 
n=135..4V1 + (H@gRC) 


The derivation of Eq. 16.58 was not difficult. But, although we have an ana- 
lytic expression for the steady-state output, what v,(f) looks like is not imme- 
diately apparent from Eq. 16.58. As we mentioned earlier, this shortcoming Is 
a problem with the Fourier series approach. Equation 16.58 is not useless, 
however, because it gives some feel for the steady-state waveform of v,,(t), if 
we focus on the frequency response of the circuit. For example, if C is large, 
{/nwoC is small for the higher order harmonics. Thus the capacitor short cir- 
cuits the high-frequency components of the mput waveform, and the higher 
order harmonics in Eq. 16.58 are negligible compared to the lower order har- 
monics. Equation 16.58 reflects this condition in that, for large C, 

AV 2 = 


1 
Vv, © — sin(nw,t — 90° 
oO ToyRC e> n ( () ) 


~ vm SS 
TagRC ,=f35.... 


’ 


1 
we COS Nwof. (16.59) 
Equation 16.59 shows that the amplitude of the harmonic in the output 
is decreasing by 1/n*, compared with 1/n for the input harmonics. If C is 
so large that only the fundamental component is significant, then to a 
first approximation 


= TAV in 
V(t) & ERE RC COS wf, (16.60) 


and Fourier analysis tells us that the square-wave input is deformed into a 
sinusoidal output. 

Now let’s see what happens as C — 0. The circuit shows that v, and v, 
are the same when C = 0, because the capacitive branch looks like an 
open circuit at all frequencies. Equation 16.58 predicts the same result 
because, as C — 0, 


4V =. a. 
Vo = “ Ss — sm Nwpf. (16.61) 
WT 7=135,..7 


But Eq. 16.61 is identical to Eq. 16.46, and therefore v, — v, as C — 0. 

Thus Eq. 16.58 has proven useful because it enabled us to predict that 
the output will be a highly distorted replica of the input waveform if C is 
large, and a reasonable replica if C is small. In Chapter 13, we looked at 
the distortion between the input and output in terms of how much mem- 
ory the system weighting function had. In the frequency domain, we look 
at the distortion between the steady-state input and output in terms of 
how the amplitude and phase of the harmonics are altered as they are 
transmitted through the circuit. When the network significantly alters the 
amplitude and phase relationships among the harmonics at the output rel- 
ative to that at the input, the output is a distorted version of the input. 
Thus, in the frequency domain, we speak of amplitude distortion and 
phase distortion. 

For the circuit here, amplitude distortion is present because the ampli- 
tudes of the input harmonics decrease as 1/n, whereas the amplitudes of 
the output harmonics decrease as 


ee es 
NT (nwpRCY 


This circuit also exhibits phase distortion because the phase angle of each 
input harmonic is zero, whereas that of the nth harmonic in the output sig- 
nal is — tan”! nwyRC. 


An Application of the Direct Approach 
to the Steady-State Response 


For the simple RC circuit shown in Fig. 16.12(a), we can derive the expres- 
sion for the steady-state response without resorting to the Fourier series 
representation of the excitation function. Doing this extra analysis here 
adds to our understanding of the Fourier series approach. 

To find the steady-state expression for v, by straightforward circuit 
analysis, we reason as follows. The square-wave excitation function alter- 
nates between charging the capacitor toward +V,, and —V,,. After the 
circuit reaches steady-state operation, this alternate charging becomes 
periodic. We know from the analysis of the single time-constant RC circuit 
(Chapter 7) that the response to abrupt changes in the driving voltage is 
exponential. Thus the steady-state waveform of the voltage across the 
capacitor in the circuit shown in Fig. 16.12(a) is as shown in Fig. 16.13. 

The analytic expressions for v,(¢) in the time intervals 0 = ¢t = T/2 
and7/2 <t <T are 


= Vig Vi = Vie O<¢<T/2; (16.62) 
Vo = —Vin + (V2 + Vie FPVRE) 7/2 st = T. (16.63) 


We derive Eqs. 16.62 and 16.63 by using the methods of Chapter 7, as sum- 
marized by Eq. 7.60. We obtain the values of V,; and V, by noting from 
Eq. 16.62 that 


V2 = Vin a (V, = Viaje. (16.64) 
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Y% Toward + V,,, Toward + V,,, 
4 Wa , 


| l 
0 T/2 STN. “OF 


‘ 
Toward —V,,, Toward —V,,, 


Figure 16.13 A The steady-state waveform of 2, for the 
circuit in Fig. 16.12(a). 
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Yo Small C 


Figure 16.14 A The effect of capacitor size on the 
steady-state response. 


and from Eq. 16.63 that 
Vi = —Viyn + (Vo + Vy Je TPR, (16.65) 
Solving Eqs. 16.64 and 16.65 for V, and V yields 


V,A1 ~~ eri) 


V,=-V,= 1 4 eo TRRO (16.66) 


Substituting Eq. 16.66 into Eqs. 16.62 and 16.63 gives 


2V in —1/RC 


ay) ee hrs so oe Hs g 
Uy Va ie eT RRC® : 


O0<¢t=sT/2, (16.67) 
and 


Vo Vig tage TRC, T/2St<T. (16.68) 
Equations 16.67 and 16.68 indicate that v,(t) has half-wave symmetry 
and that therefore the average value of v, is zero. This result agrees with 
the Fourier series solution for the steady-state response —namely, that 
because the excitation function has no zero frequency component, the 
response can have no such component. Equations 16.67 and 16.68 also 
show the effect of changing the size of the capacitor. If C is small, the 
exponential functions quickly vanish, v, = V,, between 0 and 7/2, and 
Vy = —V»n, between 7/2 and T. In other words, v, > v, as C > 0. If C is 
large, the output waveform becomes triangular in shape, as Fig. 16.14 
shows. Note that for large C, we may approximate the exponential 
terms @/®© and el -TPVRC by the linear terms 1 — (t/RC) and 
1 — {{t — (1/2)]/RC}, respectively. Equation 16.59 gives the Fourier 
series of this triangular waveform. 

Figure 16.14 summarizes the results. The dashed line in Fig. 16.14 is 
the input voltage, the solid colored line depicts the output voltage when 
C is small, and the solid black line depicts the output voltage when C is large. 

Finally, we verify that the steady-state response of Eqs. 16.67 and 
16.68 is equivalent to the Fourier series solution in Eq. 16.58. To do so we 
simply derive the Fourier series representation of the periodic function 
described by Eqs. 16.67 and 16.68. We have already noted that the periodic 
voltage response has half-wave symmetry. Therefore the Fourier series 
contains only odd harmonics. For k odd, 


-T/2 —t{/RC 
4 2V mn 
ay =a (v, 7S Toe e thre cos kat dt 


_ —8RCV », 
T[1 + (kwpRC)*] 


T/2 t/RC 
a 2 
oe ai (Vu ton] sin Kat dt 


Vp R2C? 
Ain | sang (k is odd). (16.70) 
kw = T[1 + (kawpRC)*] 


(k is odd), (16.69) 


> 
o> 


To show that the results obtained from Eqs. 16.69 and 16.70 are consistent 
with Eq. 16.58, we must prove that 


4V 
Vee +R = t+ (16.71) 
kt \/1 + (kapRCY 
and that 
I 


—kayRC. (16.72) 
k 


16.6 


We leave you to verify Eqs. 16.69-16.72 in Problems 16.23 and 16.24. 
Equations 16.71 and 16.72 are used with Eqs. 16.38 and 16.39 to derive the 
Fourier series expression in Eq. 16.58; we leave the details to you in 
Problem 16.25. 

With this illustrative circuit, we showed how to use the Fourier series 
in conjunction with the principle of superposition to obtain the steady- 
state response to a periodic driving function. Again, the principal short- 
coming of the Fourier series approach is the difficulty of ascertaining the 
waveform of the response. However, by thinking in terms of a circuit’s fre- 
quency response, we can deduce a reasonable approximation of the 
steady-state response by using a finite number of appropriate terms in the 
Fourier series representation. (See Problems 16.27 and 16.29.) 


J ASSESSMENT PROBLEMS 


Average-Power Calculations with Periodic Functions 


Objective 2—Know how to analyze a circuit's response to a periodic waveform 


16.5 The periodic triangular-wave voltage seen on 
the left is applied to the circuit shown on the 
right. Derive the first three nonzero terms in 
the Fourier series that represents the steady- 
state voltage v, if V,,, = 281.257" mV and the 


period of the input voltage is 2007 ms. 


2238.83 cos(10f — 5.71°) + 239.46 cos(30t — 
16.70°) + 80.50 cos(SOt — 26.57°) + ...mV 


Answer: 


100 ko 
+ 


t v, 1 100 nF oe, 


623 


16.6 The periodic square-wave shown on the left is Answer: (a) 17.5 cos(10,000¢ + 88.81°) + 

applied to the circuit shown on the right. 26.14 cos(30,000% — 95.36°) + 

rer ee , 168 cos(50,000f) + 

a) Derive me first four nonzero terms in the 17.32 cos(70,000r + 98.30°) + ---V: 
Fourier series that represents the steady- 
state voltage v, if V,, = 2107 V and the (b) The fifth harmonic, at 10,000 rad/s, 
period of the input voltage is 0.27 ms. because the circuit is a bandpass filter 

b) Which harmonic dominates the output with a center frequency of 50,000 rad/s 
voltage? Explain why. and a quality factor of 10. 

10 kQ 


NOTE: Also try Chapter Problems 16.27 and 16.28. 


16.6 Average-Power Calculations 
with Periodic Functions 


If we have the Fourier series representation of the voltage and current at 
a pair of terminals in a linear lumped-parameter circuit, we can easily 
express the average power at the terminals as a function of the harmonic 
voltages and currents. Using the trigonometric form of the Fourier scries 
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expressed in Eq. 16.38, we write the periodic voltage and current at the 
terminals of a network as 


Oo 

v= Vao + SV, cos(nwot — Oy): (16.73) 
n=] 

i= lag + SL, cos(nwot — Oin). (16.74) 


n=] 


The notation used in Eqs. 16.73 and 16.74 is defined as follows: 


Vac = the amplitude of the dc voltage component, 


V,, = the amplitude of the mth-harmonic voltage, 
0,, = the phase angle of the nth-harmonic voltage, 
I 4. = the amplitude of the dc current component, 
I, = the amplitude of the nth-harmonic current, 
0;,, = the phase angle of the nth-harmonic current. 


We assume that the current reference is in the direction of the refer- 
ence voltage drop across the terminals (using the passive sign conven- 
tion), so that the instantaneous power at the terminals is vi. The average 


power is 

1 tg+T 1 tot T 

P= T | pdt = | vi dt. (16.75) 
Fhy ly 


To find the expression for the average power, we substitute Eqs. 16.73 and 
16.74 into Eq. 16.75 and integrate. At first glance, this appears to be a for- 
midable task, because the product vi requires multiplying two infinite 
series. However, the only terms to survive integration are the products of 
voltage and current at the same frequency. A review of Eqs. 16.8-16.10 
should convince you of the validity of this observation. Therefore 
Eq. 16.75 reduces to 


1 ty+T ala | tot T 
P = Veaclact + Ses [ V 1, COS(H@pgt — Oy) 
T 1) nail ty 
X cos(Hwgt — 0;,) dt. (16.76) 


Now, using the trigonometric identity 


1 1 
cos acos B = 5 cos(a — B)+ 5 costa +8); 


we simplify Eq. 16.76 to 


LSViln [" 
| Vacl ac a ee [ cos(4,,, ~ 0:4) 
ta Pa ty 
+ cos(2nwpt — 04, — O;,)]dt. (16.77) 


The second term under the integral sign integrates to zero, so 


a Vndn 
Vacl dc a ar cos(Oy, = Bin). (16.78) 
u= 

Equation 16.78 is particularly important because it states that in the case 
of an interaction between a periodic voltage and the corresponding periodic 
current, the total average power is the sum of the average powers obtained 
from the interaction of currents and voltages of the same frequency. Currents 
and voltages of different frequencies do not interact to produce average 


16.6  Average-Power Calculations with Periodic Functions 625 


power. Therefore, in average-power calculations involving periodic func- 
tions, the total average power is the superposition of the average powers 
associated with each harmonic voltage and current. Example 16.4 illustrates 


the computation of average power involving a periodic voltage. 


Assume that the periodic square-wave voltage in 
Example 16.3 is applied across the terminals of a 
15 Q resistor. The value of V,,, is 60 V, and that of T 
is 5 ms. 


a) Write the first five nonzero terms of the Fourier 
series representation of v(t). Use the trigono- 
metric form given in Eq. 16.38. 


b) Calculate the average power associated with 
each term in (a). 


c) Calculate the total average power delivered to 
the 15 © resistor. 


d) What percentage of the total power is delivered 
by the first five terms of the Fourier series? 


Solution 
a) The dc component of v(f) is 


_ (60/4) 


Qy F = 15V. 


From Example 16.3 we have 
A, = V2 60/m = 27.01 V, 
0, = 45°" 
Az = 60/7 = 19.10 V, 
0, = 90°," 


Ay = 20V2/m = 9.00 V, 


6; = 135°, 
Aq = 0, 

6, = 0", 

As = 5.40V, 
6, = 45°, 


2 277(1000 
Oy = = = a = 4007 rad/s. 


Scliicmaem Calculating Average Power for a Circuit with a Periodic Voltage Source 


Thus, using the first five nonzero terms of the 
Fourier series, 


v(t) = 15 + 27.01 cos(4007t — 45°) 
+ 19.10 cos(800at — 90°) 
+ 9.00 cos(1200at — 135°) 
+ 5.40 cos(2000at — 45°) + ---V. 
b) The voltage is applied to the terminals of a resis- 


tor, so we can find the power associated with 
each term as follows: 


15? 
Pac = Fg = SW, 
1 27.01? 
P,=- = 24.32 W 
ere as agen 
1 19.102 
2 al ic = 12.16 W, 
1 92 
P, = —~— =2.70W, 
ae OAS 
P 154 _ ow 
a AS 


c) To obtain the total average power delivered to 
the 15 © resistor, we first calculate the rms value 
of u(t): 


_ _ [(60)°(T/4) 


Vos = 7 = V900 = 30V. 


The total average power delivered to the 15 0 
resistor is 


d) The total power delivered by the first five 
nonzero terms is 


P=P y.+ P, + P2 + P3 + Ps = 55.15 W. 


This is (55.15/60)(100), or 91.92% of the total. 
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/ ASSESSMENT PROBLEM 


Objective 3—Be able to estimate the average power delivered to a resistor using a small number of Fourier 
coefficients 


16.7 The trapezoidal voltage function in Assessment 1H 1F 
Problem 16.3 is applied to the circuit shown. If 
12V,, = 296.09 V and T = 2094.4 ms, estimate : 
the average power delivered to the 2 (0 resistor. Uv; 222 vp 


Answer: 60.75 W. . 
NOTE: Also try Chapter Problems 16.34 and 16.35. 


16.7 The rms Value of a Periodic Function 


The rms value of a periodic function can be expressed in terms of the 
Fourier coefficients; by definition, 


I yt T 
Foms = FE f(t) dt. (16.79) 
ty 


Representing f(t) by its Fourier series yields 


1 tot T oo 2 
Pcie =A = c ae SA COS (Hwyt — 00 | dt. (16.80) 
T Shy n=] 
The integral of the squared time function simplifies because the only 
terms to survive integration over a period are the product of the de term 
and the harmonic products of the same frequency. All other products inte- 
grate to zero. Therefore Eq. 16.80 reduces to 


2 a A), 
= 4/a, + >(4). (16.81) 


Equation 16.81 states that the rms value of a periodic function is the 
square root of the sum obtained by adding the square of the rms value of 
each harmonic to the square of the dc value. For example, let’s assume that 
a periodic voltage is represented by the finite series 

v = 10+ 30 COS(wot a 6;) + 20 cos(2aot = 6) 
+ 5 cos(3wot — 03) + 2 cos(Swot = 0s). 


The rms value of this voltage ts 
V = V10° + (30/V2)? + (20/V2) + (5/V2) + (2/V2) 
= V764.5 = 27.65 V. 


Usually, infinitely many terms are required to represent a periodic func- 
tion by a Fourier series, and therefore Eq. 16.81 yields an estimate of the 
true rms value. We illustrate this result in Example 16.5. 
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Schuiltcm ieee Estimating the rms Value of a Periodic Function 


Use Eq. 16.81 to estimate the rms value of the voltage Therefore, 
in Example 16.4. 

i Ol) 4 10\? 9.00 \ 5.40 \2 
_ in is RY + (RY YH) 
From Example 16.4, 2 
Vac = IS V, = 28.76 V. 

V, = 27.01/72 V, the rms value of the fundamental, 
V> = 19.10/72 V, the rms value of the second harmonic, From Example 16.4, the true rms value is 30 V. We 


: : approach this value by including more and more harmon- 
Vs = 9.00/V2V, the rms value of the third harmonic, ics in Eq. 16.81. For example, if we include the harmonics 


V; = 5.40/V2 V, the rms value of the fifth harmonic. through k = 9, the equation yields a value of 29.32 V. 


NOTE: Assess your understanding of this material by trying Chapter Problems 16.36 and 16.39. 


16.8 The Exponential Form 
of the Fourier Series 


The exponential form of the Fourier series is of interest because it 
allows us to express the series concisely. The exponential form of the 


series is 
foe) 
{fO= >, Ce", (16.82) 
n=-%X& 
where 
tyth 
C= 7 f (te de. (16.83) 
Shy 


To derive Eqs. 16.82 and 16.83, we return to Eq. 16.2 and replace the 
cosine and sine functions with their exponential equivalents: 


elneout af: emo! 
COS Net = ———.——, (16.84) 


glnerot a e Net 


2j 


SIN N@&oft (16.85) 


Substituting Eqs. 16.84 and 16.85 into Eq. 16.2 gives 


tee) 
f(t) =a, 4 Dyes is 4 einen) 4 (elt ay e ent) 
J 


n=l 


Bete... 
ay + 5 (2S 7 "nn + (‘% = ° (16.86) 


n=I 


Now we define C,, as 


1 Ay 
Ce ra 3 (4n = Jb,,) = “Ge = Dis teal Oe ike acne (16.87) 
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From the definition of C,,, 


1} 2 tot T ; tot T 
Cee) t : tdi 7 1) si : 
’ t2 i f(t) cos nat dt — j T J, f(t) sin nay a 
fot T 
a f(t)(cos nwot — jsin nwot) dt 
fly 
fot T 
=F fwemrde, (16.88) 


Sty 


which completes the derivation of Eq. 16.83. To complete the derivation of 
Eq. 16.82, we first observe from Eq. 16.88 that 


1 ytT 
Co = al if (t) at = ay. (16.89) 


ty 


Next we note that 
tot T 1 
Ca al foe dt = C, = a (an a ib,). (16.90) 
an 2 
Substituting Eqs. 16.87, 16.89, and 16.90 into Eq. 16.86 yields 


oO 
F(t) = Cp + > (C,e +4 Cie iron) 
n=] 


120] 


fore) 
= SC, + Schein, (16.91) 
n=0 ’ 


7=] 


Note that the second summation on the right-hand side of Eq. 16.91 is 
equivalent to summing C,¢!"“" from —1 to —©o; that is, 


co —O 
Scere = SC, einen, (16.92) 
n=1 n=-1 


Because the summation from —1 to —© is the same as the summation 
from —©o to —1, we use Eq. 16.92 to rewrite Eq. 16.91: 


oo -1 
rs (t ) > C,,en + > C,ent 
n=0 —oO 


a . 
= 3c, el", (16.93) 
—co 


which completes the derivation of Eq. 16.82. 
We may also express the rms value of a periodic function in terms of 
the complex Fourier coefficients. From Eqs. 16.81, 16.87, and 16.89, 


Fims = a BE 2, = y) = (16.94) 
n= 
2 2 
Va,.t+b 
eis ao aa (16.95) 
Cr =a. (16.96) 


Substituting Eqs. 16.95 and 16.96 into Eq. 16.94 yields the desired 


expression: 
Fiems = \/ Ch ae 2S Ic... (16.97) 
n=] 


Example 16.6 illustrates the process of finding the exponential 
Fourier series representation of a periodic function. 


16.8 The Exponential Form of the Fourier Series 629 


Sehitmemem Finding the Exponential Form of the Fourier Series 


Find the exponential Fourier series for the periodic 2 Meg: 


1 1 LEM ¢ —jnwyt {2 __ ,jtegt/2 
voltage shown in Fig. 16.15. maT é ) 
Vin. 
m0 = ~ sin nwy 7/2. 
Vv, noyl 


m 


Here, because v(t) has even symmetry, 5, = 0 
for all m, and hence we expect C,, to be real. 
—7/2 07/2 T-1/2 T T+r/2 : Moreover, the amplitude of C,, follows a (sin x)/x 
distribution, as indicated when we rewrite 
Figure 16.15 A The periodic voltage for Example 16.6. 


Vint Sin (nw@y7/2) 


C, = — 
‘ T Aayt /2 
Solution 
Using —r/2 as the starting point for the integration, We say more about this subject in Section 16.9. 
we have, from Eq. 16.83, The exponential series representation of v(t) is 
7/2 i 
1 20 
C, = al V ne oe dt v(t) = > (a) CONTE) sa 
T -7/2 n=—00 T Naot /2 
Vin{f einen \ | 7/2 ( vat) © sin (HwyT/2) 
= — : = peak ha <I Mot 
T \ —jnwy }|-.72 nove = Aa@yT /2 


/ ASSESSMENT PROBLEMS 


Objective 4—Be able to calculate the exponential form of the Fourier coefficients for a periodic waveform 


16.8 Derive the expression for the Fourier coeffi- 16.9 a) Calculate the rms value of the periodic cur- 
cients C,, for the periodic function shown. rent in Assessment Problem 16.8. 
Hint: Take advantage of symmetry by using the b) Using C;—C;, estimate the rms value. 


fact that C,, = (a, — jb,)/2. c) What is the percentage of error in the value 


obtained in (b), based on the true value 

i(A) found in (a)? 

d) For this periodic function, could fewer terms 
be used to estimate the rms value and still 
insure the error is less than 1%? 


t (ms) 
36 40 44 


Answer: (a) V34A; 
(b) 5.777 A; 


—8 (c) —0.93 %; 
(d) yes; if C; -Cy are used, the error is 
Answer: C,, = —j4(1 + 3cos“f), n odd —0.98 %. 


NOTE: Also try Chapter Problems 16.45 and 16.46. 
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16.9 Amplitude and Phase Spectra 


A periodic time function is defined by its Fourier coefficients and its period. 
In other words, when we know a,, @,,. b,, and T, we can construct f(t), at 
least theoretically. When we know a, and b,, we also know the amplitude 
(A,,) and phase angle (—8,,) of each harmonic. Again, we cannot, in general, 
visualize what the periodic function looks like in the time domain from a 
description of the cocfficients and phase angles; nevertheless, we recognize 
that these quantities characterize the periodic function completely. Thus, 
with sufficient computing time, we can synthesize the time-domain wave- 
form from the amplitude and phase angle data. Also, when a periodic driv- 
ing function is exciting a circuit that is highly frequency selective, the 
Fouricr series of the steady-state response is dominated by just a few terms. 
Thus the description of the response in terms of amplitude and phase may 
provide an understanding of the output waveform. 

We can present graphically the description of a periodic function in 
terms of the amplitude and phase angle of each term in the Fourier series 
of f(t). The plot of the amplitude of each term versus the frequency is 
called the amplitude spectrum of f(t), and the plot of the phase angle ver- 
sus the frequency is called the phase spectrum of f(t). Because the ampli- 
tude and phase angle data occur at discrete values of the frequency (that 
IS, at Wp, 2wWy, 3wy, . . .), these plots also are referred to as line spectra. 


An Illustration of Amplitude and Phase Spectra 


Amplitude and phase spectra plots are based on either Eq. 16.38 (A,, and 
—6,) or Eq. 16.82 (C,,). We focus on Eq. 16.82 and leave the plots based on 
Eq. 16.38 to Problem 16.49. To illustrate the amplitude and phase spectra, 
which are based on the exponential form of the Fourier series, we use the 
periodic voltage of Example 16.6. To aid the discussion, we assume that 
V», = 5Vand7 = 7/5. From Example 16.6, 


V»T Sin (wT /2) 


C= 16.98 
" T Aay7 /2 ( ) 
which for the assumed values of V,,, and 7 reduces to 
sin (77/5) 
=. 16.99 
10. SSO S4 2 2 4 6 8 10 Figure 16.16 illustrates the plot of the magnitude of C,, from Eq. 16.99 for 
-0.4 values of ranging from —10 to +10. The figure clearly shows that the 


amplitude spectrum is bounded by the envelope of the |( sin x)/x| func- 
Figure 16.16 & The plot of C’, versus » when 7 = T/5, — tion. We used the order of the harmonic as the frequency scale because the 
for the periodic voltage for Example 16.6. numerical value of 7 is not specified. When we know 7, we also know wy 
and the frequency corresponding to each harmonic. 
Figure 16.17 provides the plot of |(sin x)/x| versus x, where x is in 
radians. It shows that the function goes through zero whenever x is an 
integral multiple of 7. From Eq. 16.98, 


sin x| 
Xx 


T NWT T AT 


-)/= = —., 16.100 
non( Z) T  T/t ( ) 


as From Eq. 16.100, we deduce that the amplitude spectrum goes through 
zero whenever 7/T is an integer. For example, in the plot, 7/T is 1/5, and 
Figure 16.17 A The plot of (sin x)/x versus x. therefore the envelope goes through zero at n = 5, 10, 15, 10, 15, and so 


—27 —-l.5an -7 —0.570 O57 am 157 2 


on. In other words, the fifth, tenth, fifteenth, ... harmonics are all zero. As 
the reciprocal of t/T becomes an increasingly larger integer, the number 
of harmonics between every 7 radians increases. If 7/T is not an integer, 
the amplitude spectrum still follows the |( sin x)/x| envelope. However, 
the envelope is not zero at an integral multiple of wp. 

Because C,, is real for all n, the phase angle associated with C,, is 
either zero or 180°, depending on the algebraic sign of (sin n7r/5)/(u7/S). 
For example, the phase angle is zero for n = 0, 1, +2, +3, and +4. It is 
not defined at » = +5, because C,5 is zero. The phase angle is 180° at 
n = +6, +7, +8, and +9, and it is not defined at +10. This pattern repeats 
itself as m takes on larger integer values. Figure 16.18 shows the phase 
angle of C,, given by Eq. 16.98. 

Now, what happens to the amplitude and phase spectra if f(t) is 
shifted along the time axis? To find out, we shift the periodic voltage in 
Example 16.6 fy units to the right. By hypothesis, 


ee 
ut) = > C,e" (16.101) 


n=O 


Therefore 


x os 
v(t — ty) — >> C,,eleolt to) — > C,,e [remtoginent | (16.102) 


n=—OO n= 


which indicates that shifting the origin has no effect on the amplitude spec- 
trum, because 


IC,,| io Cerro, (16.103) 


However, reference to Eq. 16.87 reveals that the phase spectrum has 
changed to —(@,, + #wpty) rads. For example, let’s shift the periodic voltage 
in Example 16.1 7/2 units to the right. As before, we assume that 7 = 7/5; 
then the new phase angle @}, is 


6, = —(@, + na/5). (16.104) 


We have plotted Eq. 16.104 in Fig. 16.19 for 2 ranging from —8 to +8. Note 
that no phase angle is associated with a zero amplitude coefficient. 

You may wonder why we have devoted so much attention to the 
amplitude spectrum of the periodic pulse in Example 16.6. The reason is 
that this particular periodic waveform provides an excellent way to illus- 
trate the transition from the Fourier series representation of a periodic 
function to the Fourier transform representation of a nonperiodic func- 
tion. We discuss the Fourier transform in Chapter 17. 
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Figure 16.18 A The phase angle of C,,. 
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Figure 16.19 A The plot of @/, versus + for Eq. 16.104. 
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vu ASSESSMENT PROBLEM 


Objective 4—Be able to calculate the exponential form of the Fourier coefficients for a periodic waveform 


16.10 The function in Assessment Problem 16.8 is Answer: 
shifted along the time axis 8 ms to the right. a 
Write the exponential Fourier series for the i(t) = 2 la + 3cos BT eo UT/2)+ 1) pint A. 
periodic current. TF 5;=-00(odd) 7 4 


NOTE: Also try Chapter Problems 16.49 and 16.50. 


Practical Perspective 


Active High-Q Filters 

Consider the narrowband op amp bandpass filter shown in Fig. 16.20(a). The 
square wave voltage shown in Fig. 16.20(b) is the input to the filter. We 
know that the square wave is comprised of an infinite sum of sinusoids, one 
sinusoid at the same frequency as the square wave and all of the remaining 
sinusoids at integer multiples of that frequency. What effect will the filter 
have on this input sum of sinusoids? 


C 
3912.50 0 


507-3 


Sa —257 -14.57 0 


=15.657 


(b) 
Figure 16.20 A (a) narrowband bandpass filter; (b) square wave input. 


The Fourier series representation of the square wave in Fig. 16.20(b) is 
given by 


4A XS 1. ar 
v(t) = — — sin ——~ cos nut 
sl ) 7 ie 2 “ 


where A = 15.657rV. The first three terms of this Fourier series are given by 
Ug(t) = 62.6 cos wot — 20.87 cos 3wot + 12.52 cos Swot — ... 


The period of the square wave is 507 zs so the frequency of the square 
wave is 40,000 rad/s. 


The transfer function for the bandpass filter in Fig. 16.20(a) is 


KBs 


HS) SS 
(s) s° + Bs + wh 


where K = 400/313, B = 2000 rad/s, wo = 40,000 rad/s. This filter has 
a quality factor of 40,000/2000 = 20. Note that the center frequency of the 
bandpass filter equals the frequency of the input square wave. 

Multiply each term of the Fourier series representation of the square 
wave, represented as a phasor, by the transfer function H(s) evaluated at 
the frequency of the term in the Fourier series to get the representation of 
the output voltage of the filter as a Fourier series: 


u(t) = —80 cos wot — 0.5 cos 3mof + 0.17 cos Swot — ... 


Notice the selective nature of the bandpass filter, which effectively 
amplifies the fundamental frequency component of the input square wave 
and attenuates all of the harmonic components. 

Now make the following changes to the bandpass filter of Fig. 16.20(a) 
— let R,; = 391.25 0, Rp = 74.40, R3 = 1k, and C, = Cy = 0.1 pF 
. The transfer function for the filter, H7(s), has the same form given above, 
but now K = 400/313, B = 20,000 rad/s, wo = 40,000 rad/s. The pass- 
band gain and center frequency are unchanged, but the bandwidth has 
increased by a factor of 10. This makes the quality factor 2, and the result- 
ing bandpass filter is less selective than the original filter. We can see this 
by looking at the output voltage of the filter as a Fourier series: 


V(t) = —80 cos wot — 5 cos 3wot + 1.63 cos Swot — ... 


The fundamental frequency of the input has the same amplification fac- 
tor, but the higher harmonic components have not been attenuated as signif- 
icantly as they were when the filter with Q = 20 was used. Figure 16.21 plots 
the first three terms of the Fourier series representations of the input square 
wave and the resulting output waveforms for the two bandpass filters. Note 
the nearly perfect replication of a sinusoid in Fig. 16.21(b) and the distortion 
that results from the use of a less-selective filter in Fig. 16.21(c). 
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—80 
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t (us) 0 t (us) 


—100 (c) 


Figure 16.21 A (a) The first three terms of the Fourier series of the square wave in Fig. 16.20(b); (b) the first three terms of the Fourier 
series of the output from the bandpass filter in Fig. 16.20(a), where Q = 20; (c) the first three terms of the Fourier series of the output 
from the bandpass filter in Fig. 16.20(a) with component values changed to give Q = 2. 


A periodic function is a function that repeats itself 
every T seconds. 


A period is the smallest time interval (7 ) that a peri- 
odic function can be shifted to produce a function iden- 
tical to itself. (See page 604.) 


The Fourier series 1s an infinite series used to represent 
a periodic function. The series consists of a constant 
term and infinitely many harmonically related cosine 
and sine terms. (See page 607.) 


The fundamental frequency is the frequency determined 
by the fundamental period (fy = 1/T or wy = 2fy). 
(See page 607.) 


The harmonic frequency is an integer multiple of the 
fundamental frequency. (See page 607.) 


The Fourier coefficients are the constant term and the 
coefficient of each cosine and sine term in the series. 
(See Eqs. 16.3-16.5.) (See page 608.) 


¢ Five types of symmetry are used to simplify the compu- 


tation of the Fourier coefficients: 
¢ even, in which all sine terms in the series are zero 


¢ odd, in which all cosine terms and the constant term 
are Zero 


¢ half-wave, in which all even harmonics are zero 


¢ quarter-wave, half-wave, even, in which the series 
contains only odd harmonic cosine terms 


¢ quarter-wave, half-wave, odd, in which the series con- 
tains only odd harmonic sine terms 


(See page 611.) 


In the alternative form of the Fourier series, each har- 
monic represented by the sum of a cosine and sine 
term is combined into a single term of the form 
A, coS(nuyt — 8,,). (See page 617.) 


¢ For steady-state response, the Fourier series of the 


response signal is determined by ffirst finding 
the response to each component of the input signal. The 
individual responses are added (super-imposed) to 
form the Fourier series of the response signal. The 
response to the individual terms in the input series is 
found by either frequency domain or s-domain analysis. 
(See page 619.) 

The waveform of the response signal is difficult to obtain 
without the aid of a computer. Sometimes the frequency 
response (or filtering) characteristics of the circuit can 
be used to ascertain how closely the output waveform 
matches the input waveform. (See page 620.) 


Only harmonics of the same frequency interact to pro- 
duce average power. The total average power is the sum 
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of the average powers associated with each frequency. 
(See page 623.) 


The rms value of a periodic function can be estimated 
from the Fourier coefficients. (See Eqs. 16.81, 16.94, and 
16.97.) (See page 626.) 


The Fourier series may also be written in exponential 
form by using Euler’s identity to replace the cosine and 
sine terms with their exponential equivalents. (See 
page 627.) 


The Fourier series is used to predict the steady-state 
response of a system when the system is excited by a 
periodic signal. The series assists in finding the steady- 
state response by transferring the analysis from the time 
domain to the frequency domain. 


Problems 


16.2 Derive the Fourier series for the periodic voltage 
shown in Fig. P16.2, given that 


Sections 16.1-16.2 


16.1 Find the Fourier series expressions for the periodic 


voltage functions shown in Fig. P16.1. Note that 
Fig. P16.1(a) illustrates the square wave; Fig. P16.1(b) 
illustrates the full-wave rectified sine wave, where 
u(t) = V,, sin(7/T)t, 0 = ¢ < T; and Fig. P16.1(c) 
illustrates the half-wave rectified sine wave, where 
v(t) = V,, sin(27/T)t,0 st = T/2. 


Figure P16.1 


(b) 


v(t) = 100 sin 1 V, 


v(t) = 60 sin = LV, 


Figure P16.2 
v(t) V 


100 


T/A T/2 3T/A T 


16.3 For each of the periodic functions in Fig. P16.3, 


specify 

a) w, in radians per second 
b) f, in hertz 

c) the value of a, 

d) the equations for a, and b, 


€) u(t) as a Fourier series 
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Figure P16.3 


v(t) V 


t (us) 


v(t) V 


t (us) 
~45 —35 -5 15 
(b) 


35 45 


16.4 Derive the expressions for @,, a,, and b, for the 
periodic voltage shown in Fig. P16.4 if V,,, = 60a V. 


Figure P16.4 
v(t) 
Vin 


Vin[2 


T/4 T/2 3T/4 T ST/A 


16.5 a) Verify Eqs. 16.6 and 16.7. 
b) Verify Eq. 16.8. Hint: Use the trigonometric iden- 
tity cosa sin B = 5 sin(a + B)- 5 sin(a — B). 


c) Verify Eq. 16.9. Hint: Use the trigonometric iden- 
tity sina sin B = } cos(a ae © + cos(a + B). 
d) Verify Eq. 16.10. Hint: Use the trigonometric iden- 


tity cos a cos B = + cos(a = 8) 5 cos(a + B). 


16.6 Derive Eq. 16.5. 


Section 16.3 


16.7 Derive the expressions for the Fourier coefficients of 
an odd periodic function. Hint: Use the same tech- 
nique as used in the text in deriving Eqs. 16.14-16.16. 


16.8 Show that if f(t) = —f(t — T/2), the Fourier coef- 
ficients b, are given by the expressions 


b, = 0 for k even; 
4 pte 
b, = T f(t)sinkw,tdt, for k odd. 
0 


Hint: Use the same technique as used in the text to 
derive Eqs. 16.28 and 16.29. 


16.9 Derive Eqs. 16.36. Hint: Start with Eq. 16.29 and 
divide the interval of integration into 0 to 7/4 
and 7/4 to T/2. Note that because of evenness and 
quarter-wave symmetry, f(t) = —f(7/2 — t) in the 
interval 7/4 st = 7/2. Let x = 7/2 —¢ in the 
second interval and combine the resulting integral 
with the integration between 0 and 7/4. 


16.10 Derive Eqs. 16.37. Follow the hint given in 
Problem 16.9 except that because of oddness and 
quarter-wave symmetry, f(t) = f(T/2 — t) in the 
interval 7/4 =¢ = T/2. 


16.11 It is given that »(¢) = 20 sin a|t|V over the interval 
—1 <¢ = 1s. The function then repeats itself. 


a) What is the fundamental frequency in radians 
per second? 


b) Is the function even? 
c) Is the function odd? 
d) Does the function have half-wave symmetry? 


16.12 One period of a periodic function is described by 
the following equations: 


i(t) = 5t A, —2ms =t =2ms; 


i(t) = 10mA, 2ms =t = 6ms; 


i(t) = 0.04 — 5t A, 6ms =f = 10 ms; 


i(t) = —10mA, 10ms S¢ S 14ms. 

a) What is the fundamental frequency in hertz? 

b) Is the function even? 

c) Is the function odd? 

d) Does the function have half-wave symmetry? 

e) Does the function have quarter-wave symmetry? 
f) Give the numerical expressions for @,, @;,, and by. 


16.13 


Find the Fourier series of each periodic function 
shown in Fig. P16.13. 
Figure P16.13 


16.14 The periodic function shown in Fig. P16.14 is odd 


16.15 


16.16 


and has both half-wave and quarter-wave symmetry. 

a) Sketch one full cycle of the function over the 
interval -7/4 =¢ < 37/4. 

b) Derive the expression for the Fourier coeffi- 
cients a,, a;, and by. 


c) Write the first three nonzero terms in the 
Fourier expansion of f(t). 


d) Use the first three nonzero terms to estimate 
f(T/4). 
Figure P16.14 
f() 
20 


TPB T/4 
It is given that f(t) = 4¢ over the interval 
=2<1< 25. 


a) Construct a periodic function that satisfies this 
f(t) between —2 and +2 s, has a period of 8 s, 
and has half-wave symmetry. 


b) Is the function even or odd? 

c) Does the function have quarter-wave symmetry? 

d) Derive the Fourier series for f(t). 

e) Write the Fourier series for f(t) if f(¢) is shifted 
2s to the right. 


Repeat Problem 16.15 given that f(t) = ¢ over the 
interval —-2<t< 2s, 
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16.17 a) Derive the Fourier series for the periodic cur- 
rent shown in Fig. P16.17. 

b) Repeat (a) if the vertical reference axis is shifted 
T/2 units to the right. 

Figure P16.17 


It is sometimes possible to use symmetry to find the 
Fourier coefficients, even though the original function 
is not symmetrical! With this thought in mind, con- 
sider the function in Fig P16.4. Observe that v(t) can 
be divided into the two functions illustrated in 
Fig. P16.18(a) and (b). Furthermore, we can make 
v2(t) an even function by shifting it 7/8 units to the 
left. This is illustrated in Fig. P16.18(c). At this point 
we note that v(t) = v\(t) + v(t) and that the 
Fourier series of v,(f) is a single-term series consisting 
of V,, /2. To find the Fourier series of v(t), we first 
find the Fourier series of v2(t + T/8) and then shift 
this series 7/8 units to the right. Use the technique 
just outlined to verify the Fourier coefficients found in 
Problem 16.4. 


Figure P16.18 
v(t) 


v(t) 


vx(t + T/8) 
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Section 16.4 


16.19 


16.20 


16.21 


16.22 


For each of the periodic functions in Fig. P16.3, 
derive the Fourier series for v(t) using the form of 
Eq. 16.38. 


Derive the Fourier series for the periodic function 
described in Problem 16.12, using the form of 
Eq. 16.38. 


Derive the Fourier series for the periodic function 
constructed in Problem 16.15, using the form of 
Eq. 16.38. 


a) Derive the Fourier series for the periodic func- 
tion shown in Fig. P16.22 when /,, = 57’ A. 
Write the series in the form of Eq. 16.38. 

b) Use the first five nonzero terms to estimate 
i(T /4). 


Figure P16.22 
v(t) 
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16.23 


16.24 


16.25 


Derive Eqs. 16.69 and 16.70. 


a) Derive Eq. 16.71. Hint: Note that bp = 
AV ,,,/7k + kw,RCa,. Use this expression for b;, 
to find aj + bz in terms of a,. Then use the 
expression for a, to derive Eq. 16.71. 


b) Derive Eq. 16.72. 


Show that when we combine Eqs. 16.71 and 16.72 
with Eqs. 16.38 and 16.39, the result is Eq. 16.58. 
Hint: Note from the definition of 8, that 


ay 
—~- = —tan Bx, 
by 


and from the definition of @, that 
tan 6, = —cot Bx. 
Now use the trigonometric identity 
tanx = cot(90 — x) 


to show that 4, = 90 + By. 


16.26 


16.27 


PSPICE 
MULTISIM 


16.28 


a) Show that for large values of C, Eq. 16.67 can be 
approximated by the expression 
Vane. 


v(t) © TRC a 


Vii t 
RC” 


Note that this expression is the equation 
of the triangular wave for 0s1r Ss 7/2. 
Hints. (1) Let e/®° = 1 ~ (t/RC) and 
e TPRC ~ | — (T/2RC); (2) put the resulting 
expression over the common denominator 
2 — (T/2RC), (3) simplify the numerator; and 
(4) for large C, assume that 7/2RC is much 
less than 2. 


b 


—— 


Substitute the peak value of the triangular wave 
into the solution for Problem 16.13 (see 
Fig. P16.13(b)) and show that the result is 
Eq. 16.59. 


The periodic square-wave voltage shown in 
Fig P16.13(a) with V,, = 10.57 V and 7 = 7 ms is 
applied to the circuit shown in Fig. P16.27. 

a) Derive the first three nonzero terms in the 
Fourier series that represents the steady-state 
voltage v,. 

b) Which frequency component in the input volt- 
age is eliminated from the output voltage? 
Explain why. 


Figure P16.27 
100 mH 


100 nF 


The periodic square-wave voltage seen in 
Fig. P16.28(a) is applied to the circuit shown in 
Fig. P16.28(b). Derive the first three nonzero terms 
in the Fourier series that represents the steady-state 
voltage v, if V,, = 157 V and the period of the 
input voltage is 47 ms. 


Figure P16.28 


100 


+ 
10mH &, 


(b) 


16.29 


16.30 


PSPICE 
MULTISIM 


16.31 


The full-wave rectified sine-wave voltage shown in 

Fig. P16.29(a) is applied to the circuit shown in 

Fig. P16.29(b). 

a) Find the first five nonzero terms in the Fourier 
series representation of /,,. 

b) Does your solution for é,, make sense? Explain. 


Figure P16.29 


v4 (V) 


f(s) 


1/120 1/60 


(a) 


1/40 


16H 


| 


1kQ 


(b) 


The square-wave voltage shown in Fig. P16.30(a) is 
applied to the circuit shown in Fig. P16.30(b). 


a) Find the Fourier series representation of the 
steady-state current i. 

b) Find the steady-state expression for / by straight- 
forward circuit analysis. 

Figure P16.30 


T/2 T 37/2 
(a) (b) 


A periodic voltage having a period of 107 ps is 
given by the following Fourier series: 
eae 

150 SS) —=sin rT cos nw,t V. 

n=135.... 7 2 
This periodic voltage is applied to the circuit shown 
in Fig. P16.31. Find the amplitude and phase angle 
of the components of v, that have frequencies of 
3 and 5 Mrad/s. 


Figure P16.31 
250 kQ 


16.32 
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Problems 


The periodic current described below is used to 
energize the circuit shown in Fig. P16.32. Write the 
time-domain expression for the third-harmonic 
component in the expression for v,. 


ig = SO0F, —2ms =f =2ms: 
= 1A, 2ms <t = 8ms; 
=5 -— 5001, 8ms =f = 12 ms: 
= -1A, 12ms =r = 18ms. 


Figure P16.32 


400.0 
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16.33 


The periodic current shown in Fig. P16.33 is applied 

toa 1kQ resistor. 

a) Use the first three nonzero terms in the Fourier 
series representation of i(t) to estimate the aver- 
age power dissipated in the | kQ resistor. 

b) Calculate the exact value of the average power 
dissipated in the 1 kQ resistor. 

¢) What is the percentage of error in the estimated 
value of the average power? 


Figure P16.33 


The periodic voltage across a 10 22 resistor is shown 

in Fig. P16.34. 

a) Use the first three nonzero terms in the Fourier 
series representation of v(t) to estimate the 
average power dissipated in the 10 (2 resistor. 

b) Calculate the exact value of the average power 
dissipated in the 10 Q resistor. 

c) What is the percentage error in the estimated 
value of the average power dissipated? 


Figure P1634 
v(V) 
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16.35 The triangular-wave voltage source is applied to the 
circuit in Fig. P16.35(a). The triangular-wave volt- 
age is Shown in Fig. P16.35(b). Estimate the average 
power delivered to the 50V2 1 resistor when the 
Circuit is in steady-state operation. 


Figure P16.35 


100 mH 
Vp & 10 pF 50 V2 0 
(a) 
Up (V) 
20 
t (ms 
) 27 4ar 67 87 mn) 
(b) 


Section 16.7 


16.36 a) Find the rms value of the voltage shown in 
Fig. P16.36 for V,,=100V. Note that the 
Fourier series for this periodic voltage was 
found in Assessment Problem 16.3. 
b) Estimate the rms value of the voltage, using the 
first three nonzero terms in the Fourier series 
representation of v,(¢). 


Figure P16.36 


16.37 The voltage and current at the terminals of a 

network are 

v = 15 + 400 cos 500¢ + 100 sin 1500r V, 

i = 2 + 5sin (S00¢ + 60°) + 3cos (1500t — 15°) A. 
The current is in the direction of the voltage drop 
across the terminals. 

a) What is the average power at the terminals? 
b) What is the rms value of the voltage? 
c) What is the rms value of the current? 

16.38 a) Estimate the rms value of the full-wave rectified 
sinusoidal voltage shown in Fig. P16.38(a) by 
using the first three nonzero terms in the 
Fourier series representation of v(f). 

b) Calculate the percentage of error in the 
estimation. 


c) Repeat (a) and (b) if the full-wave rectified sinu- 
soidal voltage is replaced by the half-wave recti- 
fied sinusoidal voltage shown in Fig. P16.38(b). 


Figure P16.38 
v(V) 


170 


= ¢(ms) 


(a) 


El ft 
| 20 40 Pu) 


(b) 


16.39 a) Estimate the rms value of the periodic square- 
wave voltage shown in Fig. P16.39(a) by using 
the first five nonzero terms in the Fourier series 
representation of v(t). 


b) Calculate the percentage of error in the 
estimation. 

c) Repeat parts (a) and (b) if the periodic square- 
wave voltage is replaced by the periodic triangu- 
lar voltage shown in Fig. P16.39(b). 


Figure P16.39 
v(V) 


t (ms) 


(b) 


16.40 a) Use the first four nonzero terms in the Fourier 
series approximation of the periodic voltage 
shown in Fig. P16.40 to estimate its rms value. 

b) Calculate the true rms value of the voltage. 


c) Calculate the percentage of error in the esti- 
mated value. 


16.41 


16.42 


16.43 


Figure P16.40 


v(V) 
107 


T/4 T/2 3T/4 


—107 


a) Derive the expressions for the Fourier coefficients 
for the periodic current shown in Fig. P16.41. 


b) Write the first four nonzero terms of the series 
using the alternative trigonometric form given 
by Eq. 16.39. 


c) Use the first four nonzero terms of the expression 
derived in (b) to estimate the rms value of i,. 


d) Find the exact rms value of t,. 


e) Calculate the percentage of error in the esti- 
mated rms value. 
Figure P16,41 
i 


& 


Assume the periodic function described in 
Problem 16.14 is a voltage v, with a peak ampli- 
tude of 20 V. 


a) Find the rms value of the voltage. 


b) If this voltage exists in a 15 0 resistor, what is 
the average power dissipated in the resistor? 


c) If v, is approximated by using just the fundamen- 
tal frequency term of its Fourier series, what is the 
average power delivered to the 15 2. resistor? 


d) What is the percentage of error in the estimation 
of the power dissipated? 


The rms value of any periodic triangular wave hav- 
ing the form depicted in Fig. P16.43(a) is independ- 
ent of ¢, and ¢t,. Note that for the function to be 
single valued, t, = t,. The rms value is equal to 
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V,/V3. Verify this observation by finding the 
rms value of the three waveforms depicted in 
Fig. P16.43(b)-(d). 


Figure P16.43 
v(V) 


t (s) t (s) 
0} 0.2 0.4.0.6 0.8 1.00 
—10 
(b) 
v(V) v(V) 
t(s) 
(d) 


Section 16.8 


16.44 Use the exponential form of the Fourier series to 
write an expression for the voltage shown in 


Fig. P16.44. 
Figure P16.44 
v(t) 
Vii 
t 
-T/4 0 T/A T/2 37/4 T SrA 
16.45 Derive the expression for the complex Fourier 


coefficients for the periodic voltage shown in 
Fig. P16.45. 


Figure P16.45 
v(t) 


Vin 


21 
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16.46 


16.47 


Fourier Series 


a) The periodic voltage in Problem 16.45 is applied 
to a 10 resistor. If V,,, = 120 V what is the 
average power delivered to the resistor? 


b) Assume v(t) is approximated by a truncated 
exponential form of the Fourier series consisting 
of the first eight nonzero terms, that is, 
n = 0,1, 2,3, 4,5, 6 and 7. What is the rms value 
of the voltage, using this approximation? 

c) If the approximation in part (b) is used to repre- 
sent v what is the percentage of error in the cal- 
culated power? 


The periodic voltage source in the circuit shown 
in Fig. P16.47(a) has the waveform shown in 
Fig. P16.47(b). 

a) Derive the expression for C,,. 

b) Find the values of the complex coefficients 
Cy Ca Ci, C_», Co, C_3, C3, C4, and c for the 
input voltage v, if V,, = 54 V and T = 107 ps. 

c) Repeat (b) for v,. 

d) Use the complex coefficients found in (c) to 


estimate the average power delivered to the 
250 kQ resistor. 


Figure P16.47 
62.50, 


16.48 


a) Find the rms value of the periodic voltage in 
Fig. P16.47(b). 


b) Use the complex coefficients derived in 
Problem 16.47(b) to estimate the rms value of v,. 

c) What is the percentage of error in the estimated 
rms value of v,? 


Section 16.9 


16.49 


16.50 


16.51 


16.52 


a) Make an amplitude and phase plot, based on 
Eq. 16.38, for the periodic voltage in Example 16.3. 
Assume V,, is 40 V. Plot both amplitude and phase 
versus nw,, where n = 0,1,2,3,... 


b) Repeat (a), but base the plots on Eq. 16.82. 
a) Make an amplitude and phase plot, based on 
Eq. 16.38, for the periodic voltage in 


Problem 16.33. Plot both amplitude and phase 
versus tw, Where n = 0,1,2,... 


b) Repeat (a), but base the plots on Eq. 16.82. 
A periodic function is represented by a Fourier 
series that has a finite number of terms. The ampli- 


tude and phase spectra are shown in Fig. P16.51(a) 
and (b), respectively. 


a) Write the expression for the periodic current 
using the form given by Eq. 16.38. 


b) Is the current an even or odd function of f? 
c) Does the current have half-wave symmetry? 


d) Calculate the rms value of the current in 
milliamperes. 


e) Write the exponential form of the Fourier series. 


f) Make the amplitude and phase spectra plots on 
the basis of the exponential series. 


Figure P16.51 
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A periodic voltage is represented by a truncated 
Fourier series. The amplitude and phase spectra are 
shown in Fig. P16.52(a) and (b), respectively. 


a) Write an expression for the periodic voltage 
using the form given by Eq. 16.38. 


b) Is the voltage an even or odd function of ¢? 
c) Does the voltage have half-wave symmetry? 
d) Does the voltage have quarter-wave symmetry? 


Figure P16.52 
Ay 


NW, 


(b) 


16.53 The input signal to a unity-gain third-order low-pass 
Butterworth filter is a half-wave rectified sinusoidal 
voltage. The corner frequency of the filter is 
100 rad/s. The amplitude of the sinusoidal voltage is 
547 V and its period is 57 ms. Write the first three 
terms of the Fourier series that represents the steady- 
state output voltage of the filter. 


Sections 16.1-16.9 


16.54 The input signal to a unity-gain second-order low- 
pass Butterworth filter is the periodic triangular- 
wave voltage shown in Fig P1l6.54. The corner 
frequency of the filter is 2 krad/s. Write the first 
three terms of the Fourier series that represents the 
steady-state output voltage of the filter. 


Figure P16.54 
v, (V) 


200 


t (ms) 


—0.67 -O0.4a —0.27 0) 0.20 OAr 0.67 


16.55 The input signal to a unity-gain second-order low- 
pass Butterworth filter is a full-wave rectified sine 
wave with an amplitude of 2.57 V and a fundamen- 
tal frequency of 5000 rad/s. The corner frequency 
of the filter is 1 krad/s. Write the first two terms in 
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the Fourier series that represents the steady-state 
output voltage of the filter. 


16.56 The transfer function (V,/V,) for the narrowband 


bandpass filter circuit in Fig. P16.56(a) is 
—K, ps 
x? + Bs + wo 


a) Find K,, B, and w% as functions of the circuit 
parameters R,, Ro, R3,C,, and C). 


H(s) = 


b) Write the first three terms in the Fourier series 
that represents v, if vy is the periodic voltage in 
Fig. P16.56(b). 

c) Predict the value of the quality factor for the fil- 
ter by examining the result in part (b). 

d) Calculate the quality factor for the filter using B 
and w, and compare the value to your predic- 
tion in part (c). 


Figure P16.56 
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25 kQO 


(a) 


—2.257n? 


(b) 


16.57 a) Find the values for K, 8, and w? for the band- 
pass filter shown in Fig. 16.20(b). 
b) Find the first three terms in the Fourier series 
for vy in Fig. 16.20(b) if the input to the filter is 
the waveform shown in Fig. 16.20(a). 
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CHAPTER CONTENTS In Chapter 16, we discussed the representation of a periodic 
function by means of a Fourier series. This series representation 


17.1 The Derivation of the Fourier 
Transform p. 646 enables us to describe the periodic function in terms of the 


17.2 The Convergence of the Fourier frequency-domain attributes of amplitude and phase. The Fourier 
Integral p. 648 


: ; ; transform extends this frequency-domain description to functions 
17.3 Using Laplace Transforms to Find Fourier 


Transforms p. 650 that are not periodic. Through the Laplace transform, we already 
17.4 Fourier Transforms in the Limit p. 653 _ introduced the idea of transforming an aperiodic function from 
17.5 Some Mathematical Properties p. 655 the time domain to the frequency domain. You may wonder, then, 
17.6 Operational Transforms p. 657 why yet another type of transformation is necessary. Strictly 


pie mgt Rep eentins: Je Bee speaking, the Fourier transform is not a new transform. It is a spe- 


17.8 Parseval’s Theorem p. 664 : ‘ ‘ 
. cial case of the bilateral Laplace transform, with the real part of 


W/ CHAPTER OBJECTIVES the complex frequency set equal to zero. However, in terms of 


| physical interpretation, the Fourier transform is better viewed as 


1 Be able to calculate the Fourier transform of a a limiting case of a Fourier series. We present this point of view in 


function using any or all of the following: ‘ F , ; 
; i y 5 Section 17.1, where we derive the Fourier transform equations. 
* The definition of the Fourier transform; 


« Taplacdtrensternes The Fourier transform is more useful than the Laplace trans- 


+ Mathematical properties of the Fourier form in certain communications theory and signal-processing sit- 


transform; uations. Although we cannot pursue the Fourier transform in 


* Ryerational transformé. _ depth, its introduction here seems appropriate while the ideas 
2 Know how to use the Fourier transform to find : ‘a ‘ ‘ 
the Teaponse of a CIN: underlying the Laplace transform and the Fourier series are still 


3 Understand Parseval’s theorem and be able to fresh in your mind. 


use it to answer questions about the energy 
contained within specific frequency bands. 


644 


’ c Me ~ " 
4 | 
‘hr, a - _ 
me Ch rd ~ 
i é a e ye |] 


Practical Perspective 
Filtering Digital Signals 


It is common to use telephone lines to communicate informa- 
tion from one computer to another. As you may know, com- 
puters represent all information as collections of 1’s and 0's. 
Usually the value 1 is represented as a voltage, usually 5 V, 
and 0 is represented as 0 V, as shown below. 


id 


je _asoe! 


0111010010 | 


The telephone line has a frequency response characteristic 
that is similar to a low pass filter. We can use Fourier trans- 
forms to understand the effect of transmitting a digital value 
using a telephone line that behaves like a filter. 


645 
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Fourier transform > 


17.1 The Derivation of the 
Fourier Transform 


We begin the derivation of the Fourier transform, viewed as a limiting case 
of a Fourier series, with the exponential form of the series: 


te @) 
fO= Germ, (17.1) 
n=O 
where 
T/2 
C,== f(pe 1" dt. (17.2) 
T J-rp 
In Eq. 17.2, we elected to start the integration at tf) = —T/2. 


Allowing the fundamental period T to increase without limit accom- 
plishes the transition from a pcriodic to an aperiodic function. In other 
words, if T becomes infinite, the function never repeats itself and hence is 
aperiodic. As T increases, the separation between adjacent harmonic fre- 
quencies becomes smaller and smaller. In particular, 


20 


Aw = (n + 1)wy — Rwy = @ = Tt (17.3) 


and as T gets larger and larger, the incremental separation Aw approaches 
a differential separation dw. From Eq. 17.3, 


(17.4) 


As the period increases, the frequency moves from being a discrete vari- 
able to becoming a continuous variable, or 


H@Wy—7@W as PO, (17.5) 

In terms of Eq. 17.2, as the period increases, the Fourier coefficients C, 
get smaller. In the limit, C,~0 as T — oo. This result makes sense, 
because we expect the Fourier coefficients to vanish as the function loses 
its periodicity. Note, however, the limiting value of the product C,,7; that is, 


cr f f(pjel" dt as To, (17.6) 


In writing Eq. 17.6 we took advantage of the relationship in Eq. 17.5. 
The integral in Eq. 17.6 is the Fourier transform of f(t) and is denoted 


(17.7) 


F(w) = F{f(t)} = / ee dt. 


We obtain an explicit expression for the inverse Fourier transform by 
investigating the limiting form of Eq. 17.1 as T — ©. We begin by multi- 
plying and dividing by T: 


fi) = DCT (+) (17.8) 


nae 


As T — oo, the summation approaches integration, C,,7 — F(), 
Nw — w, and 1/T — dw/27. Thus in the limit, Eq. 17.8 becomes 


fii) = =f F(w)e! do. (17.9) 


Equations 17.7 and 17.9 define the Fourier transform. Equation 17.7 trans- 
forms the time-domain expression f(t) into its corresponding frequency- 
domain expression F(w). Equation 17.9 defines the inverse operation of 
transforming F(w) into f(t). 

Let’s now derive the Fourier transform of the pulse shown in Fig. 17.1. 
Note that this pulse corresponds to the periodic voltage in Example 16.6 if 
we let 7 — oo. The Fourier transform of v(t) comes directly from Eq. 17.7: 


t/2 
V(w) = | Ve 1 alt 
J-7f/2 
7/2 


e joot 


> Vin : 
(—jo) 


V 
= (-2) sin a), (17.10) 


—7/2 


which can be put in the form of (sin x)/x by multiplying the numerator 
and denominator by r. Then, 


sin wt/2 


V(o) = Vint wt /2 


(17.11) 


For the periodic train of voltage pulses in Example 16.6, the expression for 
the Fourier coefficients is 


V,,7 Sin Nag /2 
T nwt /2 


C= (17.12) 
Comparing Eqs. 17.11 and 17.12 clearly shows that, as the time-domain 
function goes from periodic to aperiodic, the amplitude spectrum goes 
from a discrete line spectrum to a continuous spectrum. Furthermore, the 
envelope of the line spectrum has the same shape as the continuous spec- 
trum. Thus, as 7 increases, the spectrum of lines gets denser and the ampli- 
tudes get smaller, but the envelope doesn’t change shape. The physical 
interpretation of the Fourier transform V(w) is thercfore a measure of the 
frequency content of v(t). Figure 17.2 illustrates these observations. The 
amplitude spectrum plot is based on the assumption that 7 is constant and 
T is increasing. 


17.1 The Derivation of the Fourier Transform 


<4 Inverse Fourier transform 


—T/2 0 
Figure 17.1 A A voltage pulse. 
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MW, 
Air /r 


Figure 17.2 A Transition of the amplitude spectrum as f(t) 
goes from periodic to aperiodic. (a) C,, versus nwy, 1/7 = 5; 
(b) C,, versus wy, T/t = 10; (c) V(w) versus w. 


17.2 The Convergence of the 
Fourier Integral 


A function of time f(t) has a Fourier transform if the integral in Eq. 17.7 
converges. If f(t) is a well-behaved function that differs from zero over a 
finite interval of time, convergence is no problem. Well-behaved implies 
that f(¢) is single valued and encloses a finite area over the range of inte- 
gration. In practical terms, all the pulses of finite duration that interest us 
are well-behaved functions. The evaluation of the Fourier transform of the 
rectangular pulse discussed in Section 17.1 illustrates this point. 

If f(t) is different from zero over an infinite interval, the convergence 
of the Fourier integral depends on the behavior of f(t) as £700. A 
single-valued function that is nonzero over an infinite interval has a Fourier 


transform if the integral 
[rola 
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exists and if any discontinuities in f(t) are finite. An example is the fo 
decaying exponential function illustrated in Fig. 17.3. The Fourier trans- 
form of f(t) is K 
Ke“ 
CO 2 OS 
F(@) = i f(jel at = | Kee" dt 0 ; 
J —00 0 


Figure 17.3 A The decaying exponential function 
Ke “u(t). 


Ke (atient co K 
= al = cere? 
(a + ja) | (a + ja) 
K 
= —, a>Oo. (17.13) 
at jw 


A third important group of functions have great practical interest but 
do not in a strict sense have a Fourier transform. For example, the integral 
in Eq. 17.7 doesn’t converge if f(t) is a constant. The same can be said if 
f(t) is a sinusoidal function, cos wof, or a step function, Ku(t). These func- 
tions are of great interest in circuit analysis, but, to include them in Fourier 
analysis, we must resort to some mathematical subterfuge. First, we create 
a function in the time domain that has a Fourier transform and at the same 
time can be made arbitrarily close to the function of interest. Next, we find 
the Fourier transform of the approximating function and then evaluate the 
limiting value of F(w) as this function approaches f(t). Last, we define 
the limiting value of F(w) as the Fourier transform of f(t). 

Let’s demonstrate this technique by finding the Fourier transform of a 
constant. We can approximate a constant with the exponential function 


f(t) = Ael, € > 0. (17.14) 


A) 


As € — 0, f(t) — A. Figure 17.4 shows the approximation graphically. The 
Fourier transform of f(£) is 


0) oo 
F(w) = [ Ae“e!” dt + i Ae “es” dt. (17.15) 
—0o JQ 
Carrying out the integration called for in Eq. 17.15 yields Figure 17.4 A The approximation of a constant with an 
exponential function. 
A A 2€A 
F(w) = + ——— = (17.16) 


e-jo etjo +4 


The function given by Eq. 17.16 generates an impulse function at w = 0 as 
€— 0. You can verify this result by showing that (1) F(w) approaches 
infinity at w = 0 as € 0); (2) the width of F(w) approaches zero as € — 0; 
and (3) the area under F(w) is independent of e. The area under F(w) is 
the strength of the impulse and is 


Le] oo 
2€A dw 
> dw = 4€A > C= 27 A. 17.17 
ia e+ wr . . i e + w us ( 
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In the limit, f(¢) approaches a constant A, and F(w) approaches an 
impulse function 277 Ad(w). Therefore, the Fourier transform of a constant 
A is defined as 277 A&(w), or 


#F{A} = 27 A8(w). (17.18) 
In Section 17.4, we say more about Fourier transforms defined 
through a limit process. Before doing so, in Section 17.3 we show how to 


take advantage of the Laplace transform to find the Fourier transform of 
functions for which the Fourier integral converges. 


/ ASSESSMENT PROBLEMS 


Objective 1—Be able to calculate the Fourier transform of a function 


17.1 Use the defining integral to find the Fourier 17.2 The Fourier transform of f(t) is given by 
transform of the following functions: Fa =0 ne 
w)=0, -~W S0< —3; 

a) f(t)=—A, —7/2 51 <0; F(w)=4, -3 << -2; 

FQ) =A, O<t Ss 7/2; F(w)=1, -2<w <2; 

f(t) =0 elsewhere. F(w) =4, 2<w <3; 
b) ft)=0, 1< 0; F(o)=0, 3<w<o, 

th=te”, t2=0,a> 0. 
PO) eta OG Find f(s). 


Answer: (a) -(74)(1 — Cos =), 


— 


een oh ; 
gana Answer: f(t) = ra sin 3t — 3 sin 2f). 


NOTE: Also try Chapter Problems 17.1 and 17.2. 


17.3 Using Laplace Transforms 
to Find Fourier Transforms 


We can use a table of unilateral, or one-sided, Laplace transform pairs to 
find the Fourier transform of functions for which the Fourier integral con- 
verges. The Fourier integral converges when all the poles of F(s) lie in the 
left half of the s plane. Note that if F(s) has poles in the right half of the 
5 plane or along the tmaginary axis, f(t) does not satisfy the constraint that 
f|fOI de exists. 

The following rules apply to the use of Laplace transforms to find the 
Fourier transforms of such functions. 


1. If f(t) is zero for ¢ = 0°, we obtain the Fourier transform of f(¢) 
from the Laplace transform of f(t) simply by replacing s by jw. Thus 


F{F()} = Li FO} s=jw- (17.19) 


17.3 Using Laplace Transforms to Find Fourier Transforms 651 


For example, say that 


f(t) = 0, t=0; 


f(t) =e cos wot, r= 0". 


Then 


Sa _ Jot+a 
(s + a)? + w|s=jo (iw + a)? + wo 


FAO} = 


2. Because the range of integration on the Fourier integral goes from 
—co to +00, the Fourier transform of a negative-time function 
exists. A negative-time function is nonzero for negative values of 
time and zero for positive values of time. To find the Fourier trans- 
form of such a function, we proceed as follows. First, we reflect the 
niegative-time function over to the positive-time domain and then 
find its one-sided Laplace transform. We obtain the Fourier trans- 
form of the original time function by replacing s with —jw. 
Therefore, when f(t) = 0 fort = 0°," 


HLF (O)} = Lf (-1)} s-- je (17.20) 
For example, if 
f(t) = 0, (for ¢ = 0°); 
f(t) = e“cos anf, (fort = 0). 
then 
f(-t) = 0, (fort = 0); 
f(-t) =e“ cosa@pt, (for t = 0°). 


Both f(t) and its mirror image are plotted in Fig. 17.5. 
The Fourier transform of f(t) is 


S+a 
(s + a) + wh; $S=—fw 


#{F(t)} = DAGR besa aa 


—joat+a : _— 
ae Figure 17.5 A The reflection of a negative-time 
(—jw + a) + @ function over to the positive-time domain. 


3. Functions that are nonzero over all time can be resolved into positive- 
and negative-time functions. We use Eqs. 17.19 and 17.20 to find the 
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Fourier transform of the positive- and negative-time functions, respec- 
tively. The Fourier transform of the original function is the sum of the 
two transforms. Thus if we let 


fPO=f (ort > 0), 
fM=f( (fort < 0), 
then 
[OP O77 0 
and 
F{F()} = FPO} + ALF O} 
St ()peioch tat (apes = 17-21) 


An example of using Eq. 17.21 involves finding the Fourier trans- 
form of e “'!, For the original function, the positive- and negative- 
time functions are 


fie’ and Faye 


Then 


LF (O} = 


sta’ 


1 
10) are 


Therefore, from Eq. 17.21, 


ge =| +4 
sta s= jw sta s=-jo 
I ] 

aca ea 
jwora —jot+a 

_ 2a 
o +a. 

If f(t) is even, Eq. 17.21 reduces to 
H{F(t)} =, LAF (t)} v= jeo ac ZAI) } je (17.22) 


If f(t) is odd, then Eq. 17.21 becomes 


FLO} = LEO }s=0 — LAP OF s=-jo: (17.23) 


17.4 Fourier Transforms in the Limit 653 


v/ ASSESSMENT PROBLEM 


Objective 1—Be able to calculate the Fourier transform of a function 


17.3 Find the Fourier transform of each function. In Ww ; 
: ox Answer: (a) ————5——; 
each case, a is a positive real constant. (a + jw)” + wG 
a) f(t) = 0, t<0, 
f( = e “sin wot, t= 0. (b) 1 3 
b) f(t) = 0, t>0, (a — jw)” 
f(t) = —te", t<0. 
c) f(t) = te™, t= 0, (c) Re ae 
f(t) = te”, t<0. (a? + w’) 


NOTE: Also try Chapter Problem 17.5. 


17.4 Fourier Transforms in the Limit 


As we pointed out in Section 17.2, the Fourier transforms of several prac- 
tical functions must be defined by a limit process. We now return to these 
types of functions and develop their transforms. 


The Fourier Transform of a Signum Function 


We showed that the Fourier transform of a constant A is 277A8(w) in 
Eq. 17.18. The next function of interest is the signum function, defined as 
+1 for ¢ > 0 and —1 fort < 0. The signum function is denoted sgn(t) and 
can be expressed in terms of unit-step functions, or 


sen(t) = u(t) — u(-t). (17.24) 


sen(t) 


Figure 17.6 shows the function graphically. 
To find the Fourier transform of the signum function, we first create a 
function that approaches the signum function in the limit: 


sen(t) = lim[e“u(t) = eu(—1)), € > 0. (17.25) 


The function inside the brackets, plotted in Fig. 17.7, has a Fourier trans- 
form because the Fourier integral converges. Because f(t) is an odd func- 


tion, we use Eq. 17.23 to find its Fourier transform: Figure 17.6 A The signum function. 
F{F(1)} = -— 
ST Elsajy 5S + €]s=-jo 
eee a ceg ee =, 
jote -—jot+e AC) 
peti (17.26) 
w + 


As €— 0, f(t) > sgn(t), and #{f(t)} — 2/jw. Therefore, 


F{sen(t)} = a (17.27) Figure 17.7 A A function that approaches sgn(z) as 
j € approaches zero. 
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The Fourier Transform of a Unit Step Function 


To find the Fourier transform of a unit step function, we use Eqs. 17.18 and 
17.27. We do so by recognizing that the unit-step function can be 
expressed as 


u(t) = 5 + > san(t). (17.28) 


{31 + ar cnt} 


78(w) + a (17.29) 
Jw 


Thus, 


F{u(t)} 


The Fourier Transform of a Cosine Function 


To find the Fourier transform of cos wyt, we return to the inverse-transform 
integral of Eq. 17.9 and observe that if 


F(w) = 276(w — wo), (17.30) 


then 


f(t) = af [278(w — wy) le! dw. (17.31) 


Using the sifting property of the impulse function, we reduce Eq. (17.31) to 
f(t) = ef, (17.32) 
Then, from Eqs. 17.30 and 17.32, 
BL el = 275(w—w). (17.33) 
We now use Eq. 17.33 to find the Fourier transform of cos wot, because 


ele + e feat 


COS Wil = a me (17.34) 
Thus, 
Tp 1 Te fadyt On — fot 
# {cos wot} = ate Ve le i) 


= 5 [2n8(w — wo) + 278(w + w)] 


= 76(w — wo) + 75(w + wp). (17.35) 


The Fourier transform of sin wef involves similar manipulation, which 
we leave for Problem 17.4. Table 17.1 presents a summary of the transform 
pairs of the important elementary functions. 


We now turn to the properties of the Fourier transform that enhance our 


ability to describe aperiodic time-domain behavior in terms of frequency- 
domain behavior. 


TABLE 17.1 ‘Fourier Transforms of Elementary Functions 
Type f£O 
impulse 5(t) 
constant A 
signum sen(t) 
step u(t) 
positive-time exponential e u(t) 
negative-time exponential e“u{-t) 
positive- and negative-time exponential el 
complex exponential gi 
cosine COS Wo! 
sine Sin Wot 


17.5 Some Mathematical Properties 


The first mathematical property we call to your attention is that F(w) is a 
complex quantity and can be expressed in either rectangular or polar 
form. Thus from the defining integral, 


Now we let 


F(w) 


i f(te™ at 


x 


f(t)(cos wt — j sin wt) dt 


/ f(t) cos wt dt — j | f(t) sin wt dt. 


oo 


f(t) cos wt dt 


—%O 


A(w) = 


B(w) = -f fo sin wt df. 


(17.36) 


(17.37) 


(17.38) 


Thus, using the definitions given by Eqs. 17.37 and 17.38 in Eq. 17.36, we get 


F(@) = A(w) + j/B(@) = 


F(w)|ei®), 


(17.39) 


17.5 Some Mathematical Properties 


F(w) 

Il 

27 Ad(w) 

2/jw 

T5(w) + 1/jw 

1/(a + jo), a> 0 

I/(a — jw), a>0 

2a/(a? + w’), a> 0 
275(w@ — wy) 

7[5(@ + wy) + d(w — w)] 
ja|[d(w + wy) — d(w — wo)] 
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The following observations about F(w) are pertinent: 


¢ The real part of F(w)—that is, A(w)—is an even function of w; in 
other words, A(w) = A(-—@). 

¢ The imaginary part of F(w)—that is, B(w)—is an odd function of w; 
in other words, B(w) = —B(-o). 

« The magnitude of F(w)—that is, \/ Aw) + B*(w)—is an even func- 
tion of w. 

« The phase angle of F(w)—that is, 6(w) = tan~'B(w)/A(w)—is an 
odd function of w. 


¢ Replacing w by —w gencrates the conjugate of F(w);in other words, 
F(-o) = F'(w). 


Hence, if f(t) is an even function, F(w) is real, and if f(f) is an odd 
function, F(w) is imaginary. If f(¢) is even, from Eqs. 17.37 and 17.38, 


A(w) = 2f f(t) cos wt dt (17.40) 
0 


and 

B(w) = 0. (17.41) 
If f(t) is an odd function, 

A(w) = 0 (17.42) 


and 


Bw) = -2 | f(t) sin wt dt. (17.43) 
0 


We leave the derivations of Eqs. 17.40-17.43 for you as Problems 17.10 
and 17.11. 

If f(t) is an even function, its Fourier transform is an even function, 
and if f(¢) is an odd function, its Fourier transform is an odd function. 
Moreover, if f(t) is an even function, from the inverse Fourier integral, 


f(t) = az [Flere dw = sn | Alwyel de 
if = 
= i A(w)(cos wt + j sin wt) dw 
2 Jute 
1 2008 
==] A(w)coswetdw + 0 
LT feo 
a) 20S 
A(w) cos wt dw. (17.44) 


2a 0 


Now compare Eq. 17.44 with Eq. 17.40. Note that, except for a factor of 
1/27, these two equations have the same form. Thus, the waveforms of 
A(w) and f(t) become interchangeable if f(t) is an even function. For 
example, we have already observed that a rectangular pulse in the time 
domain produces a frequency spectrum of the form (sin w)/w. Specifically, 
Eq. 17.11 expresses the Fourier transform of the voltage pulse shown in 
Fig. 17.1. Hence a rectangular pulse in the frequency domain must be gen- 
erated by a time-domain function of the form (sin t)/t. We can illustrate 
this requirement by finding the time-domain function f(t) corresponding 
to the frequency spectrum shown in Fig. 17.8. From Eq. 17.44, 


9 oy f2 2M ‘ t @yf2 
fi) =— Mcoswt dw = su (site ) 
27 Jo 21 t 0 
= ale Price wot /2 
20 t/2 
1 ei sin wot /2 
ea oe 17.45 
te wyt/2 ( ) 


We say more about the frequency spectrum of a rectangular pulse in 
the time domain versus the rectangular frequency spectrum of (sin f)/t 
after we introduce Parseval’s theorem. 


17.6 Operational Transforms 


Fourier transforms, like Laplace transforms, can be classified as functional 
and operational. So far, we have concentrated on the functional trans- 
forms. We now discuss some of the important operational transforms. With 
regard to the Laplace transform, these operational transforms are similar 
to those discussed in Chapter 12. Hence we leave their proofs to you as 
Problems 17.12-17.19. 


Multiplication by a Constant 
From the defining integral, if 
FL{F()} = Fo), 


then 


F{Kf(t)} = KF(o). (17.46) 


Thus, multiplication of f(t) by a constant corresponds to multiplying F(w) 
by that same constant. 


17.6 Operational Transforms 


A(w) 


M 


—wy/2 0 wy {2 


Figure 17.8 A A rectangular frequency spectrum. 
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Addition (Subtraction) 


Addition (subtraction) in the time domain translates into addition (sub- 


traction) in the frequency domain. Thus if 


FLPi(t)} = Fi(), 
Fi{folt)} = F2(o), 
F{f3(t)} = F3(o), 


then 


Fifi(t) — fo(t) + fat)} = Film) — F2(w) + F3(@). 


(17.47) 


which is derived by substituting the algebraic sum of time-domain func- 


tions into the defining integral. 


Differentiation 


The Fourier transform of the first derivative of f(£) is 


d 
ae = joF(w). 


The nth derivative of f(t) is 


{” 
at fo} = (jw)"F(w). 


Equations 17.48 and 17.49 are valid if f(t) 1s zero at £00. 


Integration 
If 

g(t) = [ fe) dx, 
then 


Fw) 


J@ 


F{g(t)} = 


Equation 17.50 is valid if 


i; f(x) dx = 0. 


(17.48) 


(17.49) 


(17.50) 


Scale Change 


Dimensionally, time and frequency are reciprocals. Therefore, when time 
is stretched out, frequency is compressed (and vice versa), as reflected in 
the functional transform 


#{f(at)} = (2), a> 0. (17.51) 


Note that when 0 < a < 1.0, time is stretched out, whereas when a > 1.0, 
time is compressed. 


Translation in the Time Domain 


The effect of translating a function in the time domain is to alter the phase 
spectrum and leave the amplitude spectrum untouched. Thus 


Bi f(t — a)} =e!" F(w). (17.52) 


If a is positive in Eq. 17.52, the time function is delayed, and if a is nega- 
tive, the time function is advanced. 


Translation in the Frequency Domain 


Translation in the frequency domain corresponds to multiplication by the 
complex exponential in the time domain: 


Ff elo! f(t)} = F(@ _ wy). (17.53) 


Modulation 


Amplitude modulation is the process of varying the amplitude of a sinu- 
soidal carrier. If the modulating signal is denoted f(t), the modulated car- 
rier becomes f(t) cos wot. The amplitude spectrum of this carrier is one-half 
the amplitude spectrum of f(t) centered at +p, that is, 


2 | I 
F{ f(t) cos wt} = 2 F(w = Wy) + 2 F(w + Wy). (17.54) 


Convolution in the Time Domain 


Convolution in the time domain corresponds to multiplication in the fre- 
quency domain. In other words, 


y(t) = / x(A)h(t — A) da 
becomes 


Ff{y(t)} = ¥(w) = X(w)A(w). (17.55) 


17.6 


Operational Transforms 


659 


660 


The Fourier Transform 


Equation 17.55 is important in applications of the Fourier transform, 
because it states that the transform of the response function Y(w) is the 
product of the input transform X(w) and the system function H(w). We 
say more about this relationship in Section 17.7. 


Convolution in the Frequency Domain 


Convolution in the frequency domain corresponds to finding the Fourier 
transform of the product of two time functions. Thus if 


fd) = fit) fold), 


then 


F(w) = aa F,(u)F2(w — u) du, (17.56) 


Table 17.2 summarizes these ten operational transforms and another 
operational transform that we introduce in Problem 17,18. 


TABLE 17.2 Operational Transforms 


fO 


Kf(t) 
fi) — folt) + f(t) 
d” f(t)/dt" 


[© dx 


f (at) 


f(t - a) 
elf (0) 


f(t) cos wot 
[ x(A)h(t — A) da 
AiCOf2o 


F(t) 


F(@) 

KF(w) 

Fi(w) — F2{w) + F3(w) 
(jo)" F (w) 


F(o)/jo 


e(2) a>0 
a a 


ei F(w) 
F(w — wy) 


SF (w — ay) + sF(o + a) 
X (w) H(w) 


al F i(u)F2(@ — u) du 
20 00 


d" F(w) 
Nit 
(7) deo! 
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/ ASSESSMENT PROBLEMS 


Objective 1—Be able to calculate the Fourier transform of a function 


17.4 Suppose f(t) is defined as follows: 17.5 The rectangular pulse shown can be expressed 
2A as the difference between two step voltages; 
AO ease amet Becca 0, that is, 
2A T 
i= -—t + A, QOst<-, 
KO) T 2 v(t) = Vu (: + x —V, ptt (: — 4 V. 
f(t) = 0, elsewhere. 


a) amine thelse cond Prvanve OC): Use the operational transform for translation in 


b) Find the Fourier transform of the second the time domain to find the Fourier transform 
derivative. of v(t). 

c) Use the result obtained in (b) to find the 
Fourier transform of the function in (a). 
(Hint: Use the operational transform of 


differentiation.) v(t) 
af 2A ( *) 4A V, | 
° —_—s = + — = at 
Answer: (a) 2 - d\t 5 3 (ft) 
+ aia (: = < t 
T 2)? —7/2 0 7/2 
60) 
(b) (cos 5 1}: 
4A WT sin(w7/2) 
(c) i € — Cos > ) Answer: V(w) = Mt ag Dy. 


NOTE: Also try Chapter Problem 17.19. 


17.7 Circuit Applications 


The Laplace transform is used more widely to find the response of a cir- 
cuit than is the Fourier transform, for two reasons. First, the Laplace trans- 
form integral converges for a wider range of driving functions, and second, 
it accommodates initial conditions. Despite the advantages of the Laplace 
transform, we can use the Fourier transform to find the response. The fun- 
damental relationship underlying the use of the Fourier transform in tran- 
sient analysis is Eq. 17.55, which relates the transform of the response 
Y(w) to the transform of the input X(w) and the transfer function H(w) of 
the circuit. Note that H(w) is the familiar H(s) with s replaced by jw. 

Example 17.1 illustrates how to use the Fourier transform to find the 
response of a circuit. 


662 The Fourier Transform 


Use the Fourier transform to find i,,(¢) in the circuit 
shown in Fig. 17.9. The current source i,(f) is the 
signum function 20 sgn(t) A. 


Figure 17.9 A The circuit for Example 17.1. 


Solution 


The Fourier transform of the driving source is 


#¥ {20 sgn(r) } 


a() 


a 


jo 


T(w) 


The transfer function of the circuit is the ratio of I, 


to I; sO 


I 1 
I, 4+ jw 


The Fourier transform of i,,(¢) is 


Iw) = 1.(w)H(w) 


Sys eee 
jw(4 + jw) 


Expanding /,,(w) into a sum of partial fractions yields 


Ky 
4+ jw 


K 
I ,(@) = — Es 
Jw 


Using the Fourier Transform to Find the Transient Response 


Evaluating K, and K> gives 


40 
K.= — = 10. 
ar 0, 
40 
K, = a — —10. 
Therefore 
10 
AC ee 
jo 4+ jw 


The response is 


io(t) = FL (w)] 


Ssen(t) — 10e u(t). 


Figure 17.10 shows the response. Does the solu- 
tion make sense in terms of known circuit behav- 
ior? The answer is yes, for the following reasons. 
The current source delivers —20 A to the circuit 
between —co and 0. The resistance in each branch 
governs how the —20 A divides between the two 
branches. In particular, one fourth of the —20A 
appears in the i,, branch; therefore i,, is —5 fort < 0. 
When the current source jumps from —20A to 
+20 A at ¢ = 0,14, approaches its final value of 
+5 A exponentially with a time constant of ; S. 

An important characteristic of the Fourier 
transform is that it directly yields the steady-state 
response to a sinusoidal driving function. The rea- 
son is that the Fourier transform of cos wot is based 
on the assumption that the function exists over all 
time. Example 17.2 illustrates this feature. 


i,t) | (A) 


5 sgn(t) 


5 sgn(t) 


Figure 17.10 A The plot of i.,(¢) versus ¢. 
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SCRA Using the Fourier Transform to Find the Sinusoidal Steady-State Response 


The current source in the circuit in Example 17.1 
(Fig. 17.9) is changed to a sinusoidal] source. The 
expression for the current is 


i(t) = 5O0cos 3¢ A. 
Use the Fourier transform method to find i,(¢). 
Solution 


The transform of the driving function is 
I (w) = SOn[S(@ — 3) + 6(w + 3)]. 
As before, the transfer function of the circuit is 


H(@) = 


4+ jw 

The transform of the current response then is 
d(w — 3) + &(w + 3) 
4+ jo 


[,(w) = 50a 


vu ASSESSMENT PROBLEMS 


Because of the sifting property of the impulse func- 
tion, the easiest way to find the inverse transform of 
I ,(w) is by the inversion integral: 


i(t) = FNL (@)} 


- Sn f [te-> + 8(w + 3) 
aoe ae 4+ jw 


pot jt 
- 25( aie eae 7 
4+ 73 a= 3 


e pat e f36.87 ght e f36.87° 
5 5 


= 5[2cos(3t — 36.87°)] 
= 10cos(3t — 36.87°). 


We leave you to verify that the solution for i,,(¢) is 
identical to that obtained by phasor analysis. 


Jem dw 


Objective 2—Know how to use the Fourier transform to find the response of a circuit 


17.6 The current source in the circuit shown delivers 
a current of 10 sgn (t) A. The response is the 
voltage across the 1 H inductor. Compute 


(a) I,(w); (b) H( ja); (c) V(w); (d) v, (2); 
(e) 1,(0"); (£) £(0"); (g) i2(0°); (ht) #2(0"); 
(i) v,(0-); and (j) v,(0*). 


Answer: (a) 20/ja; 
(b) 4ja/(5 + jo); 
(c) 80/(5 + ja); 
(d) 80eu(t) V; 
(e) -2 A; 
(f) 18A; 
(g) 8A; 


NOTE: Also try Chapter Problems 17.20, 17.28, and 17.30. 


J 1 1 
Answer: (a) v, = gout - pe) + — 


(h) 8A; 
(i) OV; 
(j) 80V. 


17.7. The voltage source in the circuit shown is gen- 


erating the voltage 
Vg = e'u(—t) + u(t) V. 


a) Use the Fourier transform method to find v,. 
b) Compute v,(0°), v,(0"), and v,(0). 


LQ 


6 
1 
+ — sgn(t) V; 
6 
1 


1. 1 
are ey ee . 
ae gS 
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17.8 Parseval’s Theorem 


Parseval’s theorem relates the energy associated with a time-domain func- 
tion of finite energy to the Fourier transform of the function. Imagine that 
the time-domain function f(t) is either the voltage across or the current in 
a1 Q resistor. The energy associated with this function then is 


Win = i: f°(t) dt. (17.57) 


Parseval’s theorem holds that this same energy can be calculated by an 
integration in the frequency domain, or specifically, 


| | f°) dt = = i |F(w)|* dw. (17.58) 


Therefore the 1 Q energy associated with f(t) can be calculated either by 
integrating the square of f(t) over all time or by integrating 1/27 times 
the square of the magnitude of the Fourier transform of f(t) over all fre- 
quencies. Parseval’s theorem is valid if both integrals exist. 

The average power associated with time-domain signals of finite 
energy is zero when averaged over all time. Therefore, when comparing 
signals of this type, we resort to the energy content of the signals. Using a 
1 Q resistor as the base for the energy calculation is convenient for com- 
paring the energy content of voltage and current signals. 

We begin the derivation of Eq. 17.58 by rewriting the kernel of the 
integral on the left-hand side as f(t) times itself and then expressing one 
f(t) in terms of the inversion integral: 


i “PO dt 


| fofod 


/ f(t) ef F (w)e/” a at. (17.59) 
oo 21 -—o 


We move f(¢) inside the interior integral, because the integration is with 
respect to w, and then factor the constant 1/27 outside both integrations. 
Thus Eq. 17.59 becomes 


| F(t) dt = / / F(w) foe deo | at (17.60) 


We reverse the order of integration and in so doing recognize that F(w) 
can be factored out of the integration with respect to t. Thus 


i PO) dt = = i) Fle) i: Fei dt | de (17.61) 


The interior integral is F(—w), so Eq. 17.61 reduces to 


[ PodaX f rer-eydo. (17.62) 


In Section 17.6, we noted that F(—w) = F’(w). Thus the product 
F(w) F(—q) is simply the magnitude of F(w) squared, and Eq. 17.62 is 
equivalent to Eq. 17.58. We also noted that | F(w)| is an even function of w. 
Therefore, we can also write Eq. 17.58 as 


: PO dt = =| |F(w)|? dw. (17.63) 
-08 0 


TV 


A Demonstration of Parseval’s Theorem 
We can best demonstrate the validity of Eq. 17.63 with a specific example. If 


je 


the left-hand side of Eq. 17.63 becomes 


(o-<] 0) OS 
| eal dy = / ee! dt + i ear 
J ~0 —00 ) 


ezut i) eo eat oe) 
= + 
20 |e —2a|y 
See (17.64) 
2a 2a a 
The Fourier transform of f(£) is 
2a 
F(w) = ; 
e+ w 
and therefore the right-hand side of Eq. 17.63 becomes 
1 f° 4¢ 4a | w fn ceo 
=e See 0 = ae 5 Sih tall. 
T Jy (a’ + w*) 7T 2a°\w+aeoa a/\o 
ae (0 += -—0- 0) 
7 2a 
1 
=-, (17.65) 


Note that the result given by Eq. 17.65 is the same as that given by Eq. 17.64. 


The Interpretation of Parseval’s Theorem 


Parseval’s theorem gives a physical interpretation that the magnitude of 
the Fourier transform squared, | F(w)|*, is an energy density (in joules per 
hertz). To see it, we write the right-hand side of Eq. 17.63 as 


=f |F(2af)|’2a df = 2 | |F(2mf)|7 df, (17.66) 
0 0 


where |F(2f )|*df is the energy in an infinitesimal band of frequencies 
(df ), and the total 1 O energy associated with f(t) is the summation (inte- 
gration) of |F(27mf)|*df over all frequencies. We can associate a portion 
of the total energy with a specified band of frequencies. In other words, 
the | Q energy in the frequency band from @, to w, is 


17.8 


Parseval’s Theorem 
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1 we 
Wio = =/ |F(w)|? dw. (17.67) 


Note that expressing the integration in the frequency domain as 


Ls 4 ; 
=| |F(w)|? dw 
277 fix 


instead of 
|F(w)/? 


Lf 
— |F(w)|* dw 
a: (w) 


allows Eq. 17.67 to be written in the form 


1 eat) ] (+ 

Wio = | |F(w)|? dw + — |F(w)|? dw. (17.68) 
21 WW 27 @; 

W@W. —W| 0 @| @) 


Figure 17.11 shows the graphic interpretation of Eq. 17.68. 
Figure 17.11 A The graphic interpretation of Eq. 17.68. Examples 17.3-17.5 illustrate calculations involving Parseval’s theorem. 


Applying Parseval’s Theorem 


The current in a 40 2 resistor is and 
i= 20e u(t) A. 40 £” 400 
5 ; Wao = — 5 dw 
What percentage of the total energy dissipated in Th 4+@ 
the resistor can be ae with the frequency — 16,000 /1. jw] 
band 0 = w S 2V3 rad/s? mee Vole : 
8000 @ 

; = ——|— } = 4000J. 

Solution ND 


The energy associated with the frequency band 


The total energy dissipated in the 40 Q resistor is ho 2V3 tad /sis 


W soo = 40 i 4000 dt 40 f? 400 
J0 Wao = 5 dw 
Th, 4+@ 
eu oo u - 
= 16,000 —7 = 4000 J. 16000{1 V3 
= —~ tans *— 
We can check this total energy calculation with se 2 20 
Parseval’s theorem: 7 one) _ 8000 ; 
20 at 3 a> 
F(w) = aH 
2+ jw Hence the percentage of the total energy associated 
Therefore with this range of frequencies is 
| ae ae x 100 = 66.67% 
PO are 7 gon ene 
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Applying Parseval’s Theorem to an Ideal Bandpass Filter 


The input voltage to an ideal bandpass filter is The total 1 0 energy available at the output of 
the filter is 


v(t) = 120e u(t) V. 
1 f* 14,400 600, 


o 7 aw 
The filter passes all frequencies that lie between 7 Joa S76 + w a 24 
24 and 48 rad/s, without attenuation, and completely 
600 
= 0° (tan“"2 — tan7/1) = m6", — =) 


rejects all frequencies outside this passband. 


a) Sketch |V(w)|? for the filter input voltage. 
b) Sketch |V,,(w)|* for the filter output voltage. 


c) What percentage of the total 1 energy content 
of the signal at the input of the filter is available 
at the output? 


= 61.45 J. 


The percentage of the input energy available at 
the output is 


Solution re 
. 7 = == x 100 = 20.48%. 
a) The Fourier transform of the filter input voltage is 300 
120 
Mars, 24 + jw 
2 
Therefore Vw) 
14,400 
V(w)|? = ——~ 
Vw)! 576 + w 


Fig. 17.12 shows the sketch of |V(w)|? versus w. w (rad/s) 


-—60 —40 —20 0 20 40 60 


b) The ideal bandpass filter rejects all frequencies Figure 17.12 & |V(w)|* versus w for Example 17.4. 
outside the passband, so the plot of |V(w)|? ver- 
sus w appears as shown in Fig. 17.13. 


c) The total 1 © energy available at the input to the 


eae Volo)f 
filter is 


14,400 » = MAO 0 
i}, Sigeean NDA 4 


w (rad/s) 


-—60 —40 -20 0 20 40 60 


_ 6007 _ 300 J Figure 17.13 A |Vo(w)|* versus w for Example 17.4. 
T 2 , 
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Parseval’s theorem makes it possible to calculate 
the energy available at the output of the filter even 
if we don’t know the time-domain expression for 
v,(t). Suppose the input voltage to the low-pass RC 
filter circuit shown in Fig. 17.14 is 


vt) = 1Se u(t) V. 


a) What percentage of the 1 energy available in 
the input signal is available in the output signal? 


b) What percentage of the output energy is associ- 
ated with the frequency range 0 < w =< 10 rad/s? 


Solution 


a) The 1 2 energy in the input signal to the filter is 


= 22:5 J. 


el 
W;= fe (15e)? ar = 2255] 
0 


The Fourier transform of the output voltage is 


V (@) an Vi(w)H(o), 


where 

15 
5 + jw 

1/RC 10 
1/RC + jo 10+ jo’ 


Vi(w) = 


H(w) = 


Hence 


150 
(5 + jw)(10 + jw) 
22,500 
(25 + w*)(100 + w”) 


V(@) = 


lV. (@)|? = 


The 1 Q energy available in the output signal of 
the filter is 


[o.<) 


1 22,500 
oh: ea Arie 
7 Jy (25 + w*)(100 + w*) 


Applying Parseval’s Theorem to a Low-Pass Filter 


Figure 17.14 A The low-pass RC filter for Example 17.5. 


We can easily evaluate the integral by expand- 
ing the kernel into a sum of partial fractions: 


22,500 — 300 300 
(25+ w*)(100 + ww’) 25+ 100+ 


Then 


300 ~~ dw dw 
Wea a i a a ey | 
T 0 2+ 0 100+ a 
300}1 fa 1 f(a 
- m15(5) s | nae 


The energy available in the output signal there- 
fore is 66.67% of the energy available in the 
input signal; that is, 


— ré) 
1aS, = 5(100) = 66.67%. 


b) The output energy associated with the frequency 
range 0 <= w = 10 rad/s is 


w, = 20 f° dw =f dw } 
ew lp 254+ 02 Jy 1004+ wo 


T 


13.64 J. 


The total | © energy in the output signal is 15 J, 
so the percentage associated with the frequency 
range 0 to 10 rad/s is 90.97%. 


The Energy Contained in a Rectangular Voltage Pulse 


= Gta p10 Zt 2) = 2(22 _ 2 
5 § 10" = OY oe Nh 


) 


We conclude our discussion of Parseval’s theorem by calculating the 
energy associated with a rectangular voltage pulse. In Section 17.1 we 
found the Fourier transform of the voltage pulse to be 


sin wt /2 


ONS ee 


= Vt 


(17.69) 


To aid our discussion, we have redrawn the voltage pulse and its Fourier 
transform in Fig. 17.15(a) and (b), respectively. These figures show that, as 
the width of the voltage pulse (7) becomes smaller, the dominant portion 
of the amplitude spectrum (that is, the spectrum from —2z/7 to 27/r) 
spreads out over a wider range of frequencies. This result agrees with our 
earlier comments about the operational transform involving a scale 
change, in other words, when time is compressed, frequency is stretched 
out and vice versa. To transmit a single rectangular pulse with reasonable 
fidelity, the bandwidth of the system must be at least wide enough to 
accommodate the dominant portion of the amplitude spectrum. Thus the 
cutoff frequency should be at least 27/7 rad/s, or 1/7 Hz. 

We can use Parseval’s theorem to calculate the fraction of the total 
energy associated with v(t) that lies in the frequency range 0 = w S 277/r. 
From Eq. 17.69, 


2a/t 
1 
W=- 


T Jo 


ey) 
5 7 sin’ wr/2 


2 7’ ———— dw. 17.70 
T (or/2)? w ( ) 


To carry out the integration called for in Eq. 17.70, we let 


r= (17.71) 
noting that 
adx = 5 de (17.72) 
and that 
x=, when w = 27/r. (17.73) 


If we make the substitutions given by Eqs. 17.71-17.73, Eq. 17.70 becomes 


V2.7 fsin? x 
= if 5 ax (17.74) 
T 0 Xx 
We can integrate the integral in Eq. 17.74 by parts. If we let 
u = sin? x (17.75) 
dx 
dv=—, (17.76) 
x 
then 
du = 2sinxcosx dx = sin2x dx, (17.77) 
and 
v ae 17.78) 
= (17. 
Hence 
Fae 2 +2. T wT 
sin* x sin* x |’ 1. 
| 7 eS ay, ——sin2x dx 
Q x xX lo Jo x 
rar 
sin2x 
=O+ [ —— dx. (17.79) 
JQ * 
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u(t) 
Vin 


(b) 


Figure 17.15 A The rectangular voltage pulse and its 
Fourier transform. (a) The rectangular voltage pulse. 
(b) The Fourier transform of w(t). 
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Substituting Eq. 17.79 into Eq. 17.74 yields 


Ww 


AV2.7 ["sin2x 
= —— dx. (17.80) 
Jo 


7 2X 


To evaluate the integral in Eq. 17.80, we must first put it in the form of 
sin y/y. We do so by letting y = 2x and noting that dy = 2 dx,and y = 27 
when x = 7. Thus Eq. 17.80 becomes 


wy se ) ais 
= —— — dy. : 
Ww do y 


The value of the integral in Eq. 17.81 can be found in a table of sine 
integrals.! Its value is 1.41815, so 


V2 + 
We= — (1.41815). (17.82) 


The total 1 energy associated with v(t) can be calculated either from 
the time-domain integration or the evaluation of Eq. 17.81 with the upper 
limit equal to infinity. In either case, the total energy is 


W, = V2.0. (17.83) 


The fraction of the total energy associated with the band of frequencies 
between 0 and 277/7 is 


Ww 
1 Wy 


_ 2V;,7(1.41815) 
T(VinT) 
0.9028. (17.84) 


Therefore, approximately 90% of the energy associated with v(f) is con- 
tained in the dominant portion of the amplitude spectrum. 


1M. Abramowitz and I. Stegun, Handbook of Mathematical Functions (New York: Dover, 
1965). p. 244. 


Practical Perspective 


/ ASSESSMENT PROBLEMS 


Objective 3—Understand Parseval’s theorem and be able to use it 


17.8 The voltage across a 50 2 resistor is 17.9 Assume that the magnitude of the Fourier 
transform of u(t) is as shown. This voltage is 
applied to a 6 kQ resistor. Calculate the total 


v = 4te‘u(t) V. 
() energy delivered to the resistor. 


What percentage of the total energy dissipated lV (jo)| 
in the resistor can be associated with the fre- 
quency band 0 <= w = V3 rad/s? 


w (rad/s) 


—20007 0 2000 7 


Answer: 94.23%. Answer: 4]. 


NOTE: Also try Chapter Problem 17.40. 


Practical Perspective 
Filtering Digital Signals 


To understand the effect of transmitting a digital signal on a telephone line, 
consider a simple pulse that represents a digital value of 1, using 5 V, as shown 
in Fig. 17.15(a), with V,, = 5 V and 7 = 1 ys. The Fourier transform of this 
pulse is shown in Fig. 17.15(b), where the amplitude V,,7 = 5 yV and the first 
positive zero-crossing on the frequency axis is 27r/t = 6.28 Mrad/s = 1 MHz. 

Note that the digital pulse representing the value 1 is ideally a sum of 
an infinite number of frequency components. But the telephone line cannot 
transmit all of these frequency components. Typically, the telephone has a 
bandwidth of 10 MHz, meaning that it is capable of transmitting only those 
frequency components below 10 MHz. This causes the original pulse to be 
distorted once it is received by the computer on the other end of the tele- 
phone line, as seen in Fig. 17.16. 


v(t) 


Vin 


a 0 7/2 


Figure 17.16 A The effect of sending a square voltage 
pulse through a bandwidth-limited filter, causing distor- 
tion of the resulting output signal in the time domain. 
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summary — 


+ The Fourier transform gives a frequency-domain descrip- 
tion of an aperiodic time-domain function. Depending on 
the nature of the time-domain signal, one of three 
approaches to finding its Fourier transform may be used: 


* If the time-domain signal is a well-behaved pulse of 
finite duration, the integral that defines the Fourier 
transform is used. 


¢ Ifthe one-sided Laplace transform of f(t) exists and 
all the poles of F(s) lie in the left half of the s plane, 
F(s) may be used to find F(w). 

- If f(t) is a constant, a signum function, a step func- 
tion, or a sinusoidal function, the Fourier transform is 
found by using a limit process. 


(See page 646.) 


¢ Functional and operational Fourier transforms that are 
useful in circuit analysis are tabulated in Tables 17.1 and 
17.2. (See pages 655 and 660.) 


Problems 


Sections 17.1-17.2 


17.1 a) Find the Fourier transform of the function shown 
in Fig. P17.1. 


b) Find F(w) when w = 0. 


c) Sketch |F(w)| versus w when A = 1 andr = 1. 
Hint: Evaluate |F(w)| at w = 0,2, 4, 6, 8, 9, 10, 
12, 14, and 15.5. Then use the fact that |F(w)| is 
an even function of w. 


Figure P17.1 
fO 


* The Fourier transform of a response signal y(t) is 
Y(w) = X(w)H(o), 


where X(w) is the Fourier transform of the input signal 
x(t), and H() is the transfer function H(s) evaluated at 
s = jw. (See page 660.) 


¢ The Fourier transform accommodates both negative- 
time and positive-time functions and therefore is suited 
to problems described in terms of events that start at 
t = —oo. Incontrast, the unilateral Laplace transform is 
suited to problems described in terms of initial condi- 
tions and events that occur for t > 0. 


¢ The magnitude of the Fourier transform squared is a 
measure of the energy density (joules per hertz) in the 
frequency domain (Parseval’s theorem). Thus the Fourier 
transform permits us to associate a fraction of the total 
energy contained in f(t) with a specified band of fre- 
quencies. (See page 664.) 


17.2 The Fourier transform of f(t) is shown in Fig. P17.2. 
a) Find f(t). 
b) Evaluate f(0). 


c) Sketch f(t) for -10 = t = 10s when A = 207 
and wo = 2 rad/s. Hint: Evaluate f(t) at t = 0, 
1,2,3,...,10s and then use the fact that f(t) 
is even. 


Figure P17.2 


F(w) 


Problems 


17.3, Use the defining integral to find the Fourier trans- 
form of the following functions: 


a) f(t) = Asin Sa = 2: 
f(t) = 0, elsewhere. 
A 
b) fQISe ERA SES: 
2A T 
f[Q = t+ A, VTS s. 
f(t) = 0, elsewhere. 


Sections 17.3-17.5 
17.4 Derive ¥{sin wot }. 


17.5 Find the Fourier transform of each of the following 
functions. In all of the functions, a is a positive real 
constant and—-—co <tS ©, 


a) f(t) = Ile": 

b) fi) = Pe", 

c) f(t) = el cos wt: 
d) f(t) = el sin wot; 
e) f(t) = d(t — th). 


17.6 If f(t) is areal function of t, show that the inversion 
integral reduces to 


f(t) = == | (4e) cos wt — B(w) sin wt] dw. 


17.7 If f(t) is a real, odd function of t, show that the 
inversion integral reduces to 


f(t) = -s f Blw) sin wt dw. 


17.8 Use the inversion integral (Eq. 17.9) to show that 
F-'{2/jw\} = sgn(t). Hint: Use Problem 17.7. 


17.9 Find ¥{cos wot} by using the approximating function 


f(t) = e7 | cos wot, 
where € is a positive real constant. 


17.10 Show that if f(t) is an odd function, 


A(w) = 0, 


B(w) = -2 | f(t) sin wt de. 
0 
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17.11 Show that if f(t) is an even function, 


A(w) = a f(t) cos wt dt, 
0) 


B(w) = 0. 


Section 17.6 
17.12 a) Show that #{df(t)/dt} = jwF(w), where 
F(w) = #{f(t)}. Hint: Use the defining integral 
and integrate by parts. 
b) What is the restriction on f(t) if the result given 
in (a) is valid? 
c) Show that #{d"f(t)/dt"} = Yow)"F(w), where 
F(w) = F{f(t)}- 
17.13 a) Show that 


#4 [ sooas} =* ae 


where F(w) = ¥{f(x)}. Hint: Use the defining 
integral and integrate by parts. 

b) What is the restriction on f(x) if the result given 
in (a) is valid? 

c) If f(x) = e ““u(x), can the operational trans- 
form in (a) be used? Explain. 


17.14 a) Show that 
(2), a> 0. 
a 


b) Given that f(at) =e! for a> 0, sketch 
F(w) = #{f(at)} for a = 0.5,1.0, and 2.0. Do 
your sketches reflect the observation that 
compression in the time domain corresponds to 
stretching in the frequency domain? 


#(f(at)} = ~ 


17.15 Derive each of the following operational transforms: 
a) F{f(t — a)} = eF" F(w); 
b) F{el f(t)} = Fw — wp); 
c) F{f(t)cos wot} = 5F(w — wo) + 5F(w + wy). 
17.16 Given 


y(t) = | x(A)A(t — A) da, 


show that Y(w) = #{y(t)} = X(w)H(w), where 
X(w) = ¥{x(t)} and A(w) = F{h(t)}. Hint: Use 
the defining integral to write 


Fl y(t)} = | il i ~ x(AYA(t — A) in ~jet ade, 
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17.17 


17.18 


17.19 


The Fourier Transform 


Next, reverse the order of integration and then 
make a change in the variable of integration; that is, 
letu=t-—d. 


Given f(t) = f)(t)f.(t), show that F(w) = 


(12m) f F (ut) F2(@ — u) du. Hint: First, use the 


defining integral to express F(w) as 


F(w) = | fiorsoe™ dt. 


Second, use the inversion integral to write 


i hae : 
f(t) = +|/ F (ue! du. 
277 J—o0 


Third, substitute the expression for f;(t) into the 
defining integral and then interchange the order 
of integration. 


a) Show that 


in] SFO | = FF}. 
b) Use the result of (a) to find each of the following 
Fourier transforms (assuming a > 0): 
Fi{te™ u(t)}, 
Ff{|tle tl, 
Fire lly. 
Suppose that f(t) = f,(t)f2(t), where 
Fi(t) = cos wf, 
fa(t) = 1, 
f(t) = 9, 


a) Use convolution in the frequency domain to 
find F(w). 

b) What happens to F(w) as the width of f(t) 
increases so that f(t) includes more and more 
cycles on f;(t)? 


=T/2 0 7/2) 


elsewhere. 


Section 17.7 


17.20 


PSPICE 
MULTISIM 


a) Use the Fourier transform method to find 
i(t) in the circuit shown in Fig. P17.20 if 
Vg = 36sgn(t) V. 

b) Does your solution make sense in terms of 
known circuit behavior? Explain. 


17.21 


PSPICE 
MULTISIM 
17.22 

PSPICE 
MULTISIM 


17.23 


PSPICE 
MULTISIM 


17.24 


PSPICE 
MULTISIM 


17.25 
PSPICE 
MULTISIM 


17.26 
PSPICE 
MULTISIM 


Figure P17.20 
12 kO mi 


2 pF 


Repeat Problem 17.20 except replace i,,(¢) with v,(t). 


a) Use the Fourier transform method to find v,(t) 
in the circuit shown in Fig. P17.22. The initial 
value of u,(t) is zero, and the source voltage is 
100u(t) V. 


b) Sketch v,(t) versus f. 


Figure P17.22 
5H 


Repeat Problem 17.22 if the input voltage (v,) is 
changed to 100 sgn(t). 


a) Use the Fourier transform to find i, in the circuit 
in Fig. P17.24 if i, = 200 sgn(t) uA. 

b) Does your solution make sense in terms of 
known circuit behavior? Explain. 


Figure P17.24 


a L(t) 


Repeat Problem 17.24 except replace i, with v,. 


The voltage source in the circuit in Fig. P17.26 is 
given by the expression 


Vg = 3sgn(t) V. 


a) Find v,(t). 

b) What is the value of v,(0 )? 

c) What is the value of v,(0°)? 

d) Use the Laplace transform method to find v,(¢) 
fort > 0°. 

e) Does the solution obtained in (d) agree with 
v,(t) for t > 0* from (a)? 


17.27 


PSPICE 
MULTISIM 


17.28 


PSPICE 
MULTISIM 


17.29 


PSPICE 
MULTISIM 


17.30 


PSPICE 
MULTISIM 


Problems 


Figure P17.26 
0.50 


10 mH 


250 mF 


Repeat Problem 17.26 except replace v,(t) with i,,(¢). 


a) Use the Fourier transform to find v, in the cir- 
cuit in Fig. P17.28 if i, equals 3e*"" A. 

b) Find v,(0'). 

c) Find v,(0°). 

d) Use the Laplace transform method to find v, 
fort = 0. 


e) Does the solution obtained in (d) agree with v, 
for t > 0° from (a)? 


Figure P17.28 


a) Use the Fourier transform to find i, in the circuit 
in Fig. P17.28 if i, equals 3e7" A. 

b) Find (0°). 

c) Find i,(0°). 

d) Use the Laplace transform method to find i, 
fort = 0. 


ec) Does the solution obtained in (d) agree with i, 
for t > 0* from (a)? 


Use the Fourier transform method to find i, in the 
circuit in Fig. P17.30 if vg = 300 cos 5000¢ V. 
Figure P17.30 


100 9 


17.31 


PSPICE 
MULTISIM 


17.32 


PSPICE 
MULTISIM 


17,33 


PSPICE 
MULTISIM 


17.34 


PSPICE 
MULTISIM 
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a) Use the Fourier transform method to find /, in the 
circuit in Fig. P17.31 if ve = 125 cos 40,0007 V. 


b) Check the answer obtained in (a) by finding the 
steady-state expression for i, using phasor 
domain analysis. 


Figure P17.31 
5 mH 


Ys S 


20 mH 1200 


a) Use the Fourier transform method to find v, in 
the circuit shown in Fig. P17.32. The voltage 
source generates the voltage 


Ve = 45e~500ll Vv, 


b) Calculate v,(0°), v,(0*), and v,(0o). 

c) Find i, (07); i,(0*); vc(07); and v¢-(0"). 

d) Do the results in part (b) make sense in terms of 
known circuit behavior? Explain. 


Figure P17.32 
1 pF 


The voltage source in the circuit in Fig. P17.33 is 
generating the signal 


Vg = Ssgn(t) — 5 + 30e u(t) V. 


a) Find v,(07) and v,(0°). 
b) Find i,(07) and i,(0*). 


c) Find x,. 
Figure P17.33 
$0 
eo i oi 
v 100 mF R,, 


a) Use the Fourier transform method to find v, in 
the circuit in Fig. P17.34 when 


is 36e" u(—t) — 36e~* u(t) V. 


b) Find v,(0°). 
c) Find »,(0°). 
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17.35 


PSPICE 
MULTISIM 


17.36 


The Fourier Transform 


Figure P17.34 
100 


1H 


62.5 mF 


a) Use the Fourier transform method to find v, in 
the circuit in Fig. P17.35 when 


ip = 18e'" u(—t) — 18e7! u(t) A. 
b) Find »,(0°). 
c) Find v,(0°). 
d) Do the answers obtained in (b) and (c) make 


sense in terms of known circuit behavior? 
Explain. 


Figure P17.35 


10 mF 


When the input voltage to the system shown in 
Fig. P17.36 is 15u(t) V, the output voltage is 


V, = [10 + 30e°7" — 4007") u(t) V. 
What is the output voltage if v; = 15 sgn(t) V? 


Figure P17.36 


u,(t) 
(Input voltage) 


V(X) 


(Output voltage) 


Section 17.8 


17.37 


17.38 


It is given that F(w) = e“u(—w) + e %u(w). 

a) Find f(t). 

b) Find the 1 Q energy associated with f(t) via 
time-domain integration. 

c) Repeat (b) using frequency-domain integration. 

d) Find the value of w, if f(t) has 90% of the 
energy in the frequency band 0 = || = a). 


The circuit shown in Fig. P17.38 is driven by 
the current 


ig = 120 u(t) A. 


17.39 


17.40 


17.41 


What percentage of the total 1 energy content in 
the output current i, lies in the frequency range 
0 =< |w| <= 100 rad/s? 


Figure P17.38 


500 mH 


The tmput current signal in the circuit seen in 


Fig. P17.39 is 
ip = 3007 u(t) pA, ft 2 OF. 


What percentage of the total 1 energy content in 
the output signal lies in the frequency range 0 to 
4 rad/s? 


Figure P17,39 


100 kQ inf 1.25 pF 


The input voltage in the circuit in Fig. P17.40 is 
Ve = 30e "lV. 

a) Find v,(£). 

b) Sketch |V,(w)| for —5 = w = S rad/s. 
c) Sketch |V,(w)| for -5 sw <5 

d) Calculate the 1 © energy content of v,. 


Ss 


e) Calculate the 1 9 energy content of v,,. 

f) What percentage of the 1 Q energy content in v, 
lies in the frequency range 0 = |w| = 2 rad/s? 

g) Repeat (f) for v,. 


Figure P17.40 
200 


Vy 80 Q vy 


The amplitude spectrum of the input voltage to the 
high-pass RC filter in Fig. P17.41 is 


200 
la 100 rad/s < |w| S 200 rad/s; 
w 


Vw) = 


Vi@) = 0, elsewhere. 
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a) Sketch |V,(w)|? for -300 = w = 300 rad/s. 17.42 The input voltage to the high-pass RC filter circuit 
b) Sketch [V,,(«)|? for -300 < w < 300 rad/s. Pe PAT Az 1S 
c) Calculate the 1.9 energy in the signal at the v(t) = Ae “u(Z). 

input of the filter. Let a denote the corner frequency of the filter, that 
d) Calculate the 1 © energy in the signal at the out- is,a = 1/RC. 

put of the filter. a) What percentage of the energy in the signal at 
: the output of the filter is associated with the fre- 
Figure P17.41 quency band 0 < |w| <= aif a = a? 


b) Repeat (a), given that a = V3a. 
c) Repeat (a), given that a = a/V3. 


Figure P17.42 


i 2 Pe 


Two-Port Circuits 


CHAPTER CONTENTS We have frequently focused on the behavior of a circuit at a 
specified pair of terminals. Recall that we introduced the 


18.1 The Terminal Equations p. 680 


18.2 The Two-Port Parameters p. 681 Thévenin and Norton equivalent circuits solely to simplify circuit 


18.3 Analysis of the Terminated Two-Port analysis relative to a pair of terminals. In analyzing some electri- 
Circuit p. 689 cal systems, focusing on two pairs of terminals is also convenient. 
18-4 Tntercaninected Two-Fort Ciicusts p.. G74 In particular, this is helpful when a signal is fed into one pair of 


terminals and then, after being processed by the system, ts 


J CHAPTER OBJECTIVES 


extracted at a second pair of terminals. Because the terminal 
1 Be able to calculate any set of two-port | pairs represent the points where signals are either fed in or 


a extracted, they are referred to as the ports of the system. In this 
* (Circuit analysis; ae : : eae : 

ee chapter, we limit the discussion to circuits that have one input and 
* Measurements made on a circuit; 


é Converting fem another set of two-port one output port. Figure 18.1 on page 680 illustrates the basic two- 


parameters using Table 18.1. | port building block. Use of this building block is subject to sev- 


2 Be able to analyze a terminated two-port circuit — eral restrictions. First, there can be no energy stored within the 
to find currents, voltages, impedances, and 
ratios of interest using Table 18.2. | 

3 Know how to analyze a cascade interconnection | circuit: dependent sources, however, are permitted. Third, the cur- 


circuit. Second, there can be no independent sources within the 


of two-port circuits. | rent into the port must equal the current out of the port; that is, 
i, = i, andi, = i5. Fourth, all external connections must be made 
to either the input port or the output port; no such connections are 
allowed between ports, that is, between terminals a and c, a and d, 
b and c, or b and d. These restrictions simply limit the range of cir- 
cuit problems to which the two-port formulation is applicable. 
The fundamental principle underlying two-port modeling of a 
system is that only the terminal variables (/;, v), i, and vy) are of 
interest. We have no interest in calculating the currents and volt- 
ages inside the circuit. We have already stressed terminal behavior 
in the analysis of operational amplifier circuits. In this chapter, we 
formalize that approach by introducing the two-port parameters. 
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Practical Perspective 


Characterizing an Unknown Circuit 


Up to this point, whenever we wanted to create a model of a 
circuit, we needed to know what types of components make 
up the circuit, the values of those components, and the inter- 
connections among those components. But what if we want 
to model a circuit that is inside a "black box", where the com- 
ponents, their values, and their interconnections are hidden? 

In this chapter, we will discover that we can perform two 
simple experiments on such a black box to create a model 
that consists of just 4 values - the two-port parameter model 
for the circuit. We can then use the two-port parameter 


amplifier 


model to predict the behavior of the circuit once we have 
attached a power source to one of its ports and a load to the 
other port. 

In this example, suppose we have found a circuit, 
enclosed in a casing, with two wires extending from each 
side, as shown below. The casing is labeled "amplifier" and we 
want to determine whether or not it would be safe to use this 
amplifier to connect a music player modeled as a 2 V source 
to a speaker modeled as a 32 () resistor with a power rating 
of 100 W. 
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680 =Two-Port Circuits 


s-domain 
circuit 


Figure 18,2 A The s-domain two-port basic 
building block. 


18.1 The Terminal Equations 


In viewing a circuit as a two-port network, we are interested in relating the 
current and voltage at one port to the current and voltage at the other 
port. Figure 18.1 shows the reference polarities of the terminal voltages 
and the reference directions of the terminal currents. The references at 
each port are symmetric with respect to each other; that is, at each port the 
current is directed into the upper terminal, and each port voltage is a rise 
from the lower to the upper terminal. This symmetry makes it easier to 
generalize the analysis of a two-port network and is the reason for its uni- 
versal use in the literature. 

The most general description of the two-port network is carried out in 
the s domain. For purely resistive networks, the analysis reduces to solving 
resistive circuits. Sinusoidal steady-state problems can be solved either by 
first finding the appropriate s-domain expressions and then replacing s 
with jw, or by direct analysis in the frequency domain. Here, we write all 
equations in the s domain; resistive networks and sinusoidal steady-state 
solutions become special cases. Figure 18.2 shows the basic building block 
in terms of the s-domain variables /,, V,, b, and V>. 

Of these four terminal variables, only two are independent. Thus for 
any circuit, once we specify two of the variables, we can find the two 
remaining unknowns. For example, knowing V,; and V, and the circuit 
within the box, we can determine /, and J). Thus we can describe a two- 
port network with just two simultaneous equations. However, there are six 
different ways in which to combine the four variables: 


Vi = 2k, + 22k, 
Vo = Zqhy + Za2/2: (18.1) 


= yaMVi + WwW, 
In = YaVi + YooVr; (18.2) 


Vi = ayV2 — ayatr, 


Fi = lo V4 = ah; (18.3) 


V2 = bY — Bi2h, 
I = byVY, — bah; (18.4) 


Vi = Ay ly + hyVa, 
th = hal + hy; (18.5) 


Lr = guMi + 812/20, 
V2 = 8iVi + Boal. (18.6) 


These six sets of equations may also be considered as three pairs of 
mutually inverse relations. The first set, Eqs. 18.1, gives the input and out- 
put voltages as functions of the input and output currents. The second set, 
Eggs. 18.2, gives the inverse relationship, that is, the input and output cur- 
rents as functions of the input and output voltages. Equations 18.3 and 
18.4 are inverse relations, as are Eqs. 18.5 and 18.6. 

The coefficients of the current and/or voltage variables on the right- 
hand side of Eqs. 18.1-18.6 are called the parameters of the two-port cir- 
cuit. Thus, when using Eqs. 18.1, we refer to the z parameters of the circuit. 
Similarly, we refer to the y parameters, the a parameters, the b parameters, 
the # parameters, and the g parameters of the network. 
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18.2 The Two-Port Parameters 


We can determine the parameters for any circuit by computation or meas- 
urement. The computation or measurement to be made comes directly 
from the parameter equations. For example, suppose that the problem is 
to find the z parameters for a circuit. From Eggs. 18.1, 


V, 

yt ee rs (18.7) 
1 | 4.=0 
V, 

tne 7 Q, (18.8) 
2|7,=0 
Vy; 

w=). 0, (18.9) 
Li | 1=0 
V; 

Zn = 2 Q). (18.10) 
Ih | 1,=0 


Equations 18.7-18.10 reveal that the four z parameters can be described 
as follows: 


* 21, is the impedance seen looking into port 1 when port 2 is open. 


* 212 is a transfer impedance. It is the ratio of the port 1 voltage to the 
port 2 current when port 1 is open. 


* 25, is a transfer impedance. It is the ratio of the port 2 voltage to the 
port 1 current when port 2 is open. 


* 25) is the impedance seen looking into port 2 when port 1 is open. 


Therefore the impedance parameters may be either calculated or 
measured by first opening port 2 and determining the ratios V\//, and 
V,/1,, and then opening port 1 and determining the ratios V,//) and V>/J. 
Example 18.1 illustrates the determination of the z parameters for a resis- 
tive circuit. 


mci itcmwe:mwen Finding the z Parameters of a Two-Port Circuit 


Find the z parameters for the circuit shown in Fig. 18.3. and therefore 


I, 
‘i 52 : va 


. = a= 


When /, is zero, the resistance seen looking into 
port 2 is the 15 © resistor in parallel with the series 
combination of the 5 and 20 2 resistors. Therefore 


200 150 


iJ 15)(25 
Figure 18.3 A The circuit for Example 18.1. 222 = i Pr ESN) = 9.375 Q. 
1,=0 
Solution When port 1 is open, /, is zero and the voltage 
The circuit is purely resistive, so the s-domain cir- Vy Is 
cuit is also purely resistive. With port 2 open, that is, _ Ww 5 ORV: 
I, = 0, the resistance seen looking into port 1 is the a ee 50° ) = 0.8V5. 


20 © resistor in parallel with the serics combination 


. : With port | open, the current into port 2 is 
of the 5 and 15 2 resistors. Therefore 


iz 
V, 20)(20 = ; 
Li | 1,=0 40) 
When J, is zero, V, is Hence 
V, 0.8V- 
V, eer 7 2 _ 46 
V> = —<(15) = 0.75V,, a2 =F 4” v9 7.50. 


IS -'3 
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Two-Port Circuits 


Equations 18.7—-18.10 and Example 18.1 show why the parameters in 
Eqs. 18.1 are called the z parameters. Each parameter is the ratio of a volt- 
age to a current and therefore is an impedance with the dimension of ohms. 

We use the same process to determine the remaining port parameters, 
which are either calculated or measured. A port parameter is obtained by 
either opening or shorting a port. Moreover, a port parameter is an imped- 
ance, an admittance, or a dimensionless ratio. The dimensionless ratio is 
the ratio of either two voltages or two currents. Equations 18.11-18.15 
summarize these observations. 


_f S ft 5 
Yu Vile? Yi2 Wiles’ 
a= 2 S, yy = h S. (18.11) 
Vi lv.=0 Valv,=0 
Vi V; 
= — ; = ee Q, 
ayy Vlas a2 Bick 
I I 
ay, = <1 S, an = at (18.12) 
V2| <0 L\y,=0 
VY, Vy 
b = ae 9 b ae Q, 
"Vil n= . I |v,=0 
I I 
b,==| S, by = -= (18.13) 
Vi | 1=0 I |v,=0 
Yi 4 
Ay => Q, hna= > ; 
"Th |v,=0 * Val 1,0 
L A 
hy, = = ‘ hy == S. (18.14) 
a | V>=0 2 V; 1,=0 
I, i 
SS S, = — ; 
S11 Vile 812 big 
VY, V; 
rs , 82 = = Q. (18.15) 
oe Vi ies 2 hl|v,-0 


The two-port parameters are also described in relation to the reciprocal 
sets of equations. The impedance and admittance parameters are grouped 
into the immittance parameters. The term immittance denotes a quantity 
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that is either an impedance or an admittance. The a and b parameters are 
called the transmission parameters because they describe the voltage and 
current at one end of the two-port network in terms of the voltage and cur- 
rent at the other end. The immittance and transmission parameters are the 
natural choices for relating the port variables. In other words, they relate 
either voltage to current variables or input to output variables. The / and 
g parameters relate cross-variables, that is,an input voltage and output cur- 
rent to an output voltage and input current. Therefore the and g parame- 
ters are called hybrid parameters. 

Example 18.2 illustrates how a set of measurements made at the ter- 
minals of a two-port circuit can be used to calculate the a parametcrs. 


Scluyicme:wam Finding the a Parameters from Measurements 


The following measurements pertain to a two-port From Eqs. 18.12, 

circuit operating in the sinusoidal steady state. : 

With port 2 open, a voltage equal to 150cos4000r V ay) = v1 ae 150/70" Ss 215% 

is applied to port 1. The current into port 1 is Vo}y,-<9 100715* 

25 cos (4000f — 45°) A, and the port 2 voltage is jeg ages 

100.cos Sika + 15°) V. With Pere snorecheued, i= i, a Jaen = 0.25/-60°S. 
a voltage equal to 30cos 4000r V ts applied to port 1. Vo\i,=0  100/715° 


The current into port 1 is 1.5cos(4000¢ + 30°) A, 
and the current into port 2 is 0.25cos(4000r 
+ 150°) A. Find the a parameters that can describe V; = 30/0° V, I, = 1.5 /30°A, 
the sinusoidal steady-state behavior of the circuit. 


The second set of measurements gives 


V, =0V, 2 = 0.25 /150° A. 
. Therefore 
Solution 
The first set of measurements gives a = Mi - 730f0" = 120/30" ©, 
7 In]y.=0 0.257 150° 
V, = 150 70° V. I, = 25/—45° A, 
& I, ~15/30° 


= — = = 6/60". 
: Elycy 0.257150" al 


V, = 100 /15°V, I, 


i 
> 


Uv ASSESSMENT PROBLEMS 


Objective 1—Be able to calculate any set of two-port parameters 


18.1 Find the y parameters for the circuit in Fig. 18.3. 18.3 The following measurements were made on a 
two-port resistive circuit. With 50 mV applied 
to port 1 and port 2 open, the current into port 
lis 5 wA, and the voltage across port 2 is 


Answer: y,; = 0.25S, 
y= py = -O2S, 


yon = — S 200 mV. With port 1 short-circuited and 10 mV 
7 AS applied to port 2, the current into port 1 is 
2 A, and the current into port 2 is 0.5 A. 
18.2 Find the g and é parameters for the circuit in Find the g parameters of the network. 
Fig. 18.3. 
Answer: g,, = 0.1 mS; 

Answer: gy; = 0.1 S) gi. = —0.75; g2) = 0.75; 22 = 4; 

822 = 3.75 Q); hy = 4Q; hi = 0.8; 82) = 4; 

hy = —().8: hy = 0.1067 S. LS 20 kQ. 


NOTE: Also try Chapter Problems 18.2, 18.3, and 18.8. 
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Relationships Among the Two-Port Parameters 


Because the six sets of equations relate to the same variables, the parame- 
ters associated with any pair of equations must be related to the parameters 
of all the other pairs. In other words, if we know one set of parameters, we 
can derive all the other sets from the known set. Because of the amount of 
algebra involved in these derivations, we merely list the results in Table 18.1. 


TABLE 18.1 Parameter Conversion Table 


pus OO EN SD ge » - LAY _ a _ fie _ 8 
_ Ay ay by hy By n Z12 V2 Aa ky 812 
po see OO LN ste ele fk as ee) ce OT AM = 
. Ay a2) b>, hy 811 = 412.2 Aa hi 812 
sp CN ae A BO ei BH De cae Se ao OND ATID os BD 
a Ay ayy hoy Bit 1 29 oY ays 
2 doh 2 Moan Dinh, Re fy a RE Ne OE Ne, BD 
Ay ay byt Oo ges M1 Any Ag 
_ 29 _ 4 _ On _ 1 _ Ag Tai) ey 1 ee a 2) 
Mit Az @> bya My gp 222 Vl a2 by Ag 
— 22 Aq 1 dy gp ee 1 Ay ay by Bn 
et > SSS SS SSS SS 
a Az a2 Dip Ay 8 “292 Mit gs, A 
sa ON sip leet, AO a, UO. EON _ 1 _ AY _ ay _ ba _ hy 
a Az a12 by Ay 822 a Zit Yn 4, Ss A 
pl a oe Bee hg IN EO oh 
ioe Z ay. Dy hy Bx Ze ay bop Ah 
hf, io Ee OH 2 AN, EM pees ee aes Ee eal 
M204 yo, Ab Ay a4 any oe Yoo, bay Ah 
POR Sg ee ee 2 Say RE cM aD ON kT 
e204 yo, Ab hig, 8a oe Zi nn yy Ss A 
a, = A Sa) ee eee ee Sel AZ = 241222 — 242221 


Ay = yuyo2 — Yar 


mpc ita bu 1s 
ange = = = = 
Pei yu Ab hoy Bat Aa = @y4@27 — 4&2 
b _22_ Yu _ 4m _ 1 _ Ag Ab = bib — djabo1 
Z12 Y12 Aa hy &12 
Ah = fy hr = Ayah, 
b Az 1 a2 _ fn 892 
SS wee W2 Aa hy 812 Ag = 811822 — 812821 


Although we do not derive all the relationships listed in Table 18.1, we 
do derive those between the z and y parameters and between the z and 
a parameters. These derivations illustrate the general process involved in 
relating one set of parameters to another. To find the z parameters as 
functions of the y parameters, we first solve Eqs. 18.2 for V; and Vj. We 


then compare the coefficients of J, and J, in the resulting expressions to 
the coefficients of 7, and J, in Eqs. 18.1. From Eggs. 18.2, 


hyp 
I yy y 
V,= = a - = by (18.16) 
Yi 12 y BY 
Y21 22 
yi 
y21 iL, Yr] ty 
= = - ff, + — bh. 18.17 
Vv; Ay Ay i Ay 2 ( ) 
Comparing Eqs. 18.16 and 18.17 with Eqs. 18.1 shows 
302 
= 8.18 
Z11 Ay’ (1 ) 
y\2 
= ; 18.19 
Z2 Ay ( ) 
y21 
= -—, 18.2 
224 Ay (18.20) 
Vil 
222 Ay ( ) 


To find the z parameters as functions of the a parameters, we rearrange 
Egs. 18.3 in the form of Eqs. 18.1 and then compare coefficients. From the 
second equation in Egs. 18.3, 


VY, = —l], + bh. (18.22) 


a aa 
V, = 7 + ( ae — a2) I. (18.23) 
a3] a2) 
From Eq. 18.23, 
zy = (18.24) 
11 iG . 
Aa 
Liye (18.25) 
a2} 
From Eq. 18.22, 
: (18.26) 
LIF? =a 8 . 
21 = 
72 
(o> (18.27) 
ay 


Example 18.3 illustrates the usefulness of the parameter conversion table. 


18.2 


The Two-Port Parameters 
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Sel Cme-eem §Finding Parameters from Measurements and Table 18.1 


Two sets of measurements are made on a two-port The @ parameters are 
resistive circuit. The first set is made with port 2 open, 


and the second set is made with port 2 short-circuited. V 10 x 1073 
The results are as follows: ay= — = ———— _ = ~0.25 x 1077, 
V2] 14-0 —40 
Port 2 Open Port 2 Short-Circuited 
Y, = 10mV V, = 24mV j ? 
10 x 10° 
I, = 10pA i = 20 pA fi = 7 Sag ee 1S 
V> = —40V b=1mA aE 
Find the # parameters of the circuit. _ V 24x 103 _ 
? Cit Ti 1033 —24 Q, 
Solution oes 
We can find #,, and /t2, directly from the short- j 5 p 
sos . x mu 
circuit test: i= arels = seu dOe ay = -20 x 107%. 
yl y.=0 10°" 
ee 
ny = > 
ee V>=0 The numerical value of Aa is 
24 x 10-7 
~ 20 x 10° bee Ad = 1142 — 26 
i228 =5x 10°-6x 10% = -10%, 
"Li lyjeo 
10° Thus 
a ENR Peto 
20 < 10 
Aa 
The parameters fj. and ft. cannot be obtained ly = ra 
directly from the open-circuit test. However, a Pe 
check of Eqs. 18.7-18.15 indicates that the four = 
a parameters can be derived from the test data. ag. IO 5 x 10° 
Therefore, /t;. and /t2, can be obtained through the —20x 107% | 
conversion table. Specifically, 
al 
Aa linn = —= 
hy = — (122 
a22 
ary —0.25 x 107° 
ip reece = ———_—_ = 12.5 pS. 
a a =20 x 103 i 


v/ ASSESSMENT PROBLEM 


Objective 1—Be able to calculate any set of two-port parameters 


18.4 The following measurements were made on a Answer: z,; = (4/15) 0; 
two-port resistive circuit: With port 1 open, . = (1/3) QO: 
V, = 15 V,V, = 10 V, and I, = 30 A; with eid 2) 
port | short-circuited, V) = 10 V, bh = 4A, and Zy4 = 1.69; 
i, = —5 A. Calculate the z parameters. Z = 0.5 0. 


NOTE: Also try Chapter Problem 18.13. 


Reciprocal Two-Port Circuits 


If a two-port circuit is reciprocal, the following relationships exist among 
the port parameters: 


Z12 = 2215 (18.28) 
yi2 = Y21- (18.29) 
41422 — Apdo = Aa = 1, (18.30) 
byba — Diobo, = Ab = 1, (18.31) 
Ityy = hy, (18.32) 
812 = ~§21- (18.33) 


A two-port circuit is reciprocal if the interchange of an ideal voltage 
source at one port with an ideal ammeter at the other port produces the 
same ammeter reading. Consider, for example, the resistive circuit shown 
in Fig. 18.4. When a voltage source of 15 V is applied to port ad, it produces 
a current of 1.75 A in the ammeter at port cd. The ammeter current is eas- 
ily determined once we know the voltage V,qg. Thus 


Vou Mod = 19 Vid 


60 30) 20 0. a) 
and Vg = 5 V. Therefore 
5 15 
=—+—=1L75A. 
I 0° 10 L7SA (18.35) 


If the voltage source and ammeter are interchanged, the ammeter will still 
read 1.75 A. We verify this by solving the circuit shown in Fig. 18.5: 


Vog . Vea , Voa — 1S 
+ + ————_ = (). 18.36 
60 30 20 ( ) 


From Eq. 18.36, V,g = 7.5 V. The current /,4 equals 


+—=L75A. (18.37) 


A two-port circuit is also reciprocal if the interchange of an ideal cur- 
rent source at one port with an ideal voltmeter at the other port produces 


Ammeter 


Figure 18.4 A A reciprocal two-port circuit. 


18.2 


The Two-Port Parameters 


Figure 18.5 A The circuit shown in Fig. 18.4, with the voltage 
source and ammeter interchanged. 
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Figure 18.6 A Four examples of symmetric two-port circuits. (a) A symmetric tee. 
(b) A symmetric pi. (c) A symmetric bridged tee. (d) A symmetric lattice. 


(c) 


(d) 


the same voltmeter reading. For a reciprocal two-port circuit, only three 
calculations or measurements are needed to determine a set of parameters. 

A reciprocal two-port circuit is symmetric if its ports can be inter- 
changed without disturbing the values of the terminal currents and volt- 
ages. Figure 18.6 shows four examples of symmetric two-port circuits. In 
such circuits, the following additional relationships exist among the 
port parameters: 


211 = £225 
Ma 22 
ayy = 42, 
by = ba, 


hyho = hyh = Ah 


811822 — 128 = Ag = 


(18.38) 
(18.39) 
(18.40) 
(18.41) 
(18.42) 


(18.43) 


For a symmetric reciprocal network, only two calculations or meas- 


urements are necessary to determine all the two-port parameters. 


u ASSESSMENT PROBLEM 


Objective 1—Be able to calculate any set of two-port parameters 


18.5 The following measurements were made on a 


resistive two-port network that is symmetric 
and reciprocal: With port 2 open, V; = 95 V 
and J, = 5 A; with a short circuit across port 2, 


NOTE: Also try Chapter Problem 18.14. 


V, = 11.52 V and J, = 


z parameters of the two-port network. 


Answer: 


—2.72 A. Calculate the 


Zyy = 2 = 190, A. = % = 1702. 


18.3 Analysis of the Terminated 
Two-Port Circuit 


In the typical application of a two-port model, the circuit is driven at port 
1 and loaded at port 2, Figure 18.7 shows the s-domain circuit diagram for 
a typically terminated two-port model. Here, Z, represents the internal 
impedance of the source, Vi, the internal voltage of the source, and Z, the 
load impedance. Analysis of this circuit involves expressing the terminal 
currents and voltages as functions of the two-port parameters, V,, Zy,, 
and Z,. 

Six characteristics of the terminated two-port circuit define its termi- 
nal behavior: 


* the input impedance Z;, = V,//,, or the admittance Y,, = 4/V; 

* the output current J, 

* the Thévenin voltage and impedance (V;,, Z7,,) with respect to port 2 
¢ the current gain 5//; 

¢ the voltage gain V/V, 

+ the voltage gain V2/V, 


The Six Characteristics in Terms of the z Parameters 


To illustrate how these six characteristics are derived, we develop the 
expressions using the z parameters to model the two-port portion of the 
circuit. Table 18.2 summarizes the expressions involving the y, a,b, h, and 
g parameters. 

The derivation of any one of the desired expressions involves the 
algebraic manipulation of the two-port equations along with the two con- 
straint equations imposed by the terminations. If we use the z-parameter 
equations, the four that describe the circuit in Fig. 18.7 are 


VY, = @nh + zh, (18.44) 
Vy = Zyl, + Zh, (18.45) 
Visa HZ (18.46) 
Viet (18.47) 


Equations 18.46 and 18.47 describe the constraints imposed by 
the terminations. 

To find the impedance seen looking into port 1, that is, Zj;, = Vi/1,, we 
proceed as follows. In Eq. 18.45 we replace V. with —1,Z; and solve the 
resulting expression for J): 


(18.48) 


18.3. Analysis of the Terminated Two-Port Circuit 


Two-port model 
of a 
network 


Figure 18.7 A A terminated two-port model. 
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TABLE 18.2 Terminated Two-Port Equations 


z Parameters 


if £12221 
Zin = Zu — 
= Za + Zy 
—Z21V, 


<21 

Th Zi ue Zp 
£12221 

Ztn = 222 at Z, 
nS. 
I zm + Z, 
Vv, — ZZ, 
yY zy Zz + Az 
Vs ZyZp 


Ve (21 + Zy)(Z29 + Zp) — 2222} 


a Parameters 
ayZy + (2 


ei ayZj, + ax 
; -V, 
7 ayy Zz + ya + AZ, Z), + AnZLy 
vate tie 
ae a a 
ay + axZy 
Ztn = fact ai. Z, 
2... ek 
Lo anZy, + ax 
Wor. 41. 
Y an Zp + ay 
Vs ZI, 


Ve (Qu + a Zg)Z_ + a2 + AnZ, 


ft Parameters 
AyshaZy 


Zin = Nyy - TP hed, 
hayVq 

2+ hes Min + Zp) — MishaZe 
—hy Ve 

ie aaa Z, + Ah 
Zy, + hy 

oe a hinZ, + Al 

I hiay 

Ko Lt hyZ, 

Vo TAZ). 

Veo MAG eh 

V2 hy Zy. 


Va : (fy, + Z,)Q + NyZ,) — AyehyZy 


y Parameters 


Yi2yaZp 
Yin = Ya — ae 
Y224L 
yaVe 
ae I+ yoZyp + yiZ, + AyZ,Z, 
— ya Ve 
Vn = Yn + AyZ, 
1+ yiZy 
ou = yx + AyZ, 
I, - ¥21 
yy + AyZ, 
V2 yyZy 
Vio 1+ yd, 
Vv, yuZ, 


6 Parameters 
byl, + dip 
"by Zp t+ bi 


-~V,Ab 
ae ye ee ey 
V,Ab 
Ve 2a 
bor + by Zy 
. by Zp + by 
Zr = byZ, + by 
1, —Ab 
h . by + by Zp 
V5 AbZ, 
Y 7 Byz + by 2Zy. 
V5 AbZ, 


g Parameters 


§12 §21 
Yin = 8 7 pany 7 
—821V. 
2 4 guZ en + Zi) ~ BnbnZ, 
> £1Ve 
Min = Te epee 
Zn = $2 — ee 
“1 + gid, 
hb 
1 guZ, + Ag 
Vz SZ 
Yi Sot Zp 
V2 82Z7 


V, (1+ 812Zp)(822 + ZL) — 812821%y 


Vi, -yin¥anZeZy — (+ wi Zp + yoZz) 


We then substitute this equation into Eq. 18.44 and solve for Z;,: 


£12291 


18.49 
ra (18.49) 


Zi = <1 7 . 
222 


2 


To find the terminal current J5, we first solve Eq. 18.44 for /, after 
replacing V, with the right-hand side of Eq. 18.46. The result is 


i ee (18.50) 
| Zi + Z, - . 


We now substitute Eq. 18.50 into Eq. 18.48 and solve the resulting cqua- 
tion for J: 


—Za1V, 


L = . 
"  (Zy + Ly)(Z22 + Zp) — 212221 


(18.51) 


The Thévenin voltage with respect to port 2 equals V> when J, = 0. With 
I, = 0, Eqs. 18.44 and 18.45 combine to yield 


Y 
nan 1 i = op (18.52) 


Z11 


But V7; = V, ~ 1Z,, and I, = V,/(Z, + z 1): therefore substituting the 


results into Eq. 18.52 yields the open-circuit value of V>: 


£2] 


Vo; a= i= 
aia= i s° 
Le + £11 


(18.53) 


The Thévenin, or output, impedance is the ratio V2//, when V, is replaced 
by a short circuit. When V, is zero, Eq. 18.46 reduces to 


V, = SAL (18.54) 
Substituting Eq. 18.54 into Eq. 18.44 gives 


—Z 212 


i= ; 
: a Le 


(18.55) 
We now use Eq. 18.55 to replace /; in Eq. 18.45, with the result that 


= Za, = 22 — ———. (18.56) 


To derive the expression for the voltage gain V2/V,, we start by replac- 
ing /,1n Eq. 18.45 with its value from Eq. 18.47: thus 


= 
VY, = Zab + £22 : (18.58) 


18.3 


Analysis of the Terminated Two-Port Circuit 
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Next we solve Eq. 18.44 for /, as a function of V; and V5: 


—Vy 
ay = Ve = Zi 


Zr 
or 
V, ZyoV- 
e+ ee. (18.59) 
241 ZZ 


We now replace /,; in Eq. 18.58 with Eq. 18.59 and solve the resulting 
expression for V>/V,: 


V2 ZZp, 
Vio @y Zp + 211%Z22 — 212221 
ZZy 
= —— . 18.60 
Zy1Zp + Az ( 


To derive the voltage ratio V>/ V,, we first combine Eqs. 18.44, 18.46, 
and 18.47 to find J, as a function of V2 and V,: 


212V> Vy 


== Eee SS 18.61 
 Zi(ay + Ze) zy + Zp ) 


We now use Eqs. 18.61 and 18.47 in conjunction with Eq. 18.45 to derive 
an expression involving only V2 and V,; that is, 


- 
221212V2 Za1Ve 222 


Y= - —Dbs, 18.62 
> Zila + Ze) w@st+Z, LZ, : 


which we can manipulate to get the desired voltage ratio: 


Vor ZZ 
Vz, (211 + Zg)(Z22 + Zp) — 22221 
The first entries in Table 18.2 summarize the expressions for these six 
attributes of the terminated two-port circuit. Also listed are the corre- 
sponding expressions in terms of the y,a,b,, and g parameters. 
Example 18.4 illustrates the usefulness of the relationships listed in 
Table 18.2. 


(18.63) 


Example 18.4 Analyzing a Terminated Two-Port Circuit 


The two-port circuit shown in Fig. 18.8 is described 
in terms of its b parameters, the values of which are 


by, = —20, bi = —3000 Q, 
b>, = -—2 mS, by = —0.2. 
a) Find the phasor voltage V. 


b) Find the average power delivered to the 5 k) load. 
c) Find the average power delivered to the input port. 


"soon 


Figure 18.8 A The circuit for Example 18.4. 


500/0° om 5 ko 


d) Find the load impedance for maximum average 
power transfer. 


e) Find the maximum average power delivered to 
the load in (d). 


Solution 


a) To find V;, we have two choices from the entries 
in Table 18.2. We may choose to find I, and then 
find V, from the relationship V, = —I,Z,, or we 
may find the voltage gain V2/V, and calculate V» 
from the gain. Let’s use the latter approach. For 
the b-parameter values given, we have 


Ab = (—20)(-0.2) — (—3000)(—2 x 107%) 
=4-6=-2. 
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From Table 18.2, : ; 
The average power delivered to the input port is 


V> AbZ, 2 
ep gs a te a 0.78947 
Ve Byg + by Ze + byZy + by ZZ, P, = ———(133.33) = 41.55 W. 
_ (—2)(5000) 
—3000 + (—20)500 + (-0.2)5000 + [—2 x 1077(500)(5000)] 
10 d) The load impedance for maximum power trans- 
~ 19° fer equals the conjugate of the Thévenin imped- 
Then ance seen looking into port 2. From Table 18.2, 
bisZy + by 
Tha gs. er 
byZe + bo 
V> = (72) oo = 263.16 /0° V. Poet ae 
19 __ (=20)(500) — 3000 
b) The average power delivered to the 5000 22 load is (—2 x 107°)(500) — 0.2 
263.167 13,000 
Py = = 6.93 W. = ——— = 10,833.33 0. 
* ~~ 2(5000) 12 
c) To find the average power delivered to the input Therefore Z; = Zt, = 10,833.33 Q. . 
port, we first find the input impedance Z;,. From e) To find the maximum average power delivered 
Table 18.2, to Z,, we first find V, from the voltage-gain 
expression V,/V,. When Z, is 10,833.33 Q, this 
byZ, + by ee 
Fes eee gain is 
"by Zp + by ¥V 
2 
— (=0.2)(5000) — 3000 vo 0.8333. 
= ae Ge WASAT EAA soa 8 
-2 x 10°°(5000) — 20 Thus 
x = 133.33 0. V> = (0.8333)(500) = 416.67 V, 
Now I, follows directly: and 
1 416.67 
500 P ae 
lay i(maximum) = > 7 933.33 
= 8.01 W. 


/ ASSESSMENT PROBLEM 


Objective 2—Be able to analyze a terminated two-port circuit to find currents, voltages, and ratios of interest 


18.6 The a parameters of the two-port network iF I; 
shown are a, = 5 X 1074, ay. = 10, 
a>, = 10°°S, and ax) = —3 X 10°*. The net- 
work is driven by a sinusoidal voltage source Ve 
having a maximum amplitude of 50 mV and an 
internal impedance of 100 + j0 (2. It is termi- 
nated in a resistive load of 5 kQ. 


Two-port model 
ofa 
network 


a) Calculate the average power delivered to 
the load resistor. 


b) Calculate the load resistance for maximum 


average power. Answer: (a) 62.5 mW; 
c) Calculate the maximum average power (b) 70/6 kQ; 
delivered to the resistor in (b). (c) 74.4 mW. 


NOTE: Also try Chapter Problems 18.29, 18.30, and 18.34. 
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18.4 Interconnected Two-Port Circuits 


Synthesizing a large, complex system is usually made easier by first designing 
subsections of the system. Interconnecting these simpler, easier-to-design 
units then completes the system. If the subsections are modeled by two-port 
circuits, synthesis involves the analysis of interconnected two-port circuits. 

Two-port circuits may be interconnected five ways: (1) in cascade, 
(2) in series, (3) in parallel, (4) in series-parallel, and (5) in parallel-series. 
Figure 18.9 depicts these five basic interconnections. 

We analyze and illustrate only the cascade connection in this section. 
However, if the four other connections meet certain requirements, we can 
obtain the parameters that describe the interconnected circuits by simply 
adding the individual network parameters. In particular, the z parameters 
describe the series connection, the y parameters the parallel connection, 
the h parameters the series-paralle] connection, and the g parameters the 
parallel-series connection. ! 

The cascade connection is important because it occurs frequently in 
the modeling of large systems. Unlike the other four basic interconnec- 
tions, there are no restrictions on using the parameters of the individual 
two-port circuits to obtain the parameters of the interconnected circuits. 
The a parameters are best suited for describing the cascade connection. 

We analyze the cascade connection by using the circuit shown in 
Fig. 18.10, where a single prime denotes a parameters in the first circuit 
and a double prime denotes a parameters in the second circuit. The output 


(d) (e) 


Figure 18.9 A The five basic interconnections of two-port circuits. 
(a) Cascade. (b) Series. (c) Parallel. (d) Series-parallel. (e) Parallel-series. 


' A detailed discussion of these four interconnections is presented in Henry Ruston and 
Joseph Bordogna, Electric Networks: Functions, Filters, Analysis (New York: McGraw-Hill, 
1966). ch. 4. 


voltage and current of the first circuit are labeled V3 and /4, and the input 
voltage and current of the second circuit are labeled Vj and 7). The prob- 
lem is to derive the a-parameter equations that relate V. and J, to V; and 
7. In other words, we seek the pair of equations 


V, = ay4V2 = ay (18.64) 
Ly = dyV2 — 2h, (18.65) 
where the a parameters are given explicitly in terms of the a parameters of 


the individual circuits. 
We begin the derivation by noting from Fig. 18.10 that 


Vi, = ayV2 — ail), (18.66) 
T= a4,V5 - Qld. (18.67) 
The interconnection means that V3; = V; and /4 = —I/;. Substituting 


these constraints into Eqs. 18.66 and Eqs. 18.67 yields 


Vi = aiyV + aioli}, (18.68) 


IT, = ayV4 + aol}. (18.69) 


The voltage V; and the current /{ are related to Vj and J, through the 
a parameters of the second circuit: 


Vi = ay Vr = airh, (18.70) 
I} = a5, V> = 51h. (18.71) 


We substitute Eqs. 18.70 and 18.71 into Eqs. 18.68 and 18.69 to generate 
the relationships between Vj, /; and V>, L: 


Vi = (aie + ai2et V2—-(aiai2 + aia), (18.72) 
Ty = (ayyayy + a4203,;)Vo—(ag fn + @42032)h. (18.73) 


By comparing Eqs. 18.72 and 18.73 to Eqs. 18.64 and 18.65, we get the 
desired expressions for the a parameters of the interconnected 
networks, namely, 


yy = ayyayy) + aay. (18.74) 
Gy. = Qy1Q42 + ara. (18.75) 
Qa, = a0), + aad), (18.76) 


a2 = A Aly + A304. (18.77) 


18.4 Interconnected Two-Port Circuits 


i, Circuit 1 rs Ty Circuit 2 


Figure 18.10 A A cascade connection. 
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If more than two units are connected in cascade, the a parameters of 
the equivalent two-port circuit can be found by successively reducing the 
original set of two-port circuits one pair at a time. 

Example 18.5 illustrates how to use Eqs. 18.74-18.77 to analyze a cas- 
cade connection with two amplifier circuits. 


Serilicmesmem Analyzing Cascaded Two-Port Circuits 


Two identical amplifiers are connected in cas- 

cade, as shown in Fig. 18.11. Each amplifier is 

described in terms of its # parameters. The values 

are Ay, = 10000, Ay = 0.0015, >, = 100, and 12 
hy, = 100 wS. Find the voltage gain V,/V,. 


10.25 x 1076, 


— t ! t , 
= 41412 + A202 


(5 x 107*)(—10) + (—10)(-10°7) 


0.095 Q, 


as t , , t 
Az, = A744, + A207, 


(—107°)(5 x 1074) + (-0.01)(-107) 


Figure 18.11 A The circuit for Example 18.5. 95 x 10- S, 


Ay2 = @4,Q42 + A042 
Solution 
(—10-°)(-10) + (-10°7)° 


The first step in finding V2/V, is to convert from 
h parameters to a parameters. The amplifiers are 
identical, so one set of a parameters describes = 1.1 x 10%. 
the amplifiers: 


From Table 18.2, 
—Ah —_ +005 _ 


= = 5.1057, 
“1 "hy, :100 Vy _ Ay 
Ve (ay, + AyZy)Z, + 12 ze Ay72L 9 


—hy, — —1000 
p= — tt = —— = -100, 
ae omen) 10! 


~ [10.25 x 10° + 9.5 x 10-°(500)]10* + 0.095 + 1.1 x 104(500) 


= cha _ -100 x 10° _ ines 


es ie 100 a 
~ 0.15 + 0.095 + 0.055 
ay = = = = = S10", a 
aris 
Next we use Eqs. 18.74-18.77 to compute the 
a parameters of the cascaded amplifiers: = 33,333.33. 


— , t t , 
Ay = 41, + 442021 


Thus an input signal of 150 ~V is amplified to an 
output signal of 5 V. For an alternative approach to 
= 25 x 10° + (-10)(—10°°) finding the voltage gain V2/V,, see Problem 18.41. 
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Objective 3—Know how to analyze a cascade interconnection of two-port circuits 


18.7. Each element in the symmetric bridged-tee 


circuit shown is a 15 Q. resistor. Two of these 
bridged tees are connected in cascade between a 
dc voltage source and a resistive load. The dc 
voltage source has a no load voltage of 100 V and 
an internal resistance of 8 ©. The load resistor is 
adjusted until maximum power is delivered to 
the load. Calculate (a) the load resistance, (b) the 
load voltage, and (c) the load power. 


NOTE: Also try Chapter Problem 18.40. 


Answer: (a) 14.44 0; 
(b) 16 V; 
(c) 17.73 W. 


Practical Perspective 


Characterizing an Unknown Circuit 
We make the following measurements to find the 4 parameters for our "black 
box" amplifier: 
With Port 1 open, apply 50 V at Port 2. Measure the voltage at Port 1 
and the current at Port 2: 
V, = 50mvV; Ih =2.5A. 
With Port 2 short-circuited, apply 2.5 mA at Port 1. Measure the volt- 
age at Port 1 and the current at Port 2: 


V; = 1.25 V; I, = 3.75 A. 
Calculate the f parameters according to Eq. 18.14: 
V; 1.25 V, 0.05 
hy = — = = 5000; hy = =—— = 19% 
7 Tily,=0 0.0025 * Valn-0 50 
I, 3.75 Ih 2.5 
hoy = = = —— = 1500; hy = =-— = 50mS 
1 Tyly,<0 0.0025 2" Valr-0 50 


Now we use the terminated two-port equations to determine whether or not 
it is safe to attach a 2 V(rms) source with a 100 2, internal impedance to 
Port 1 and use this source together with the amplifier to drive a speaker 
modeled as a 32 () resistance with a power rating of 100 W. Here we find 
the value of /> from Table 18.2: 


hr Ve 


ae (1 + hyZp)(Ay + Zg) — hyhaZy 
7 1500(2) 
~ [1 + (0.05)(32)][500 + 100] — (1500)(1074)(32) 


= 1.98 A(rms) 
Calculate the power to the 32 ( speaker: 
P = RI = (32)(1.98) = 126 W. 


The amplifier would thus deliver 126 W to the speaker, which is rated at 
100 W, so it would be better to use a different amplifier or buy a more pow- 
erful speaker. 
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Summary 


* The two-port model is used to describe the performance 
of a circuit in terms of the voltage and current at its 
input and output ports. (See page 678.) 


¢ The model is limited to circuits in which 


* no independent sources are inside the circuit between 
the ports; 
* no energy is stored inside the circuit between the ports: 


¢ the current into the port is equal to the current out of 
the port; and 

* no external connections exist between the input and 
output ports. 

(See page 678.) 

* Two of the four terminal variables (V,, [;, V2, 4) are 
independent; therefore, only two simultaneous equa- 
tions involving the four variables are needed to describe 
the circuit. (See page 680.) 


« The six possible sets of simultaneous equations involv- 
ing the four terminal variables are called the z-, y-. a-, b-, 
h-, and g-parameter equations. See Eqs. 18.1-18.6. (See 
page 680.) 

¢ The parameter equations are written in the s domain. The 
dc values of the parameters are obtained by setting s = 0, 
and the sinusoidal steady-state values are obtained by 
setting s = jw. (See page 680.) 


Problems 
Sections 18.1-—18.2 


18.1 Find the /: and g parameters for the circuit in 
Example 18.1. 


18.2 Find the y parameters for the circuit shown in 
Fig. P18.2. 


Figure P18.2 


18,3 Find the z parameters for the circuit in Fig. P18.3. 


Any set of parameters may be calculated or measured by 
invoking appropriate short-circuit and open-circuit con- 
ditions at the input and output ports. See Eqs. 18.7-18.15. 
(See pages 681 and 682.) 


The relationships among the six sets of parameters are 
given in Table 18.1. (See page 684.) 


A two-port circuit is reciprocal if the interchange of an 
ideal voltage source at one port with an ideal ammeter 
at the other port produces the same ammeter reading. 
The effect of reciprocity on the two-port parameters is 
given by Eqs. 18.28-18.33. (See page 687.) 


A reciprocal two-port circuit is symmetric if its ports 
can be interchanged without disturbing the values of 
the terminal currents and voltages. The added effect 
of symmetry on the two-port parameters is given by 
Egs. 18.38-18.43. (See page 688) 


The performance of a two-port circuit connected to a 
Thévenin equivalent source and a load is summarized by 
the relationships given in Table 18.2. (See page 690.) 


Large networks can be divided into subnetworks by 
means of interconnected two-port models. The cas- 
cade connection was used in this chapter to illustrate 
the analysis of interconnected two-port circuits. (See 
page 694.) 


Figure P18.3 
‘1a 4Q 4) 


18.4 Use the results obtained in Problem 18.3 to calcu- 


late the y parameters for the circuit in Fig. P18.3. 


18.5 Find the A parameters for the circuit in Fig. P18.5. 


Figure P18.5 
Ly 109 209 Up 
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18.6 Find the 6 parameters for the circuit shown in 18.11 Find the g parameters for the operational amplifier 
Fig. P18.6. circuit shown in Fig. P18.11. 


Fi e 
Figure P18.6 igure P18.11 


20 2 


18.7 Select the values of R,, Ro, and R; in the circuit 18.12 The operational amplifier in the circuit shown 
in Fig. P18.7 so that Ay, = 4Q, hy = 0.8, in Fig. P18.12 is ideal. Find the # parameters of 


hy; = —0.8, and hoy = 0.148. the circuit. 


Figure P18.12 
Figure P18.7 400 


18.8 Find the a parameters for the circuit in Fig. P18.8. 18.13 The following direct-current measurements were 
made on the two-port network shown in Fig. P18.13. 


Figure P18.8 Port 2 Open Port 2 Short-Circuited 
1kQ V, = 20mV 1, = 200 pA 
¥,=-SV I, = SOA 
I, = 0.25 pA V = 10V 


Calculate the g parameters for the network. 


Figure P18.13 
18.9 Use the results obtained in Problem 18.8 to calcu- ~ fi / 


late the g parameters of the circuit in Fig. P18.8. 


18.10 Find the A parameters of the two-port circuit shown 
in Fig. P18.10. 


18.14 a) Use the measurements given in Problem 18.13 
Figure P18.10 to find the y parameters for the network. 


I I b) Check your calculations by finding the 
y parameters directly from the g parameters 


found in Problem 18.13. 


y 109 200 200 2 ae 


18.15 Derive the expressions for the A parameters as 
functions of the g parameters. 
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18.16 Derive the expressions for the b parameters as 


functions of the /# parameters. 


18.17 Derive the expressions for the g parameters as 


functions of the z parameters. 


18.18 Find the s-domain expressions for the a parameters 


of the two-port circuit shown in Fig. P18.18. 


Figure P18.18 


"IF hii 


18.19 Find the s-domain expressions for the z parameters 
of the two-port circuit shown in Fig. P18.19. 


Figure P18.19 


18.20 Find the frequency-domain values of the a parame- 
ters for the two-port circuit shown in Fig. P18.20. 


Figure P18.20 


18.21 Find the A parameters for the two-port circuit 
shown in Fig. P18.20. 


18.22 a) Use the defining equations to find the s-domain 
expressions for the # parameters for the circuit 
in Fig. P18.22. 


b) Show that the results obtained in (a) agree with 
the A-parameter relationships for a reciprocal 
symmetric network. 


Figure P18.22 


18.23 Is the two-port circuit shown in Fig. P18.23 sym- 
metric? Justify your answer. 


Figure P18.23 


Section 18.3 


18.24 Derive the expression for the voltage gain V>/V, of 
the circuit in Fig. 18.7 in terms of the y parameters. 


18.25 Derive the expression for the input impedance 
(Z;, = V,/,) of the circuit in Fig. 18.7 in terms of 
the b parameters. 


18.26 Derive the expression for the voltage gain V/V, of 
the circuit in Fig. 18.7 in terms of the # parameters. 


18.27 Derive the expression for the current gain /,/1, 
of the circuit in Fig. 18.7 in terms of the 
g parameters. 


18.28 Find the Thévenin equivalent circuit with respect 
to port 2 of the circuit in Fig. 18.7 in terms of the 
Z parameters. 


18.29 The 5 parameters of the amplifier in the circuit 
shown in Fig. P18.29 are 

bi; = 25; by> =] kQ; 

bo = —1.25S8; by = —40. 


Find the ratio of the output power to that supplied 
by the ideal voltage source. 


Figure P18.29 
20 0 


+ | 


120/0° VV, 


(rms) 


100 0, 


18.30 


18.31 


18.32 


Problems 


The y parameters for the two-port amplifier circuit 
in Fig. P18.30 are 


yy. = 2mS; Yi2 = —2 pS; 


yo; = 100 mS; yo = —S0 pS. 


The internal impedance of the source is 2500 + j0 , 
and the load impedance is 70,000 + j0 . The ideal 
voltage source is generating a voltage 


Vg = 80V2 cos 4000¢ mV. 


a) Find the rms value of V5. 
b) Find the average power delivered to Z,. 


c) Find the average power developed by the ideal 
voltage source. 


Figure P18.30 


¥ir Yi2 
Y21 +22 


For the terminated two-port amplifier circuit in 
Fig. P18.30, find 


a) the value of Z,; for maximum average power 
transfer to Z; 


b) the maximum average power delivered to Z; 


c) the average power developed by the ideal voltage 
source when maximum power is delivered to Z;. 


The linear transformer in the circuit shown in 
Fig. P18.32 has a coefficient of coupling of 0.75. The 
transformer is driven by a sinusoidal voltage source 
whose internal voltage is v, = 260 cos 4000t V. The 
internal impedance of the source is 25 + j0 2. 


a) Find the frequency-domain a parameters of the 
linear transformer. 

b) Use the a parameters to derive the Thévenin 
equivalent circuit with respect to the terminals 
of the load. 

c) Derive the steady-state time-domain expression 
for U2. 


Figure P18.32 


oe 


2a) 
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18.33 The g parameters for the two-port circuit in 


Fig. P18.33 are 


ty 
Bi S; 
&, = 0.5 — j0.5; 


212 = —0.5 + 70.5; 


The load impedance Z, is adjusted for maximum 
average power transfer to Z,. The ideal voltage 
source is generating a sinusoidal voltage of 


Vg = 42V2 cos 5000t V. 


a) Find the rms value of V>. 


b) Find the average power delivered to Z;. 


c) What percentage of the average power developed 
by the ideal voltage source is delivered by Z;? 


Figure P18.33 


60 


18.34 The following dc measurements were made on the 
resistive network shown in Fig. P18.34. 


Measurement 1 


Vy.=4V 
,=S5mA 
¥.=0V 

I, = —200mA 


Measurement 2 


V, = 20mV 
1 = 20pA 
V; = 40V 
b=0A 


A variable resistor R, is connected across port 
2 and adjusted for maximum power transfer to R,. 
Find the maximum power. 


Figure P18.34 


Resistive 
network 
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18.35 The following measurements were made on a resis- 
tive two-port network: 


Condition 1 - create a short circuit at port 2 and 
apply 20 V to port 1: 


Measurements: J, = 1A; h=—-1A. 
Condition 2 — create an open circuit at port 1 and 
apply 80 V to port 2: 

Measurements: VY, = 400 V; 1L=3A. 


Find the maximum power that this two-port circuit 
can deliver to a resistive load at port 2 when port 1 
is driven by a 4A dc current source with an internal 
resistance of 60 1. 


18.36 a) Find the s-domain expressions for the g parame- 
ters of the circuit in Fig. P18.36. 


b) Port 2 in Fig. P18.36 is terminated in a resistance 
of 400 0, and port | is driven by a step voltage 
source v;(t) = 30u(t) V. Find v2(t) for ¢ > 0 if 
C = 0.2 wF and L = 200 mH. 


Figure P18.36 


A SL Saget 


18.37 a) Find the y parameters for the two-port network 
in Fig. P18.37. 


b) Find v, fort > 0 when v, = S0u(t) V. 
Figure P18.37 


3 19 |! sO sO at 


Section 18.4 


18.38 The /: parameters of the first two-port circuit in 
Fig. P18.38(a) are 


hy, = 1000 Q: 
fy => AQ): 


hee sc 10": 
hy = 25 BS. 


The circuit in the second two-port circuit is shown 
in Fig. P18.38(b), where R = 72kQ. Find »w, if 
V, = YmV de. 


Figure P18.38 


(b) 


18.39 The networks A and B in the circuit in Fig. P18.39 
are reciprocal and symmetric. For network A, it is 
known that aj, = 5 and aj, = 240. 


a) Find the a parameters of network B. 
b) Find V, when V, = 75/0° V, 
Z, = 170° OD, and Z,; = 1070° Q. 


Figure P18.39 


18.40 The z and y parameters for the resistive two-ports 
in Fig. P18.40 are given by 


30 

z= 0; yy = 2004S; 

100 

so 3 Q; yin = 40 pS: 
4 

£21 = 3 kQ; yap = —§800 Bs 
10 

£22 = kM: 22 = 40 BS; 


Calculate v, if v, = 30 mV de. 


Problems 


Figure P18.40 


Sections 18.1-18.4 


18.41 a) Show that the circuit in Fig. P18.41 is an equiva- 
lent circuit satisfied by the /-parameter equations. 


b) Use the A-parameter equivalent circuit of (a) to 
find the voltage gain V2/V, in the circuit in 


Fig. 18.11. 
Figure P18.41 
Ste FG ae 


18.42 a) Show that the circuit in Fig. P18.42 is an equiva- 
lent circuit satisfied by the z-parameter equations. 


b) Assume that the equivalent circuit in Fig. P18.42 
is driven by a voltage source having an internal 
impedance of Z, ohms. Calculate the Thévenin 
equivalent circuit with respect to port 2. Check 
your results against the appropriate entries in 
Table 18.2. 


Figure P18.42 
I, I, 
he 


1,(Z12 — Z21) 


18.43 a) Show that the circuit in Fig. P18.43 is also an 
equivalent circuit satisfied by the z-parameter 
equations. 
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b) Assume that the equivalent circuit in Fig. P18.43 
is terminated in an impedance of Z, ohms at 
port 2. Find the input impedance V,//,. Check 
your results against the appropriate entry in 
Table 18.2. 


Figure P18.43 


212) 


L(221 — 


18.44 a) Derive two equivalent circuits that are satisfied 
by the y-parameter equations. Hint: Start with 
Eqs. 18.2. Add and subtract y»;V> to the first 
equation of the set. Construct a circuit that satis- 
fies the resulting set of equations, by thinking in 
terms of node voltages. Derive an alternative 
equivalent circuit by first altering the second 
equation in Eq. 18.2. 


b 


—* 


Assume that port 1 is driven by a voltage source 
having an internal impedance Z,, and port 2 is 
loaded with an impedance Z,. Find the current 
gain /,/7,. Check your results against the appro- 
priate entry in Table 18.2. 


18.45 a) Derive the equivalent circuit satisfied by the 
g-parameter equations. 


b 


~~" 


Use the g-parameter equivalent circuit derived 
in part (a) to solve for the output voltage in 
Problem 18.38. Hint: Use Problem 3.65 to simplify 
the second two-port circuit in Problem 18.38. 


18.46 a) What conditions and measurements will allow 
you to calculate the b parameters for the “black 
box” amplifier described in the Practical 


Perspective? 


— 


b) What measurements will be made if the result- 
ing b parameters are equivalent to the # param- 
eters calculated in the Practical Perspective? 


18.47 Repeat Problem 18.46 for the z parameters. 


wwonll\ The Solution of Linear 
Simultaneous Equations 


Circuit analysis frequently involves the solution of linear simultaneous 
equations. Our purpose here is to review the use of determinants to solve 
such a set of equations, The theory of determinants (with applications) can 
be found in most intermediate-level algebra texts. (A particularly good 
reference for engineering students is Chapter 1 of E.A. Guillemin’s The 
Mathematics of Circuit Analysis [New York: Wiley, 1949]. In our review 
here, we will limit our discussion to the mechanics of solving simultaneous 
equations with determinants. 


A.1 Preliminary Steps 


The first step in solving a set of simultaneous equations by determinants is 
to write the equations in a rectangular (square) format. In other words, we 
arrange the equations in a vertical stack such that each variable occupies 
the same horizontal position in every equation. For example, in Eqs. A.1, 
the variables i,, iz, and i; occupy the first, second, and third position, 
respectively, on the left-hand side of each equation: 


21i, — 9i, — 12i3 = —33, 
—3i, + 61> = 213 — 3. (A.1) 
—8i, ome 4i, = 2213 = 50. 


Alternatively, one can describe this set of equations by saying that i, 
occupies the first column in the array, i, the second column, and i; the 
third column. 

If one or more variables are missing from a given equation, they can 
be inserted by simply making their coefficient zero. Thus Eqs. A.2 can be 
“squared up” as shown by Egs. A.3: 


2u, — U2 = 4, 
4v, + 3v3 = 16, (A.2) 
Tv, + 203 = 5 


2v) = Us = Ov; = 4, 
Ov, + Av, + 3v3 = 16, (A.3) 


7v ae Ov, iy 203 = 
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A.2 Cramer's Method 


The value of each unknown variable in the set of equations is expressed as 
the ratio of two determinants. If we let N, with an appropriate subscript, 
represent the numerator determinant and A represent the denominator 
determinant, then the kth unknown x, is 


4, =. (A.4) 


The denominator determinant A is the same for every unknown variable 
and is called the characteristic determinant of the set of equations. The 
numerator determinant N, varies with each unknown. Equation A.4 is 
referred to as Cramer’s method for solving simultancous equations. 


A.3 The Characteristic Determinant 

Once we have organized the set of simultaneous equations into an 
ordered array, as illustrated by Eqs. A.1 and A.3, it is a simple matter to 
form the characteristic determinant. This determinant is the square array 
made up from the coefficients of the unknown variables. For example, the 
characteristic determinants of Eqs. A.1 and A.3 are 


21 =o == 12 
A= |-3 i 2 (A.5) 
—-8 —4 22 
and 
2. Sa th 
A = |0 4 3}, (A.6) 
7 O22 
respectively. 


A.4 The Numerator Determinant 


The numerator determinant N, is formed from the characteristic determi- 
nant by replacing the Ath column in the characteristic determinant with 
the column of values appearing on the right-hand side of the equations. 
For example, the numerator determinants for evaluating é,, i, and i; in 
Eqs. A.1 are 


(A.7) 


A.5 

21-33 —-12 

Nz = |-3 3 —2 (A.8) 
-§ 50 22 

and 

21 —-9 -—33 

N3 = |-3 6 3}. (A.9) 
—-§ -4 50 


The numerator determinants for the evaluation of v;, v2, and v3 in 
Eqs. A.3 are 


4 -1 0 
N, = |16 4 3), (A.10) 
5 2 
2 4 0 
N,=|0 16 3 (A.11) 
7 Se 
and 
2, 4 4 
N; = |0 4 16 (A.12) 
t () 5 


A.5 The Evaluation of a Determinant 


The value of a determinant is found by expanding it in terms of its minors. 
The minor of any element in a determinant is the determinant that 
remains after the row and column occupied by the element have been 
deleted. For example, the minor of the element 6 m Eq. A.7 is 


50 22 


=33 a 


while the minor of the element 22 in Eq. A.7 is 


The cofactor of an element is its minor multiplied by the sign- 
controlling factor 


=), 


where i and j denote the row and column, respectively, occupied by the 
element. Thus the cofactor of the element 6 in Eq. A.7 is 


=33° :=12 
50 Ze 


— 12+?) 


4 
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and the cofactor of the element 22 is 


The cofactor of an element is also referred to as its signed minor. 

The sign-controlling factor —1°*/) will equal +1 or —1 depending on 
whether i + j 1s an even or odd integer. Thus the algebraic sign of a cofac- 
tor alternates between +1 and —1 as we move along a row or column. For 
a3 X 3 determinant, the plus and minus signs form the checkerboard pat- 
tern illustrated here: 


A determinant can be expanded along any row or column. Thus the first 
step in making an expansion is to select a row i or a column j. Once a row 
or column has been selected, each element in that row or column is multi- 
plied by its signed minor, or cofactor. The value of the determinant is the 
sum of these products. As an example, let us evaluate the determinant in 
Eq. A.5 by expanding it along its first column. Following the rules just 
explained, we write the expansion as 


=9 =2 
G ==2 


6 -2 =O) 12 
A= acy]. § : - 0% : — 8(1) | (A.13) 


The 2 X 2 determinants in Eq. A.13 can also be expanded by minors. 
The minor of an element in a 2 X 2 determinant is a single element. It fol- 
lows that the expansion reduces to multiplying the upper-left element by 
the lower-right element and then subtracting from this product the product 
of the lower-left element times the upper-right element. Using this obser- 
vation, we evaluate Eq. A.13 to 


A = 21(132 — 8) + 3(—198 — 48) — 8(18 + 72) 


= 2604 — 738 — 720 = 1146. (A.14) 


Had we elected to expand the determinant along the second row of ele- 
ments, we would have written 


-9 -12 21-12 21 -9 
A= 1-1/9 | POC) 33 -a¢— , ‘| 
= 3(-198 — 48) + 6(462 — 96) + 2(-84 — 72) 
= —738 + 2196 — 312 = 1146. (A.15) 


The numerical values of the determinants N,, N2, and N3 given by 
Eqs. A.7,A.8, and A.9 are 


N, = 1146, (A.16) 


N2 = 2292, (A.17) 
and 
N; = 3438. (A.18) 


It follows from Eqs. A.15 through A.18 that the solutions for /,, iz, and é3 in 
Eq. A.1 are 


a Ste 
hy az A 4 
 astNe 
Ib = he = 2A, (A.19) 
and 
N 
b3 = a = 3A. 


We leave you to verify that the solutions for v,, v2, and v3 in Eqs. A.3 are 


49 
=—= = -98V, 
V1 =F 
v= = = -23.6V, (A.20) 
and 
v3 = — = 36.8V 


A.6 Matrices 


A system of simultaneous linear equations can also be solved using 
matrices. In what follows, we briefly review matrix notation, algebra, and 
terminology.! 

A matrix is by definition a rectangular array of elements; thus 


ayy a2 43 ae Qin 
4 42 43 "" & 

A= ; ‘ (A.21) 
amt 42 m3 eae Qinn 


is a matrix with #1 rows and n columns. We describe A as being a matrix of 
order mm by n, or m X n, where 1 equals the number of rows and v the 


' An excellent introductory-level text in matrix applications to circuit analysis is Lawrence P. 
Huelsman, Circuits, Matrices, and Linear Vector Spaces (New York: McGraw-Hill, 1963). 
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number of columns. We always specify the rows first and the columns sec- 
ond. The elements of the matrix—«aj;, a), a)3,...—can be real numbers, 
complex numbers, or functions. We denote a matrix with a boldface capi- 
tal letter. 

The array in Eq. A.21 is frequently abbreviated by writing 


AS= [@ijbinn ’ (A.22) 


where a,; is the element in the ith row and the jth column. 
If #2 = 1, Ais called a row matrix, that is, 


A=[@Q1 G2 43 77: Ql. (A.23) 
If 2 = 1,Aiscalled a column matrix, that is, 


ayy 
ay) 
A => Qa, |- (A.24) 


Qi 


If mz = n, A is called a square matrix. For example, if m = n = 3, the 
square 3 by 3 matrix is 


jp iQ Ay3 
A=] 4) G2 &3 |. (A.25) 
3) 432, 433 


Also note that we use brackets [] to denote a matrix, whereas we use 
vertical lines || to denote a determinant. It is important to know the differ- 
ence. A matrix is a rectangular array of elements. A determinant is a func- 
tion of a square array of elements. Thus if a matrix A is square, we can 
define the determinant of A. For example, if 


2 1 
x i ish 
then 
det A = : = 30 — 6 = 24 
eye he. gi 


A.7 Matrix Algebra 


The equality, addition, and subtraction of matrices apply only to matrices 
of the same order. Two matrices are equal if, and only if, their correspon- 
ding elements are equal. In other words, A = B if, and only if,a,; = 5;; for 
all i and j. For example, the two matrices in Eqs. A.26 and A.27 are equal 
because Gy = bi, 2 = by2. a = by,, and aa. = b>: 


36 —20 
7 A.26 
ee, aa (828 


B= Pe ea (A.27) 


If A and B are of the same order, then 


C=A+B (A.28) 
implies 
Ci jj + Des (A.29) 
For example, if 
4 -6 10 
A= : A.30 
12 = a 
and 
16 10 30 
= 31 
ze Ee 8 a A) 
then 
20 4 —20 
a 32 
. ee 20 a w) 
The equation 
D=A-B (A.33) 
implies 
dj; an aij = Diy. (A.34) 
For the matrices in Eqs. A.30 and A.31, we would have 
=1T2 16 40 
= , A. 
mB eg, hg ee) 


Matrices of the same order are said to be conformable for addition and 
subtraction. 

Multiplying a matrix by a scalar k is equivalent to multiplying each 
element by the scalar. Thus A = KB if, and only if, a;; = kbj;. It should be 
noted that k may be real or complex. As an example, we will multiply the 
matrix D in Eq. A.35 by 5. The result is 


-60 —80 200 


P= 1140 20-95} on 


Matrix multiplication can be performed only if the number of 
columns in the first matrix is equal to the number of rows in the second 
matrix. In other words, the product AB requires the number of columns in 
A to equal the number of rows in B. The order of the resulting matrix will 
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be the number of rows in A by the number of columns in B. Thus if 
C = AB, where A is of order m X p and Bis of order p X n, then C will 
be a matrix of order m X n.When the number of columns in A equals the 
number of rows in B, we say A is conformable to B for multiplication. 

An element in C is given by the formula 


P 
Cij = Dyin ay- (A.37) 


The formula given by Eq. A.37 is easy to use if one remembers that 
matrix multiplication is a row-by-column operation. Hence to get the /th, 
jth term in C, each element in the ith row of A is multiplied by the corre- 
sponding element in the jth column of B, and the resulting products are 
summed. The following example illustrates the procedure. We are asked to 
find the matrix C when 


6 3 2 
A= F 4 5 (A.38) 
and 
4 2 
B=10 3 (A.39) 
1 -2 


First we note that C will be a2 X 2 matrix and that each element in C 
will require summing three products. 

To find C,, we multiply the corresponding elements in row 1 of matrix A 
with the elements in column 1 of matrix B and then sum the products. We 
can visualize this multiplication and summing process by extracting the 
corresponding row and column from each matrix and then lining them up 
element by element. So to find C,, we have 


RowlofA 6 3 De, 
Column lofB 4 0 1° 


therefore 
Cy, =6X4+3X0+2X1= 26. 


To find C,, we visualize 


RowlofA 6 3 Bic. 
Column20fB 2 3 


thus 


Cy =6X24+3X34+2x (-2)=17. 


For C3, we have 


Row2o0fA | 4 6 
Column 1 of B 4 () 1 


and 
Cy, =1*44+4x0+6X1 = 10. 


Finally, for C>. we have 


Row2ofA 1 4 6 
Column20fB 2 3 |—-2 ° 


from which 
Cy =1X%24+4X3+ 6X (-2) =2. 


It follows that 
26 17 
C = AB= | (A.40) 


In general, matrix multiplication is not commutative, that is, 
AB + BA. As an example, consider the product BA for the matrices in 
Eqs. A.38 and A.39. The matrix generated by this multiplication is of order 
3 X 3,and each term in the resulting matrix requires adding two products. 
Therefore if D = BA, we have 


26 20 #820 
D=| 3 12 18|. (A.41) 
4 -5 -10 


Obviously, C # D. We leave you to verify the elements in Eq. A.41. 
Matrix multiplication is associative and distributive. Thus 


(AB)C = A(BC), (A.42) 
A(B + C) = AB + AC, (A.43) 

and 
(A + B)C = AC + BC. (A.44) 


In Eqs. A.42,A.43, and A.44, we assume that the matrices are conformable 
for addition and multiplication. 

We have already noted that matrix multiplication is not commutative. 
There are two other properties of multiplication in scalar algebra that do 
not carry over to matrix algebra. 

First, the matrix product AB = 0 does not imply either A = 0 or 
B = 0. (Note: A matrix is equal to zero when all its elements are zero.) For 


example, if 
1 0 0 0 
A : | and B=? I 


i 


then 
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Hence the product is zero, but neither A nor B is zero. 
Second, the matrix equation AB = AC does not imply B = C. For 
example, if 


2 0 7 8 5 6 
then 
AB = AC = 5 a but B # C. 


The transpose of a matrix is formed by interchanging the rows and 
columns. For example, if 


2.3 147 
5 61, thenA’ =|]2 5 8 |. 
8 9 369 


The transpose of the sum of two matrices is equal to the sum of the 
transposes, that is, 


(A + B) = Al + BY. (A.45) 


The transpose of the product of two matrices is equal to the product 
of the transposes taken in reverse order. In other words, 


[AB]’ = B’A’, (A.46) 
Equation A.46 can be extended to a product of any number of matri- 

ces. For example, 
[ABCD] = D'C’B’A’. (A.47) 


If A = A’, the matrix is said to be symmetric. Only square matrices 
can be symmetric. 


A.8 Identity, Adjoint, and 
Inverse Matrices 
An identity matrix is a square matrix where a,; = 0 fori # j,and a, = 1 


for i = j. In other words, all the elements in an identity matrix are zero 
except those along the main diagonal, where they are equal to 1. Thus 


hae 100 0 
B30) ae as ac ; 1 0 0 
Ce Bian ae eel 001 0 

0001 


are all identity matrices. Note that identity matriccs are always square. We 
will use the symbol U for an identity matrix. 
The adjoint of a matrix A of order 1 X 7 is defined as 


adj A a [Ajdexns (A.48) 


where Aj, is the cofactor of aj;. (See Section A.5 for the definition of a 
cofactor.) It follows from Eq. A.48 that one can think of finding the 
adjoint of a square matrix as a two-step process. First construct a matrix 
made up of the cofactors of A, and then transpose the matrix of cofactors. 
As an example we will find the adjoint of the 3 x 3 matrix 


WwW 


LA 


The cofactors of the elements in A are 


Ay, = 100-1) =9, 

Ain = -1(15 + 1) = -16, 
Ai; = 133+ 2) =S, 

A>, = -1(10 — 3) = ~7, 
A>. = 1(5 + 3) = 8, 

Ao. = -1(1 + 2) = —3, 
Az, = 1(2 — 6) = -4, 
Az = -1(1 — 9) = 8, 
Aa; = 1(2 - 6) = 4. 


9 -16 5 
B=|-7 8 -3 
-4 8 -4 


It follows that the adjoint of A is 


9 -7 -4 
adjA = B’ =| -16 8 8 |. 
5. oa. 4 


One can check the arithmetic of finding the adjoint of a matrix by 
using the theorem 


adj A-A = det A-U. (A.49) 


Equation A.49 tells us that the adjoint of A times A equals the determi- 
nant of A times the identity matrix, or for our example, 


det A = 1(9) + 3(-7) — 1(-4) = -8. 
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If we let C = adj A- A and use the technique illustrated in Section A.7, 
we find the elements of C to be 


Cy =9-214+4=-8, 
Cy = 18 -— 14-4=0, 
C3 = 27-7 -20=0, 
Co) = —16+ 24-8 = 0, 
—32 + 16+ 8 = -8, 
Co, = —48 + 8 + 40 = 0, 
cz, =5-9+4=0, 

c77 = 10 -6-4=0, 

¢33 = 15 — 3 — 20 = -8. 


Therefore 
—§ 0 0 1 0 0 
C= 0 -8 Q;=-8 0 1 =O 
0 0 -8 0 0 1 
= detA:U. 
A square matrix A has an inverse, denoted as A’| if 
AP AH AAS SU, (A.50) 


Equation A.50 tells us that a matrix either premultiplied or postmultiplied 
by its inverse generates the identity matrix U. For the inverse matrix to 
exist, it is necessary that the determinant of A not equal zero. Only square 
matrices have inverses, and the inverse is also square. 

A formula for finding the inverse of a matrix is 


adj A 
~ det A’ 


(A.51) 


The formula in Eq. A.51 becomes very cumbersome if A is of an order 
larger than 3 by 3.” Today the digital computer eliminates the drudgery 
of having to find the inverse of a matrix in numerical applications of 
matrix algebra. 

It follows from Eq. A.51 that the inverse of the matrix A in the previ- 
ous example is 


9 -7 -4 
A!l=-1/8} -16 8 8 
5 -3 -4 


—1.125 0.875 0.5 
2 =f) see is 
—0.625 0.375 0.5 


You should verify that A ‘A = AA™! = U. 


2 You can learn alternative methods for finding the inverse in any introductory text on 


matrix theory. See, for example, Franz E. Hohn, Elementary Matrix Algebra (New York: 
Macmillan, 1973). 


A.9 Partitioned Matrices 


It is often convenient in matrix manipulations to partition a given matrix 
into submatrices. The original algebraic operations are then carried out in 
terms of the submatrices. In partitioning a matrix, the placement of the 
partitions is completely arbitrary, with the one restriction that a partition 
must dissect the entire matrix. In selecting the partitions, it is also neces- 
sary to make sure the submatrices are conformable to the mathematical 
operations in which they are involved. 

For example, consider using submatrices to find the product 
C = AB, where 


12 3 4 8 
=: ne ew a | 
A=!]-1 0 2 -3 | 
0 1 -1 0 1 
02 1 2 QO 
and 

2 

0) 

B=| -1 |. 
3 

0 


Assume that we decide to partition B into two submatrices, B,, and 


B,; thus 
=i 
2] 
Bo; 


Now since B has been partitioned into a two-row column matrix, A must be 
partitioned into at least a two-column matrix; otherwise the multiplication 
cannot be performed. The location of the vertical partitions of the A matrix 
will depend on the definitions of B,, and B;. For example, if 


3 
By = () and B,, = } 
—] 


then Aj; must contain three columns, and A;. must contain two columns. 
Thus the partitioning shown in Eq. A.52 would be acceptable for execut- 
ing the product AB: 


co ah 2s : 
ce ee eee | ee 
CS at U- Ds  a (A.52) 
Orde et a0 Al, 
O22 PW See cge lil = 
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If, on the other hand, we partition the B matrix so that 


then A,, must contain two columns, and A, must contain three columns. 
In this case the partitioning shown in Eq. A.53 would be acceptable in exe- 
cuting the product C = AB: 


Oe ge SS , 
Sd i Be Oe 
c=;-1 0 | 2 -3 1 a (A.53) 
Oo 1 | -1 O 1 ; 
3 . : 
2 | 1 +2 0 ‘ 


For purposes of discussion, we will focus on the partitioning given in 
Eq. A.52 and leave you to verify that the partitioning in Eq. A.53 leads to 
the same result. 

From Eq. A.52 we can write 


B 
C= [Ay A] kay = Ai By + AyBo. (A.54) 


It follows from Eqs. A.52 and A.S4 that 


[2 3 =] 
5 4 3 2 7 
A,B;, =| —-1 0 2 O};=] -4 
0 lt -] ia | I 
0 2 1 =] 
4 5 12 
2 1 3 6 
AyB2, =| -3 1 Ae —9 
0 1 0 
=2 0 —6 
and 
11 
13 
C =] -13 
1 
=) 


The A matrix could also be partitioned horizontally once the vertical 
partitioning 1s made consistent with the multiplication operation. In this 
simple problem, the horizontal partitions can be made at the discretion of 


A.9 


the analyst. Therefore C could also be evaluated using the partitioning 
shown in Eq. A.55: 


2 3 | 4 5 2 

5 4 3 | 2 1 0 
pa cnjariee ee “Saee ROE Sa. al ack 
-l1 0 2 | -3 |]: i) 

0 1 =I ; = 3 

Gi. 2° 1y | -2 oO 0 


From Eq. A.55 it follows that 


Au ral Pe] fe 
C= 2 = A.56 
Avy || Ba | ~ [Cy ee) 


where 
Cy, = Ay By + Aj2Boy. 
C2, = Ao) By, + A Bo). 


You should verify that 


-1 0 : 2 ia ae 
Cy) 0d St Ose Od * | 
QO. 2 Libs ~2 

—4 —9 —13 
=| 1]+ | 1 
-1 ~6 —7 
and 
11 
13 
C=] -13 
1 
= 


We note in passing that the partitioning in Eqs. A.52 and A.55 is 
conformable with respect to addition. 
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A.10 Applications 


The following examples demonstrate some applications of matrix algebra 


in circuit analysis. 


Example A.1 


Use the matrix method to solve for the node volt- 
ages v; and v2 in Eqs. 4.5 and 4.6. 


Solution 


The first step is to rewrite Eqs. 4.5 and 4.6 in matrix 
notation. Collecting the coefficients of v,; and v2 
and at the same time shifting the constant terms to 
the right-hand side of the equations gives us 
1.70, = 0.5v> = 10, 
(A.57) 
—0.5v, + 0.6v2 = 2. 


It follows that in matrix notation, Eq. A.57 becomes 
iri ee ° = el (A.58) 
-0.5 0.6} Lv pall 


AV =I, (A.59) 


or 


where 


1.7 -0.5 
ee | 


To find the elements of the V matrix, we pre- 
multiply both sides of Eq. A.59 by the inverse of 
A; thus 


AAV =AlL (A.60) 
Equation A.60 reduces to 
UV=A'TL, (A.61) 


or 


V=A"L (A.62) 


It follows from Eq. A.62 that the solutions for 
v, and v2 are obtained by solving for the matrix 
product A7'T. 

To find the inverse of A, we first find the 
cofactors of A. Thus 


Ay, = (-1)7(0.6) = 0.6, 
Ay = (-1)°(-0.5) = 0.5, 


.63 
Ax = (-1)°(-0.5) = 0.5, ee 
Ax = (-1)4(1.7) = 1.7. 
The matrix of cofactors is 
0.6 0.5 
a be a ee 
and the adjoint of A is 
06 0.5 
e = 7 = os 
adj A = B fe I (A.65) 
The determinant of A is 
1.7 —0.5 
= = (1.7)(0.6) — (0.25) = 0.77. 
det A 05 06 (1.7)(0.6) — (0.25) 


(A.66) 


From Eqs. A.65 and A.66, we can write the inverse 
of the coefficient matrix, that is, 


1 [06 0.5 
-] = 
a O77 be se me) 


Now the product A7'I is found: 


100 10.6 0.54} 10 
-1y — 2W 
pee al l| | 


O05: T7112 
_ vl 1 = ee nee 
“a7 \84)}~ loaf = & 


It follows directly that 


V1 - el 
a 7 Ri ee 


or Vv; = 9.09 V and v2 = 10.91 V. 


Example A.2 


Use the matrix method to find the three mesh cur- 
rents in the circuit in Fig. 4.24. 


Solution 


The mesh-current equations that describe the cir- 
cuit in Fig. 4.24 are given in Eq. 4.34. The constraint 
equation imposed by the current-controlled voltage 
source is given in Eq. 4.35. When Eq. 4.35 is substi- 
tuted into Eq. 4.34, the following set of 
equations evolves: 


25i; = Sb > 2083 = 50, 


—Si; + 10, >= 4i, = 0, 


—3St; — 4i, aa 91, = 0. (A.70) 
In matrix notation, Eqs. A.70 reduce to 
AI = V, (A.71) 
where 
2); =, 20 
A=,;-5 10 —4 |], 
=" 4 9 
ty 
I= Ip 
is 
and 
50 
v= 0 


0 
It follows from Eq. A.71 that the solution for Tis 
I= A''V. (A.72) 
We find the inverse of A by using the relationship 
_ adj A 
~ det A’ 


To find the adjoint of A, we first calculate the cofac- 
tors of A. Thus 


-1 


(A.73) 


Ay, = (-1)°(90 — 16) = 74, 
Ai2 = (-1)°(—45 - 20) = 65, 
Ay3 = (—1)4(20 + 50) = 70, 


Ax, = (-1)°(—45 — 80) = 125, 
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As) = (—1)4(225 — 100) = 125, 
A>; = (—1)°(-100 — 25) = 125, 
Ax, = (—1)*(20 + 200) = 220, 
Az = (—1)5(—100 — 100) = 200, 
A33 = (-1)°(250 — 25) = 225. 


The cofactor matrix is 


74 #65 70 
B=| 125 125 125 |, (A.74) 
220 200 225 


from which we can write the adjoint of A: 


74. 125 220 
adj A = B’ =| 65 125 200]. (A.75) 
70 125 225 


The determinant of A is 


Zo: #9 20 


detA = |/-S 10 -4 


~5 -4 9 
= 25(90 — 16) + 5(—45 — 80) — 5(20 + 200) = 125. 


It follows from Eq. A.73 that 


74 125 220 
AT G55 65 125 200 |. (A.76) 
70 125 225 
The solution for Lis 
74 125 220 || 50 29.60 
I= 555 65 125 200 0 | =} 26.00 |. (A.77) 
“| 70 125 225 0 28.00 


The mesh currents follow directly from Eq. A.77.Thus 


i; 29.6 
Io = 26.0 (A.78) 
is 28.0 


or i; = 29.6A, in = 26A, and iz = 28A. 
Example A.3 illustrates the application of the 
matrix method when the elements of the matrix are 
complex numbers. 
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Example A.3 


Use the matrix method to find the phasor mesh cur- 
rents I, and I, in the circuit in Fig. 9.37. 


Solution 


Summing the voltages around mesh | generates 
the equation 


(1 + j2)I; + (12 — j16)(y — Ib) = 150/0°. (A.79) 


Summing the voltages around mesh 2 produces 
the equation 


(12 — j16)\(, — I) + (1 + j3)b + 391, = 0.(A.80) 
The current controlling the dependent voltage 
source is 

I, = (1, — L). (A.81) 


After substituting Eq. A.81 into Eq. A.80, the 
equations are put into a matrix format by first collect- 
ing, in each equation, the coefficients of I, and I; thus 


(13 ~ jl4yh ~ (12 ~ j16)h = 150/0°. 
(27 + j16), — (26 + 13), = 0. a 


Now, using matrix notation, Eq. A.82 is written 
AI = V, (A.83) 
where 
= EE —jfl4 -(12 - on 
27 + f16 —(26 + f13)) 
I= a and V= ee 


5) 


a 


It follows from Eq. A.83 that 
I=A''V. (A.84) 
The inverse of the coefficient matrix A is found 
using Eq. A.73. In this case, the cofactors of A are 
Ay, = (-1)°(—26 — j13) = -26 — j13, 
Ay = (-1)°(27 + j16) = -27 — j16, 
A>, = (-1)*(-12 + j16) = 12 — j16, 
Ay = (-1)*(13 — fl4) = 13 - 14 


The cofactor matrix B is 


7 ae ~ j13) (27 - j16) 


Area: Use Pel ee) 


The adjoint of A is 


(—26 — j13) (12 — j16) 


djA = B’ = 
oo i — 16) (13 — j14) 


! (A.86) 


The determinant of A is 


(13 — jl4) -(12 — 16) 


detA = 
: (27 + j16) —(26 + j13) 


= —(13 — j14)(26 + j13) + (12 — j16)(27 + j16) 


60 — j45. (A.87) 
The inverse of the coefficient matrix is 


ie — 13) (12 - A 
(~27 - j16) (13 — 14) 
(60 — j45) 


Equation A.88 can be simplified to 


AS (A.88) 


ele 60 + ee — j13) (12 - 


$625 |(-27 - j16) (13 — j14) 


1 ie: — j130 96 — j28 


=— ; A.8 
375|-60 — j145 94 — a ne) 


Substituting Eq. A.89 into A.84 gives us 
| = aa| (er — j130) (96 — a) a 


I,}  375|(-60 — j145) (94 — j17) 0 
(—26 - el 
= ; A.90 
i ~ j58) ee 
It follows from Eq. A.90 that 
I, = (-26 — j52) = 58.14/-116.57° A, Ten 


I, = (—24 — j58) = 62.77/-122.48° A. 


In the first three examples, the matrix elements have been numbers—rcal 
numbers in Examples A.1 and A.2, and complex numbers in Example A.3. It 
is also possible for the elements to be functions. Example A.4 illustrates the 
use of matrix algebra in a circuit problem where the elements in the coeffi- 
cient matrix are functions. 


Example A.4 


Use the matrix method to derive expressions for 
the node voltages V, and V, in the circuit in Fig. A.1. 


Solution 


Summing the currents away from nodes 1 and 2 
generates the following set of equations: 


Y-V 
~+ VsC + (Yj— W)sC = 0, 


; (A.92) 
5 + (Ve — Vi)sC + (Y — V,)sC = 0. 


Letting G = 1/R and collecting the coefficients of 
V, and V) gives us 


(G + 2sC)V, — sCV; = 


| 
Q 


—sCV, + (G + 2sC)V = sCV,. (A.93) 
Writing Eq. A.93 in matrix notation yields 
AV =I, (A.94) 
where 
re [° + 2sC Hs | 
=sC G+ 2sC}’ 
om ee _ | OM, | 
ia ial and I= ee : 
It follows from Eq. A.94 that 
V=AlL (A.95) 


As before, we find the inverse of the coefficient 
matrix by first finding the adjoint of A and the 
determinant of A. The cofactors of A are 


1 = (-1)7[G + me G + 2sC, 
Ay = (-1)*(-sC | 
An = (-1)(- oe = 2 
Ax = (-1)'[G + 2sC] = G + 2sC. 


The cofactor matrix is 


B= i + 2sC $C | 


sC G+2sc} 20) 


and therefore the adjoint of the coefficient matrix is 


G + 2sC sC 


adj A = B? = 
a sc G + 2sC 


} (A.97) 
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Figure A.1 A The circuit for Example A.4. 


The determinant of A is 


G + 2sC sC 


= = G’ + 4sCG + 38°C’. 
det A sC G+ 2sC G 4sCG s-C 
(A.98) 
The inverse of the coefficient matrix is 
° + 2sC sC 
4 sC G + 2sC 
At = ——____.__(A.99) 
(G- + 4sCG + 35°C") 
It follows from Eq. A.95 that 
G+ 2sC sC | ae | 
V, sC G + 2sC | LsCV, 
| = So (A.100) 
V> (G* + 4sCG + 3s°C*) 


Carrying out the matrix multiplication called for in 
Eq. A.100 gives 


) _ I i + 2sCG + s°C?)V, 
V,] (G2. + 4sCG + 39°C?) | (2sCG + 28°C’)V, 


(A.101) 


Now the expressions for VY; and V4 can be written 
directly from Eq. A.101; thus 


(G? + 2sCG + 8°C’)V, 
Vv, ot 5 5 : (A.102) 
(G2 + 4sCG + 39°C?) 


and 
2(sCG + s*C?)V, 


Va Te apn (A.103) 
(G2 + 4sCG + 38°C?) 
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In our final example, we illustrate how matrix algebra can be used to 


analyze the cascade connection of two two-port circuits. 


Example AS 


Show by means of matrix algebra how the input 


variables V, and J, can be described as functions of 


the output variables V, and J, in the cascade con- 
nection shown in Fig. 18.10. 


Solution 


We begin by expressing, in matrix notation, the 
relationship between the input and output variables 
of each two-port circuit. Thus 


ie ) Me (A.104) 
I a, —ayjlL hh 


and 


i = i et (A.105) 
qi a, —axyJ} Llp 


Now the cascade connection imposes the constraints 


V,;=Vj;, and 1,=—-]\. (A.106) 


These constraint relationships are substituted into 
Eq. A.104. Thus 


KA a ie Bl i 
[, a, —-ayIl-T; 


7 ie sa vi (A.107) 


f f 
ay, MIL Li 


The relationship between the input variables (V,, /,) 
and the output variables (V2, 72) is obtained by 
substituting Eq. A.105 into Eq. A.107. The result is 


V; a, a aj, —alr||V; 
rele $18 kf}om 
I, My, 9} 43, —A2 ILI 


After multiplying the coefficient matrices, we have 


3 _ eee + 2431) — (aay + | ie 
I, (aya{) + aya3)) (aya, + Ay2a%2)) LI.) 
(A.109) 


Note that Eq. A.109 corresponds to writing Eqs. 18.72 
and 18.73 in matrix form. 


Appendix 


Complex numbers were invented to permit the extraction of the square roots 
of negative numbers. Complex numbers simplify the solution of problems 
that would otherwise be very difficult. The equation x* + 8x + 41 = 0, 
for example, has no solution in a number system that excludes complex 
numbers. These numbers, and the ability to manipulate them algebraically, 
are extremely useful in circuit analysis. 


B.1 Notation 


There are two ways to designate a complex number: with the cartesian, or 
rectangular, form or with the polar, or trigonometric, form. In the 
rectangular form, a complex number is written in terms of its real and 
imaginary components; hence 


n=a-+t jb, (B.1) 


where a is the real component, b is the imaginary component, and j is by 
definition V—1.! 

In the polar form, a complex number is written in terms of its magni- 
tude (or modulus) and angle (or argument); hence 


n= cel? (B.2) 


where c is the magnitude, @ is the angle, e is the base of the natural loga- 
rithm, and, as before, j = —1. In the literature, the symbol /6° is fre- 
quently used in place of e/*; that is, the polar form is written 


n=c/@. (B.3) 


Although Eq. B.3 is more convenient in printing text material, Eq. B.2 is of 
primary importance in mathematical operations because the rules for 
manipulating an exponential quantity are well known. For example, because 
(y*)" = y*™, then (e/”)" = e/"®; because y~* = 1/y*, then e~® = 1/e”; and 
so forth, 

Because there are two ways of expressing the same complex number, 
we need to relate one form to the other. The transition from the polar to 
the rectangular form makes use of Euler’s identity: 

+ j@ 


e = cos 6+ jsin @. (B.4) 


' You may be more familiar with the notation i = V—T. In electrical engineering, i is used 
as the symbol for current, and hence in electrical engineering literature, j is used to denote 


v—1. 
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Figure B.1 A The graphical representation of a + jb 
when a and 8 are both positive. 


“=3 
5 216.87° 


—4—j3 = 5/216.87° 4—j3 = 5/323.13° 
(c) (d) 


Figure B.2 A The graphical representation of four 
complex numbers. 


A complex number in polar form can be put in rectangular form by writing 


c(cos @ + jsin @) 
c cos 6 + jcsin 6) (B.5) 
at jb. 


ce? 


The transition from rectangular to polar form makes use of the geom- 
etry of the right triangle, namely, 


a+ jb= [ver + Bem 


= cel? (B.6) 


where 


tan @ = b/a. (B.7) 


It is not obvious from Eq. B.7 in which quadrant the angle 6 lies. The ambi- 
guity can be resolved by a graphical representation of the complex number. 


B.2 The Graphical Representation 
of a Complex Number 


A complex number is represented graphically on a complex-number 
plane, which uses the horizontal axis for plotting the real component and 
the vertical axis for plotting the imaginary component. The angle of the 
complex number is measured counterclockwise from the positive real axis. 
The graphical plot of the complex number n = a + jb =c /0°, if we 
assume that a and 6 are both positive, is shown in Fig. B.1. 

This plot makes very clear the relationship between the rectangular and 
polar forms. Any point in the complex-number plane is uniquely defined by 
giving either its distance from each axis (that is, a and b) or its radial dis- 
tance from the origin (c) and the angle of the radial measurement 0. 

It follows from Fig. B.1 that 6 is in the first quadrant when a and b are 
both positive, in the second quadrant when a is negative and b is positive, 
in the third quadrant when a and 6 are both negative, and in the fourth 
quadrant when a is positive and 6 is negative. These observations are 
illustrated in Fig. B.2, where we have plotted 4 + 3, —4 + 73, —4 — j3, 
and 4 — 73. 

Note that we can also specify @ as a clockwise angle from the positive 
real axis. Thus in Fig. B.2(c) we could also designate —4 — j3 as 
5/—143.13°. In Fig. B.2(d) we observe that 5/323.13° = 5/—36.87°. It is 
customary to express 6 in terms of negative values when @ lies in the third 
or fourth quadrant. 

The graphical interpretation of a complex number also shows the 
relationship between a complex number and its conjugate. The conjugate 
of a complex number is formed by reversing the sign of its imaginary 
component. Thus the conjugate of a + jb is a — jb, and the conjugate of 
—a + jbis —a — jb. When we write a complex number in polar form, we 
form its conjugate simply by reversing the sign of the angle 6. Therefore 
the conjugate of c/0° is e/—6°. The conjugate of a complex number is 


designated with an asterisk. In other words, n is understood to be the 
conjugate of #. Figure B.3 shows two complex numbers and their conju- 
gates plotted on the complex-number plane. 

Note that conjugation simply reflects the complex numbers about the 
real axis. 


B.3 Arithmetic Operations 


Addition (Subtraction) 


To add or subtract complex numbers, we must express the numbers in rec- 
tangular form. Addition involves adding the real parts of the complex 
numbers to form the real part of the sum, and the imaginary parts to form 
the imaginary part of the sum. Thus, if we are given 


ny = 8 + j16 
and 
ho = 12 = p3, 
then 
ny + ny = (8 + 12) + f(16 — 3) = 20 + 13. 
Subtraction follows the same rule. Thus 
ny — ny = (12 — 8) + f(-3 — 16) = 4 — f19. 


If the numbers to be added or subtracted are given in polar form, they are 
first converted to rectangular form. For example, if 


ny = 10/53.13° 


and 
Ny = 5/7—135°, 
then 
ny + ny = 64 j8 — 3.535 — 73.535 
= (6 — 3.535) + j(8 — 3.535) 
= 2.465 + j4.465 = 5.10 /61.10°, 
and 


Ny — Ny = 6 + j8 — (3.535 — j3.535) 


9.535 + j11.535 


14.966 /50.42°. 
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is = Sate hs Wy at jH tO 


ny = aa-jb=c ~§; 


Ny = —-u-jb=c -s 


Figure B.3 A The complex numbers #2, and 2 amd their 
conjugates m3 and 13. 
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Multiplication (Division) 


Multiplication or division of complex numbers can be carried out with the 
numbers written in either rectangular or polar form. However, in most 
cases, the polar form is more convenient. As an example, let’s find the 
product njnz when n; = 8 + j10 and n, = 5 — j4. Using the rectangular 
form, we have 


NyAy = (8 + j10)(5 — j4) = 40 — 732 + j50 + 40 
= 80 + /18 


= 82/12.68°. 


If we use the polar form, the multiplication nn, becomes 


Nynz = (12.81 /51.34° )(6.40 /—38.66° ) 


= 82 /12.68° 
= 80 + 18. 


The first step in dividing two complex numbers in rectangular form is to 
multiply the numerator and denominator by the conjugate of the denomi- 
nator. This reduces the denominator to a real number. We then divide the 
real number into the new numerator. As an example, let’s find the value of 
n,/nz, where n; = 6 + j3 andn, = 3 — jl. We have 


nm 6+ 73 (6+ j3)B + jl) 
nm 3-jfl (3 — j1)3 + jl) 
18 + j6 + j9 —3 

aa cae | 
15 + j15 


nae ee eer 
10 J 


= 2.12 745°. 


In polar form, the division of n, by 7 is 


n, 6.71 £26.57° 


ny 3.16 /—18.43° 
= 1.5 + j1.5. 


= 2.12 745° 


B.4 Useful Identities 


In working with complex numbers and quantities, the following identities 
are very useful: 


+j7= ¥1, (B.8) 
(DC) = 1, (B.9) 
jos (8.10) 


~J 


B.6 
et/™ = —], (B.11) 
Cd eae a (B.12) 


Given that n = a + jb = c/6°, it follows that 


an = a’ + b= c’, (B.13) 
n+n = 2a, (B.14) 
n—n = j2b, (B.15) 

n/n’ = 1/20°. (B.16) 


B.5 The Integer Power 
of a Complex Number 


To raise a complex number to an integer power k, it is easier to first write 
the complex number in polar form. Thus 


n* = (a + jb) 


(ce Hye = cke [k@ 


c§(cos k@ + jsin k@). 


For example, 


(2e/!*")° = 2°e j60? _ 32 160" 


16 + j27.71, 
and 


(3 + j4yt = (SeIFIS)4 = sy 1212.52" 


= §25e¢ f212,52° 


= —§27 — j336. 


B.6 The Roots of a Complex Number 


To find the kth root of a complex number, we must recognize that we are 
solving the equation 


x*=ce” = 0, (B.17) 


which is an equation of the Ath degree and therefore has k roots. 
To find the k roots, we first note that 
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It follows from Eqs. B.17 and B.18 that 


x1 = (ceMyk = cle ik, (B.19) 
xy = [ce NOt2™ UR = Elly MO+2mV/k (B.20) 
x3 = [ce MO+4a) /k = cllky ((O+4a/k (B.21) 


We continue the process outlined by Eqs. B.19, B.20, and B.21 until the 
roots start repeating. This will happen when the multiple of 7 is equal to 
2k. For example, let’s find the four roots of 81¢/™”. We have 


xy = 814g 60/4 = 3/15" 

xy = B14 HO0+360)/4 — 34/105" 

x4 = BIg 60+ 2M — 39/195" 

BAe H60+ 1080)/4 4, 285" 
BA, O04 1440/4 _ 3, )375" = ap /1s” 


v4 
vs = 


Here, x5 is the same as x,,so the roots have started to repeat. Therefore we 
know the four roots of 8le” are the values given by x1, x2, x3, and x4. 

It is worth noting that the roots of a complex number lie on a circle in 
the complex-number plane. The radius of the circle is c'/*. The roots are 
uniformly distributed around the circle, the angle between adjacent roots 
being equal to 27/k radians, or 360/k degrees. The four roots of 8le/™” are 


shown plotted in Fig. B.4. 


Figure B.4 A The four roots of 81e/”. 
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C.1 Equivalent Circuits for Magnetically 
Coupled Coils 


At times, it is convenient to model magnetically coupled coils with an 
equivalent circuit that does not involve magnetic coupling. Consider the 
two magnetically coupled coils shown in Fig. C.1. The resistances R, and 
R, represent the winding resistance of each coil. The goal is to replace the 
magnetically coupled coils inside the shaded area with a set of inductors 
that are not magnetically coupled. Before deriving the equivalent circuits, 
we must point out an important restriction: The voltage between terminals 
b and d must be zero. In other words, if terminals b and d can be shorted 
together without disturbing the voltages and currents in the original cir- 
cuit, the equivalent circuits derived in the material that follows can be 
used to model the coils. This restriction is imposed because, while the 
equivalent circuits we develop both have four terminals, two of those four 
terminals are shorted together. Thus, the same requirement is placed on 
the original circuits. 

We begin developing the circuit models by writing the two equations 
that relate the terminal voltages v,; and v) to the terminal currents i; and 
i>, For the given references and polarity dots, 


di, din 
= L,— + M— C1 
Y Ly A Mi (C.1) 
and 
di, dir 
4 = M— + L,—. C.2 
M2 dt * dt s2) 


The T-Equivalent Circuit 


To arrive at an equivalent circuit for these two magnetically coupled coils, 
we seek an arrangement of inductors that can be described by a set of 
equations equivalent to Eqs. C.1 and C.2. The key to finding the arrange- 
ment is to regard Eqs. C.1 and C.2 as mesh-current equations with i, and i, 
as the mesh variables. Then we need one mesh with a total inductance of 
L, H and a second mesh with a total inductance of L, H. Furthermore, the 
two meshes must have a common inductance of M H. The T-arrangement 
of coils shown in Fig. C.2 satisfies these requirements. 


hp 
: iia, . Wares) 


Figure C.1 A The circuit used to develop an equivalent 


circuit for magnetically coupled coils. 


Figure C.2 A The T-equivalent circuit for the magneti- 
cally coupled coils of Fig. C.1. 
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You should verify that the equations relating v, and v to i, and i, 
reduce to Eqs. C.1 and C.2. Note the absence of magnetic coupling between 
the inductors and the zero voltage between b and d. 


The 7r-Equivalent Circuit 


We can derive a 7-equivalent circuit for the magnetically coupled coils 
shown in Fig. C.1. This derivation is based on solving Eqs. C.1 and C.2 for 
the derivatives di,/dt and diz/dt and then regarding the resulting expres- 
sions as a pair of node-voltage equations. Using Cramer’s method for solv- 
ing simultaneous equations, we obtain expressions for di,/dt and diz/dt: 


Vy M 
di, v2 Ly L, M 
—SS = hr 5 Ui oa 3 U2; (C.3) 
dt Ly M L,L, —-M LL, =, 
M Ly 
vy 
diz = M v2 —M Ly 


= SS SS ee Se C.4 
dt L,jL,-M? L,L,—-— M?' eR oe co 


Now we solve for é; and i, by multiplying both sides of Eqs. C.3 and C.4 by 
dt and then integrating: 


bl ciated 
c= GO) Se Oat = SE dr C.5 
iy = 1,(0) Piss iy ey a (C.5) 


and 


7) = in(0) — mae af ver vid sae — M aah vdt. (C. (C.6) 


If we regard v, and v2 as node voltages, Eqs. C.5 and C.6 describe a circuit 
of the form shown tn Fig. C.3. 

All that remains to be done in deriving the zr-equivalent circuit is to 
find La, Lp, and L¢ as functions of L,, Lz, and M. We easily do so by writ- 
ing the equations for /,; and iy in Fig. C.3 and then comparing them with 
Eqs. C.5 and C.6. Thus 


Figure C.3 A The circuit used to derive the zr-equivalent circuit for 
magnetically coupled coils. 


C.1 
1 t 1 t 
1 = i(0) + — | vdr + — a 
ty iy( ) Ee A VU, aT me (v, W) dT 
1 1 t f 
= 10) + (he B) [oar [ nar C.7 
1(0) L ie ad a (C.7) 
and 
1 f' oe a 
in = 1,(0) + | vdt +— } (v% — v,)dr 
cJo Lg Jo 
10) + > [md (A+) [ne (C.8) 
=] — T — + — drt. : 
: Lado ° Lp Le/Jo ” 
Then 
1 M 
— = — —,, C.9 
Lg LL, -— M? a 
1 L,—M 
— SS eee C.10 
La LL) — M? a 
L,- M 
: (C.11) 


Lo L,L) - M2 


When we incorporate Eqs. C.9-C.11 into the circuit shown in Fig. C.3, the 
q-equivalent circuit for the magnetically coupled coils shown in Fig. C.1 is 
as shown in Fig. C.4. 

Note that the initial values of /,; and i, are explicit in the 7-equivalent 
circuit but implicit in the T-equivalent circuit. We are focusing on the sinu- 
soidal steady-state behavior of circuits containing mutual inductance, so 
we can assume that the initial values of i; and fy are zero. We can thus 
eliminate the current sources in the z-equivalent circuit, and the circuit 
shown in Fig. C.4 simplifies to the one shown in Fig. CS. 

The mutual inductance carries its own algebraic sign in the T- and 
qr-equivalent circuits. In other words, if the magnetic polarity of the cou- 
pled coils is reversed from that given in Fig. C.1, the algebraic sign of M 
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Figure C.4 A The zr-equivalent circuit for the magnetically coupled coils of Fig. C.1. 


Figure C.5 A The zr-equivalent circuit used for 
sinusoidal steady-state analysis. 
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reverses. A reversal in magnetic polarity requires moving one polarity dot 
without changing the reference polarities of the terminal currents and 
voltages. 

Example C.1 illustrates the application of the T-equivalent circuit. 


a) Use the T-equivalent circuit for the magnetically 
coupled coils shown in Fig. C.6 to find the phasor 
currents I, and Iy. The source frequency is 
400 rad/s. 

b) Repeat (a), but with the polarity dot on the sec- 
ondary winding moved to the lower terminal. 


Solution 


a) For the polarity dots shown in Fig. C.6, M carries 
a value of +3 H in the T-equivalent circuit. 
Therefore the three inductances in the equiva- 
lent circuit are 


L,-M=9-3=6H: 
l,-M=4-3=1H: 


M=3H. 


Figure C.7 shows the T-equivalent circuit, and 
Fig. C.8 shows the frequency-domain equivalent 
circuit at a frequency of 400 rad/s. 

Figure C.9 shows the frequency-domain 
circuit for the original system. 

Here the magnetically coupled coils are 
modeled by the circuit shown in Fig. C.8. To find 
the phasor currents I, and Ib, we first find the 
node voltage across the 1200 Q inductive reac- 
tance. If we use the lower node as the reference, 
the single node-voltage equation is 


V — 300 V Vv ude 
700 + j2500 | j1200 900 — j2100 


Solving for V yields 
V = 136 — j8 = 136.24 /-3.37° V (rms). 
Then 


_ 300 — (136 — j8) 


= = 63.25 /-71.57° mA (r 
1 "700 + 72500 ZETTE YS Oms) 


5000 JF100Q 4, 2000 12002 1000 800 2 
. + 


j16000 Vz 


Figure C.6 A The frequency-domain equivalent circuit for Example C.1. 


Figure C.7 A The T-equivalent circuit for the magnetically 
coupled coils in Example C.1. 


72400 7400 


j1200 


Figure C.8 A The frequency-domain model of the equivalent 
circuit at 400 rad/s. 


500.0 f100Q 2000 (240090 = f4000 1000 


300,0° V 


Figure C.9 A The circuit of Fig. C.6, with the magnetically 
coupled coils replaced by their T-equivalent circuit. 


and 


136 — j8 


L =——=— 
> 900 — j2100 


= 59.63 /63.43° mA (rms). 


b) When the polarity dot is moved to the lower ter- 
minal of the secondary coil, M carries a value of 
—3 H in the T-equivalent circuit. Before carrying 
out the solution with the new T-equivalent cir- 
cuit, we note that reversing the algebraic sign of 
M has no effect on the solution for I, and shifts 
I, by 180°. Therefore we anticipate that 


j2500 2 
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I, = 63.25 /-71.57° mA (rms) Then 
and Pa 300 — (-8 — j56) 
Lo AR caQnn 
I, = 59.63 /-116.57° mA (rms). 700 + j4900 
We now proceed to find these solutions = 63.25 /-71L.57° mA (rms) 
by using the new T-equivalent circuit. With 
M = —3H, the three inductances in the equiv- and 
alent circuit are 
—_ -8 — j56 
LE, — M =9 — (-3) = 12H; 2 900 + j300 
lg MS 4-33) = 7H, = 59.63 /-116.57° mA (rms). 


MSF 48000 {28000 


At an operating frequency of 400 rad/s, the —— 
frequency-domain equivalent circuit requires two 
inductors and a capacitor, as shown in Fig. C.10. 71200 Q 
The resulting frequency-domain circuit for 
the original system appears in Fig. C.11. 
As before, we first find the node voltage Figure C.10 A The frequency-domain equivalent circuit for 
across the center branch, which in this case is a M = —3H and = 400 rad/s. 
capacitive reactance of —/1200 2. If we use the 
lower node as reference, the node-voltage 
equation is 


5009 f100Q 2000 j4800Q f28000 1000 


- 


800.2 


V — 300 Vv Vv 


———_—- + ———_ + —__= () I 
700 + j4900 — —j1200 900 + j300 


300 0° V 


Solving for V gives —j2500 Q 


V = -8 — j56 


Figure C.11 A The frequency-domain equivalent circuit for 
= 56.57 /-98.13° V (rms). a 


C.2 The Need for Ideal Transformers in 
the Equivalent Circuits 


The inductors in the T- and w-equivalent circuits of magnetically cou- 
pled coils can have negative values. For example, if L,; = 3 mH, 
Ly = 12 mH, and M = 5 mH, the T-equivalent circuit requires an induc- 
tor of —2mH, and the z-equivalent circuit requires an inductor of 
—5.5 mH. These negative inductance values are not troublesome when 
you are using the equivalent circuits in computations. However, if you 
are to build the equivalent circuits with circuit components, the negative 
inductors can be bothersome. The reason is that whenever the frequency 
of the sinusoidal] source changes, you must change the capacitor used to 
simulate the negative reactance. For example, at a frequency of 
50 krad/s, a —2 mH inductor has an impedance of —j100 0. This imped- 
ance can be modeled with a capacitor having a capacitance of 0.2 uF. If 
the frequency changes to 25 krad/s, the —2 mH inductor impedance 
changes to —j50 Q. At 25 krad/s, this requires a capacitor with a capaci- 
tance of 0.8 wF. Obviously, in a situation where the frequency is varied 


736 = More on Magnetically Coupled Coils and Ideal Transformers 


continuously, the use of a capacitor to simulate negative inductance is 
practically worthless. 

You can circumvent the problem of dealing with negative inductances 
by introducing an ideal transformer into the equivalent circuit. This doesn’t 
completely solve the modeling problem, because ideal transformers can 
only be approximated. However, in some situations the approximation is 
good enough to warrant a discussion of using an ideal transformer in the 
T- and z-equivalent circuits of magnetically coupled coils. 

An ideal transformer can be used in two different ways in either the 
T-equivalent or the -equivalent circuit. Figure C.12 shows the two arrange- 
ments for each type of equivalent circuit. 

Verifying any of the equivalent circuits in Fig. C.12 requires showing 
only that, for any circuit, the equations relating v, and v, to di,;/dt and 
di,/dt are identical to Eqs. C.1 and C.2. Here, we validate the circuit shown 
in Fig. C.12(a); we leave it to you to verify the circuits in Figs. C.12(b), (c), 
and (d). To aid the discussion, we redrew the circuit shown in Fig. C.12(a) 
as Fig. C.13, adding the variables iy and 2. 

From this circuit, 


M \ di, Mad... ; 
= ~—}]—+——(, + 
vy (1, . Ai a (i; + io) (C.12) 
and 
Ll, M\diy Md. ; 
= (— —~— |—* + —— (i) + a). C 
Vp (4 ; He he (ig + i) (C.13) 


7 a’L,;- Ma L,-— Ma 


(b) 


a’(L,L,- M?) 
L, — Ma 


a°(L,L,— M*) 
a’L, — Ma 


Ideal 


(d) 


Figure C.12 A The four ways of using an ideal transformer in the T- and z-equivalent circuit for magnetically coupled coils. 


Figure C.13 A The circuit of Fig. C.12(a) with ig and vy 
defined. 


C.2 The Need for Ideal Transformers in the Equivalent Circuits 


The ideal transformer imposes constraints on vp and iy: 


V2 
M=— C.14 
eae (C.14) 
iy = ain. (C.15) 


Substituting Eqs. C.14 and C.15 into Eqs. C.12 and C.13 gives 


di, Mdad,.., 
= — + — — a 
Vv) Ly dt i 7p 2) (C 16) 
and 
V2 L, d . M di, 
= SS (aig) 17 
A ao aa ety 
From Eqs. C.16 and C.17, 
VF ne + ye (C.18) 
dt dt 
and 
V2 = vii + pee (C.19) 
: dt dt 


Equations C.18 and C.19 are identical to Eqs. C.1 and C.2; thus, insofar as 
terminal behavior is concerned, the circuit shown in Fig. C.13 is equivalent 
to the magnetically coupled coils shown inside the box in Fig. C.1. 

In showing that the circuit in Fig. C.13 is equivalent to the magneti- 
cally coupled coils in Fig. C.l, we placed no restrictions on the turns 
ratio a. Therefore, an infinite number of equivalent circuits are possible. 
Furthermore, we can always find a turns ratio to make all the inductances 
positive. Three values of a are of particular interest: 


M 
a= Ly? (C.20) 

Ly 
ae, 21 
a= (C.21) 


and 


= ,/—= C.22 
a : . 
Ly ( ) 


The value of a given by Eq. C.20 eliminates the inductances L; — M/a 
and a*L, — aM from the T-equivalent circuits and the inductances 
(LL. — M*)/(a?L, — aM) and a?(L,L, — M’)/(a@’L, — aM) from the 
am-equivalent circuits. The value of a@ given by Eq. C21 
eliminates the inductances (L,/a”) — (M/a) and L, — aM from the 
T-equivalent circuits and the inductances (L,;L. — M7)/(L, — aM) and 
a’(L,Ly — M*)/(L2 — aM) from the z-equivalent circuits. 

Also note that when a = M/Z), the circuits in Figs. C.12(a) and (c) 
become identical, and when a = L>/M, the circuits in Figs. C.12(b) and (d) 
become identical. Figures C.14 and C.15 summarize these observations. 


(a) 


(b) 


Figure C.14 A Two equivalent circuits when 
a= M/L). 


L,(1 — k?) 


(b) 


Figure C.15 A Two equivalent circuits when 


a= L/M. 


Figure C.16 A Experimental determination of the 
ratio M/Ly. 
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In deriving the expressions for the inductances there. we used the 
relationship M = kVL,L>. Expressing the inductances as functions of 
the self-inductances L, and L» and the coefficient of coupling k allows the 
values of a given by Eqs. C.20 and C.21 not only to reduce the number of 
inductances needed in the equivalent circuit, but also to guarantee that all 
the inductances will be positive. We leave to you to investigate the conse- 
quences of choosing the value of a given by Eq. C.22. 

The values of a given by Eqs. C.20-C.22 can be determined experi- 
mentally. The ratio M/L, is obtained by driving the coil designated as hav- 
ing N, turns by a sinusoidal voltage source. The source frequency is set 
high enough that wl, >> Rj, and the N, coil is left open. Figure C.16 
shows this arrangement. 

With the N, coil open, 


Now, as joL, >> R,,the current J, is 


_ ”™ 
7 joL, 


IL, (C.24) 


Substituting Eq. C.24 into Eq. C.23 yields 


V> M 
oe. sees, (C.25 
(* i Ly 


in which the ratio M/L, is the terminal voltage ratio corresponding to 
coil 2 being open; that is, I, = 0. 

We obtain the ratio L»/M by reversing the procedure; that is, coil 2 is 
energized and coil 1 is left open. Then 


Ll, _ {2 
—~=(—| . (C.26) 


Finally, we observe that the value of a given by Eq. C.22 is the geo- 
metric mean of these two voltage ratios; thus 


() () IML, {Ly 
<t — = ,/—— =,/—. (C.27) 
Vi/1.=0\ Vi/1,=0 L,M Ly 


For coils wound on nonmagnetic cores, the voltage ratio is not the 
same as the turns ratio, as it very nearly is for coils wound on ferromagnetic 
cores. Because the self-inductances vary as the square of the number of 
turns, Eq. C.27 reveals that the turns ratio is approximately equal to the 
geometric mean of the two voltage ratios, or 


V. 
a ee (2) (=) (C.28) 
I, ™ Vi/71=0\Vi/1,=0 


ba 1) The Decibel 


Telephone engineers who were concerned with the power loss across the 
cascaded circuits used to transmit telephone signals introduced the deci- 
bel. Figure D.1 defines the problem. 

There, p; is the power input to the system, p, is the power output of 
circuit A, pz is the power output of circuit B, and p, is the power output 
of the system. The power gain of each circuit is the ratio of the power out 
to the power in. Thus 


The overall power gain of the system is simply the product of the individ- 
ual gains, or 


Pw 


Pi 


Pi Pe fe = OnTROc 

=a ‘ 
Pi Pi P2 
The multiplication of power ratios is converted to addition by means of 
the logarithm; that is, 


Po 
login 5. = logo, + logywog + loginoc. 
t 


This log ratio of the powers was named the bel, in honor of Alexander 
Graham Bell. Thus we calculate the overall power gain, in bels, simply by 
summing the power gains, also in bels, of each segment of the transmission 
system. In practice, the bel is an inconveniently large quantity. One-tenth 
of a bel is a more useful measure of power gain; hence the decibel. The 
number of decibels equals 10 times the number of bels, so 


Po 


Number of decibels = 10 lope" 


i 


When we use the decibel as a measure of power ratios, in some situa- 
tions the resistance seen looking into the circuit equals the resistance 
loading the circuit, as illustrated in Fig, D.2. 

When the input resistance equals the load resistance, we can convert 
the power ratio to either a voltage ratio or a current ratio: 


2 
Po = Vou/ Ri. 7 (2) 
= ——— =|— 
Pi tine Rig v; 
or 
2 : 2 
Po he! four, ~~ (i=) 
oer wemee Gormall 
Pi tltin fin 


Figure D.1 A Three cascaded circuits. 


Vout 


Rin = Ry 


Figure D.2 A A circuit in which the input resistance 
equals the load resistance. 
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These equations show that the number of decibels becomes 


v 
Number of decibels = 20 logyo out 
n 


i 


out 


= 20 logio = (0.1) 


The definition of the decibel used in Bode diagrams (see Appendix E) 
is borrowed from the results expressed by Eq. D.1, since these results 
apply to any transfer function involving a voltage ratio, a current ratio, a 
voltage-to-current ratio, or a current-to-voltage ratio. You should keep the 
original definition of the decibel firmly in mind because it is of fundamen- 
tal importance in many engineering applications. 


TABLE D.1 Some dB-Ratio Pairs When you are working with transfer function amplitudes expressed in 
decibels, having a table that translates the decibel value to the actual value 
dB Ratio dB Ratio of the output/input ratio is helpful. Table D.1 gives some useful pairs. The 
0 1.00 30 31.62 ratio corresponding to a negative decibel value is the reciprocal of the pos- 
itive ratio. For example, -3 dB corresponds to an output/input ratio of 
3 1.41 40 100.00 1/1.41, or 0.707. Interestingly, —3 dB corresponds to the half-power fre- 

6 2.00 60 10° quencies of the filter circuits discussed in Chapters 14 and 15. 
The decibel is also used as a unit of power when it expresses the ratio 
10 3.16 80 10" of a known power to a reference power. Usually the reference power is 
15 5.62 100 10° 1 mW and the power unit is written dBm, which stands for “decibels rela- 
; tive to one milliwatt.” For example, a power of 20 mW corresponds to 

20 10.00 120 10 414d Bimn: 


AC voltmeters commonly provide dBm readings that assume not only 
a 1 mW reference power but also a 600 © reference resistance (a value 
commonly used in telephone systems). Since a power of 1 mW in 600 0 
corresponds to 0.7746 V (rms), that voltage is read as 0 dBm on the meter. 
For analog meters, there usually is exactly a 10 dB difference between 
adjacent ranges. Although the scales may be marked 0.1, 0.3, 1, 3, 10, and 
so on, in fact 3.16 V on the 3 V scale lines up with 1 V on the 1 V scale. 

Some voltmeters provide a switch to choose a reference resistance (50, 
135, 600, or 900 ) or to select dBm or dBV (decibels relative to one volt). 


Appendix 


: Bode Diagrams 


As we have seen, the frequency response plot is a very important tool for 
analyzing a circuit’s behavior. Up to this point, however, we have shown 
qualitative sketches of the frequency response without discussing how to 
create such diagrams, The most efficient method for generating and plot- 
ting the amplitude and phase data is to use a digital computer; we can rely 
on it to give us accurate numerical plots of |H(jw)| and @(jw) versus . 
However, in some situations, preliminary sketches using Bode diagrams 
can help ensure the intelligent use of the computer. 

A Bode diagram, or plot, is a graphical technique that gives a feel 
for the frequency response of a circuit. These diagrams are named in 
recognition of the pioneering work done by H. W. Bode.! They are most 
useful for circuits in which the poles and zeros of H(s) are reasonably 
well separated. 

Like the qualitative frequency response plots seen thus far, a Bode 
diagram consists of two separate plots: One shows how the amplitude of 
H(j) varies with frequency, and the other shows how the phase angle 
of H(jw) varies with frequency. In Bode diagrams, the plots are made on 
semilog graph paper for greater accuracy in representing the wide range 
of frequency values. In both the amplitude and phase plots, the frequency 
is plotted on the horizontal log scale, and the amplitude and phase angle 
are plotted on the linear vertical scale. 


E.1 Real, First-Order Poles and Zeros 


To simplify the development of Bode diagrams, we begin by considering 
only cases where all the poles and zeros of H(s) are real and first order. 
Later we will present cases with complex and repeated poles and zeros. 
For our purposes, having a specific expression for H(s) is helpful. Hence 
we base the discussion on 


K(s + 21) 
Ais} = ts $B)" (E.1) 
from which 
K(jw + 2) 
H —— E.2 
1) * Folio + pi) es 


The first step in making Bode diagrams is to put the expression for 
H (jw) in a standard form, which we derive simply by dividing out the 
poles and zeros: 


Kz(1 + jw/2z) 


ee) = ea & jute) 


(E.3) 


' See 11. W. Bode, Network Analysis and Feedback Design (New York: Van Nostrand, 1945). 
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TABLE E.1 Actual Amplitudes and Their 
Decibel Values 


Aap 


A 


1.00 
1.41 
2.00 
3.16 
5.62 
10.00 


Next we let K, represent the constant quantity Kz,/p,, and at the 
same time we express H(jw) in polar form: 


Key 
H (jw) = | jo/z| ZW, 


Jo] 790° [1 + jo/p| 7B 
K,|1 ae jw/z| 
ae SE — 90° — ; E.4 
alll + jo/p| C4 = Bd) a 
From Eq. E.4, 
K,|1 + jo/z|| 
|H(jo)| = ———_.. (E.5) 
wll + jo/p)| 
Aw) = & — 90° — Bi. (E.6) 
By definition, the phase angles ys; and B, are 
yw, = tan w/z: (E.7) 
B, = tan !w/py. (E.8) 


The Bode diagrams consist of plotting Eq. E.5 (amplitude) and Eq. E.6 
(phase) as functions of w. 


E.2 Straight-Line Amplitude Plots 


The amplitude plot involves the multiplication and division of factors 
associated with the poles and zeros of H(s). We reduce this multiplication 
and division to addition and subtraction by expressing the amplitude of 
H(jw) in terms of a logarithmic value: the decibel (dB).* The amplitude 
of H(jw) in decibels is 


Aug = 20 log i |H (jo). (E.9) 


To give you a feel for the unit of decibels, Table E.] provides a translation 
between the actual value of several amplitudes and their values in deci- 
bels. Expressing Eq. E.5 in terms of decibels gives 


A 01 K,|1 7 jo/z| 
dB O$10 oe jo/ pil 

= 20 logy) K, + 20 logyl1 + jo/z| 
— 20 log,;yw — 20 log,oll + jw/ pl. (E.10) 


2 See Appendix D for more information regarding the decibel. 


The key to plotting Eq. E.10 is to plot each term in the equation sepa- 
rately and then combine the separate plots graphically. The individual fac- 
lors are easy to plot because they can be approximated in all cases by 
straight lines. 

The plot of 20 log,,) K, is a horizontal straight line because K,, is not a 
function of frequency. The value of this term is positive for K, > 1, zero 
for K, = 1,and negative for K, < 1. 

Two straight lines approximate the plot of 20 log,,{1 + jw/z;|. For small 
values of w, the magnitude |1 + jw/z,| is approximately 1,and therefore 


20) log jol1 + jo/z,| 0 as w > 0. (E.11) 


For large values of w, the magnitude |1 + jw/z,| is approximately w/z), 
and therefore 


20 logyo{1 + jw/z1| = 20 logyy(w/z;) as@— oo, (E.12) 


On a log frequency scale, 20 log, )(@/z,) is a straight line with a slope of 
20 dB/decade (a decade is a 10-to-! change in frequency). This straight 
line intersects the 0 dB axis at w = z,. This value of w is called the 
corner frequency. Thus, on the basis of Eqs. E.11 and E.12, two straight 
lines can approximate the amplitude plot of a first-order zero, as 
shown in Fig. E.1. 

The plot of —20logjy)w is a straight line having a slope of 
—20 dB/decade that intersects the 0 dB axis at w = 1. Two straight lines 
approximate the plot of —20 log,|l + j@/p,|. Here the two straight lines 


20 logyy ie] 4 
Ti ar 
pla 


ee 
oe alse dees 


++ Decade + 

P| | RTH Decawe 

1 2 3 4 5678910 20-30 40:50 
w (rad/s) 


Figure E,1 A A straight-line approximation of the amplitude plot of a 
first-order zero. 


E.2 


Straight-Line Amplitude Plots 
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intersect on the 0 dB axis at w = p,. For large values of w, the straight line 
20 logj9(w/p,) has a slope of —20 dB/decade. Figure E.2 shows the 
straight-line approximation of the amplitude plot of a first-order pole. 


l 2 3 4 5678910 20 30 40 50 
w (rad/s) 


Figure E.2 A A straight-line approximation of the amplitude plot of a first-order pole. 


Figure E.3 shows a plot of Eq. E.10 for K, = V10, z, = 0.1 rad/s, 
and p, = 5 rad/s. Each term in Eq. E.10 is labeled on Fig. E.3, so you can 
verify that the individual terms sum to create the resultant plot, labeled 
20 log lH (jo)I.- 

Example E.1 illustrates the construction of a straight-line amplitude 
plot for a transfer function characterized by first-order poles and zeros. 


} Id 


50 TT 
420 logiy |H(jw)| 4 w 
? 
’ i 


ie Beil sa 


- H id 


Ha 
li 


0.05 0.1 0.5 1.0 50 100 500 
w a 


Figure E.3 A A straight-line approximation of the amplitude plot for Eq. E.10. 


For the circuit in Fig. E.4: 


a) Compute the transfer function, H(s). 


b) Construct a straight-line approximation of the 
Bode amplitude plot. 


c) Calculate 20 log, )|H(jw)| at w = 50 rad/s and 
w = 1000 rad/s. 


d) Plot the values computed in (c) on the straight- 
line graph; and 

e) Suppose that v(t) = Scos (SO00r + 15°) V, and 
then use the Bode plot you constructed to pre- 
dict the amplitude of v,(f) in the steady state. 


Solution 
a) Transforming the circuit in Fig. E.4 into the 


s-domain and then using s-domain voltage divi- 
sion gives 


(R/L)s 


H(s) = ——-———_.. 
Cece (R/L)s + 7e 


Substituting the numerical values from the cir- 
cuit, we get 


HO= 110s _ 110s 
s?+ 110s +1000 (s + 10)(s + 100)” 
b) We begin by writing H(jw) in standard form: 


0.11 jw 


MU) = Ty F(@/l0)]{1 + j(@/100)] 


The expression for the amplitude of H(jw) in 
decibels is 


Agp = 20 logiol fH (jw)| 


= 20 log) 0.11 + 20 logyp|jo| 


— 20 log io 


_ @ 
I+ Foo]: 


Figure E.5 shows the straight-line plot. 
Each term contributing to the overall amplitude 
is identified. 


i j 2-0 logio 


E.2  Straight-Line Amplitude Plots 


100mH 10mF 
v; 120, 


Figure E.4 A The circuit for Example E.1. 


c) We have 


0.11(j50) 
(1 + j5)(1 + j0.5) 


H(j50) = 
= 0.9648 /—-15.25°, 


20 logiolH(j50)| = 20 log;y 0.9648 


= —0.311 dB; 


0.11(j1000) 


H(j1000) = Goo + jlo) 


= 0.1094 / —83.72° ; 


20 logy) 0.1094 = —19.22 dB. 


miei 

Siticati ee esi 
MRR erranaraeertee cae a I | 
He antes toe 
LUI LTT | SHI) 


5 10 50 100 
w (rad/s) 


500 1000 
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Figure E.5 A The straight-line amplitude plot for the transfer function of 


the circuit in Fig. E.4. 
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d) See Fig. E.5. We can compute the actual value of |H(j)| 
by substituting w = 500 into the equation for 
e) As we can see from the Bode plot in Fig. E.5, the |H(jo)|: 
value of Agg at w = 500 rad/s is approximately i 0.11( 500) 
cS (500) = ——————— _ = 0.22 /-77.54°. 
12.5 dB. Therefore, (500) (1 + j50)(1 + j5) 0.22 / ~77.54 
|A] = 100779) — 0,24 Thus, the actual output voltage magnitude for 
4 the specified signal source at a frequency of 
ay 500 rad/s is 
Vino = |A|Vini i (0.24)(5) = 1.19V. Vino a |AIV, ni cs (0.22)(S) = ALY. 


E.3 More Accurate Amplitude Plots 


We can make the straight-line plots for first-order poles and zeros more 
accurate by correcting the amplitude values at the corner frequency, one 
half the corner frequency, and twice the corner frequency. At the corner 
frequency, the actual value in decibels is 
Aap, = +20 log iol + ji 
= £20 logy) V2 


= +3 dB. (E.13) 


The actual value at one half the corner frequency is 


] 
AaB, = +20 logio 1+ I5 


= +20 logig V 5/4 
=~ +1 dB. (E.14) 


At twice the corner frequency, the actual value in decibels is 


Augp., = +20 logioll + j2\ 
= +20 logipV5 


~ +7 dB. (E.15) 


In Eqs. E.13-E.15, the plus sign applies to a first-order zero, and the minus 
sign applies to a first-order pole. The straight-line approximation of the 
amplitude plot gives 0 dB at the corner and one half the corner frequencies, 
and +6 dB at twice the corner frequency. Hence the corrections are +3 dB 
at the corner frequency and +1 dB at both one half the corner frequency 
and twice the corner frequency. Figure E.6 summarizes these corrections. 

A 2-to-1 change in frequency is called an octave. A slope of 
20 dB/decade is equivalent to 6.02 dB/octave, which for graphical pur- 
poses is equivalent to 6 dB/octave. Thus the corrections enumerated cor- 
respond to one octave below and one octave above the corner frequency. 


Figure E.6 A Corrected amplitude plots for a first-order zero 
and pole. 


If the poles and zeros of H(s) are well separated, inserting these 
corrections into the overall amplitude plot and achieving a reasonably 
accurate curve is relatively easy. However, if the poles and zeros are 
close together, the overlapping corrections are difficult to evaluate, and 
you're better off using the straight-line plot as a first estimate of the 
amplitude characteristic. Then use a computer to refine the calculations 
in the frequency range of interest. 


E.4 Straight-Line Phase Angle Plots 


We can also make phase angle plots by using straight-line approximations. 
The phase angle associated with the constant K, is zero, and the phase 
angle associated with a first-order zero or pole at the origin is a constant 
+ 90°. For a first-order zero or pole not at the origin, the straight-line 
approximations are as follows: 


* For frequencies less than one tenth the corner frequency, the phase 
angle is assumed to be zero. 


« For frequencies greater than 10 times the corner frequency, the phase 
angle is assumed to be +90°. 


¢ Between one tenth the corner frequency and 10 times the corner fre- 
quency, the phase angle plot is a straight line that goes through 0° at 
one-tenth the corner frequency, + 45° at the corner frequency, and 
+90° at 10 times the corner frequency. 


In all these cases, the plus sign applies to the first-order zero and the minus 
sign to the first-order pole. Figure E.7 depicts the straight-line approxima- 
tion for a first-order zero and pole. The dashed curves show the exact vari- 
ation of the phase angle as the frequency varies. Note how closely the 


E.4 


Straight-Line Phase Angle Plots 
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Figure E.7 A Phase angle plots for a first-order zero and pole. 


straight-line plot approximates the actual variation in phase angle. The 
maximum deviation between the straight-line plot and the actual plot is 
approximately 6°. 

Figure E.8 depicts the straight-line approximation of the phase angle of 
the transfer function given by Eq. B.1. Equation B.6 gives the equation for 
the phase angle; the plot corresponds to z; = 0.1 rad/s, and p, = 5 rad/s. 

An illustration of a phase angle plot using a straight-line approxima- 
tion is given in Example E.2. 
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nt 
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Figure E.8 A A straight-line approximation of the phase angle plot for Eq. B.1. 
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a) Make a straight-line phase angle plot for the and 
transfer function in Example E.1. 4(j1000) = —83.72°. 
b) Compute the phase angle 6(w) at w = 50,500, 
and 1000 rad/s. c) See Fig. E.9. 
c) Plot the values of (b) on the diagram of (a). d) We have 
d) Using the results from Example E.1(e) and (b) 
of this example, compute the steady-state out- Vino = \H(j500)|V 4 
put voltage if the source voltage is given by - 
v(t) = 10 cos (S00t — 25°) V. OZ) 
= 22V, 
. and 
Solution 
6, = O0(w) + 0; 
a) From Example E.1, ~ _77.54° — 25° 
$ ON = eg EAA cs 
[1 + j(w/10)][1 + j(w/100)) on 
0. 11|jo| v,(t) = 2.2 cos(500¢ = 102.54°) V. 
ae ar ON aa iO Ce 
[1 + j(@/10)|[1 + j(@/100)| 
Therefore, 


A(w) = & — Bi — Ba, 


where yy = 90°, By = tan !(w/10), and B> = 
tan”'(w/100). Figure E.9 depicts the straight-line 
approximation of 6(w). 


b) We have 
| , oe) | Mt 
icsetbieapce : sai S00 
= _ | 
H(j500) = 0.22/—77.54° Ae an 0 ES NTT (—83. ul 
rea io PONE 
H(j1000) = 0.11/—83.72°. 
Thus, 1 510 50100 5001000 
6(j50) = —15.25°, w (rad/s) 
6(j500) = —77.54°, Figure E.9 A A straight-line approximation of 6(w) for Example E.2. 


E.5 Bode Diagrams: Complex Poles 
and Zeros 


Complex poles and zeros in the expression for H(s) require special atten- 
tion when you make amplitude and phase angle plots. Let’s focus on the 
contribution that a pair of complex poles makes to the amplitude and 
phase angle plots. Once you understand the rules for handling complex 
poles, their application to a pair of complex zeros becomes apparent. 
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The complex poles and zeros of H(s) always appear in conjugate 
pairs. The first step in making either an amplitude or a phase angle plot of 
a transfer function that contains complex poles is to combine the conju- 
gate pair into a single quadratic term. Thus, for 


K 


H(s) Soe ee oe eS E.16 
(s+ a — jays +a + jp) er 

we first rewrite the product (s + a — jB)(s + a + jB) as 
(s +a)? + B? = s* + 2as + a* + B. (E.17) 


When making Bode diagrams, we write the quadratic term in a more con- 
venient form: 
s* + 2as + a? + B? = s? + 2fw,5 + we. (E.18) 
A direct comparison of the two forms shows that 
w =a + B’ (E.19) 
and 
fw, = a. (E.20) 


The term w,, is the corner frequency of the quadratic factor, and ¢ is the 
damping coefficient of the quadratic term. The critical value of ¢ is 1. If 
¢£ < 1, the roots of the quadratic factor are complex, and we use Eq. E.18 
to represent the complex poles. If £ = 1, we factor the quadratic factor 
into (s + p,)(s + py) and then plot amplitude and phase in accordance 
with the discussion previously. Assuming that £ < 1, we rewrite Eq. E.16 as 


ee ee 
2 2° 
s° + 2fw,8 + wry, 


We then write Eq. E.21 in standard form by dividing through by the poles 
and zeros. For the quadratic term, we divide through by w,,, so 


1 


H(s) = (E.21) 


H(s) = = 


Gn an ate de (E.22) 
Wy ste (s/@,)° a 26(5/@,) 
from which 
K 
Ho) = —— 5 Se (E.23) 
1 = (w/w) ae j(2fa/w,,) 
where 


K 
| ees 
vt 
Before discussing the amplitude and phase angle diagrams associated 
with Eq. E.23, for convenience we replace the ratio w/w, by a new vari- 


able, wu. Then 
K, 


H(io) = ———————_.. £.24 
(io) 1 — uw? + j2lu nen) 
Now we write H(jw) in polar form: 
Ko 
H(jo) = (E.25) 


(1 — u?) + jatul/ Br 


from which 
Aap = 20 logi|H (jo)| 
= 20 log ioK, — 20 logiolJ = u’) Bo j2tul, (E.26) 
and 
2 
O(w) = —B, = — tan, (E.27) 
—Uu 


E.6 Amplitude Plots 


The quadratic factor contributes to the amplitude of H(jw) by means of the 
term —20 logioll — u* + j2fu|. Because u = w/w,,u—20 as w— 0, and 
i — ©O as w — 00. To see how the term behaves as w ranges from 0) to co, 


we note that 
—20 logigV (1 — u?)? + 407u? 


—20 logi|(1 — u?) + j2gul 
—10 logyofu* + 2u?(2¢7 - 1) +1], — (E.28) 


asu—0, 
—10 logio[u* + 2u2(2¢? - 1) + 1] 0, (E.29) 
and as u— 00, 
—10 logyp[ue* + 2u2(2¢? — 1) + 1] > — 40 logyu. (E.30) 


From Eqs. E.29 and E.30, we conclude that the approximate amplitude plot 
consists of two straight lines. For w < w,, the straight line lies along the 
0 dB axis, and for w > w,, the straight line has a slope of —40 dB/decade. 
These two straight lines join on the 0 dB axis at u=1 or w = a. 
Figure E.10 shows the straight-line approximation for a quadratic factor 
with £ < 1. 


w (rad/s) 


Figure E.10 A The amplitude plot for a pair of complex poles. 
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Amplitude Plots 
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E.7 Correcting Straight-Line 
Amplitude Plots 


Correcting the straight-line amplitude plot for a pair of complex poles 
is not as easy as correcting a first-order real pole, because the correc- 
tions depend on the damping coefficient ¢. Figure E.11 shows the 
effect of £ on the amplitude plot. Note that as £ becomes very small, a 
large peak in the amplitude occurs in the neighborhood of the corner 
frequency w,(u = 1). When £ = 1/V2, the corrected amplitude plot 
lies entirely below the straight-line approximation. For sketching pur- 
poses, the straight-line amplitude plot can be corrected by locating 
four points on the actual curve. These four points correspond to 
(1) one half the corner frequency, (2) the frequency at which the ampli- 
tude reaches its peak value, (3) the corner frequency, and (4) the fre- 
quency at which the amplitude is zero. Figure E.12 shows these 
four points. 
At one half the corner frequency (point 1), the actual amplitude is 


Agp(@n/2) = —10 logyy(Z* + 0.5625). (E.31) 


The amplitude peaks (point 2) at a frequency of 
Wp = OnV1 — 22’, (E.32) 


and it has a peak amplitude of 
Agp(@p) = —10 log [4671 — ¢°)]. (E.33) 
At the corner frequency (point 3), the actual amplitude is 
Agpl@n) = —20 logyy22. (E.34) 


The corrected amplitude plot crosses the 0 dB axis (point 4) at 
Wy) = 0,V2(1 — 2¢7) = V20,. (E.35) 


The derivations of Eqs. E.31, E.34, and E.35 follow from Eq. E.28. 
Evaluating Eq. E.28 atu = 0.5 andu = 1.0, respectively, yields Eqs. E.31 
and E.34 Equation E.35 corresponds to finding the value of u that makes 
ut + 2u?(2¢* — 1) + 1 = 1. The derivation of Eq. E.32 requires differen- 
tiating Eq. E.28 with respect to u and then finding the value of u where the 
derivative is zero. Equation E.33 is the evaluation of Eq. E.28 at the value 
of u found in Eq. E.32. 

Example E.3 illustrates the amplitude plot for a transfer function with 
a pair of complex poles. 


2 - 0.3 


w (rad/s) 
Figure E.11 A The effect of ¢ on the amplitude plot. 


w (rad/s) 


Figure E.12 A Four points on the corrected amplitude plot for a par of 
complex poles. 
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Compute the transfer function for the circuit shown 
in Fig. E.13. 


a) What is the value of the corner frequency in radi- 
ans per second? 

b) What is the value of K,? 

c) What is the value of the damping coefficient? 


d) Make a straight-line amplitude plot ranging from 
10 to 500 rad/s. 


e) Calculate and sketch the actual amplitude in 
decibels at w,,/2, wp, w,, and wy. 


f) From the straight-line amplitude plot, describe 
the type of filter represented by the circuit in 
Fig. E.13 and estimate its cutoff frequency, w, 


50 mH LQ 


Figure E.13 A The circuit for Example E.3. 


Solution 


Transform the circuit in Fig. E.13 to the s-domain 
and then use s-domain voltage division to get 


l 


= Ka 
oe Tanyas 


Substituting the component values, 


2500 
H(s) = care en, 
gs” + 205 + 2500 


a) From the expression for H(s), w2 = 2500; there- 
fore, w, = 50 rad/s. 


b) By definition, K, is 2500/w2, or 1. 


c) The coefficient of s equals 2g, ; therefore 


ph 950) 


20), 


d) See Fig. E.14. 


e) The actual amplitudes are 


Agp(@,/2) = —10 log,o(0.6025) = 2.2 dB, 

Wy = 50VO.92 = 47.96 rad/s, 
Agg(w,) = —10 logyo(0.16)(0.96) = 8.14 dB, 
Agp(@,) = —20 log (0.4) = 7.96 dB, 

w, = V2w, = 67.82 rad/s, 

P 
Agp(@,) = 0 dB. 


Figure E.14 shows the corrected plot. 


f) It is clear from the amplitude plot in Fig. E.14 
that this circuit acts as a low-pass filter. At the 
cutoff frequency, the magnitude of the transfer 
function, |H(jw,)|,is 3 dB less than the maximum 
magnitude. From the corrected plot, the cutoff 
frequency appears to be about 55 rad/s, almost 
the same as that predicted by the straight-line 
Bode diagram. 


ae 
eran Glare 


w (rad/s) 


Figure E.14 A The amplitude plot for Example E.3. 


E.8 Phase Angle Plots 


The phase angle plot for a pair of complex poles is a plot of Eq. E.27. The 
phase angle is zero at zero frequency and is —90° at the corner frequency. 
It approaches —180° as w(u) becomes large. As in the case of the ampli- 
tude plot, g is important in determining the exact shape of the phase angle 
plot. For small values of £, the phase angle changes rapidly in the vicinity 
of the corner frequency. Figure E.15 shows the effect of £ on the phase 
angle plot. 

We can also make a straight-line approximation of the phase angle plot 
for a pair of complex poles. We do so by drawing a line tangent to the phase 
angle curve at the corner frequency and extending this line until it inter- 
sects with the 0° and —180° lines. The line tangent to the phase angle curve 
at —90° has aslope of —2.3/¢ rad/decade (—132/¢ degrees/decade), and it 
intersects the 0° and —180° lines at uw, = 4.81 and u, = 4.81', respec- 
tively. Figure E.16 depicts the straight-line approximation for = 0.3 and 
shows the actual phase angle plot. Comparing the straight-line approxima- 
tion to the actual curve indicates that the approximation is reasonable in 
the vicinity of the corner frequency. However, in the neighborhood of u, 
and i», the error is quite large. In Example E.4, we summarize our discus- 
sion of Bode diagrams. 
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oh TTT ANT 
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Figure E.15 A The effect of ¢ on the phase angle plot. 
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| | 0,62 = 4.8174 | 4.817 0.62 = 4.8174 | 


- \ 
7 cit i Hi 
—60° 


A(w) —90° 


440%/decade 
ANe 67 rad/dec) 


re) 10 30 


Figure E.16 A A straight-line approximation of the phase 
angle for a pair of complex poles. 
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a) Compute the transfer function for the circuit 
shown in Fig. E.17. 


b) Make a_ straight-line 
20 logio|H(jo)I. 


amplitude plot of 


c) Use the straight-line amplitude plot to deter- 
mine the type of filter represented by this circuit 
and then estimate its cutoff frequency. 


d) What is the actual cutoff frequency? 
e) Make a straight-line phase angle plot of H(jw). 


f) What is the value of 0(w) at the cutoff frequency 
from (c)? 


g) What is the actual value of 6(w) at the cutoff 
frequency? 


250 mH 


40 mF 


Figure E.17 A The circuit for Example E.4. 


Solution 


a) Transform the circuit in Fig. E.17 to the s-domain 
and then perform s-domain voltage division to get 


R 1 
TS + TF 

H(s) = = R “ 1 

so + 7s + Te 

Substituting the component values from the cir- 

cuit gives 


4(s + 25) 

H(s) = ane 

s* + 4s + 100 

b) The first step in making Bode diagrams is to put 
H (jw) in standard form. Because H(s) contains 


a quadratic factor, we first check the value of @. 
We find that £ = 0.2 and w, = 10,so 


s/25 +1 


H() = Gyo? + OA(s/10)" 


from which 


[1 + jo/25|7vy 


H(jo) = ——-——_——__. 
(jw) [1 — (w/10)? + j0.4(w/10)|/ 8, 


Note that for the quadratic factor, u = w/10. 
The amplitude of H(jw) in decibels is 


Aap = 20 logol1 + Jo/25| 


a (35) + a(f)| 


and the phase angle is 


— 20 xu 


Aw) = o, — Bi, 


where 


w, = tan” !(w/25), 
___, 0.4(w/10) 
Ba 1 — (w/10)?’ 


Figure E.18 shows the amplitude plot. 


c) From the straight-line amplitude plot in Fig. E.18, 
this circuit acts as a low-pass filter. At the cutoff 
frequency, the amplitude of H(jw) is 3 dB less 
than the amplitude in the passband. From the 
plot, we predict that the cutoff frequency is 
approximately 13 rad/s. 


it Lm 
PALI [ete ose Hit” 
CLM UT a | 


60 


40 


Agy = 20 logy iH4(jo)! 


—40 

—60 

sa 1 5 10 50100 5001000 
w (rad/s) 


Figure £.18 A The amplitude plot for Example E.4. 


d) To solve for the actual cutoff frequency, replace s 
with jw in H(s), compute the expression for 
|H(ja)|, set |H(jw,)| = (1/V2) Wimax = 1/V2, 


and solve for w,.. First, 


—. A(jw) + 100 
HUo) = CP + (ju) + 100° 
Then, 
V (4@.)? + 100? 1 
Hi (jex,)| = = = 


V(100 — 2)? + (40,2 V2 
Solving for w, gives us 


w, = 16 rad/s. 


e) Figure E.19 shows the phase angle plot. Note 
that the straight-line segment of 6(w) between 
1.0 and 2.5 rad/s does not have the same slope as 
the segment between 2.5 and 100 rad/s. 

f) From the phase angle plot in Fig. E.19, we esti- 
mate the phase angle at the cutoff frequency of 
16 rad/s to be —65°. 

g) We can compute the exact phase angle at the 
cutoff frequency by substituting s = /16 into the 
transfer function H(s): 


4(j16 + 25) 


iGo — 
(16) = (a6 + 4(j16) + 100 
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Computing the phase angle, we see 
6(w,.) = 6(j16) = —125.0°. 


Note the large error in the predicted angle. In 
general, straight-line phase angle plots do not 
give satisfactory results in the frequency band 
where the phase angle is changing. The straight- 
line phase angle plot is useful only in predicting 
the general behavior of the phase angle, not in 
estimating actual phase angle values at particu- 
lar frequencies. 
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Figure E.19 A The phase angle plot for Example E.4. 


Appendix , 


. Sin(a + B) = sinacosB + cosasinB 


9, 


10. 


11. 


12, 


1S. 


14. 


. Sina + sin8 = 2 sin 
: 2 & + 

. Sina — sinB = 2 cos 
a+ 

. cosa + cosB = 2 cos 


ae 
. cosa — cosB = —2 sin 


at+B 


. cos(a + B) = cosacosB F sinasinB 


An Abbreviated Table of 
Trigonometric Identities 


. 2sina sinB = cos(a — 8) — cos(a + B) 


. 2 cosa cosB = cos(a — B) + cos(a + B) 


2 sina cosB = sin(a + B) + sin(a — B) 


sin2a = 2 sina cosa 


cos2a = 2cos’a — 1 = 1 — 2sin’a 


1 
cos*°a = — + _ cos2a 
sin? : cos2 
a> = a 
$ 3 
tana + tanp 
tan(@ + SS 
( B) 1 * tana tang 
2 tana 
. tanta = — 
1 — tan‘a@ 
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eis Be £ he 
An Abbreviated Table 
of Integrals 


. Se) 


Appendix 


ke ‘dx = (ax - 1) 
a 
xe" dx = S@r ~~ 2ax * 2) 


] x 
xX sinax dx = 2 sinax — — 7 POsax 
a 


aX 


™ sinbx dx = Aae (a sinbx — bcosbx) 


e™ ; 
e“* cosbx dx = >——> (acosbx + bsinbx) 
a’ + b? 


1 {x 
=-—tan “— 
x? e+a a a 


1 
4. p x cosax dx = + cosax + : sinax 


8 co 
JS Gt +e’ Ae Ne + ae 8 a 


sin(a — b)x  sin(a + b)x 


t j SI SS Se eS 2% h2 
) [sinas sinbx dx ea 8) 2(a + b) a 
sin(a — b)x  sin(a + b)x 
10. [eosax cosbx ax = “TE see wtb 
: _.  cos(a— b)x cos(at+b)x , 2 
LI [sinax cosbx ax = Ala — BY a+b)” a’# b 
x sin2ax 
12. | sin’ax dx = = — 
[ss'as x 5 An 
13 tiheiee + = 
, 2 4a 
oo =, > 0 
4 | o, = 40,a=0; 
iin : Fa =0 
Co 
ya > 'D 
is. f sinax ax={h" 
0) x 5 i! 0 


ye 2x : arx” —2 
x sinax dx = —> sinax —' ——; — cosax 
a a 


16. 


2 


2X 
17. x* cosax dx = —> cosax + 
a 


ee 
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762 An Abbreviated Table of Integrals 


18 aX ein? an ee ee : . 2b° 
. fe“ sin’ bx dx = >——, | (asinbx — 2b cosbx) sinbx + —— 
a’ + 4b a 


ax Dp 
19. / e cos’ bx dx = a (acosbx + 2b sinbx) cosbx + — 
a’ + 4b a 


svensix |_| Common Standard 
Component Values 


Resistors (5% tolerance) [1] 


10 100 10k 10k 100k 10M 
120 1.2k 12k 120k 

IS 150 LSk 15k 150k 15M 
180 1.8k 18k [80k 

22 220 2.2 k 22k 220k 2.2M 
270 2.7 k 27k 270 k 

23 330 3.3k 33k 330k 3.3M 
390 3.9k 39k 390 k 

47 470) 47k 47k 470k = 4.7M 
560 5.6 k 56k 560 k 

68 680 6.8 k 68 k 680k 68M 


Capacitors 
10 pF 22 pF 47 pF 
100 pF 220 pF 470 pF 
0.001 F 0.0022 uF 0.0047 uF 
0.01 uF 0.022 uF 0.047 F 
0.1 uF 0.22 uF 0.47 wF 
| wF 2.2 uF 4.7 uF 
10 uF 22 uF 47 uF 
100 uF 220 wF 470 PF 
Inductors 
Value Current Rating 
10 wH 3A 
100 wH 0.91 A 
| mH O.1SA 
10 mH 0.04A 
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Answers to Selected Problems 


Chapter 1 
1.2 0.10 mm 
1.3 104.4 gigawatt-hours 
1.4 a) 121 photos 
b) 832,963 bytes 
1.10 4 sin 5000fmC 
1.14 a) 1250Wfrom BtoA 
b) 1200 W from A to B 
c) 5760 W from A to B 
d) 16,500 W from B toA 
1.18 a) 42.2 mW 
b) 12.14 uJ 
c) 140.625 pJ 
1.25 a) t= 8453s 
b) 15,396 W (delivered) 
c) ¢ = 31.547s 
d) 15.396 W (extracted) 
e) 0J,112.5 J, 200 J, 1125 J,0J 
1.26 770W 
1.31 S$) Pa = 2280 W 
SD Pas = 2280 W 
1.32 
b) 3A 
Chapter 2 
2.2 Interconnection is not valid, since the 10 V and 
20 V sources are connected between the same pair 
of nodes. 
2.4 Interconnection is valid; 1700 W 


2.5 


2.7 


2.11 
2.13 
2.14 


2.17 


2.18 


2.19 


2,22 


2.28 


Interconnection is not valid, since the voltage 
drop between the top and bottom nodes is differ- 
ent due to different voltage sources in the left and 
right branches. 


Interconnection is not valid, since the voltage drop 
between the top and bottom nodes is different due 
to different voltages in the left and right branches. 


27 kQ resistor 
5.6 kQ resistor 


a) 


b) 
a) 


A 20 A current source in parallel with a 
5 resistor. 


320 W 
v(V) 


i(mA) 
0 8 16 24 32 40 48 


A 24 V source in series with a 250 Q resistor 
19.2mA 

96 mA 

48 mA 


A linear model cannot predict non-linear 
behavior. 


12A;0.3A 

120 V 

Power developed and dissipated is 180 W. 
2A 

OSA 

40 V 

25 W, 80 W, 20 W 

125 W 

175 W, 270 W, 135 W, 400 W, 20 W 

1000 W 

Power developed and dissipated is 1000 W. 
45V 

Power developed and dissipated is 741 mW. 
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766 = Answers to Selected Problems 


2.34 a) i = 385 mA,so a warning sign should be 
posted and precautions taken. 


b) Use the following resistors: 390 0,470, 
and 2200. 


2.36 a) Pam = 59.17 Wy Pug = 29.59 W; 
Prunk = 7.40 W 
b) farm = 1414.23 si tye = 7071.13 s; 
tiunk = 70,677.37 s 
c) All values are much greater than a few minutes. 
2.37 a) 40V 
b) No, 12 V/8000, = 15 mA will cause a shock. 
2.38 3000V 


Chapter 3 
3.1 a) 6kM and 12k0,9kQ and 7 kQ; simplified 
circuit is 


1I8Q 


wv(*) 4Q, 160 


b) 3k0,5kQ, and 7 kQ; simplified circuit is 
4kQ 


sma(t) 10kQ 15 kO 


c) 3000, 4000 and 500; simplified circuit is 
1200 © 


200 mV i 600 0 1.2kO 


3.2 


3.3 


3.4 


3.15 


3.24 


a) 


b) 


c) 


10Q and 400, 1000 and 25 2: simplified 
circuit is 
180 80 


60'V co 20.0 22, 


9kQ and 18 kQ, and 6 kQ; simplified circuit is 
5kO 


600.0, 200 Q, and 300 ©: simplified circuit is 
250 0 


0.2A ee 100.2 150.0 


PA Pe 0) 

10kQ 

1600 0 

30 

SkO 

800 

66 V 

1.88 W, 1.32 W 
17,672 Q, 12,408 Q 
1200 2, 300 Q 
1W 


1875 0, 37502,7.5 kQ.15 kO 


a) 


e) 


36 V 

2A 

0.96 A 
24V 
6.4V 

25 mA 
250 V 

50 V 

25 mA 
4.167mA 


3.31 a) 49.9800 
b) 49800 
c) 2300 
d) 50 
3.35 a) R,, = S00: 
| (25/12) 1 
at 50 (25/12) ‘meas) = 95 
dss 
b) SE ppimeas 
c) Yes 
3.51 a) 15000 
b) 288mA 
c) 7500,276.48 mW 
d) 1000.0, 92.16 mW 
3.53 23.2V,21V 
3.56 a) A-connected R;—R3;—R4 becomes Y-connected 
52 —20 0 —4: equivalent resistance is 332. 
b) Y-connected R,—R4— Rs; becomes A-connected 
100 QO —80 02 —20 O; equivalent resistance 
is 33 Q. 
c) Convert the delta connection Ry—Rs5— Rg to 
its equivalent wye. Convert the wye connection 
R;— R4— Rg to its equivalent delta. 
3.58 900 
3.72 R, = 1.03720, Ry = 1.14350, R3 = 1.20, 
Ry = 1.14350, Rs = 1.03720, R, = 0.02590, 
Ry, = 0.0068 0, R, = 0.0068. Ry = 0.0259 O 
3.73 Pas = 624W = Poe 
3.74 a) R, = 0.42692. Ry = 0.46170, Ry = 0.480, 
Ry = 0.46170, Rs = 0.42690, R, = 0.0085 0, 
Ry, = 0.00220, R, = 0.00220, Ry = 0.0085 O 
b) i; = 26.51 A,i{R, = 300 W or 200 W/m; 
i, = 25.49 A, i5R> = 300 W or 200 Wim: 
in = 52 A, ip Ry = 6 W or 200 Wim; 
Pay = 1548 W = Pais 
Chapter 4 
4.1 a) Il 
b) 10 
c) 9 
d) 8 
e) 6 
f) 4 
g) 6 


4.2 


4.3 


4.4 


4.8 


4.9 


4.13 


4.17 


4.19 


4.24 
4.26 


4.27 
4.33 


4.34 


4.38 


4.39 
4.42 


4.44 


4.48 
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b) 3 
c) 4 


d) Avoid the topmost mesh and the leftmost 
mesh, which both contain current sources. 


e) Ryi, + Rais — Rolin = 0: 
Riis + Rai = 

120 V,96 V 

4V 

a) —6.8A,2.7A,—-9.5A.2.5A,—-12A 

b) 3840 W 

a) 8800 W 

b) 8800 W 

750 W 

3.2V 

a) —37.5V,75W 

b) —37.5V.75 W 


c) Part (b), because there are fewer equations to 
write and solve. 


—20V 

a) 5.6A,3.2A,-2.4A 
b) —8.8A,-16A,7.2A 
a) 17,940 W 

b) 17,940 W 

259.2 W 

2700 W 

a) 162.92 W 

b) 518.52 W 

c) Power delivered equals power absorbed. 
a) 2mA 

b) 304 mW 

c) 0.9mW 

740 W 


768 


4.51 


4.52 


4.53 


4.59 


4.60 


4.63 


4.64 


4.71 


4.74 


4.77 


4.83 
4.87 


4.91 


4.96 


Answers to Selected Problems 


a) 5.7A,4.6A, 0.97 A, -1.1.A,3.63A 
b) >) Puy = >) Pais = 1319.685 W 


a) The constraint equations are easier to formu- 
late in the node voltage method, making it the 
preferred method. 


b) 480 mW 


a) Minimize the number of equations to write and 
solve by using the mesh current method. 


b) 4mW 


c) No,since the mesh current method still minimizes 
the number of equations to write and solve. 


d) 200 mW 
a) -l1mA 
b) -1mA 
a) —0.85A 
b) -—0.85A 


60 V source, positive at the top, in series with a 
10Q) resistor 


1 mA current source, with current flowing from top 
to bottom, in parallel with a 3.75 Q resistor 


a) 51.3V 

b) -—5% 

160 V source, positive at the bottom, in series with 
a 56.4 kQ resistor 


8 ©} (The voltage source is zero because there are 
no independent sources in the circuit.) 


2.50 and 22.50, 
a) 60 

b) 24W 

a) SOV 

b) 250W 

30 V 


4.105 UF 39.583 V, v2 = 102.5 V 
4.106 v, = 37.5 V,v) = 105V 
4.107 v, = 52.0833 V, v2 = 117.5 V 


Chapter 5 


5.1 


positive 
power supply 


a) inverting 
input 


output 


negative 
power supply 


non-inverting 
input 

b) The input resistance; i, = 0 

c) The open-loop voltage gain; (v, — v,) = 0 


d) vu, =9V 


5.2 
5.3 


5.8 


5.9 


5.11 


5.12 


5.14 


5.17 


5.18 


5.25 


5.26 


5.28 


5.33 


5.34 


5.43 


5.45 


—-1mA 

a) —15 V (saturates) 

b) —10V 

c) -4V 

d) 7V 

e) 15 V (saturates) 

f) -1.08V <v,<492V 


a) Many possible designs; one uses a single 3.3 kO. 
input resistor and three series-connected 
3.3 kQ resistors in the feedback path. 


b) +15V 

a) 0=0 = 0.40 
b) 556.25 HA 
0<R <= 60k9 


a) Inverting summing amplifier 


b) -6V 
c) -05V=v,52V 
a) 14V 


b) 3.818V < », < 9.273V 
a) Non-inverting amplifier 
b) 2v, 

c) -6V52,=54V 

a) 10.54V 

b) -4.55V = v, = 4.55 V 
c) 181.76k0 

a) —15.1V 

b) 34.3k0 

c) 250k 

20 kO, 

a) 16V 

b) -42V sv, <3.8V 
19.93 kQ = R, = 20.07 kO 
a) 24.98 

b) —0.04 

c) 624.5 

a) —19.9844 

b) 736.14.V 

c) 5003.68 0 

d) —20,0 V, 50000 

a) 13.49 

b) 999.446 mV, 999.834 mV 
c) 387.78 nV 

d) 692.47 pA 

e) 13.5,1V,0V,0A 


5.49 a) 2kO 


b) 12mQ 


Chapter 6 


6.1 


6.4 


v, (mV) 


0) 1 
a) 1=0 
i=S0tA 


i=0.5 — 50tA 


i=0 

b) v=0 
v=l1V 
v=-1V 
v=0 
p=9 
p=S50tw 


p=50t — 0.5 W 


p=0 
w = () 
w = 25t7 J 


w =25t* — 0.5¢ + 0.0025 J 


w=0 


a) —-50 x 10% + 15V 


b) 10% V 


c) 16x 10% — 12V 


d) 52V 


Q0Q<t<5ms 
5<t< 10ms 
10 ms <t¢t 


0<t< Sms 
§5<¢< 10ms 
10ms <t 


6.21 
6.25 


6.39 


6.44 


e) 


0:2 
—0.4 
—0.6 


8H 


a) 
b) 
c) 
d) 
e) 
f) 
g) 
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v(V) 


769 


0 t (ys) 


—Se A 

—4e°" —6A 

—e@ "+6A 

40 J 

400 J 

360 J 

1(4)(—6)? + 4(16)(6)? = 360 J (checks) 


2 pF, initial voltage is 25 V 


a) 


a) 
b) 
c) 
d) 


—20e72" V 
—l6e*" + 21V 
she Ole DU 
320 pJ 
2525 pJ 
2205 pJ 
4(2 x 107®)(21)? + 5(8 X 1076)(-21)? = 
2205 pJ 
Aly dig 
167° + 32%) = 2 
—16e' + 32e°** + 32e7' — 32e7* = 16e7! 
34e7 — de? V 


30 V, which is consistent with the circuit’s 
behavior 


2721.6 mJ 
2721.6 mJ 
518.4 mJ 
518.4 mJ 


t (ms) 
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6.45 a) —45A 7.37 a) 5S + 15e7 0% Aw 
b) No b) 50 — 450¢~ 10 -y 
6.48 a) 50mH,2.4 7.51 a) 60 — 60¢7 Vv 
b) 0.2 x 10-° Wb/A, 0.2 x 107° Wb/A b) 1 — 0.6e7! mA 
6.49 0.8 nWb/A, 1.2 nWb/A c) 1+ 24e7 mA 
6.51 v(t) = 0.333v,(t) d) 4 - 2.4e7! mA 
6.53 There is no difference in the output voltage for e) 3.4mA 
these two circuits. 7.53 —60 + 90e7200-y 
7.55 a) 50V 
Chapter 7 b) 24 
7.4 a) SmA,ISmA cy. OLS 
b) SmA,—-SmA d) 185A 


c) Se 7 20,0008 mA 
d) —5e~ 20.0008 mA 


e) The current in a resistor can change 


e) -24 + 74eI"V 
f) —18.5e7!" A 
7.56 a) 90V 


instantaneously. 
7.5 a) OA b) -60V 
b) 160mA c) 1000s 
c) 65mA d) 916.3 ys 
d) 160mA 7.68 a) 4-40 A 
e) 225mA b) 80e"Vv 
f) OA c) 2.4 —2.4e° A 
g) 160e°7"" mA d) 1.6 — 1.6e72% mA 
h) OV e) Yes 
i) -3.2V 7.69 a) 40 —- A0e 7500! mA 
: aay b) 10e 75000 y 
k) —3 e720 y c) 16 - 16¢ 7500" mn A 
l) 225 — 160e°7" mA d) 24 — 24¢750% mA 
7.7 a) 2A e) Yes 
b) 20 ms 7.71 —5.013V 


7.78 —-5V.0 st <5s;—Se 9!" -IV 5s <t < co 
7.85 83.09 ms 
7.87 a) 2.25 
b) 272.1 us 
7.95 —1600¢ + 8V,—-15 + lle?" V, 
23 — 1600t — 1le-*""'V 


c) 2e75 A —160e7™ V, —144e7 Vv 
d) 69.92% 

7.23 a) 1.6¢7% mA, 32e7™ + 8 V,-8e-°" + 8V 
b) 800uJ 
c) 160,J, 640 uJ 

7.26 a) 2Ae 750008 wy A 


b) —8¢75 + g0V 7.96 80 ms 
c) 2880pJ 7.103 a) 1.091 MQ 

7.35 a) —2 — 3e3™ A 4g — 4ge500 Vy b) 0.29s 
b) 60V,0V 7.104 a) 8.55 flashes/min 

59.3 kO 

7.36 a) —SmA b) 5 | 
b) 0.333 mA 7.105 a) 24.32 flashes/min 
5 b) 99.06 mA 


d) 0.333 — 5.333¢720. mA c) $43.39 per year 


Chapter 8 
8.1 a) —10,000 rad/s, —40,000 rad/s 
b) overdamped 
c) 31250 
d) —16,000 + 712,000 rad/s, 
—16,000 — /12,000 rad/s 
e) 25000 
8.7. a) 25 nF 
b) 25000 
c) 75V 
d) 30mA 
e) e830 cos 60008 + 71.25 sin 60001) mA 
8.8 a) 8k,40H, 625 rad/s, 500 rad/s 
b) —1e725% 4 gy -10000 mA, 
0.8e7 250" ne 0.8¢ ~ 10n0: mA, 
().2e7 2 _ 3, 2e~ Lo mA 
8.9 a) 1kQ,14F,6000V/s,8V 
b) (—3000r + 2)e°"" mA 
8.11 a) 500 rad/s, 400 rad/s, 1.5625 H, 4uF, 
—15mA,60mA 
b) 18.75¢°2™ — 18.75e7 80 yv 
c) 75e7 20 _ 759-800 mA 
d) —60 e720 4 1527800" HA 
8.18 5e@7 2 ae 10¢ 78000! -y 
8.19 15¢77"" cos 3122.51 + 7.21e°>™ sin 3122.5¢ V 
8.20 15¢7 Vv 
8.29 60 a3 120¢ 7 20008 + 15¢@~ 20.0001 mA 
8.30 60 — 105e~*" cos 6000 — 9007 sin 6000t mA 
8.31 60 — 750,000te7!""* — 1057!" mA 
8.50 60 — 80e 8 + 2073200 y 
8.51 60 — 120,000te~ 2 — 60e7 20 V 
8.52 60 — 60e°2" cos 1500¢ — 80e77 sin 1500 V 
8.63 a) 0O</1<0.5°s: 
v(t) = 100? V, v,,(t) = —1.6t V; 
05 StStar 
v,(t) = —5t + 15t — 3.75 V, 
Vo(t) = O.8t — 1.2V 
b) 3.5s 
8.64 0=s=ts05 s: 


v,(t) = 10 — 20e7! + 10e7*' V, 
v(t) = —0.8 + 0.877 V; 


05° St = tes 


v(t) = —5 + 19.42e7!-95) — 12.87¢ 726-85) v, 


Vo(t) = 0.4 — 0.91e724-99) vy 


8.68 a) 


8.69 a) 


Chapter 
9.1 a) 


h) 
i) 
j) 
9.4 a) 
b) 


Vin 
2 


9.9 a) 
b) 


9.8 


¢) 
d) 


9.11 a) 


9.13 a) 


9.14 a) 
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55.23 ws 

262.42 V 

tmax = 53.63 pS, U(tmax) = 262.15 V 
40 mJ 

—27,808.04 V 

568.15 V 


9 

80 V 

500 Hz 

3141.59 rad/s 
—0.5236 rad 
—30° 

2 ms 

166.67 xs 

—80 sin 10007t V 
333.33 ws 

166.67 ps 

600 Hz 

1.67 ms 

10V 

6V 

—53.13°, —0.9273 rad 
662.64 ys 

245.97 ps 


—195.72e7 19-67 + 200 cos(800t — 11.87°) mA 
— 195.727 196-671 mA, 

200 cos(800t — 11.87°) mA 
28.39 mA 

200 mA, 800 rad/s, —11.87° 
36.87° 

111.8 cos(500r — 3.43°) 
102.99 cos(377t + 40.29°) 
161.59 cos(100¢ — 29.96°) 
0 

502,654.82 rad/s 

90° 

—39.790 

0.05 uF 

— 739.790, 

400 Hz 

_99° 


772 


9.15 


9.24 


9.28 
9.29 
9.32 
9.37 
9.45 
9.46 
9.49 
9.55 
9.59 
9.60 
9.64 
9.76 


9.77 


9.83 
9.84 


9.85 


Answers to Selected Problems 


c) SO 

d) 1.99mH 

e) fsa 

a) 40 0 


—_> 


I 


740.0 


600/20° V -j1000 


b) 8.32 /76.31° A 
c) 8.32 cos(80007 + 76.31°) A 


a) 200 /36.87° mS 

b) 160 mS 

c) 120 mS 

d) 10A 

500 rad/s 

42.43 cos(50,000¢ + 45°) V 
42.43 cos(2000t + 45°) V 
2/30 

227.68 / —18.43° V, (3.6 + 10.8) 
2 /—36.87° A, (100 — j50) 0 
10 /-45° A, (1.6 + 73.2) O 
188.43 / —42.88° V 

j80 = 80 790° V 

36 cos 20001 V 

56.57 cos(10,000¢ — 45°) V 
a) 0.3536 

b) 2A 

a) Scos(5000¢ — 36.87°) A, 1 cos(S000¢ — 180°) A 
b) 0.5 

c) 9mJ,12 mJ 

512,000 760° 2 


V, =(V,/2) - LR, 


a) 247.11 /1.68° V 
b) —32 0,241.13 /1.90° V 


c) —26.902 


9.88 a) 


b) 
9.89 a) 
b) 
c) 


I, = 24 /0° A, ly = 2.04 /0° A, 

I, = 21.96 /0° A, I, = 19.40 /0° A, 
Is = 4.6 /0° A, Ig = 2.55 /0°A 
0.42 /0° A 

OA 

0.436 /0° A 


Yes; when the loads are equal, no power is lost 
to the neutral line, so the cost of power is lower. 


Chapter 10 


10.1 a) 
b) 
c) 
10.2 a) 


10.15 a) 


10.18 a) 


10.26 a) 


10.27 a) 


10.44 a) 


10.47 a) 


10.48 a) 


409.58 W (abs), 286.79 VAR (abs) 
103.53 W (abs), —386.37 VAR (del) 
—1000 W (del), —1732.05 VAR (del) 
—250 W (del), 433.01 VAR (abs) 
Yes 

Yes 

15.81 V(rms) 

62.5 W 

6.4 W, 4.8 VAR, 8 VA 

6.4 W 

4.8 VAR 

0.96 lagging, 0.28; 0.8 leading, —0.6; 
0.6 leading, —0.8 

0.74 leading, —0.67 

1.875 + j0.625 0 

0.9487 lagging 

20 + j200 

20 W 


With 22 0 and 1 mH, the load impedance is 
22 + j5 Q and the load power is 17.7 W 


360 mW 

4000 0, 0.1 uF 

443.1 mW; yes 

450 mW 

4000 1, 66.67 nF 

Yes 

4123.10, 0.1 pF, 443.18 mw 
Yes 


10.64 90 W 


10.65 a) 


10.66 a) 


y2 y2 
10.67 a) P.= Rao Py = R> 
RiR, Gee 
Pit 
Pu — Pi 
b) 1125 W 


10.68 360,240 


Chapter 11 
11.2 a) acb 
b) abc 
11.3 a) Balanced, negative phase sequence 
b) Balanced, positive phase sequence 
c) Balanced, negative phase sequence 
d) Balanced, positive phase sequence 
e) Unbalanced, due to unequal amplitudes 


f) Unbalanced, due to unequal phase angle 
separation 


11.7) vag = 13,198.23 cos wt V, 
Upc = 13,198.23 cos(wt + 120°) V, 
Uca = 13,198.23 cos(wt — 120°) V 
11.9 a) 15.24 A(rms) 
b) 6583.94 V(rms) 
11.11 a) I, = 5 /-36.87° A, Iyy = 5 /83.13° A, 
Ic = 5 /-156.87° A 
b) Vay = 216.51 /—30° V, Vic = 216.51 /90° V, 
Vea = 216.51 /—150° V 
c) Van = 122.23 /-1.36° V, 
Vpn = 122.23 /118.64° V, 
Ven = 122.23 /-121.36° V 
d) Vap = 211.72 /—31.36° V, 
Vac = 211.72 /88.64° V, 


Vea = 211.72 /-151.36° V 
11.12 a) 


20/150° 
V (rms) 


39 — 33 O/V,, 


b) 0.4 /-173.13° A(@ms) 

¢) 35.39 /176.63° V(rms) 
11.13 21.64 /121.34° V(rms) 
11.16 159.5 /29.34° V(rms) 
11.22 6120 /36.61° VA 
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11.24 a) 1833.46 /22°VA 
b) 519.62 V(rms) 
11.43 a) W2- W, = V;,I,[cos (6 ~ 30°) — cos (6 + 
30°)] = 2V,1, sin 6 sin 30° = VI, sin 6 
Thus, V3(W, - W,) = V3V,I,sin@ = O, 
b) 2592 VAR, —2592 VAR, 3741.23 VAR, 
—4172.80 VAR 
11.44 197.26 W, 476.64 W 
11.52 a) 


1.70 MVA 


ZL) 


1.2 MW 


1.2 MVAR 


b) 1.2 MW 


11.53 a) 16.71uF 
b) 50.14 uF 


11.56 |V,,| = 12,548.8 V, so the voltage is below the 
acceptable level of 13 kV. Thus, when the load at 
the substation drops to zero, the capacitor bank 
must be switched off. 


11.57 Pi (before) = 81.66 kW, Pi (after) = 40.83 kW 


Chapter 12 
12.2 a) (¢ + 10)u(t + 10) — 2tu(t) + 
(tf — 10)u(t — 10) 
b) —8(t + 3)u(t + 3) + 8( + 2)u(t + 2) + 
8(t + 1)u(t + 1) - 8(t — 1)u(t — 1) - 
8(t — 2)u(t — 2) + 8(t — 3)u(t — 3) 
12.3 a) Se[u(t) — u(t — 2)] + 10{u(t — 2) — 
u(t — 6)] + (—Szt + 40)[u(t — 6) — u(t — 8)] 
b) 10sin wt[u(t) — u(t — 2)] 
c) 4t[u(t) — u(t — 5)] 
12.7 a) 1.0 
b) 0 
c) © 
12.9 a) 26 


12.10 2/9 


12.14 a) 
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1 
12.17 a) SS 
(s + a) 
w 
b Ay aa 
) so t+ we 
@w cos @ + ssin@ 


9? 9 
S +o 


c) 


d) = 
s 
sinh @ + s[cosh 6] 
(s* — 1) 

1 
s(s + a) 
1 
s(s + a) 
[e+ Seo" + 207" u(r) 
[6 + fe + 207" + out) 
[4e7' + 20e 7‘ cos(2t + 36.87°) Ju(t) 
[490 + 250e7" cos(t ~ 163.74°) ]u(t) 
12.41 a) [202 — 4 + 4e°-" u(t) 
[ 
[ 
[ 


1 
2 


12.22 a) 


12.40 a) 


250 — 200te7' — 250e‘Ju(t) 
30r — 8 + 10¢°*cos(t + 36.87°) Ju(t) 
20 — 2.5t?e7'! — 15Ste™! — 20e'Ju(t) 
e) [16 + 89.44te~*cos (tf + 26.57°) + 
113.14e7*cos(t + 98.13°) Ju(t) 
12.42 c) 8'(t) — 108(t) + [30e7* + 20e7 ™ Ju(r) 
12.50 a) f(0*) = 8, f(o%) =0 
b) f(0") = 13, f(o%) = 6 
c) f(0") = 20, f(ce) = 0 
d) f(0*) = 250, f(co) = 490 
12.55 0.947 
12.56 588 


Chapter 13 
8 x 10's 
s? + 40,000s + 256 x 10° 
b) Zero at 0; poles at —8000 rad/s and 
—32.000 rad/s 


s’? + 8000s + 25 x 10° 
§ 


13.4 a) 


13.6 a) 


b) Zeros at —4000 + 3000 rad/s and 
—4000 — 73000 rad/s; pole at 0 


13.9 a) 


Q 


16 X 10 5000 2 
S 


150 


=o 2.550 


— 150s 
(s + 400)(s + 1600) 

c) (5007 = 20007 !"Vur(t) V 
13.10 a) 


b) 


+ 1000 


5 1095 
5 ao 


1.25 mV 
0.01s O 


b) 75s” + 812,500s + 6875 x 10° 
s(s? + 10¢s + 5 X 107) 
c) [137.5 + 80.04e°°"cos(S000r + 141.34°) Ju(s) 
13.12 a) 


—48(s + 8000) 
xs? + 8000s + 25 x 10° 


2.4(s + 4875) 
d) [80¢e7 1" cos(3000f + 126.87°) u(t) V 
e) [2.5e7 4" cos(3000¢ — 16.26°)Ju(t) A 
13.21 a) [35 + 5.73e ‘cos(7t + 167.91°) ju(t) V 


b) Compare solution at tf = 0 andi = © to 
circuit att = Oandt = 


13.22 a) [10 — 10e~°* cos U.5r]u(t) A 
b) 7.07e7* cos(0.5¢ — 45°)u(t) V 


c) Compare solutions at ¢ = 0 andt = co to 
circuit att = Qandt = co 


Answers to Selected Problems 775 


13.29 a) 6s? + 6s — 18 . —9s? — 30s — 18 c) OV 
s(s + 2)(s + 3) s(s + 2)(s + 3) d) 326(t)pA 
b) Initial values: 6 A, -9 A; e) 16V 
final values: -3 A, -3A f) 4V 
c) [-3 + 3e77% + 6e7*Ju(t) A, g) 20V 
[-3 — 3e°* -— 3e¢°*Ju(n) A 13.92 a) i,(0°) = i,(0°) = 0A; 
13.34 63.25e > "cos(SOr + 71.57°)u(t) mA i(O-) = i,(0*) = 35.36A 
240(s + 40) 14407(122.92V/2s — 30007 V2 
13.39 a) ———___+__ b) V,.=—_—_—__—_——_—— 
s(s + 20)(s + 80) (s + 1475ar)(s* + 14,40077~) 
b) Initial value is 0, final value is 6 A 3002 
c) (6 — 4e72" — 267 Nut) A s+ 14750 
13.40 a) (—2¢72" + 2e™)u(t) mA Vp = 252.89e" NP + 
b) (2e77" — 2e78)yu(t) mA 172.62 cos(120at + 6,85°) V 
13.42 a) 480(s + 2.5) v(0") = 424.26 V 
s(s + 4)(s + 6) c) Vy = 122.06 /6.85° V(rms) 
b) [50 + 90e7-¥ — 140e™™Ju(t) V d) v(V) 
13.50 a) sae, no zeros, pole at —250 rad/s S00 
s + 250 
400 
b) ees zero at 0, pole at —250 rad/s 300 
200 
c) =e zero at 0, pole at —8000 rad/s 100 
() : ¢ (ms) 
d) aa zeros, pole at —8000 rad/s -1001 ee 
100 — 200 


e) y+ 500° 2° ZeFOS: pole at —S00 rad/s 


13.62 (e — l)e'V 
13.63 (1 —e)e‘V 
13.77 16.97 cos (3¢ + 8.13°) V 
s(s + 30,000) 
(s + 5000)(s + 8000) 
b) (Se7 5000" ie 4.4e 780) (7) V 
—10+s 
(s + 400)(s + 1000) 
b) 13.13 cos(400¢ — 156.8°) V 
13.87 a) 0.8A 
b) 0.6A 
c) 0.2A 
d) -0.6A 
e) 0.6072 u(t) A 
f) —0.6¢72%! u(t) A 
g) —1.6 X 10°8(t) — 7200e7?*%!"'u(t) V 
13.88 a) 80V 
b) 20V 


13.93 a) —20.58¢7 4" + 172.62 cos(120at — 83.15°) V 
b) 


v (V) 


13.79 a) 


13.80 a) 
t (ms) 


c) Voltage spikes in Problem 13.92 but not here. 
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Chapter 14 


14.1 


14.2 


14.13 


14.14 


14.22 


14.23 


14.35 


14.36 


14.46 


14.47 
14.48 


a) 2021.27 Hz 

b) H(jw,) = 0.7071 7-45°, 
H(j0.2w,) = 0.981 /-11.31°, 
H(j5w.) = 0.196 /—78.69° 

c) v,(@,) = 7.07 cos(12,700t — 45°)V, 
v,(0.20,) = 9.81 cos(2540r — 11.31°) V, 
V,(Sw,.) = 1.96 cos(63,5004 — 78.69°) V 

a) 31.420 

b) 3419.98 Hz 

c) 33.0, 5252.11 Hz 

a) 5.305 kQ 

b) 333.86 Hz 

a) 1500 

b) 6800 

a) 100 krad/s 

b) 15.9 kHz 

c) 8 

d) 93.95 krad/s 

e) 14.95 kHz 

f) 106.45 krad/s 

g) 16.94 kHz 

h) 1.99 kHz 

a) 5kQ,50mH 

b) 3.52 kHz, 2.88 kHz 

C) 636.62 Hz 

a) 1 Mrad/s 

b) 159.15 kHz 

c) 15 

d) 967.22 krad/s 

e) 153.94 kHz 

f) 1.03 Mrad/s 

g) 164.55 krad/s 

h) 10.61 kHz 

a) 397.890,3.17 mH 

b) 4.42 kHz, 3.62 kHz 

c) 800 Hz 

a) 0.39 H,0.10uF 

b) [Veo7tl = (Voatte| = 0.707|V peat, 
Varn = |Vgsatiz] = 9.948]V peak 

C) [Viz] = 0.344|V pearl 

L = 0.225 H,C = 0.057 pF, 0.344|V peat! 

63.7 times as large as the DTMF tones 


Chapter 15 


15.6 a) 
b) 


15.10 a) 
b) 


15.15 a) 


15.16 a) 


SD) 
15.30 fe; 


15.36 a) 
b) 
15.38 a) 


R, = 67.160, Ry = 212.210 


750 nF 


67.16 2 = + 


si Vo 


Ry = 5.10 k0, Ry = 25.55 kO 


5.10kQ, 3-9 nF 


1H,1F,0.050 
2.5 H, 250 pR.5kQ 


1/QF 
(1/Q)s 
s? + (1/Q)s + 1 
10 kQ, 6.4 H, 250 pF 


1562.5s 
2 + 1562.5s + 625 X 10° 
= 38.52 Hz, f.. = 1038.52 Hz, 
R, = 30.650, Ry = 826.430 
15.31 R, = 21.18k0, Ry = 1.18 kO; 
if R; = 1kQ then Ry = 6kO 


& 


3 

—32.65 dB 

First-order stage: 79.58 nF; 
second-order stage: 151.15 nF, 39.79 nF 
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5 COS 5008 nat Vv 


b) 2v 
159.15 nF ) een an + 25 1. 
79.58 nF 


Sher 


Vin ae . 
c) — + sINwof + 
) A+ SP sinwy 


DV i 
— 5 COS Naot V 
T y=246..1 — 
160 320 COS (wot 
16.2 —— + Usinw,f - a 
| 7 WT y=256... (HW — 1) 
39.79 nF 16.3 a), = 31,415.93 rad/s, wy) = 157.08 krad/s 


b) for = 5000 Hz, fx, = 25 kHz 


. c) Ana = 0, Quy = 25 V 
15.39 a) First section: 3.05 k{Q), 20.77 kQ); = 
second section: 7.35 kQ, 8.61 kQ d) aq = 0 for k even; 

80 


b) Aka = — sin = for k odd; 


240 
b,, = 0 for k even; b;, = ae for k odd. 
WT 


+ 
200 
a See 10nF  10nF ‘ ake = sin my tor all kK; by, = 0 for all k. 
° 7 
vj 
20.77 kO 8.61 kQ 
80 = 1. aq 3 
2s sia a V 
15.60 a) R = 53050, 0R = 10,4780, 3 ( ee 
(1 — o)R = 133.0,C = 15nF,2C = 30nF waeies 200 = a 
b) b 7 Na 4 1W, 
15 nF 
16.11 a) 27 rad/s 
i b) yes 
a c) no 
10,610 0 qd): 0 
sheet 16.12 a) 62.5 Hz 
vj Va b) no 
c) yes 
d) yes 
- 10,478 2 e) yes 
J 7 f) a, = 0;a, = 0 for all k; by = 0 for k even; 
s? +4 X 10°? 0.16 . ka 
c) => ja aL cet 
) Fe looms +4 x 10m? a ae ee 
15.61 C = 39.79 nF |H(je)|max = 20.01 dB, 0 Wn) + 4 
Ao) ma 16.22 a) 10 Sn) os (nat — 6,) A, 
\H(j/R2C,)| = 17.04 dB n=13.5.... n 
15.62 Choose R,; = 100k, then R, = 400k), LiL 
6) Tan. = 
C, = 7.96 nF 2 
b) 26.23A 
Chapter 16 
Vin = 1 : 
16.1 a) — me er sin nwyt V 
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16.27 a) 41.998 cos(20001 — 0.60°) + 
13.985 cos(6000¢ + 177.32°) + 
5.984 cos(14,0001 — 175.83°) V 


b) The 5th harmonic at 10 krad/s is eliminated by 
the bandreject filter whose center frequency is 
10 krad/s. 


16.28 26.83 cos(S00r + 63.43°) + 16.64 cos(1500f — 
146.31°) + 11.14 cos(2500r + 21.80°) V 
16.34 a) 59.46 W 
b) 60 W 
c) —0.9041% 
16.35 1.85 W 
16.36 a) 74.5356 V(mms) 
b) 74.5306 V(rms) 
16.39 a) 117.55 V(rms) 


b) —2.04% 
c) 69.2765 V(rms), —0.0081 % 
Vs: Vin 
16.45 Cy = —,C, = jo. an = £1,42... 
2 2nT 
16.46 a) 480 W 
b) 68.58 V 
c) —2.02% 
16.49 a) 
A, (V) 0, (deg) 
20 135 
18 
16 
is 90 
12 
10 
fy 
6 45 
4 
2 
0) k 0 k 
012345678 012345678 


b) 


IC, | 


n 


— 
com) 


C sO 


j 
6 
5 
4 
3 
2 
1 


SL HGS 432100: Tt 2 34 


Ga 
on 
~! 


4 


120 50 
101.98 ane 
100 ope 97.26 


90° 90° 


NO, 


b) 
[C, | (mA) 


100 


Bf : 
45.28 | 45.28 13.02 
19.1 


13.02 
19.1 
6.37 7.7 9.55 


9.55 7.7 6.37 


23 45 6 


65-43-21. 0). 1 


g° 


150 ; 
122.48° 1()1.98° 97,26° 


~90° ° —90°  —90° 
—97.26° -101.98° 179 4go ~ 150 


Chapter 17 
17.1 a) a [= cos(w7/2) - 2 me) 
T 7) 
b) 0 
c) 


jj ais=107 8) Oe = S A0 
,A| sin(w,t/4) |? 
Aq (w,t/4) 
b) 79.58 X 1074w,A 


{5 20 
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c) 


f(t) 


=10=8) S604 2 0° 2 A eo BM AO 


779 


2 2. ,2 
17.5 a) “2 — 
(a° + w*) 
ae? 
b) —j48aw ——*_ 
) —jA8aw (a + wy! 
‘ a a 
a’ + (w — w,) a+ (w + Wo) 
~ja Ja 
d) —————= + => 
) at (w — Wo) a® + (w + Wo)” 
e) e 1e 
sin (w + wo) /2| sin|(o = wn)r/2, 
17.19 a) ~-——_——____~ + -. 


2 (w + wy)(T/2) 2 
b) F(w) —> 7[5(@ — wo) + 5(w@ + wo)] 
17.20 a) 6e7°%u(t) mA 


(@ — wo)(7/2) 


b) Yes, check the initial conditions and final values. 


17.28 a) [12.5e7! — 7.5e™ Ju(t) + Se*u(—t) V 
b) 5V 
c) 5V 
d) (12.5e~! — 7.5e™™)u(t) V 
e) Yes 
17.30 1 cos(S000t + 90°) A 
17.40 a) [—24e7' + 32e-"Ju(t) + 8e'u(—-t) V 
b) 
| V,(w) | 


SS ee Se a Oe a oe ae | 
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c) 18.3) 2, = 130; Zz. = 120; 
| V,(@) | 2) = 120; 2 = 160 

18.8 a, = —-4 x 10°* a, = —200; 

ay, = —0.5pS; az, = —0.02 
18.13 2g), = 12.58; g32 = 1.5; 

94 = —250; gx = SOMO 
18.14 a) y,, = 20uS:y; = 30nS: 

yay = SMS; y22 = 20 nS 
b) yy, = 20uS; yy. = 30 nS; 


ag eG jo 2 sal 0 2 St eS 


d) 900 J ya, = SpuS; yx = 20 nS 
e) 320J 18.29 12.5 
f) 95.95% 18.30 a) 28 V(rms) 
g) 99.75% b) 11.20 mW 
c) 2.88uW 
Chapter 18 
18.34 4204W 
18.2 Yu = 168.75 mS; Y2= —156.25 mS; 


18.40 3.75 V 
~156.25 mS; y) = 218.75 mS 
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Index 


A 


a-, b-, and c-phase current and voltage, 400, 419 
Acceptance ratings, 367 
Active filter circuits, 558-603 


bass volume control, 559, 591-593 
block diagrams, 567-568 

Bode plots, 560-563 

broadband filters, 567-573, 594 


Butterworth filters, 578-586, 594-595 
cascading identical filters, 574-577, 594-595 
first-order, 560-564 

higher-order, 573-591, 594 

high-pass filters, 562-563, 585, 594 


narrowband filters, 586-591, 595 
op amp filters, 560-586, 594 
prototype filters, 561-566, 594 
scaling, 564-566, 594 

Adjoint of a matrix, 715—716 


Admittance (Y), 324, 347 
Ammeter, 66-67, 76 


mesh-current method for, 105-106 
node-voltage method for, 98-99 


Thévenin equivalent in, 118-119 
Amplitude modulation, 659 
Amplitude plots, 742-747, 751-754 
Amplitude spectrum, 630-632, 647-648 
periodic functions described using, 630-632 
transition from periodic to aperiodic, 647-648 
Analog meters, 67, 76 
Aperiodic functions, Fourier transform, 644, 646-648, 672 
Apparent power, 370, 386 
Attenuation, defined, 522 


acceptance ratings, 367 

calculations of, 363-367, 373-375, 386 

Fourier series analysis for, 623-627, 635 
maximum power (Pax) transfer, 380-382 
measurement of, 415-417 

periodic functions, calculations with, 623-627, 635 


power factor (pf), 365, 386 
sinusoidal steady-state analysis for, 363-367, 373-375, 386 
three-phase circuits, 445-446, 452-454 


two-wattmeter method, 415-417, 419 
wye (Y) connected loads, in, 410-411, 419 


Balanced three-phase circuits, 398-427 
circuit symbols for, 401-402, 407 
complex power in, 411, 419 
conditions for, 403 
delta (A) connected loads, 411-413 
designing characteristics of, 398, 419 
electrical power, transmission and distribution of, 399, 

418-419 

instantaneous power in, 412, 419 
line current, 405 
line voltage, 404-405 
neutral terminal for, 401 
phase current, 405 
phase voltage, 405 
power calculations in, 410-415 
single-phase equivalent circuits and, 403-404, 419 
sinusoidal voltage phases for, 400-401, 419 
sources of three-phase voltage, 401-402 
unspecified loads, 414 
voltages (v), 400-405 
wye (Y) connected loads, 410-411, 413 
wye-delta (Y-A) circuit, analysis of, 407-409 
wye-wye (Y-Y) circuit, analysis of, 402-407 
active filter circuits, 566-570, 585-588, 594 
bandwidth (8), 537, 539-540, 551 
broadband, 567-573, 594 
Butterworth, 585 
cascading, 567-570 
center (resonant) frequency (w,,), 536-540, 551 
cutoff frequency (w,.) 538-540 
frequency response plots, 525, 537 
narrowband, 586-588 
operational amplifier (op amp), 566-570, 585, 594 
passive filter circuits, 525, 536-545, 551 


quantitative analysis, 538-544 

relationship between frequency and time domains, 545 
series RLC circuit as, 537-545 

transfer function H(s) for, 544, 551 
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S88-591,594 
active filter circuits, 570-573, 585, 588-591, 594 
Butterworth filters, 585 
cascading, 570-572 
cutoff frequency (w,), 547-548 
frequency response plots, 525, 546 
narrowband filters, 588-591 


operational amplifier (op amp) filters, 570-573, 585, 594 


passive filter circuits, 525, 545-549, 551 
qualitative analysis, 546 

quantitative analysis, 546-548 

series RLC circuit as, 546-549 


Bass volume control, 559, 591-593 
Black box, 58 

Black box amplifier, 679, 697 
Block diagrams, 567-568 

Bode plots, 560-563, 741-757 


amplitude, 742-747, 751-754 
complex poles and zeros, 749-751 
correcting, 752-754 
frequency response, 560-563 
phase angle, 747-749, 755-757 
real, first order poles and zeros, 741-742 
straight-line amplitude, 742-746, 752-754 
straight-line phase angle, 747-749 
Branch, defined, 90-91 
Broadband filters, 567-573, 594 
Butterworth filters, 578-586, 594-595 
bandpass, 585 
bandreject, 585 
design of circuits, 579-582 
high-pass, 585, 594-595 
low-pass, 578-584, 594-595 


order of cascading, 582-584 
transfer function H(s), 578-579 


C 


Capacitance (C), 174, 182, 203 
circuit parameter of, 174, 182.203 
displacement current, 182 
terminal equations for, 182-186, 203 


current (7), 182-185, 203 
displacement current, 182 
energy (1), 184-186, 203 
frequency domain, 319-320 


power (p). 183-186, 203 

s-domain, 469-470, 506 

series-parallel combinations, 188-189, 203 
switching operation, 498-499 

terminal equations for, 182-186, 203, 469-470, 506 


voltage (v), 183-186, 203 


bandpass, 567-570 

bandreject, 570-572 

Butterworth, 582-584, 594-595 
identical lowpass, 574-577, 594-595 
order of, 574-575, 582-584, 594-595 


Cascading connections, 289-293, 297 


conceptual model, 10-11 

delta to wye (A to Y) transformations, 71-73, 76 
dependant-source circuits, 42-45 

ideal circuit components, 11 

impulse function K(f) in, 498-504, 506 
Kirchhoff’s laws, 37-41, 48, 471 

Laplace transform in, 466-506 

maximum power transfer, 120-122, 129 
mesh-current method, 90, 99-109, 129 


physical prototype, 11 

planar circuits, 90-91 

s-domain, 470-489, 506 
sensitivity, resistors, 89, 125-128 


simultaneous equations for, 91-93 
source transformations, 109-113, 129 


transfer function H(s) in, 488-497, 506 
two-port circuits, 689-693 
Circuit theory, 6-7 
Circuits, 2-87, 212-305, 398-427, 488-489, 522-603, 
678-703. See also Amplifier circuits; Circuit analysis; 
Equivalent circuits; Ideal basic circuit elements 
active filter, 558-603 
balanced three-phase, 398-427 
constant (dc) sources, 56 


electrical engineering and, 2-8 

electrical resistance, 30-33 

electrical safety of, 25, 46-74 

energy and, 14-17 

first-order, 212-263 

frequency-selective, 522-603 

ideal basic elements, 12-14, 24-55 
International System of Units (SI) for, 8-10 
Kirchhoff’s laws, 37-41 

models of, 10-11, 17-18, 34-36 


Ohm’s law, 30-33 


open, 35 
parallel-connected (in parallel), 59-61, 76 
passive filter, 522-557 
passive sign convention, 13 
power (p) and, 14-17 
resistive, 56-87 
responses of, 212-305 
second-order, 264-305 
series-connected (in series), 39, 58, 76 
short, 35 
time invariant, 488-489 
two-port, 678-703 
variables of, 2-23 
voltage (v), 11-12 
Coefficient of coupling, 197, 204 
Common mode input, 156-157 
Common mode rejection ratio (CMRR), 157-159, 164 
Complex numbers, 725-730 
arithmetic operators, 727-728 
graphical representation of, 726-727 
integer power of, 729 
notation, 725-726 
roots of, 729-730 
useful identities of, 728-729 
Complex poles and zeros, 749-751 
Complex power (5), 370-374, 386, 411, 419 
Component values, 763 
Conductance (G), 31 
Constant (dc) sources, 56 
Controlled sources, 27 
Convergence of Fourier integral, 648-650 
Convolution, 489-495, 506, 659-660 
Fourier transform of, 659-660 
integral for transfer function and, 489-495, 506 
Cosine function, Fourier transform of, 654-655 
Cramer’s method,706 


a-, b-, and c-phase, 400, 419 
capacitors, 182-185, 203 
defined, 11-12 
displacement, 182 
electric charge and, 11-13 
inductors, 177-179, 203 
input constraints, 147-148, 164 
Kirchhoff’s law (KCL), 37-41, 48 
line, 405 
measurement of, 66-69 
operational amplifiers (op amps), 147-149, 164 
RC circuits, deriving expression for, 214-216 
reference direction, 13 
sinusoidal source, 308-309, 347 
sources, 26-29, 47 
terminal variables, 147 
Current coil, 415 
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Current-divider circuits, 63, 76 
Current-division circuit analysis, 64-66, 76 


547-548, 550 
bandpass filters, 538-540 
bandreject filters, 547-548 
bandwidth, relationship to, 539 
center frequency, relationship to, 538-539 
defined, 524-525, 527, 550 
half-power frequency, 528 
high-pass filters, 533 
low-pass filters, 527-529 


D 


Damped radian frequency (w,), 274-275 
Damping factor (coefficient), 275 
d’Arsonval meter movement, 67-68 
Decibel (dB), unit of, 739-740 
Delta (A) interconnection, 71 
Delta (A) connected loads, 411-413 
Delta-to-wye (Ato Y) equivalent circuits, 71-73, 76 
Delta-to-wye (A toY) transformations, 326-328 
Dependent sources, 26-27, 29, 47, 95-96, 102-103 
analysis of circuits with, 95-96, 102-103 
ideal circuit elements of, 26-27, 47 
interconnections of, 47 
mesh-current method for, 102-103 
node-voltage method for, 95-96 
Derivatives of impulse functions, 435 
Derived units, 9 
Determinants, 706-709 
Difference-amplifier circuit, 155-159, 164 
common mode input, 156-157 
common mode rejection ratio (CMRR), 157-159, 164 
defined, 164 
differential mode input, 156-157 
Differential mode input, 156-157 
Differentiation, operational transforms for, 438-439, 658 
Digital meters, 67, 76 
Direct approach, step response analysis, 281-282 
Direct current (dc) sources, 56 
Dirichlet’s conditions, 607 
Displacement current, 182 
Dot convention, 190-192, 195-196, 204, 341-342 
ideal transformers, 341-342 


Dual in-line package (DIP), 146 


E 


Effective value, see Root-mean-square (rms) 
Electrical circuit, defined, 6 
Electrical engineering, 2-8 

circuit theory, 6-7 
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Electrical engineering (Continued) Flashing light circuit, 213, 245-246 
communication systems, 4 Fourier series, 604-643 
computer systems, 4 amplitude spectrum, 630-632 
control systems, 4-5 analysis, 607-608 
overview of, 4-8 application of, 619-623 
power systems, 5 average-power calculations, 623-627, 635 
problem solving, 3, 7-8 coefficients, 607-616, 634 
role of, 2 Dirichlet’s conditions, 607 
signal-processing systems, 5-6 exponential form of, 627-629, 635 
Electrical power, transmission and distribution of, 399, fundamental frequency, 607, 634 
418-419 harmonic frequency, 607, 634 
Electrical safety and, 25, 46-74 periodic functions and, 604-607, 611-616, 619-627, 
Energy (w), 14-17, 179-181, 184-186, 197-200, 203-204 630-632, 634-635 
capacitors, 184-186, 203 phase spectrum, 630-632 
inductors, 179-181, 203 root-mean-square (rms) value, 626-627, 635 
mutual inductance and storage of, 197-200, 204 square wave input of sinusoids, 605, 632-634 
power and, 14-17 steady-state response, 619-627, 635 
Equivalent circuits, 71-73, 76, 113-119, 129, 159-162, symmetry and, 611-616, 634 
329-332, 479-480, 731-738 trigonometric form of, 617-618, 634 
delta to wye (A to Y), 71-73, 76 waveforms, 604-606 
frequency-domain, 329-332 Fourier transform, 644-677 
ideal transformers for, 731, 735-738 amplitude spectrum transition, 647-648 
Laplace transform analysis of, 479-480 aperiodic functions of, 644, 646-648, 672 
magnetically coupled coils and, 731-738 circuit applications of, 661-663 
Norton, 115, 129, 329-330 convergence of Fourier integral, 648-650 
operational amplifier (op amp), 159-162 cosine function, 654-655 
m-equivalent, 732-735 defined, 646 
pi to tee (7 to T), 71-73. derivation of, 646-648 
source transformations, 115-116, 329-332 elementary functions, 655 
T-equivalent, 731-732 integral, 646-650 
Thévenin, 113-119, 129, 329-332, 479-480 inverse, 647 
transformation of, 71-73, 76 Laplace transforms used to find, 650-653 
Even-function symmetry, 611-612, 634 mathematical properties of, 655-657 
Exponential form of the Fourier series, 627-629, 635 operational, 657-661 
Parseval’s theorem, 664-672 
F signum function, 653 
sinusoidal steady-state response using, 663 
Faraday’s law, 193-194 telephone line frequency response, 645, 672 
Farads (F), unit of, 182 time-domain functions of, 648-650, 672 
Feedback, op amps, 147-148, 164 transient response using, 662 
Feedback resistors, 291-293, 297 unit step function, 654 
Filters, 522-523, 550. See also Frequency-selective circuits Frequency (f), defined, 7 
Final-value theorem, Laplace transform, 455-457 Frequency domain, 312-322, 329-343, 441, 531, 545, 659-660 
First-order active filters, 560-564 convolution in, 660 
First-order circuits, 212-263 defined, 313 
defined, 212, 214, 246 delta-to-wye (A to Y) transformations, 326-328 
flashing light, 213, 245-246 Fourier transform and, 659-660 
general solutions for, 231-236, 246 impedance (Z), 320, 322-332, 336 
integrating amplifier, analysis of, 241-244, 246 Kirchhoff’s laws, 321-322 
natural response of, 212, 214-224, 231-236, 246 Laplace transform and, 441 
resistor-capacitor (RC), 212, 214, 220-224, 229-236, mesh-current method, 333-334 
239, 246 node-voltage method, 332-333 
resistor-inductor (RL), 212, 214-220, 224-228, Norton equivalent circuit, 329-330 
236-238, 246 operational transforms of, 441, 659-660 
sequential switching, 236-240, 246 passive-filter circuits and, 531,545 
steady-state response of, 217 phasors, 312-317, 347 
step response of, 212, 224-236, 246 reactance, 320 


unbounded response of, 240-241, 246 sinusoidal steady-state analysis and, 312-322, 329-343 


source transformations and, 326-332 
Thévenin equivalent circuit, 329-332 
time domain, relationship to, 531, 545 
transformers, 334-343 
translation in, 441, 659 
voltage to current (v-i) relationships, 317-320 
Frequency regions, 530 
Frequency response, defined, 522 
Frequency response plots, 524-525, 560-563 
Bode plots, 560-563 
magnitude plot, 524-525 
phase angle plot, 524-525 
Frequency scaling (ks), 564, 594 
Frequency-selective circuits, 522-603 
active filter circuits, 558-603 
attenuation, 522 
circuit symbols for, 524 
filters, 522-523, 550 
passive filter circuits, 522-557 
Functional Laplace transforms, 431, 436-437, 459 
Fundamental frequency, Fourier series, 607, 634 


G 


Gain (A), 147, 151 


Graphical representation of complex numbers, 726-727 


H 


Half-power frequency, 528 
Half-wave symmetry, 613-614, 634 
Harmonic frequency, 607, 634 
Heating appliances, 361, 384-385 
Henrys (H), unit of, 176 
594-595 
active filter circuits, 562-563, 585, 594 
Butterworth, 585, 594-595 
cutoff frequency (w,), 533. 
frequency response plots, 524-525 
operational amplifier (op amp), 562-563, 585, 594 


qualitative analysis, 532-533 

quantitative analysis, 533-536 

series RC circuits, 526-532 

transfer function H(s) for, 536,551 
Higher-order active filters, 573-591, 594 
Household distribution circuit, 307, 346 
Hybrid parameters, two-port circuits, 683 


I 


active, 27 

capacitors, 174, 182-189, 203 
closed loop (path), 38, 48 

current (i), 26-29, 37-42 

dot convention, 190-192, 195-196 


Index 


electrical resistance, 30-33 
electrical safety and, 25, 46-74 


nodes, 37-38, 48 

passive sign convention, 13, 176 
passive, 27, 176, 203 

polarity reference, 190-196 
proximity switches, 175, 200-202 
reference direction, 13 

resistors, 30-33, 47-48 


self-inductance, 176-182, 193-194, 196-197, 203 


series-connected (in serics),39 
series-parallel combinations, 187-189, 203 
sources, 26-29, 42-45, 47 


terminal equations for, 176-186, 203 
voltage (v), 26-29 


Ideal transformers, - 335, 338-343, 347, 383-384, 731-738 


dot convention for, 341~342 

equivalent circuits mn, 735-738 

frequency domain and, 334-343 

impedance matching using, 343 

limiting values of, 338-340 

magnetically coupled coils and, 338, 731-738 
maximum power transfer with, 383-384 
polarity of, 341-342 

properties of, 338 

sinusoidal steady-state analysis, 335, 338-343, 347 
voltage and current ratios, 340-342 


Identity matrix, 714-715 
Ignition circuit, 265, 294-296 


admittance (Y), 324, 347 

combined in series and in parallel, 322-326 
delta-to-wye (A to Y) transformations, 326-328 
frequency domain source transformations, 326-332 
matching using ideal transformers, 343 

maximum power transfer with restricted, 380-381 
Norton equivalent circuit, 329-330 

reflected (Z,.), 336, 347 

susceptance, 324 

Thévenin equivalent circuit, 329-332 

voltage to current (v-i) relationships, 320 


Improper rational function, 444, 453-454, 459 
Impulse, defined, 433 


capacitor circuit analysis and, 498-499 
circuit analysis using, 498-504, 506 
circuit symbols for, 498 

defined, 433-434 

derivatives of, 435 


moment function (unit doublet), 435 
sifting property, 434 

sources, 501-504 

strength (K) of, 433 

switching operations for, 498-501, 506 
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Impulse function K6(t) (Continued) 
unit 6(¢), 433-434, 459 
variable-parameter function, 433-434 
Impulsive sources, 501-504 
Independent sources, 26, 29, 47 
Indirect approach, step response analysis, 281 
Inductance (L), 174, 176-182, 189-200, 203-204 
circuit parameter of, 174, 176, 203 
Faraday’s law, 193-194 
mutual, 176, 189-200, 203-204 


499-501, 506 
behavior of, 174 
circuit symbol for, 176 
current (i) in, 177-179, 203 
energy (w) in, 179-181, 203 
frequency domain, 318-319 
impulse function (/) in, 499-501 


power (p) in, 179-181, 203 


s-domain, 468-469, 506 


series-parallel combinations, 187-188, 203 


voltage (v) in, 176-177, 203 
voltage to current (v-/) relationships, 176-177, 
318-319 

Infinite frequency, 530 
Initial-value theorem, Laplace transform, 455-457 
Input constraints, 147-148, 165 
Instantaneous power, 362-363, 386, 412, 419 
Integer power of complex numbers, 729 
Integrals, 646-650, 761-762 


cascading connections, 289-293, 297 
feedback resistors and, 291-293, 297 
first-order circuits with, 241-246 
response analysis of, 241-244, 246 
second-order circuits with, 289-293, 297 
sequential switching and, 243 
Integration, operational transforms for, 439-440, 658 
Integrodifferential equations, 442-443 
Interconnected two-port circuits, 694-697 
International System of Units (SI), 8-10 
Inverse Fourier transform, 647 
Inverse Laplace transforms, 444-454, 459 
distinct complex roots of D(s), 447-449 
distinct real roots of D(s), 445-446 
improper rational function, 444, 453-454 
partial fraction expansion, 444-454 
proper rational functions, 444-453, 459 
rational function F(s), 444, 459 
repeated complex roots of D(s), 451-453 
repeated real roots of D(s), 449-451 
Inverse of a matrix, 716 
Inverse phasor transform, 314-316, 347 


Inverting-amplifier circuit, 150-152, 160, 16 


K 


closed loop (path) for application of, 38 
current (KCL), 37-41, 48, 321-322 
frequency domain, 321-322 

nodes, 37-38 

s-domain applications of, 471 


L 


Laplace transform, 428-521, 650-653 


applications of, 442-444, 472-484 

circuit analysis and, 466-521 

complete circuit response using, 429, 458-459 
convolution integral, 489-495, 506 

defined, 430, 459 

final-value theorem, 455-457 

Fourier transforms found using, 650-653 

frequency domain and, 441 

functional transforms, 431, 436-437, 459 

impulse function K 6(t), 433-435, 459, 498-504, 506 
initial-value theorem, 455-457 

inverse, 444-454, 459 

lumped-parameter circuit applications, 442-444, 459 
mutual inductance, analysis of a circuit with, 480-481 
natural response using, 472-473 

one-sided, 430-431 

operational transforms, 431, 437-442, 459 

pairs, 436-437 


poles (roots), 454-455, 486 


rational functions F(s), 444-454, 459 


sinusoidal sources and, 429, 458-459 

steady-state sinusoidal response, 495-497, 505-506 
step function Ku(t), 431-432, 459 

step response using, 473-478 

superposition, use of in s-domain, 482-484 

surge suppressors, 467, 505 

Thévenin equivalent, use of in s-domain, 479-480 
time domain translation in, 440-443 
time-invariant circuits and, 488, 506 

transfer function H(s), 484-497, 506 

transient response using, 475-476, 506 

unilateral, 430-431 

unit impulse function 6(t), 433-434, 459 

unit step function Ku(t), 431, 459 

zeros (roots), 454-455, 486 


Line current, 405 

Line spectra, 630 

Line voltage, 404-405 

Linear simultaneous equations, 705-724 


Cramer’s method,706 
determinants, 706-709 
matrices, 709-724 
solution of, 705-724 


Loads, 62, 410-414 
balanced three-phase circuits and, 410-414 
defined, 62 
delta (A) connected, 411-413 
power calculations and, 410-414 
unspecified, 414 
wye (Y) connected, 410-411, 413 
Loop, 38, 48, 90-91 
closed, 38, 48 


Butterworth, 578-584, 594-595 


cascading identical, 574-577, 594-595 
cutoff frequency (w,.), 527-529 
frequency regions, 530 

frequency response plots, 524-525 
passive filter circuits, 524-532, 550 
qualitative analysis, 526-527 
quantitative analysis, 528-529 
relationship between frequency and time domains, 53] 
series RC circuits, 530-531 

series RL circuits, 526-529 

transfer function H(s) for, 531,550 


equivalent circuits for, 731, 735-738 


ideal transformers and, 338, 731-738 
m-equivalent circuit, 732-735 
step response of, 235-236 
T-equivalent circuit, 731-732 
Magnitude plot, 524 
Magnitude scaling (K,,,), 564, 594 
Matrices, 709-724 
Maximum power transfer, 120-122, 129, 378-384, 386 
average power (Py) absorbed, 380~382 
circuit analysis and, 120-122, 129 
ideal transformer, 383-384 
impedance (Z) restricted, 380-381 
sinusoidal steady-state analysis and, 378-384, 386 
ammeter, 66-67, 76 
analog meters, 67, 76 
current, 66-69 
d’Arsonval meter movement, 67-68 
digital meters, 67, 76 
Internationa] System of Units (SI), 8-10 
resistance, 69-70 
voltage, 66-69, 76 
voltmeter, 66-67, 76 
Wheatstone bridge, 69-70, 76 
Memory, transfer function concept of, 494-495 
Mesh, defined, 90-91 
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Mesh circuit, step response of, 476-478 
Mesh-current method, 90, 99-109, 129, 190-192, 333-334 
amplifier circuit analysis using, 105-106 
circuit analysis using, 90, 99-109, 129 
defined, 100 
dependent sources and, 102-103 
equations, 99-102, 190, 192 
frequency-domain circuits, 333-334 
mutual inductance (M) and, 190-192 
node-voltage method, comparison of, 106-109 
sinusoidal steady-state analysis using, 333-334 
special cases of, 103-104 
supermesh, 104 
Meters, see Measurement 
mho, unit of, 31 
circuit, 17-18, 34-36 
conception of, 10-11 
construction of, 34-36 
flashlight, 34-35 
mathematical (circuit), 11 
physical prototypes, 11 


energy (w) storage and, 197-200, 204 
mesh-current equations for, 190-192 
self-inductance and, 196-197, 204 


N 


Narrowband filters, 586-591, 595 
bandpass filters, 586-588 
bandreject, 588-591 
quality factor (Q) and, 586-587 
twin-T notch, 588-589 


defined, 212, 246 

forms of RLC circuit, 270-279 
general solution for, 231-236 
Laplace transform, using, 472-473 
method of calculating, 232 


resistor-inductor-capacitor (RLC) circuits, 266-279 
series RLC circuits, 285-289 
time constant, 216-217, 221-222, 246 


Negative (acb) phase sequence, 400 _ ee 
Negative feedback, op amps, 147-148 
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Neper frequency (a), 268, 286 
Neutral terminal, 401 
Nodes, 37-38, 48, 90-91 
circuit description by, 37-38, 48 
defined, 90-91 
essential, 91 
Node-voltage equation (Wy), 402-403 


defined, 93 
dependent sources and, 95-96 
equations, 93-94 
frequency-domain circuits, 332-333 
mesh-current method, comparison of, 106-109 
sinusoidal steady-state analysis using, 332-333 
special cases for, 96-97 
supernode, 97-98 
Noninverting-amplifier circuit, 153-154, 160-161, 164 
Nonplanar circuits, 90-91 
Norton equivalent circuits, 115, 129, 329-330 
circuit analysis of, 115,129 
defined, 115 
frequency-domain, 329-330 
impedance (Z) in, 329-330 
source transformations used for, 115, 329-330 
Numerator determinant, 706-707 


0 


Odd-function symmetry, 612-613, 616, 634 
Ohm (QQ), unit of, 31 
electrical resistance and, 30-33, 47-48 
s-domain applications of, 470-471 
Ohmmeter, 145 
One-sided Laplace transform, 430-431 
Open circuit, 35 
Operational amplifiers (op amps), 144-173, 560-586, 
594-595 
bandpass filters, 566-570, 585, 594 
bandreject filters, 570-573, 585, 594 
broadband filters, 567-573, 594 
Butterworth filters, 578-586, 594-595 
cascading identical filters, 574-577, 594-595 
circuit symbol for, 146 
currents (/), 146-150 
difference-amplifier circuit, 155—159, 164 
dual in-line package (DIP), 146 
equivalent (realistic model), 159-162, 164 
feedback, 147-148, 164 
filters, 560-577, 594 
first-order filters, 560-564 
gain (A), 147, 151 
high-pass filters, 562-563, 585, 594 
higher-order filters, 573-591, 594 
input constraints of, 147-148 


inverting-amplifier circuit, 150-152, 160, 164 


————_—— 


resistance, 145, 162-163 

scaling, design of using, 565-566 
simplified, 146-159, 164 

strain gages for, 145, 162-163 
summing-amplifier circuit, 152-153, 164 
terminals, 146-150 

transfer characteristics of, 146-147, 165 
voltages (v), 146-150, 164 


addition, 438, 658 
amplitude modulation, 659 
convolution, 659-660 
defined, 431 
differentiation, 438-439, 658 
Fourier, 657-661 
frequency domain functions, 441, 659-660 
integration, 439-440, 658 
Laplace, 431, 437-442, 459 
multiplication by a constant, 437, 657 
scale changing, 441, 659 
subtraction, 438, 658 
time domain functions, 440-441, 659-660 
translation, 440-441, 659 
types of, 442, 660 
Overdamped responses, 269, 271-273, 282, 286, 297-298 


P 


capacitors, 188-189, 203 
inductors, 187-188, 203 
resistors, 59-61, 76 

Parallel RLC circuits, 266-285, 297-298 
characteristic equation for, 267, 269-270, 297 
circuit symbols for, 266, 280 


direct approach for, 281-282 

indirect approach for, 281 

natural response, 266-279, 297 

Neper frequency (a) for, 268 

resonant radian frequency (wo), 268-269 
step response, 280-285, 298 


Parameters of two-port circuits, 680-688, 698 
Parseval’s theorem, 664-672 

filter applications of, 667-668 

Fourier transform and, 664-672 

rectangular voltage pulse application of, 668-670 


distinct complex roots of D(s), 447-449 
distinct real roots of D(s), 445-446 
improper rational function, 444, 453-454 


inverse Laplace transforms in, 444-454, 459 
repeated complex roots of D(s), 451-453 


repeated real roots of D(s), 449-451 
time invariant circuits, 488-489 
transfer function H(s) in, 486-489, 506 
Partitioned matrices, 717-719 
Passband frequencies, 524-525, 550 


frequency domain, 317-320 

ideal sources, 27 

inductors and capacitors as, 176, 203 
Passive filter circuits, 522-557 

bandpass filters, 525, 536-545, 551 

bandreject filters, 525, 545-549, 551 


defined, 525-526 

filtering capabilities of, 525-526 
frequency response and, 522 
frequency response plots, 524-525 


low-pass filters, 524-532, 550 
magnitude plot, 524 
passband, 524-525, 550 


phase angle plot, 524 


relationship between frequency and time domains, 
531, 545 
stopband, 524-525, 550 
Passive sign convention, 13, 176 
Path, 38, 48, 90-91 
closed, 38, 48 
defined, 90-91 
Period, sinusoidal sources, 308 
Periodic function, 604-607, 611-616, 619-627, 630-632, 
634-635 
amplitude of, 630-632 
average-power Calculations with, 623-627, 635 
defined, 604, 607 
excitation, 619 
Fourier coefficients in, 607, 611-627 
Fourier series application of, 619-623 
phase spectra of, 630-632 
root-mean-square (rms) value of, 626-627, 635 
steady-state response using, 619-627 
symmetry, 611-616, 634 
waveforms, 604-606 
Periodic waveforms, 604-606 
Phase angle (¢), 308 
Phase spectrum, Fourier series and, 630-632 
Phasor diagrams, 344-346 
Phasors, 312-317, 347 
defined, 311 
inverse transform, 314-316, 347 
transform, 313-317, 347 
m-equivalent circuit, 732-735 
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Pi (27) interconnection, 71 
Pi to tee (7 to T) equivalent circuits, 71-73 
Planar circuits, 90-91 
sche ieemecisi6 
dot convention for, 190-192, 195-196, 204, 341-342 


ideal transformers, 341-342 
mutual inductance, 190-192, 195-196, 204 


Bode plots and, 741-742, 749-751 
complex, 749-751 
rational function F(s), 454-455 
real, first order, 741-742 
transfer function H(s), 486 
Ports, defined, 678 
Positive (abc) phase sequence, 400 
Potential coil, 415 
410-415, 419 
algebraic signs of, 15-16 
balanced three-phase circuit calculations for, 410-415 
capacitors, 183-186, 203 
complex (S$), 411,419 
delta (A) loads and, 411-413 
energy and, 14-17 
inductors, 179-181, 203 
measurement of, 415-417, 419 
polarity references, 15-16 
resistors and, 31-32, 48 


wattmeter, 415-417, 419 


wye (Y) loads and, 410-411, 413 


Power calculations, 360-397, 445-446, 452-454, 623-627, 635 


623-627, 635 
capacitive circuits, 365 
complex power (S), 370-374, 386 
heating appliances, 361, 384-385 
inductive circuits, 364-365 
instantaneous power, 362-363, 386 
maximum power transfer, 378-384, 386 
periodic functions, 623-627, 635 
power factor (pf), 365, 386 
reactive factor (rf), 365, 386 
resistive circuits, 364 
root-mean-square (rms) value, 368-369 
sinusoidal steady-state analysis, 360-397 
three-phase circuits, 445-446, 452-454 
Power factor (pf), 365, 386 
Power systems, see Balanced three-phase circuits 
Primary winder, transformers, 335 
Proper rational functions, 444-453, 459 
Prototype filters, 561-566, 594 
Proximity switches, 175, 200-202 
Pushbutton telephone circuits, 523, 550 
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Q 


Quarter-wave symmetry, 614-615, 634 


R 


Rational functions F(s), 444-455, 459. See also Partial 
fraction expansion 
defined, 444 
improper, 444, 453-454, 459 
inverse Laplace transform using, 444-455, 459 
partial fraction expansion of, 444-454, 459 
poles of, 454—455 
proper, 444-453, 459 
zeros of, 454-455 
RC circuits, see Resistor-capacitor (RC) circuits 
Reactance, 320 
Reactive factor (rf), 365, 386 
Reactive power (Q), 363-367, 373-375, 386 
Real models, see Equivalent circuits 
Real power, see Average power 
Real, first order poles and zeros, 741-742 
Reciprocal two-port circuits, 687-688, 698 
Rectangular-pulse waveforms, 604, 606 
Rectangular voltage pulse, 668-670 
Reflected impedance (Z,), 336, 347 


Resistance (R), 30-33. 47-48, 69-70, 113-115, 145, 162-163 


conductance (G) and, 31 
measurement of, 69-70 
Ohm's law, 30-31, 47 
operational amplifiers (op amps), 145, 162-163 
resistors as models of, 30-33, 47-48 
strain gages for, 145, 162-163 
Thévenin equivalent (Ay,), 113-115 
Resistive circuits, 56-87 
constant (dc) sources, 56 
current-divider, 63, 76 
current-division analysis, 64-66, 76 
delta to wye (A to Y) equivalent, 71-73, 76 
load. 62 
measurement of voltage and current in, 66-69 
parallel-connected (in parallel), 59-61, 76 
pi to tee (7 to T) equivalent, 71-73 
rcar window defroster grid, 57, 73-75 
resistors, 58-61 
series-connected (in series), 39, 58, 76 
voltage-divider, 61-62, 76 
voltage division analysis, 64-66, 76 
Wheatstone bridge, 69-70, 76 
Resistor-capacitor (RC) circuits, 212,214, 220-224, 


circuit symbol for, 214 

cutoff frequency, 533 

defined, 212 

general solution for responses of, 231-236, 246 


high-pass filters, behavior of as, 532-536 
Laplace transform, using for analysis of, 472-473 


qualitative analysis of series, 532-533 
quantitative analysis of series, 533-536 
s-domain, 472-473 

sequential switching, 236, 239 

step response, 229-236, 246 

time constant (7), 221-222, 246 
unbounded response, 240-241 


voltage (v), deriving expression for, 221-222 


circuit symbol for, 214 

current (i), deriving expression for, 214-216 
cutoff frequency, 527-529 

defined, 212 

general solution for responses of, 231-236, 246 


qualitative analysis of series, 526-527, —_ 
quantitative analysis of series, 528-529 
sequential switching, 236-238 


time constant (7), 216-217, 246 

transient response, 217 
Resistor-inductor-capacitor (RLC) circuits, 264-305, 

473-476, 537-549 

bandpass filters, behavior of as, 537-545 

bandreject filters, analysis of as, 546-549 

characteristic equation for, 267, 269-270, 297 

critically damped voltage response, 269, 277-278 

cutoff frequency, 538-539, 547-548 

ignition circuit, 265, 294-296 

Laplace transform, analysis of using, 473-476 

natural response of, 266-279, 285-289, 297 

overdamped voltage response, 269, 271-273, 297 

parallel, 266-279, 473-476 


qualitative analysis of series, 537-538, 546 
quantitative analysis of series, 538-544, 546-549 


transient response of, 475-476 
underdamped voltage response, 269, 274-277, 297 


black box, 58 

circuit symbol for, 30 

electrical resistance and , 30-33, 47-48 
feedback, 291-293, 297 

frequency domain, 317-318 

integrating amplifiers with, 291-293, 297 
Laplace transform used for, 468, 506 
parallel-connected (in parallel), 59-61, 76 
power terminals of, 31-32, 48 


s-domain, 468, 506 

sensitivity analysis, 89, 125-128 

series-connected (in series), 58, 76 

voltage to current (v-i) relationships, 317-318 
Resonant frequency, see Center frequency (,) 
Resonant radian frequency (@ 9), 268-269, 286 


complete, 429, 458-459 
first-order circuits, 212-263 
flashing light circuit, 213, 245-246 


Fourier transform for, 661-663 
frequency, 522 
general solutions for, 231-236, 246 


ignition circuit, 265, 294-296 


495-497, 505-506 
multiple mesh circuits, 476-478 
natural, 212, 214-224, 231-236, 246, 266-279, 285-289, 


472-473 
parallel RLC circuits, 266-279, 473-476 


resistor-capacitor (RC) circuits, 212,214, 220-224, 
229-236, 239, 246, 472-473 


236-238, 246 

resistor-inductor-capacitor (RLC) circuits, 264-305, 
473-475 

second-order circuits, 264-305 

sequential switching, 236-240, 246 

series RLC circuits, 285-289 

sinusoidal, 495-497, 505-506, 663 


transfer function and, 495-497, 505-506 


transient, 217, 475-476, 506, 662 
unbounded, 240-241, 246 
RL circuits, see Resistor-inductor (RL) circuits 
RLC circuits, see Resistor-inductor-capacitor (RLC) circuits 
626-627, 635 
periodic functions, 626-627, 635 
power calculations and, 368-369 
sinusoidal sources, 309-311 


Roots of complex numbers, 729-730. See also Poles; Zeros 


S 


s-domain, 443-455, 468-489, 506 


capacitor in, 469-470, 506 

circuit analysis in, 470-489, 506 

circuit symbols for, 468-470 

inductor in, 468-469, 506 

inverse Laplace transform and, 443-444, 506 
Kirchhoff’s laws and, 471 

mutual inductance in, 480-481 

Ohm's law in, 470-471 
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poles (roots) in, 454-455, 486 
resistor in, 468, 506 
responses of circuits in, 472-484 
superposition, use of in, 482-484 
terminal voltage-current equations in, 468-470, 506 
Thévenin equivalent, use of in, 479-480 
transfer function H(s) in, 484-489, 506 
zeros (roots) in, 454-455, 486 
Safety, electrical circuits, 25, 46-74 
Scale-change property, operational transforms, 441, 659 
Scaling, 564-566, 594 
frequency (kr), 564, 594 
magnitude (K,,,), 564, 594 
op-amp filter design using, 565-566 
Second-order circuits, 264-305 


297-298 
defined, 266, 
general solution for responses of, 266-270 
ignition, example of, 265, 294-296 
integrating amplifiers and, 289-293, 297 
parallel RLC, 266-285, 297 
resistor-inductor-capacitor (RLC) circuits, 264-305 
second-order differential equation for, 266-270 
series RLC, 285-289, 297-298 


step response of, 281-289, 297 


297-298 
Second-order differential equations, 266-270 
Secondary winder, transformers, 335 
Sensitivity analysis, resistors, 89, 125-128 
Sequential switching, 236-240, 246 
resistor-capacitor (RC) circuits, 236, 239 


187-189, 203 

capacitors, 188-189, 203 
inductors, 187, 203 
nodes, 37-39, 48 
resistors, 58, 76 

Series RLC circuits, 285-289 
characteristic equation of, 286 
circuit symbols for, 285-286 
critically damped response, 286 
natural response, 285-289 
Neper frequency (a), 286 
overdamped response, 286 
resonant radian frequency (wy), 286 
step response, 285-289, 297-298 
underdamped responses, 286-288 

Short circuit, 35 

Siemens (S), unit of, 31 

Sifting property, 434 
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Signum function, Fourier transform of, 653 
Simultaneous equations, 91-93 
current analysis using, 92-93 
determination of number of, 91-92 
systematic approach using, 92-93 
Single-phase equivalent circuits, 403-404, 419 
Sinusoidal response, 311-312, 347, 495-497, 505-506, 663 
Fourier transform for, 663 
steady-state analysis and, 311-312, 347 
steady-state component of, 31 
surge suppressors, 505 
transfer function A(s) and, 495-497, 506 
transient component of, 312 
Sinusoidal sources, 308-311, 347, 429, 458-459 
complete circuit response and, 429, 458-459 
current, 308-309 
period, 308 
phase angle (#), 308 
root-mean-square (rms) value of, 309-311 
sources, 308-311, 347 
steady-state analysis, 308-311, 347 
voltage, 308-310 
Sinusoidal steady-state analysis, 306-359, 360-397 
delta-to-wye (A-to-Y) transformations, 326-328 
frequency domain, 312-322, 329-343 
heating appliances, 361, 384-385 
household distribution circuit, 307, 346 


Kirchhoft’s laws, 321-322 

mesh-current method, 333-334 

node-voltage method, 332-333 

Norton equivalent circuit, 329-330 

passive circuit elements, 317-320 

phasor diagrams for, 344-346 

phasors, 312-317, 347 

power calculations, 360-397 

reactance, 320 

response, 311-312, 347 

source transformations, 329-332 

sources, 308-311, 347 

Thévenin equivalent circuit, 329-332 

transformers, 334-343, 347 

voltage-to-current (V-I) relationships, 317-320 
Sinusoidal voltage phases, 400-401, 419 


circuit analysis using, 109-116, 129 
defined, 110 

delta-to-wye (A to Y), 326-328 
equivalent circuits, 71-73 

frequency domain, 326-332 

impedance (Z) and, 326-332 

Norton equivalent circuits, 115, 329-330 


Thévenin equivalent circuit, 115-116, 329-332 


active element of, 27 
complete circuit response and, 429, 458-459 


constant (dc), 56 
controlled, 27 
idea] current, 26-29, 47 

ideal voltage, 26-29, 47 
impulsive, 501-504 
independent, 26, 29, 47 
interconnection of, 28-29 


passive element of, 27 
sinusoidal, 429, 458-459 


three-phase voltage, 401-402 


Square waves, 604-606, 632-634 


formation of, 604, 606 
sinusoid input as, 605, 632-634 


Steady-state analysis, see Sinusoidal steady-state analysis 
Steady-state response, 217, 467, 495-497, 505-506, 619-627, 


635, 663 
direct approach to, 621-623 
first-order circuits, 217 
Fourier series analysis, 619-627, 635 
Fourier transform for, 663 
periodic functions used for, 619-627 
sinusoidal, 495-497, 505-506, 663 
surge suppressors and, 467, 505 
transfer function H(s) and, 495-497 


Step function Ku(t), Laplace transform, 431-432, 459 


critically damped, 283, 298 

defined, 212, 246 

direct approach, 281-282 

general solution for, 231-236, 246 

indirect approach, 281 

Laplace transform, analysis of using, 473-478 
magnetically coupled coils and, 235-236 
method of calculating, 232-235 

multiple mesh circuit, 476-478 

overdamped, 282, 298 

parallel RLC circuits, 280-285, 473-475 
resistor-capacitor (RC) circuits, 229-236, 246 


resistor-inductor-capacitor (RLC) circuits, 280-285 
series RLC circuits, 285-289 
underdamped, 283, 288, 298 


Stopband frequencies, 524-525, 550 
Summing-amplifier circuit, 152-153, 164 
Supermesh, 104 

Supernode, 97-98 

Superposition, 122-125, 129, 482-484 


circuit analysis using, 122-125, 129 
defined, 122 
Laplace transform and, 482-484 


Surge suppressors, 467, 505 
Susceptance, 324 


arcing, 176 


capacitor circuit operation, 498-499 
first-order circuits, 236-240, 246 
impulse functions created by, 498-504 
impulsive sources for, 501-504 
inductor circuit operation, 499-501 
Laplace transform and, 467, 498-505 
proximity, 175, 200-202 

sequential switching, 236-240, 246 
surge suppressors, 467, 505 
Symmetry, 611-616, 634, 688, 698 
even-function, 611-612, 634 

Fourier coefficients, effects of on, 611-616, 634 
half-wave, 613-614, 634 

odd-function, 612-613, 616, 634 
quarter-wave, 614-615, 634 

reciprocal two-port circuits, 688, 698 


T-equivalent circuit, 731-732 

Tee (T) interconnection, 71 

Telephone line frequency response, 645, 672 

circuit connections, 35-36 

current (i) input constraints, 147-148, 164 
operation amplifiers (op amps), 146-150, 164 
resistor power and, 31-32 

two-port circuits, 680 

variables (voltage and current), 146-147 

voltage (v) input constraints, 147-148, 165 
Terminated two-port circuits, 689-693 

Thévenin equivalent circuits, 113-119, 129, 329-332, 479-480 
amplifier circuit using, 118-119 

circuit analysis of, 113-119, 129 

defined, 113 

finding equivalent of, 114-115 

frequency-domain, 329-332 

impedance (Z) in, 329-332 

independent sources used for, 117-118 

Laplace transform, analysis of using, 479-480 
resistance source (Ry), 113-115 

s-domain, use of in, 479-480 

source transformations used for, 115-116, 329-332 
voltage source (V7), 113-115 

Three-phase circuits, see Balanced three-phase circuits 
Time constant (7), 216-217, 221-222, 246 
resistor-capacitor (RC) circuits, 221-222, 246 
resistor-inductor (RL) circuits, 216-217, 246 

Time domain, 440-443, 531, 545, 648-650, 659-660, 664-672 
convolution in, 659-660 

energy, 664-671 

Fourier transform and, 648-650, 659-660, 664-672 
frequency domain, relationship to, 531,545 
integral for, 648-650, 672 

integrodifferential equations for, 442-443 

Laplace transform and, 440-443 

operational transforms, 440-441, 659-660 
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Parseval’s theorem for, 664-672 
passive-filter circuits and, 531,545 
translation in, 440-441, 659 
Time invariant circuits, 488-489, 506 
Transducers, 145 
551, 578-579 
active-filter circuits, 578-579 
Butterworth filters, 578-579 
circuit analysis, 488-497, 506 
convolution integral and, 489-495, 506 
defined, 484 
Laplace transform circuit analysis and, 484—497, 506 
memory and, 494-495 
partial fraction expansion, use of in, 486-489, 506 


poles and zeros of, 486 

steady-state sinusoidal response and, 495-497, 506 

time invariant circuits, 488-489, 506 

weighting function, 494-495 
Transformation, see Source transformation 
Transformers, 334-343, 347, 731-738 

defined, 335 

dot convention for, 341-342 

equivalent circuits and, 731-738 

frequency domain and, 334-343 

ideal, 335, 338-343, 347, 731-738 

limiting values of, 338-340 

linear, 335-338, 347 

primary and secondary winders for, 335 

reflected impedance (Z,), 336, 347 

sinusoidal steady-state analysis, 334-343, 347 

voltage and current ratios, 340-342 
Transient response, 217, 475-476, 506, 662 

circuit analysis of, 212 

Fourier transform for, 662 

Laplace transform for, 475-476, 506 
Translation, operational transforms for, 440-441, 659 
Transmission parameters, two-port circuits, 683 
Triangular waves, 604, 606 
Trigonometric form of Fourier series, 617-618, 634 
Trigonometric identities, 759 
Twin-T notch filter, 588-589 
Two-port circuits, 678-703 

analysis of, 689-693 

black box amplifier, 679, 697 

conversion of parameters, 684-686 

hybrid parameters, 683 

interconnected, 694-697 

parameters of, 680-688, 698 

reciprocal, 687-688, 698 

symmetric, 688, 698 

terminal equations for, 680 

terminated, 689-693 

transmission parameters, 683 

z parameters, 681, 689-692 
Two-wattmeter method, three-phase circuits, 415-417, 419 
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U 


Unbounded response, 240-241, 246 


297-298 
parallel RLC circuits, 269, 274-277, 283, 297-298 
series RLC circuits, 286-288 
Unilateral Laplace transform, 430-431 
Unit doublet (moment function), 435 
Unit impulse function 8(t), 433-434, 459 
Unit step function Ku(t), 431, 459, 654 
Laplace transform of, 431, 459, 654 
Fourier transform of, 654 


Variable-parameter function, 433-434 


defined, 11-12 

electric charge and, 11-13 

gain (A), 147 

inductors, 176-177, 203, 468-469, 506 


input constraints, 147-148, 165 

Kirchhoff’s law (KVL), 38, 40-41 

line, 404-405 

measurement of, 66-69 

negative (acb) phase sequence, 400 
node-voltage equation (Vy), 402-403 
operational amplifiers (op amps), 146-150, 164 
positive (abc) phase sequence, 400 

RC circuits, deriving expression for, 221-222 
reference direction, 13 

resistors, 468, 506 

s-domain equations for, 468-470, 506 
sinusoidal phases, 400-401, 419 

sinusoidal source, 308-310, 347 


terminal variables, 146 

Thévenin equivalent (V7,), 113-115 

three-phase, 401-405 

transfer characteristics of, 146-147, 164 
Voltage-divider circuits, 61-62, 76 
Voltage division circuit analysis, 64-66, 76 
Voltage ratios, transformers, 340-342 
Voltage to current (v-i) relationships, 176-177, 183, 317-320 

capacitors, 183, 319-320 

frequency domain, 317-320 

impedance (Z) of, 320 

inductors, 176-177, 318-319 

reactance of, 320 

resistors, 317-318 
Volt-amp reactive (VAR), unit of, 365, 386 
Voltmeter, 66-67, 76 


W 


Watt (W), unit of, 365, 386 

Wattmeter, defined, 415, 419 

Waveforms, 604-606 

Wavelength (y), defined, 7 

Weighting function, transfer function concept of, 494-495 
Wheatstone bridge, 69-70, 76 

Wye (Y) connected loads, 410-411, 413, 419 

Wye (Y) interconnection, 71 

Wye-delta (Y-A) circuit, analysis of, 407-409 

Wye-wye (Y-Y) circuit, analysis of, 402-407 


Z 


z parameters, two-port circuits, 681, 689-692 
Zero frequency, 530 
Bode plots and, 741-742, 749-751 
complex, 749-751 
rational function F(s), 454-455 
real, first order, 741-742 
transfer function H(s), 486 


Triangular Wave 


Square Wave 
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Fourier Transforms of Elementary Functions 
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5(t) (impulse) 
A (constant) 
sen(t) (signum) 
u(r) (step) 
e~“u(t)(positive-time exponential) 
e“u(—t) (negative-time exponential) 
e~“ll (positive- and negative-time exponential) 
e/! (complex exponential) 
COS wot (cosine) 


Sin wot (sine) 


SFO. 
Kf(t) 
fit) — fol) + a0 
a" f(t)/dt” 


/ fedex 


f(at) 


f(t — a) 
eft F(t) 


f(t) COS Wot 
/ x (A)h(t — Aaa 
Fil) fold) 


" f(t) 


F(@) 

1 

27 Ad(w) 
2/jiv 

w5(w) + 1/jw 
I/(a + jw) 
1/(a — jw) 
2a/(a® + w’) 
276(w — wo) 
m[6(@ + wy) + 5(w — wy)] 
j77[8(w + wo) — 5(w — wo)] 


Operational Transforms 


7 KF() 
F\(w) — Fo(w) + F3(w) 
( jw)” F(w) 


F(w)/jw 

Lp (2), a>0 
a a 

e /@ F(a) 

F(w — a) 


1 l 
5 Flo = Ww) + 5 F(@ + Ww) 


X(w)H(w) 


1 200 
oe | Fw Fale — u)du 


www. pearsonhighered.com/ nilsson 


ar 13: 978- 4 13- ihpesg : 


BN-10 0-13-61149 


Prentice Hall 
is an imprint of 


00007 
a 
www.pearsonhighered.com 9 "780136114994 


